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Abstract

In this paper we provide a Monte Carlo algorithm for the density estimation of
functionals of spatial point processes on Lipschitz domains with random marks, using
the Malliavin calculus. Our method allows us to compute explicitly the Malliavin
weight and is applied to density estimation of the interference in a wireless ad hoc
network model. This extends and makes more precise some recent results of Privault
and Wei [26] who dealt with the particular case of the half line and under stronger
assumptions.
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1 Introduction

Following the seminal papers by Fournié et al. [15] and [14], much work on numerical appli-
cations of the Malliavin calculus has been carried out. In particular, the Malliavin calculus
has been applied to sensitivity analysis in continuous and discontinuous financial markets
and in insurance; see e.g. El Khatib and Privault [17], Davis and Johansson [9], Bavouzet-
Morel and Messaoud [4], Privault and Wei [25], Bally, Bavouzet-Morel and Messaoud [3],
Forster, Liitkebohmert and Teichmann [13]. To the best of our knowledge, the Malliavin
calculus has not yet been applied to the sensitivity analysis of signal to interference plus

noise ratios, or to density estimation of interferences, in the context of wireless networks
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(we refer the reader to the book by Tse and Viswanath [28] for an introduction to wireless
communication).

While the above cited works deal with Poisson random measures, a Monte Carlo method
for density estimation of functionals of finite point processes on the half-line has been recently
proposed in Privault and Wei [26], see Section 5 therein. More specifically, let fy € R be
a constant, f, : R” — R measurable functions, (7},),>1, 7o = 0, the jump times of a point
process on [0, 00), and N(T") the number of points of the process on (0, T]. Privault and Wei

[26] considered functionals of the form

F = folynry=oy + Z Linery=ny fu(Th, ..., Th), fo € R,

n=1
and claimed that, under some smoothness and integrability assumptions, there exists a
positive integer ng such that the conditional law of F' given A = {N(T') > ny} is absolutely

continuous with respect to (w.r.t.) the Lebesgue measure with density

Here W is a random variable, called the Malliavin weight, which depends on the gradient of
the functional F'. By definition, the gradient operator depends in turn on a weight function w,

which is assumed to be continuously differentiable on [0, 7] and such that w(0) = w(T") = 0.

In Privault and Wei [26] it is assumed that the form functions f, are symmetric and
continuously differentiable on [0, T]", and that the point process is specified by continuously
differentiable Janossy densities, in addition to various integrability conditions on the func-
tional F' and its gradient. Such conditions are not always practical for applications, for

example the Janossy densities may be only weakly differentiable.

In this paper, we extend the results in Privault and Wei [26] to the setting of spatial
point processes with random marks, and we provide an application in the context of wireless
networks. In particular we develop a framework that allows us to treat point processes in the
more general setting of multidimensional domains with Lipschitz boundaries. In addition,
our arguments are more precise and direct and allow us to relax a number of smoothness
conditions while fixing some gaps in the proofs of Privault and Wei [26]. We provide suf-
ficient conditions for the explicit computation of the Malliavin weight that appears in the

density estimator of random functionals, and we only assume the weak differentiability of



the weight function and the Janossy densities. Our proof of the density estimation formula is
again based on a suitable duality relation between the gradient and the divergence operator,
however it differs from the one of Privault and Wei [26]. More precisely, formula (1.1) above
has been obtained in [26] as a consequence of a result on sensitivities, whereas here we use
a more direct argument, cf. the proof of Proposition 5.1. As already mentioned we apply
our theoretical result to provide a Monte Carlo estimator for the density estimation of the

interference in a wireless ad hoc network model introduced by Baccelli and Blaszczyszyn [2].

The paper is organized as follows. In Section 2 we give some preliminaries on point
processes, Sobolev spaces, and closability of linear operators. In Section 3 we introduce
the gradient and the divergence operators, and provide the product and chain rules for dif-
ferentiation. In Section 4 we prove a duality relation for functionals of finite spatial point
processes, with random marks taking values on a general measurable space, between the
gradient and the divergence operator. Similar formulas on the Poisson space may be found
in Albeverio, Kondratiev and Rockner [1] and Decreusefond [10]; see also Privault [24] for
a review. In Section 5 we give a theoretical Monte Carlo algorithm for the density estima-
tion of functionals of finite spatial point processes with random marks (see Proposition 5.1).
Our formula depends on the Malliavin weight, whose analytical expression is in general not
known in closed form. We discuss the main differences between the classical kernel esti-
mator and the Malliavin estimator and, to solve a related variance reduction problem, we
provide a modified Malliavin estimator. In Section 6 we give sufficient conditions which
lead to a closed form expression of the Malliavin weight. Finally, in Section 7 we apply the
result proved in Section 6 to the density estimation of the interference in a wireless ad hoc
network model, where nodes’ locations are specified by finite point processes whose law is
absolutely continuous w.r.t. the law of a homogeneous Poisson process. In particular, the
nodes may be distributed according to homogeneous Poisson processes and, more generally,
according to suitable pairwise interaction point processes. The first situation is standard in
wireless networks, even if it is often too simplistic. Indeed, statistics show that the pattern
of nodes exhibits more clustering effects. Usually, to avoid collisions between the packets
one introduces in the network scheduling mechanisms for channel allocation, which ensure
that nearby nodes do not transmit on the same channel, or power control algorithms, which
ensure that no link asymmetry is introduced in the network (see e.g. Mhatre, Papagiannaki

and Baccelli [20]). Such algorithms create repulsion in the pattern of nodes allowed to access



simultaneously to the channel, and this raises questions on the analysis of networks with a
repulsive nature. For this reason, we shall provide examples concerning networks with nodes
disributed according to repulsive pairwise interaction point processes, including an exam-
ple where the Janossy densities are only weakly differentiable. Our results are backed by
numerical simulations and an error analysis which show that the Malliavin estimator gener-
ally performs better than the finite difference estimator as it is not sensitive to bandwidth

selection, cf. Figure 2 in particular.

2 Preliminaries

2.1 Finite point processes

The standard reference for point process theory is the two-volume book by Daley and Vere-
Jones [7], [8]. Let B be a Borel subset of R?, where d > 1 is an integer, with finite Lebesgue
measure {(B). For any subset C' C B, let #(C) denote the cardinality of C, setting #(C) = oo
if C'is not finite. Denote by Ny the set of finite point configurations of B:

Np={C C B:4(C) < oo}.
We equip the set of finite point configurations with the o-field
Ni:=0({C e Ny : §(C)=m}, m>0).

A finite point process X on B is a measurable mapping defined on some probability space
(2, F, P) and taking values on (Nf, Ny). We denote by N(B) the number of points of X on
B, and by Xj,..., X, the points of X in B given that {N(B) = n}.

In this paper we consider finite point processes X specified by the distribution
P(N(B) =n), n €N,

of the number of points in B and by the family (j,(-)),>1 of symmetric probability densities,
called Janossy densities, and defined by
P(X,€C|N(B)=n)= / Jn(Xn) dx, for Borel sets C' C B"
c
where x,, := (z1,...,7,) € R™ and dx,, := dz; ...dz,.
In addition we shall consider marked finite point processes: given {N(B) = n}, to

each point X} of X we attach a random variable Z;, called a mark, defined again on the
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probability space (2, F, P) and with values in some measurable space (M, M). Typically, in
the applications, the random mark Z; describes some characteristic of the point Xj. In the
following we assume that, given { N(B) = n}, the mark sequence (Zg)x=1...» is independent
of the point sequence (Xj)g=1,. ., and we denote by Hz,.|N(B)=n the conditional law of Z,
given {N(B) = n}.

For later purposes we mention that except in the Poisson case, the distribution of the
number of points and the Janossy densities are only known up to normalizing constants. To
be more specific, for a finite point process X on B specified by its density w.r.t. a Poisson
process with rate A > 0 we have

P(N(B):n):%e‘M(B) and  jn(x) = 1 0 (x,), (2.1)

see e.g. van Lieshout [29] p. 27 and Mgller and Waagepetersen [21] pp. 82-83, where

Cp = / D, (x,) dx,, n >0,

are unknown normalizing constants, ¢ denotes the Lebesgue measure, and ®,, : B" — [0, 00)
are known symmetric functions. Finally we introduce some notation. Let Fg be the o-field
on 2 generated by the points of X on B and their marks. We denote by L"(B), 1 < r < oo,
the space of real-valued random variables Y defined on the probability space (2, Fg, P) and
such that ||Y], = (EHY!T])I/T < oo. Throughout this paper we adopt the conventions
0/0 := 0 and C/0 := 400, for any positive constant C' > 0.

2.2 Sobolev spaces, Lipschitz boundaries, and the trace theorem

For convenience of notation, we introduce some functional spaces. Let B C R? be a Borel
set, 1 < r < oo, and h a non-negative Borel function defined on B. We denote by L"(B,h)

the space of measurable functions f : B — R such that

/]

v = [ 110 o) ar) Vs

When h = 1 we simply write L"(B) in place of L"(B,1). We denote by L>(B) the space of

measurable functions f : B — R such that

[flloc := esssup,ep|f(2)| < o0

where the essential supremum is w.r.t. the Lebesgue measure /.



Form € {0,1,2,...}U{occ}, we denote by C™(B) the space of functions f : B — R which
are m-times continuously differentiable on B. Here C°(B) = C(B) is the space of continuous
functions on B. We denote by C”(B) the space of functions which have compact support
contained in B and belong to €™(B), and by C}*(B) the space of functions which belong to

C™(B) and are uniformly bounded along with all their derivatives up to the order m.

Set x = (:c(l), e ,:r;(d)) € R? and recall that if f : B — R is integrable on the bounded
subsets of B, one says that d,u) f is the weak partial derivative of f w.r.t. 2@ if 0,4 f is
integrable on the bounded subsets of B and

/B F (@) () dx = — /B o(@)0,0 f(r)dz, o CYB),

where B° denotes the interior of B. We shall consider the gradient operator V, := (9,q), - .., Op@)
and the divergence operator div, := Zle 0,4, r € RY, where 0, denotes the weak partial
derivative w.r.t. (). When it is clear from the context we simply write V and div in place

of V, and div,. We shall also use the Sobolev space
WH(B) = {f €L (B): 0,nf €L (B), i=1,...,d}, 1<r< oo,

equipped with the norm

£ llwrr sy = (/B(!f(w)l’" + HVf(:v)H’")dx) l/r,

where the derivatives are taken in the weak sense and || - || denotes the Euclidean norm in
R?, cf. for instance, Evans and Gariepy [12] pp. 120-121.

This paper is written in the framework of bounded Lipschitz domains (see, for instance,
Evans and Gariepy [12] p. 127), which is not a significant restriction for applications. Denote
by OB the boundary of a Borel set B C R?. A bounded open set S C R?, d > 2, is said to
be a bounded Lipschitz domain if, for each x € 0S, there exist a positive constant ¢ > 0 and
a Lipschitz mapping v : R4"! — R such that (after rotating and relabelling the coordinate

axes if necessary) we have

SNQ(z,¢) = {y e R : 4y, ...,y V) <y DN Q(x,c)

where Q(z,¢) := {y € R?: |y — 20| < ¢,i=1,...,d}. In other words, a bounded open
set S is a bounded Lipschitz domain if, near z € 9S, 9S is the graph of a Lipschitz function.



From now on, for d = 1, S will be a finite union of bounded open intervals, and for d > 2
it will denote a bounded Lipschitz domain.
Finally we recall the trace theorem (see e.g. Evans and Gariepy [12] Theorem 1 p. 133),
which extends the classical integration by parts formula. Let the symbol “-” denote the inner

product and let B denote the closure of the Borel set B in R?. The following formula holds:
/¢($)Vx ~p(x)de = — /V¢(a:) ~(x) dz + ; o(x)(x) - v(z) HH (dw). (2.2)
s S S

Here 3%~ is the (d — 1)-dimensional Hausdorff measure on R%; v(x) is the unit outer normal
to 0S; ¥ = (YW, ..., @) € (€1(S))? and ¢ € W (S)NE(S), 1 < r < oo.

2.3 Closed and closable linear operators

In this subsection we recall the notion of closed and closable linear operator. We refer to
Rudin [27] for details. Let X and Y be two Banach spaces, and A a linear operator defined
on a subspace Dom(A) of X and taking values in Y. The operator A : Dom(A) — Y is said
to be closed if, for any sequence (z,),>1 C Dom(A), such that z,, — = in X and Az, — y
in Y we have x € Dom(A) and y = Az, i.e. the graph of A is closed w.r.t. the product
topology on X x Y. A linear operator A : Dom(A) — Y is said closable if, for any sequence
(%n)n>1 € Dom(A) such that ,, — 0in X and Az,, — y in Y it holds y = 0. In other words,
A is closable if admits a closed extension. The minimal closed extension of the closable
operator A is the closed operator A whose graph is the closure in X x Y of the graph of A.

It turns out that the domain of A is

Dom(A)
={r e X: 3 (zp)n>1 C Dom(A): x, — z in X and (Azx,),>1 converges in Y}

and

Ar = lim Az, x € Dom(A),

n—oo

where the limit is in Y and (,,),>1 is some sequence in Dom(A) such that x,, — z in X and

(Az,)n>1 converges in Y.

3 Differential operators and differentiation rules

Throughout this paper we consider functionals of the form

F = folyns)=op + Z Lin(s)=n} fr(Xns Zin) (3.1)

n=1
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where fo € R is a constant and f,, : S” x M" — R are measurable functions. In the following
we refer to the f,’s as form functions of the functional F. Let w : S — R be a measurable
function which is referred to as the weight function.

In the sequel we let p, = P(N(S) = n), n > 0, denote the distribution of the number of
points, and we let (j,,(-))n>1 denote the Janossy densities of X on S.

We assume that w is weakly differentiable on S that j,, is weakly differentiable on S™, for all
n > 1, and that f,(-,2,) is weakly differentiable on S™ for all n > 1 and pz,|n(s)=n-almost
all z,,. We define the gradient and the divergence of F, respectively, by

DyF == Lin)=ny Y w(Xi)dive, fo(Xn, Zn)
n=1 k=1

and
N(S)

D, F:=F Y (divw(Xg) + w(Xe) Revs) (Xns)) — DuF.
k=1
Here Ry, is the real-valued function defined by

Ren(3) = Ve gn )

Jn(Xn)
Throughout this paper, p and ¢ are fixed conjugate exponents, i.e.
p>q>1 and 1/p+1/g=1
moreover p’ and ¢ are fixed constants such that
p>q >q and q/¢d +q/p =1

Definition 1 For r > 1 we denote by Rs(r) the class of functionals F with form functions
fn such that

o fo € R and f,(-,z,) belongs to W' (S"), n > 1, and pz,, |n(s)=n-almost all z,

* Live)=n} fo(Xn: Zn), Lin(s)=n) 0,0 fu(Xn, Zn) € L7(8), 0 2> 1,
k=1,....n,1=1,...,d.

We also define the set RL(r) C Rg(r) by

Rs(r)

= {F € Rg(r) : the sum in (3.1) is over n € {1,...,m} for some integer m < oo},
In the following we refer to the positive integer m as the length of the functional F' € RL(r).
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Remark 3.1 Clearly, RE(r) is a subspace of L™(S) and the operators D,, and D, are linear
on RE(r). Finally, note that if 1 <r <1’ then Ry (r") C RL(r).

Denote by j,(f) the one-dimensional marginal density of j, (note that, for a fixed n > 1, by the
symmetry of j, the one-dimensional marginal densities are all equal). The next proposition

provides sufficient conditions which ensure that D,,(R5(r)) C L"(S) and D7 (RL(¢')) < LI(S).
Proposition 3.2 (i) The inclusion D,,(Rk(r)) C L"(S) holds for any r > 1, provided
w e L*=(8S). (3.2)

1) Under Condition (3.2), the inclusion q)) C L4 olds provide
Under Cond h [ D (R( L4(S) hold ded

d,mw € L¥' (S, 1) (3.3)
and _
0_Jn ,
L e LP(S", jn), (3.4)
In

n>1,k=1,....,n,1=1,...,d.

Proof of (i). For any F € RL(r) with length m and form functions f,, by Minkowski’s
inequality we deduce:

m n d

IDuF s < oo D2 0D | vz, fulXas Z0)

n=1 k=1 i=1

< 0.
r

O

Proofof (ii). Let G € RL(¢') be a functional with length m and form functions g,, then a

straightforward computation shows

DZ;G = Z l{N(S):n}gn(Xna Zn)

n=1
where
Gn( X, Z)
= [(divw(Xg) + w(Xk) Ren(Xn))gn(Xa, Zy) + w(Xg)div g, gn(Xs, Zy)]-
k=1
So the claim follows if we prove
||1{N(S):n}§n(XnaZn)||q < 00, n e {1,...,m}. (35)
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For any fixed n € {1,...,m}, k€ {1,...,n} and i € {1,...,d}, define the random variables

h;{])ﬁl(Xm Zn) = ]l{N(S):n}gn(Xna Zn)am(l)w<Xk)7
(X, Zy) = ]l{N(S):n}w(Xk)amg)gn(Xn, Z,),
0 (l)jn( n)

n zXn,Z = Lenis)=mywW(Xg) gn (X, Zp,

Using Minkowski’s inequality, one can easily realize that (3.5) holds if, for any n € {1,...,m},
ke{l,...,n}and i€ {1,...,d} we have

||hnm(XmZn)Hq < 0. (3.8)

For the inequality (3.6), note that by Hélder’s inequality with conjugate exponents ¢'/q and
P’ /q we have:

Hh(l)

n,k,i

(X, Za)llg < 287 1) =y 90 (Xs Za) [ |00 < oo,

174 (s, (1))

A similar computation shows that the inequality (3.7) is a consequence of (3.2) and
L)) 0,0 9 (X, Zn) € L7 ().

Finally, the inequality (3.8) can be proved using again Hélder’s inequality, which yields:

B (X, Zo) |2 < p2/? 1 v G (Xon, Zn) || 9| 2 < 0.
1Py i (Xins Zin)[[§ < PE 1wl 1L v (s)=ny 9 ( N i Mg <

O

In the proof of Proposition 3.2 we never used that the form functions f,(+,z,) of a functional
F € Ri(r) belong to W (S™) for g, n(s)=n-almost all z,. This condition is crucial to prove
Lemmas 3.3 and 3.4 below, which provide, respectively, the product rule and the chain rule
for the differentiation, w.r.t. the gradient operator, of functionals of finite point processes

with random marks. Here we denote by ¢’ the first order derivative of g.

Lemma 3.3 For all F € RL(p') and G € R(q'), we have FG € R(q) and

Dw(FG) = FD,G + GD,F.
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Lemma 3.4 For all F € RL(r) and g € CL(R), we have g(F) € RE(r) and

Dug(F) =g (F)DyF.

Proof of Lemma 3.3. Let F € RL(p') and G € RL(¢') be functionals with length m; and
ms, and form functions f, and g,, respectively. Letting a A b denote the minimum between
a,b € R, we deduce:

mi/Amo

FG = fogolinsy=oy + Y Lns)=nyfo(Xns Zn)gn(Xn, Zo,).
n=1

We first check that FG € RL(q). For ease of notation set h, := f,g,. By assumption
fal,2,) € WHYP(S™) and g,(-,2,) € WH(S") for piz, n(s)=n-almost all z,. So, for fixed
n > 1 and z,, by Theorem 3 p. 127 in Evans and Gariepy [12] there exist two sequences
(6 )is1 € €2(8") and (7% )i=1 € €2(S") such that ¢\h, — fu(-,2,) in W' (S") and
v = gn(+,2n) in WH'(S™). For ¢ € CL(S™) we have:

/ h (szn)a (Z)QO(XH) dx, = lliglo ¢ ( n) n)z (XN)aIS)QO(Xn) dx, (3.9)
= - /n (fn(XTm Zn)aml(:')gn(xn; Zn) + gn<Xn> Zn)aa:](j) fn(Xn7 Zn))gp(xn) an- (310)

Here (3.9) follows by combining the convergence of (gzﬁg,)zn)lzl and (fyy(f,)zn)lzl to fu(-,2,) and

gn(+, Zy), respectively, with Minkowski’s and Holder’s inequalities, indeed:

||¢n znrYn Zn fn(7zn)gn< Z'ﬂ)”Lq S) < H¢n Zn fn('JZn)||LP/(S)||77(Ll,)zn - gn('7zn)||Lq’(s)

+||¢n Zn fa(s Zn)HLP’(S)Hgn('v Zn)HLQ’(S)

Y = 90 (s 20) o )1 £ (- 20) o s)

and this latter term goes to zero as | — +00. The equality (3.10) can be proved similarly.

So hy (-, 2,) 18 in WH(S™) for gz, n(s)=n-almost all z,, and
(9x(i)hn:fnﬁxmgn—i—gnax(i)fn, HZ 1, k= 1,...,71, = 1,...,d, (311)
k k k

up to measurable subsets of S" x M" with null product measure (the product measure on
S™ x M" is the product between the Lebesgue measure ¢ on S™ and fiz,,|n(s)—=, on M"). Using

again Holder’s inequality with conjugate exponents p’/q and ¢'/q we have:
1L v (s)=n) P (X Zn) |2 < ML nv(8)=ny fr (K Zin) | 1L v (8)=n) G (Ko, Zin)) || < 00

11



Moreover,

)=y 0,0 (X Zn) |G = E[Lpn()=n} |0, 0 Fin (X, Zin) ]

<20, [ B0 20)0 00 (50 Z)IN(S) = ] o), 312
2, [ Bl0,000 )00 o0, Z0) N (S) = ], ),

< 2L (s)=ny [ (Xans Za) |13 | l{N(S):n}axl(;)gn(Xm Z.,)|% (3.13)

+ 2L ()=n) 90 (Xons Zon) g L en ()=} 10,00 Fn(Xins Zn) [y < 00

Here the inequality (3.12) is consequence of (3.11) and the inequality (a + b)? < 29(a? + b?)
for all a,b > 0; the inequality (3.13) follows by Holder’s inequality. Thus FG € Ri(q).
Finally, note that the definition of D,, and (3.11) yield:

mi1Amo n
DwFG = - Z ]l{N(S):n} Z w<Xk>fn(Xm Zn)dlva:kgn<Xm Zn)
n=1 k=1
mi1Amso n
- Z ]I-{N(S):n} Z w(Xk)gn(Xn7 Zn)dlvxkfn(Xna Zn)
n=1 k=1
=FD,G+GD,F.

O

Proof of Lemma 3.4. We first prove that g(F') € RE(r). If F has length m and form functions
fn, then the functional g(F') has length m and form functions go f,,. By assumption f, (-, z,)
is in Wh"(S™) for g, n(s)=n-almost all z,; moreover, S has finite Lebesgue measure £(S). So
by Theorem 4 (i7) p. 130 in Evans and Gariepy [12] we get that g o f,(+,2,) is in Wb (S™)

for almost all z,,, and
D g0 fn=1(9"0fa)0 i) fn, k=1,...,n, i=1,...,d, (3.14)
k k

up to subsets of S™ x M" with null product measure (here, again, the product measure on
S™ x M™ is the product between the Lebesgue measure ¢ on 8" and fiz,|n(s)=» on M"). Since
g is bounded then g o f, is bounded and so Ly (s)=n}9 © fn(Xy,Z,) € L7(S). Moreover, by
(3.14) and the boundedness of ¢ we deduce:

Mv)=ny 0,09 © fu(Xn, Zu) 7 < 19 lloo [ in()=n3 0,0 fn (X, Zin)[[1- < 00,

12



Thus g(F) € RL(r). We conclude the proof by noticing that, by the definition of the gradient

operator and (3.14), we have

Dwg(F) = = Z ]L{N(S):n} Z w(Xk:)g/ o fn(Xn7 Zn)dlva:kfn(Xna Zn) = g/(F>DwF
n=1 k=1

O

We shall also need Lemma 5.2 (cf. Section 5) which extends the chain rule of Lemma 3.4 to
functionals in the domain of the minimal closed extension of D,, (when it exists). However,

for the sake of clarity and notation, we shall state this lemma later on.

4 A duality relation

In the rest of the paper we suppose that p’ > p, and that the weight function and Janossy
densities satisfy
w € W' (S) N C(S), (4.1)
and
jn €EWHP(SM) N CEST), n>1. (4.2)

Clearly, Conditions (4.1) and (4.2) are stronger than the assumptions (3.2) and (3.3) consid-
ered in the previous section. The next proposition provides sufficient conditions which ensure
the closability of the gradient operator D,, : RE(p) — LP(S) and the divergence operator
Dz RE(¢') — L9(S). When they exist, we denote by D,, the minimal closed extension of the
gradient operator D,, and by E:; the minimal closed extension of the divergence operator
D . In Proposition 4.1 below we also prove a duality relation between D, and ﬁ; as a

consequence of their closability.

Proposition 4.1 Assume that Conditions (3.4), (4.1), and (4.2) hold, and that
w(x) =0, x € 0S. (4.3)

Then the operators Dy, : RE(p') — LP(S) and D: : Ri(q') — L4(S) are closable and the
following duality relation holds:

E[GD,F]=E[FD,G], F €Dom(D,), G € Dom(D,). (4.4)

13



Proof. We divide the proof in 3 steps: in the first step we show a weak duality relation,
i.e. a duality relation for functionals in RL(p’) and R(¢'); in the second step we show the
closability of D,, and D} ; in the third step we prove the duality relation.

Step 1. Weak duality relation. For any H € RE(g) with length m and form functions h,,, it
holds

an Z E[w(X3)div 4 b (X, Zin) | N(S) = 0] (4.5)

- —nzlpnz / dez [, Zo) o | (8) =]

where we exchange the order of integration and the expectation by Fubini’s theorem. For
fixed n > 1, k € {1,...,n} and x3,, := (T1,...,Tp_1,Ths1,--,%,) € S"', define the

function

where

jxkn(x) = (T, X1, X, Ty 1, - -, Ty) T ES.
By assumption (4.1) we have w € W4(S) N €(S), and by assumption (4.2) we deduce that,
belongs to W4(S)NE(S).
Thus by Theorem 4 (i) p. 129 in Evans and Gariepy [12], it follows that, for almost all xy,,
the function Jy,  belongs to W-(S) N €(S) and

for almost all xj,,, (w.r.t. the Lebesgue measure), the function J,

Xk,n

al‘(l) Jxk,n ($) = w(x)a.l’“) Jxk,n ('CE) + j;(k,n (m)ad?(z)w(x) (46)
for i = 1,...,d, almost all x;, and almost all x € S (w.r.t. the Lebesgue measure). By

assumption, for iz, |n(s)=n-almost all z,, h,(-,z,) € W"4(S™). Then, for almost all X, and
Z,, the function

Uz (T) 7= P (D1, T 1, 0, Tpeg1, - T Z) T ES
belongs to W4(S). So, by Theorem 3 p. 127 in Evans and Gariepy [12] we have that, for

almost all x,, and z,, there exists a sequence (1/15!2,”72”)121 C €>(S) such that

P — Uy aS L — 00, in WH(S). (4.7)

Xk,nrZn

By formula (2.2) and the fact that w = 0 on JS, we have, foralln > 1, h > 1, k € {1,...,n},

and almost all x;,,, and z,,

/SJka(x)divx@/),((lg,mz” x)dr = /@ka Zn x)div Jxkn(a:) dz. (4.8)



By passing to the limit as [ — oo in (4.8) we have

/Jxk,n(:ck)divxkhn(xn,zn) dr, = — /hn(xn,zn)divxkbka’n(:ck) dzy (4.9)
s s

foralln > 1,k € {1,...,n}, -almost all X, and iz, |n(s)=n-almost all z,. To prove identity
(4.9) we start showing that

/Jxk’ (a:k)dlvkaxk . (rg) day — /Jxk’n(a:k)divxkhn(xn,zn) dxp.
S s

Note that

| / T (@)div, Q) () de — / T (2)diV o () da
S
< e o / Aiv, Q) (1) — div et an (2)] da

and this latter term goes to zero as [ — oo because Jy, , € L*(S) and ka nzn = Uz, 1

WH4(S), where ¢ > 1. We now show that
/ka (@) div g, S, () Ay —>/ (Xn, Zn)diva, Jx, , (7r) Az (4.10)
Since w, ‘ch,n € L>=(S), by (4.6) we have that the limit in (4.10) follows if we prove

1000 T (@ (5) = @) 0 a5 50

and
/|ax( yw(x ||¢x,mzn( T) — Py oz, (@) dr — 0 as — oco.

Both these limits easily follow by (4.7), applying Hélder’s inequality with conjugate ex-
ponents p and ¢ and noticing that w, JNXM € WHP(S). This concludes the proof of (4.9).
Combining (4.9) with (4.5) and using (4.6), we deduce

N(S)

E[D,H|=E |H Z(divw(Xk) + w(Xp) Re nis) (X))

Therefore, by Lemma 3.3 we have a weak duality relation:
E|GD,F] = E[D,(FG)] — E[FD,G]

N(S
=E [F |G (divw(Xy) + w(Xi) Rines) (Xn)) — DuG
k=1

=
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—E[FD,G), FeRip), GeRiq).

Step 2. Closability. Now we show that D,, : RE(p') — LP(S) is closable (similarly, one can
prove that D : RL(q') — L4(S) is closable). Let (F,),>1 be a sequence in RE(p') converging
to 0 in LP(S) and such that D,,F,, — U in LP(S). We need to show that U = 0 a.s. We have

[E[GU]| = lim [E[GD,F,]| = lim |E[F,D%G]| (4.11)
< DG, Jim [Fll, =0, G € (o). (4.12)

Here the first equality in (4.11) follows by noticing that since G € Rk(q') < LI(S) (see

Remark 3.1) using Holder’s inequality we deduce:
IE[GDy F]| = [E[GU]|| < [E[GDyF] — E[GU]| < ||Gllg| Dwtn = Ully — 0,

as n — 0o. The second inequality in (4.11) follows by the duality relation for functionals in
RL(p') and RE(¢'); (4.12) is consequence of Holder’s inequality and the fact that || D G|, < oo
(see Proposition 3.2). Finally we show that E[GU] = 0 for all G € RL(¢) implies U = 0 a.s.
Since U is Fs-measurable, it is of the form U = u(N(S), Xy (s), Zn(s)) for some measurable

function u. So, defining u,(-,-) := u(n, -, ), we have

U = uglyn(s)—oy + Z Lin(s)=n}tn(Xn, Z,) for some ug € R.

n=1
Therefore by (4.12) we get, for all integers n > 1, go € R and form functions g, satisfying

the assumptions in the definition of RL(¢'):
pogouo =0 and  E[g,(X,, Z,)u, (X, Z,) | N(S) =n] = 0. (4.13)

Clearly, the first equality above yields ug = 0. We now prove that, for any n > 1, u, (X, z,) =
0 up to sets of null measure w.r.t. the product measure, say m,, between j,(x,)dx, and
Pz, | N(S)=n(dZy). Denote by u,f and w,, the positive and the negative part of u,,, respectively.

Clearly (take g, =1 in (4.13)) we have
E, = E[u!(X,,Z,) | N(S) =n] = E[u, (X,,Z,) | N(S) = n].

If E, =0 then v/ = u, = 0 m,-a.s., hence u, = 0 m,-a.s. If E, > 0, then consider the

probability measures on S x M™:

12 (dx,dz,) == U (X, 2n) T (dx,dz,,).
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where
1

Ut (x,,2,) = E—nuf(xn,zn).

Let R be a rectangular cell in R", let A € M®", and take g,(x,,2,) = ¥i(Xn)1{z,ca}
where ¢; is a sequence in CX(R") such that ¢;(x,) — lyx,ery as | — oo, for all x,.
Combining the second equality in (4.13) with the dominated convergence theorem, we have
7 (RNS) x A) =m, (RNS) x A). Therefore, 77 = 7, on B(S") @ M®", where B(S") is
the Borel o-field on S™. So u} (x,,2,) = u,, (Xp, Z,) Tp-a.s., and the claim follows.

Step 3. Duality relation. By Step 2, both the gradient and the divergence operators are clos-
able. Let D, and D be the respective closed minimal extensions. Take F' € Dom(D,,)
and G € Dom(D3), let (F,),>1 C RL(p') be such that F, — F and D,F, — D,F in
LP(S), and let (G,)n>1 € RE(¢) be such that G, — G and DG, — D:G in LI(S).
By Step 1 the duality relation applies to functionals in R(p') and RL(¢), and therefore
E[G,.D,F,] = E[F,D}G,] for all n > 1. The claim follows if we prove

lim E[G,D,F,] = E[GD,F] and lim E[F,D:G,| = E[FD;G|.

n—o0 n—oo

We only show the first limit above; the second limit can be proved similarly. The claim is

given by the following computations:

|E[G.DywF,] — E[GD,F]| = |[E[G,,DyF,] — E[G,DyF] + E[G,DyF] — E[GD,F]|
< ||Gallg|1DwFy = Do Fllp + 1Go = Gl DuFll, = 0 (4.14)

where in (4.14) we used Holder’s inequality and that |G|, = |G|l < oo (this is implied
by the convergence of G,, to G in L¢(S)). O

We conclude this section with the following simple remark.

Remark 4.2 Note that, under the assumptions of Proposition 4.1, we have: RL(p') C
Dom(D,), Ri(¢') € Dom(D,), Du,F = D,F and D,G = D:G, ¥ F € RL(p) and
G € Ri(q).

5 Density estimation

Let A € Fg be such that P(A) > 0. If the conditional law of F' given A admits a probability

density pp|4 w.r.t. the Lebesgue measure £, then the classical kernel estimator of ¢p|a(x)
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(see Parzen [23]) is defined, at each continuity point of pr| 4, by

o) = — iK(x_hnF()) (5.1)

nh
" oi=1

where F®), i = 1,...,n, are n independent samples of F' under P(-| A). Here, (h,),>1 is a
sequence of positive numbers called bandwidths, such that

lim h, =0 (5.2)

n—oo

and

K is a bounded probability density w.r.t. ¢(dz), such that lim xz|K(z)| = 0. (5.3)

T—r+00

Note that the kernel estimator ¢,(z) is biased for all fixed n > 1. In this section we apply
the duality relation (4.4) to the construction of unbiased Monte Carlo estimators of pp| 4,
which are an alternative to kernel estimators. We also provide conditions on the functionals
F and events A € Fg that ensure that the conditional law of F' given A admits a continuous

probability density.

5.1 The Malliavin estimator

The following proposition holds:

Proposition 5.1 Assume that the assumptions of Proposition 4.1 hold and let F € Dom(D,,).
Suppose that there exists A € Fg such that

P(A)>0 and D,F #0 on A, (5.4)

up to a P-null set, and
1 —x
— AF € Dom(D.,). (5.5)

w

Then the conditional law of F' given A is absolutely continuous w.r.t. the Lebesque measure,

with probability density

oriale) = EWLirsn | A, @R, (5.6)
where the Malliavin weight
— (1
W =D, (_A > (5.7)
D,F

is in LI(S). In addition, pp|a is bounded and Holder continuous with exponent 1/p.
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This proposition is proved using Lemma 5.2 below, whose proof follows from a standard

regularization argument and will be given at the end of this subsection.

Lemma 5.2 Assume that the conditions of Proposition 4.1 hold and let f € C}(R). Then

f(F) € Dom(D,) and Dyf(F)=f(F)D,F, F € Dom(D,,).

Proof of Proposition 5.1. Note that

E[L,f/(F)] = E [;AFEMF)] (5.8)
_ELWAF),  [ecC(R). (5.9)

Here (5.8) is consequence of Lemma 5.2; (5.9) follows by the duality relation (Proposition

4.1). A straightforward computation gives
F 0
B =B L [ fa@] =B L[ el

— / E[laf'(y+ F)] dy = / E[ W f(y+ F)] dy

—00

0 —00
= E [IAW/ fly+ F) dy} = /Rf(y)E (1AW L{p>y] dy, feCR),

where we exchange the integrals and the means by Fubini’s theorem, and we use (5.9). The
above equality, proved for all f € C€L(R), easily extends to indicators f(y) = 15(y), where B

is a Borel subset of R. So in particular,

P(E<ol )= [ eria)dy sek (5.10)
where pp|a(z) = E [Wl{psay | A]. Since W € L9(S) (indeed, D, (Dom(D,)) c L4(S)), it
is easily realized that ¢p |4 is bounded by ||[W|;/P(A). Furthermore, by (5.6) and Hélder’s

inequality we have

1

1
[pria(z) = rialy)l < WHWH(;HWIW —yl'", yzeR, y<z,

as in e.g. Proposition 2 of Loisel and Privault [19], hence g4 is Holder continuous with

exponent 1/p. O

Remark 5.3 Under the assumptions of Proposition 5.1 we have
E[W] =E[1,W] = 0.
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Proof. Indeed, 1,W = W almost surely and, since 1 € Dom(D,,) and D,,1 = 0, by the
duality relation we deduce

E[W] =E {EL (;:Fﬂ —E {_IA ﬁwl} = 0.

O

In the following discussion, we compare the classical kernel estimator (5.1) with the Malliavin

estimator .

Mg () = %;(W]L{sz})“), z eR, (5.11)
where (W1gp>,)%, i =1,...,n, are n independent samples of W1ps,y, under P(-| A). Un-
der the assumptions of Proposition 5.1, by Corollary 1A in Parzen [23], we have that ¢, (z)
is only asymptotically unbiased, i.e.

lim Ep|a)[ca(2)] = ¢pja(z), for any x € R.

n—o0

Note that, in contrast to ¢,(x), the Malliavin estimator does not depend on bandwidths and
it is unbiased for all n > 1.

Now, suppose that the conditions of Proposition 5.1 are satisfied with ¢ = p = 2. Then
W € L2(S) and therefore by Theorem 2A in Parzen [23] we easily have

Varp(.| 4)(Cn(x)) . C
— = lim — = 400, reR, 5.12
n—oo Varp(.| a)(My(z))  n—oo hy (5.12)

for some constant C' > 0, which shows that the Malliavin estimator is better than the
classical kernel estimator even in terms of asymptotic variance. In Section 7, a numerical
comparison between the above sample errors for fixed n is provided in Figure 2 in function
of the discretization step.

Finally, if in addition to the assumptions of Proposition 5.1 and conditions (5.2) and
(5.3), we suppose

lim nh, = oo,
n—oo

then ¢, (z) is consistent in square mean (see Parzen [23] p. 1069), i.e.
lim Ep(p 4)[fén(z) = eria(@)]=0, zeR.

A straightforward computation shows that the same property holds true for the Malliavin
estimator if we again assume that the conditions of Proposition 5.1 are satisfied with ¢ =

p=2.
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As already mentioned, we end this section with the proof of Lemma 5.2.

Proof of Lemma 5.2. Since the operator D,, is closed, we have to show that for any fixed

F € Dom(D,,) there exists a sequence (f(F,/)) C RE(p') such that f(F,) — f(F) and
Dyf(Fy) — f/(F)DyF in 1P(S). Take F € Dom(D,), then there exists a sequence
(Fu)ns1 C RE(p') such that F, — F and D,F, — D,F in LP(S). Note that the con-
vergence in LP(S) implies the convergence in probability. Thus, we can select a subsequence
{n'} of {n} such that F,, — F almost surely. By Lemma 3.4 we have (f(F,/)) C RL(p') and
Dy f(Fu) = f'(Fy)DyF,. By the dominated convergence theorem we have f(F,,) — f(F)

in LP(S), moreover we have:

HDwf(Fn’) - f/(F)ﬁwFHp = Hf/(Fn/)Dan/ - f,(F)wa”p
= Hf,(Fn/)Dan/ - f,<Fn/)EwF + f/(Fn’)wa - f/(F)ﬁwFHp

INA
=
<
S
IS
=
|
S|
IS
.
5
+
=
-
|
b
!
IS
S
o
=S

The claim follows noticing that the latter two terms above go to zero as n’ — oo. In

particular, the rightmost term tends to zero by the dominated convergence theorem. 0

5.2 The modified Malliavin estimator

By (5.6), Remark 5.3 and the monotone convergence theorem we have lim, 4 ¢ra(z) =0
and

lim Varp(_|A)(]l{FZx}W) = E[W2 ‘ A] (513)

T——00
So, when E[IW?| A] is large (this happens e.g. when W is not square integrable or D, F is
close to zero with high probability), the performance of the Malliavin estimator for large
negative values of z is poor. In this subsection we tackle this problem by applying the local-

ization method, see Fournié, Lasry, Lebuchoux and Lions [14], Kohatsu-Higa and Petterson

[18], Privault and Wei [26].

We start with the following result which follows from Proposition 5.1 by a classical

regularization argument.
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Proposition 5.4 Assume that the conditions of Proposition 5.1 hold. Then for any f €
LP(R), p > 1, we have

diyE[lAﬂF —yl= —E[LW(F-y)], yeR, (5.14)

where the Malliavin weight W is defined in (5.7).
Proof. Let (fn)n>1 be a sequence in CL(R) that converges to f in LP(R). Since the first

derivative of f,, is bounded, f,, is a Lipschitz function hence by the dominated convergence

theorem we have

d

ELh(F =yl = —EMLfi(F =y, yeR

Next we note that, as in the beginning of the proof of Proposition 5.1, by Lemma 5.2 and

the duality relation we have

Hence

LB [ fu(F — )] + EQLW(F y>1\ _ |BILAJA(F — 3)] — E[LaW f(F — y)]

dy
= [EMAW(fu(F —y) — f(F —y))]l
< La(fu(F =y) = F(F =)WVl

P(A) ooIfn(x—y)—f(w—y)lpsom(x)dw 1/pllVVHq
(P )

P(A) OOIfn(x)—f(xﬂpwm(xw)dx ” g
(P [ )

< CPA)PIWlIfa = fllw.  yeR,

for some positive constant C' > 0, since g4 is bounded. Consequently, diyE (Lafu(F —y)]
converges to —E [1,W f(F — y)] uniformly in y € R, and the claim follows by noticing that
E[1afn.(F — y)| similarly converges to E [14f(F — y)] uniformly in y € R as a consequence
of Holder’s inequality, the boundedness of ¢r| 4 and the convergence of f, to f in LP(R).
O

We now construct the modified Malliavin estimator, under the hypotheses of Proposition

5.1. By decomposing the indicator function as

]]-[0,00) = f + 9,
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where f(z) 1= 1y ) (z)e ™™, 2 € R, 6 > 0, and g := 1g o) — f, we have

ora(z) Z—a%E [1[0,00) <F_”"”) ‘A]
(e ()
= ws (F22) 4] - 26 [1gpame )

where ¢ > 0 is a parameter and we applied Proposition 5.4 and the Lebesgue theorem of

}, r € R,

weak differentiation under the integral sign, cf. e.g. Lemma 3, Chapter 1 in [5]. This leads

to the modified Malliavin estimator of ¢p|4(2):

n

(4)
mﬁod(x) = %Z (I{sz}e_e(ng) <W — g)) )

=1

_z (i)
where <]1{F2x}e_9(p< ) (W — Q)) ,1=1,...,n, are n independent samples of

¢
]l{FZx}efe(Fzz) <W - ) under P(-| A).

9
¢

Finally we note that if W is square integrable then

Fo 0
lim Varp( | A) <1{F>x}ee( ¢ ) (W — Z)) =0

T—r—00

which, in view of (5.11) and (5.13), shows that m™°4(x) performs better than m,,(z) for large
negative values of . Note also that, as a straightforward computation shows, the modified
Malliavin estimator has the same properties as the Malliavin estimator, i.e. it is unbiased
and, if the Malliavin weight is square integrable, then it is consistent in square mean and its

asymptotic variance is smaller than that one of any classical kernel estimator as in (5.12).

6 Computing the Malliavin weight

In this section, for some functionals of finite spatial point processes with random marks, we
provide an explicit expression of the Malliavin weight W and, consequently, of the Malliavin
estimator for the density. Let w be some weight function and (f,,),>1 form functions of some

functional. For ease of notation, for n > 1, we define

n

ﬁ(xn,zn) = (Z w(xk)divxkfn(xn,zn)> , (Xp,2n,) € S" x M".

k=1
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The next proposition provides sufficient conditions for the application of Proposition 5.1 and

for the use of the modified Malliavin estimator described in Subsection 5.2.

Proposition 6.1 Let F' be a functional with form functions f,, and assume that the condi-
tions of Proposition 4.1 hold. If in addition:

(i) F € Rs(p) N LX(S),

(i1) D, F € LP(S),

(iii) Condition (5.4) holds for the functional F, with D,F = D,F and A = {N(S) > ng}
for some integer ng > 1,

(iv) F € Rg(q') NL4(S), where

ﬁ = — Z ]l{N(S):n}ﬁL<Xn7Zn)a

n=ng

(v) DyF € L(S),

then the conditional law of F' given A = {N(S) > no} is absolutely continuous w.r.t. the
Lebesgue measure, with probability density given by (5.6) with W = fouﬁ, i.€.

N(S)
W= F Y (divw(Xy) + w(Xe) Revs) (Xvs)) — Do

k=1

Moreover, the density @) a is bounded and Holder continuous with exponent 1/p.

Proof. We want to apply Proposition 5.1, and so we need to check the hypotheses therein.
Step 1. F € Dom(D,,) and Condition (5.4). Consider the truncated functionals F,, € RL(p'),
m > 1, with form functions f,, and length m. It turns out (see Remark 4.2) that (F,,)m>1 C

Dom(D,). Note that F,,, — F in LP(S) as m — oo. Indeed

o0

IFn = FlE = > E[Ln=nlfo(Xn Za)[P] =0, asm — oo (6.1)

n=m-1
since I € LP(S). Similarly, using assumption (ii) (and Remark 4.2) one has that D, F,, =
D,F, — D,F in LP(S). Since the operator D,, is closed, we get F' € Dom(D,,) and
D,F = D,F. In particular, note that, by this latter identity we deduce that Condition (5.4)
corresponds to assumption (4i7).
Step 2. Domain Condition (5.5) and computation of the Malliavin weight. Consider the
truncated functionals

ﬁm = Z ]l{N(S):n}ﬁz(Xna Zn)> m > ng.

n=ng
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By assumption (iv) we have F € L%(S), and so, arguing as for (6.1), one has E, — F in

L%(S), as m — oo. Arguing again as for (6.1), it can be checked that
D:F,, — D:EF  in LY(S), as m — oo. (6.2)

By assumption (iv) we have F,, € RL(¢') for all m > ng and so E:Ufm = D;fm, cf. Remark
4.2. Therefore, by (6.2) and the fact that the operator D, is closed, we have F' € Dom(D,)
and D, F = D F. The domain Condition (5.5) is verified since

L,
D,F ' D,F

Lin)>no} = — Z Lin)=n fn(Xn, Zy) = F.

n>ng
The expression of the Malliavin weight is a consequence of the definition of the divergence

operator. O

7 Application to a wireless ad hoc network model

In this section we apply the theoretical result of Proposition 6.1 to provide Malliavin esti-

mators for the density of the interference in a wireless ad hoc network model.

7.1 Model description

We consider the following variant of a wireless ad hoc network model introduced in Baccelli
and Blaszczyszyn [2]; see also Ganesh and Torrisi [16]. Let (Xj)g>1 be the points of a point
process on the rectangular cell S := (a,b) x (¢,d), where a < b and ¢ < d. Attach to each
X}, a positive random variable P,. We interpret X, as the location of node k, and P, as its
transmission power. Assume that a receiver is located at the origin and that a transmitter,
with transmission power P € (0, 00), is located at y € R?. Let v and 7 be positive constants
which denote, respectively, the noise power at the receiver, and the threshold signal to
interference plus noise ratio needed for successful reception of a message. The physical signal
propagation is described by a measurable positive function L : R? — (0, 00) which gives the
attenuation or path-loss of the signal. In addition, the signal undergoes random fading (due
to occluding objects, reflections, multi-path interference, etc). We denote by Hj the random
fading between node k and the receiver, and define the random marks 7, = P, Hj. Similarly,
we denote by H the random fading between the transmitter at y and the receiver, and define
the random variable Z = PH. Thus, the quantities Z,L(X}) and ZL(y) are, respectively,

the received power at the origin due to the transmission of node k, and the received power
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at the origin due to the transmitter at y. Within this framework we say that the receiver
can decode the signal emitted by the transmitter at y if

N(S)

ZL
) > where F = Z Zp L(Xy).
k=1

v+ F

Here the random variable F' is the interference at the receiver due to simultaneous transmis-
sions of nodes 1 < k < N(S). The attenuation function is often taken to be isotropic (i.e.

rotation invariant) and of the form L(x) = |||~ or (1 + [|z]|)~®

, where the symbol || - ||
denotes the Euclidean norm. Here v > 0 is the path loss exponent which, in practice, is ob-
served between 3 and 6. The first choice of attenuation corresponds to Hertzian propagation
and is the one we shall work with.

From now on, we suppose that the random marks are bounded away from zero, i.e.

M := [4, 00), for some positive constant § > 0, and that the rectangular region S is contained

in T; U Ty where
Tyi={z:2®>—-2W4pn} and Ty:={z:2® < -2 _pn}

for some positive constant n > 0.

The above condition S C T} U T, guarantees that the distance between the receiver at
the origin and any point in the region S is bigger than or equal to 7/+/2. From the point of
view of applications, this choice of placement of S corresponds to a scheduling strategy in
which all transmitters within some vicinity and direction of the receiver are forced to remain
silent. This can be thought of as a simplistic model of the 802.11 protocol with request-to-
send/clear-to-send (RTS/CTS), with the exclusion zone corresponding to the region within
which the CTS can be heard.

As in the previous sections, we assume that, given {N(S) = n}, the points (Xy)r=1,. n

and the marks (Zy)g=1...n are independent. We provide a Malliavin estimator for the density

of the interference F', under the statistical assumption that the points are located according
to suitable Janossy densities.
Note that
N(S) 0
F=Y " Zel X7 = D Liney=ny fa(Xn, Zn)
k=1

n=1

and so the form functions of this functional are given by

FalXn20) = zllwkl ™, (X, 2) €™ x M™ (7.1)
k=1
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7.2 A suitable family of weight functions

The aim of this paragraph is to introduce a family of weight functions and to check some

assumptions in Proposition 6.1 related to the choice of w. Define the function

v(z) = (2 —a)(b — 2M) (@ —¢)(d — 2P) z €S,
and consider the family of weight functions defined by
w(z) :=v(z)’ 2z €8, where 8> 0.
The following lemma holds:

Lemma 7.1 If 3 > ’%, then Conditions (4.1) and (4.3) are satisfied.

Proof.  Clearly w € C(S) and w = 0 on dS. So we only need to check that the partial
derivatives of w are in L” (S). In the following we just check the integrability of |9,qyw|?.

The integrability of |0,@w[? can be proved similarly. Note that
10, 0w(x)[P < 267 (b—a)(d — ¢)v(x) P~V x € S.
So we only need to check the integrability of v®~1? . A straightforward computation gives

/Sv(iv)(ﬂ”pl dz = ((b—a)(d—e) PP BB~ 1)p/ + 1, (8~ 1)p' + 1) < o0

where the latter term involves the Euler beta function

1
B(r,s) := / Yy 1 —y) dy < oo, r,s > 0.
0

Let ng > 1 be a fixed integer. For n > ng, define the functions

n 2 -1
Fo(Xn, Zn) = (—aZw(mk)zk (Z x,@> ||:1:k||_(°‘+2)) C (Xp,zp) €S X M™. (7.2)
k=1 =1

The following lemma holds:

Lemma 7.2 If > 1 and ng > 2¢'53, then ﬁb(-,zn) € WH'(S™) for any n > no and all
z, € M"™.

27



Proof. We divide the proof in two steps. In the first step we show that the claim follows if

and in the second step we check the above condition (7.3).

no —2¢

w(xk)‘ dx,, < oo, (7.3)
k=1

Step 1. For any n > ng and all z,, € M", we have

n ’

—q
dx,,

176 2)|¥ dxp = 0~ /

(SQT1)” 1

+a? /
(SﬁTz)”

Note that, on SN Ty, for all z € M, we have

Sn

(Z%) [EaY
(Zx )lx | ax,

k=1

yeSNT,

2
z(Zx“)) =2 = w(a)dy min yl~+? >0 (7.4)
=1

and, on SN Ty, for all 2 € M, we have

2
Z(Zw‘“) 49 < w(e) — 06 min Iy~ <. (75)
=1

yeSNTy
Thus
n o no o
1 (X 20) |9 dx, < K / Zwm)‘ " dx, < Ky ((S)" / w(an)| T dxn,
S " =1 §"0 " =1
< K{\/I(ng) < oo. (7.6)

Here K1,K5,K3" ™) are positive constants (with K dependlng on n) and we used the Cauchy-
Schwartz inequality. It remains to check that, under (7.3), the functions [0 « fn(-, z,,)|7 are
k

integrable for any n > ng, k=1,...,n,1=1,2 and all z, € M". We have
0,0 (%0 20) = i) (s 20) + R (s 20) + 1 (X, 20) (7.7)
where
2 (i 2 ol o w(ay)
(i wlee)ze (T2, o) | -@2)

O 2|z~ a”)w(?@k)

(Siss e (S22 ol -2
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3 L aal (S a) ol -,
hi (X0, 2n) == —(a + 2)a : 5
(S (S a) el -+2)

Note that, for all fixed z, € M", the numerators of these ratios are bounded functions (in

particular [|0 o wl[[ < oo since B > 1). So, using Minkowski’s inequality, (7.4) and (7.5),
k

one can easily realize that the claim holds if

J.

This in turn follows by (7.3).

n *2(]/

Zw(wk)‘ dx,, < oo, n > ng.

k=1

Step 2. For simplicity of notation we set n = ng. We have

:/del.../sdxn_l/s‘éw(%) :

Now let ¢1, o > 0 be two positive constants, and consider the function

dz,,.

o(y) = (ally —a)b—9)" + )"y e (ab).

It is easily seen that ¢ is symmetric w.r.t. the line y = (a + b)/2. Therefore, since

/

S w0 = (@ - o) )

where ¢; := ((:cﬁf) —o)(d— :cﬁf)))ﬁ and ¢y = Z;i((as,(:) —a)(b— x,(cl))(:v,(f) —c)(d— .tEl(f)))B,
we have , (ast)2
n —92q’ a n —92q’
[ IS wta] s =2 [ St sy
a k=1 a k=1

and similarly

d n —2¢ (c+d)/2, m —2¢
/ Z w(xk)‘ dz? = 2/ ‘ Zw(xk) dz?

¢ k=1 ¢ k=1
So

n _2q/ n _zq/

/ ‘ Zw(xk) dzy = 4/ ‘ w(zy) day,
St =1 (a,(atb)/2)x (c,(c+d)/2) '
and thus
n —2q

'I’L'

J(n):22"/ / ‘wak
(a,(a+b)/2) X (c,(c+d) /2) (a,(a+b)/2) X (c;(c+d) /2)
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Now note that y < (a + b)/2 is equivalent to b —y > (b — a)/2 (and the same holds with ¢
and d in place of a and b). Therefore

*2(1/

(@) —a)(@? —)?| T dx,

J(n) S K4 22n/
((a,(a+b)/2)x(c,(c+d)/2))"

for some positive constant K, > 0. Now, using the change of variables:
) R f’”l(cl) —a £ xl(f) —¢
o b—a o d—c

we have

n

72q’
I(n) < K™ o2 / / ‘Z(t;”t,?))ﬂ‘ dt,,
(0,1/2)x(0,1/2) (0,1/2)x(0,1/2) ' 75

for some positive constant K, én) > 0 (depending on n). By the arithmetic-geometric inequal-

ity we have

!

n 2q n 2¢'/n
1),(2 / 1),(2

k=1 k=1

So

n —24¢'/n
I(n) < KM 92 =2 / / [T a2y dt,,
(0,1/2)x(0,1/2) (0,1/2)%(0,1/2) k

=1
1/2 2n
_ R gon 2 / y2 I gy
0

This latter integral is finite since n = ny > 243¢’. U

In the rest of the paper, we do the following choice of the parameters:
q€(172]7 BZL 71023 and n0>26q

q<q <no/(28) and ¢ < max(2q,q/(2—q))

_ q
p'=(1/g—-1/¢)"" and p:q——l'

A straightforward computation shows that p > ¢, p and ¢ are conjugate exponents, p’ > ¢/,
p > p, and q/¢ + q/p’ = 1. In the next paragraph, we provide Malliavin estimators for the

density of the interference, by applying Proposition 6.1.
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7.3 Dominated networks

In the following we suppose that the nodes are located on the rectangular cell S according to
a finite point process X whose law is absolutely continuous w.r.t. the law of a homogeneous
Poisson process with intensity A > 0. Recall that in such a case the distribution of N(S) and
the Janossy densities are given by (2.1) with S in place of B.

Let ng, B, p, ¢, p' and ¢ be as at the end of the Paragraph 7.2, and F' and F specified
by the form functions (7.1) and (7.2), respectively. Moreover, set A := {N(S) > no}.

The following proposition provides sufficient conditions for the application of Proposi-

tion 6.1 and for the use of the modified Malliavin estimator described in Subsection 5.2.
Proposition 7.3 Assume (4.2) and in addition that

(1) there exists a sequence (Y )n>1 such that

0 &P,

H ¥

s <vp, n>1, k=1,....n i=12 (7.8)

LP/ (Sn7.]n)

and

o0 (S q/d
PRZAE! +%)q( <n!> ||<I>n||oo) < 00, (7.9)

(1) there exists a constant v > 0 such that

Then, the conditional law of F' given A is absolutely continuous w.r.t. the Lebesque measure
with probability density given by (5.6) with

N(S)
W=F Z(le’UJ(Xk) + w(Xk)Rk,N(S)(XN(S))) — DwF

k=1
where Ry, ,(xy,) = div,, @ (x,)/Pr(x,). Moreover, the density ¢p|a is bounded and Hdlder

continuous with exponent 1/p.
The proof of Proposition 7.3 is based on the following technical lemma.

Lemma 7.4 Under the assumptions of Proposition 7.3, Condition (3.4) holds with d = 2,

and we have:
n P
E <Z Zk) ’N(S) —n| <oo, m>1, (7.11)
k=1
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p

N(S)

E(Y 2| | <o, (7.12)
k=1

> B, < oo (7.13)

n=ng

> e, n KZ zk) N (S) = n] < o0, (7.14)

n=ng
and
! q
=L (S)" a/d [ 2 D Py,
1 1®Pnllec 0, W|| oo < oco. (7.15
Z( 57 ||) >3 (Iawl D)) < @

Proof of Proposition 7.3. Let us check the assumptions of Proposition 6.1. By Lemma 7.4
we have (3.4) with d = 2. So by Lemma 7.1 it follows that the assumptions of Proposition
4.1 are satisfied. In the next steps we verify the remaining hypotheses.

Step 1. Condition (7). Note that, for some positive constant K7 > 0,

fo(Xn, 2) < K sz, n>1 x,eS",
k=1
and fiz,,|N(s)=n-almost all z,,. So f,(-,z,) belongs to LP(S")Vn > 1 and 7, |N(S)=n-almost
all z,. Since
0,0 s 20) = —azay ||y =+ (7.16)
we have, for a suitable positive constant Ky > 0,

|axgj)fn<xnyzn)‘ S K2Zk7 n Z 17 Xn € Sn:

and iz, |n(s)=n-almost all z,,. So f,(-,z,) belongs to W (S"), ¥ n > 1 and 1z, | N (S)=n-almost

all z,. Note that, for some positive constant K3 > 0, by (7.11) in Lemma 7.4, we have

E[Lin(s)=ny [} (Xn, Zn)] < K3E (Z%) ‘ )=n| <oco, n>1

Similarly, using (7.16), one can check that
Lnv(s)=ny 0,0 fa(Xn, Zn) € LP(S), n>1 k=1,...,n, i=12.
k

So F' € Rs(p'). Finally, note that F' € LP(S) follows by (7.12) in Lemma 7.4.
Step 2. Condition (i1). By (7.16) we have

N(S)

DwF = Oé]l{N(S)zl} Zw( (ZX > ’X || Oc+2

k=1
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So, by (7.12) in Lemma 7.4, we deduce
p

N(S)
E[[D,FIP)<KE [ [ Y 2| | < o0,
k=1

where K, > 0 is a constant.

Step 3. Condition (i11). The claim follows noticing that the random variables

2
w(Xi) 2y (Z X,i”) |72, 1< k< N(S),
i=1
are different from zero a.s. (see the inequalities (7.4) and (7.5)), and by (2.1)

P(A) > P(N(S) = ng) = ;—O, ™M) 5 0,

Step 4. Condition (iv). By Lemma 7.2 we have that f,(-,z,) belongs to W4 (S") V n > ng
and all z, € M". For a suitable positive constant K5 > 0 and V n > ng, by (2.1) and (7.6)

we deduce

~ , no —q (S
E[L(n(s)=n} [ [n(Xn, Zn)|"] < K5 (/S w(ka)‘ de) (n—,)ll@nlloo <oo, (7.17)

"0 k=1
where the finiteness of this latter term follows by (4.2) and (7.3). Similarly, using (7.7) and
Minkowski’s inequality, by (7.11) in Lemma 7.4 and p’ > ¢/, we have

ELines)=n} |00 fu(Xny Zo)|] <00,  n>mng, k=1,....n, i=12
k

So F e Rs(q'). Finally, for a some positive constant Kg > 0, arguing as for (7.17), we have

EHﬁ‘q] < K </Sn0 Zw(xk)‘_q an0> Z a:%“@ﬂ@ < 00

n=ng
where the finiteness of this latter term follows by ¢ < ¢, (7.3) and (7.13) in Lemma 7.4.
Step 5. Condition (v). We need to show

N(S)
|F > @ive(Xe) + w(X) R Xn))|| <00 and [DuFlly<oo.  (7.18)
k=1 4

For the first inequality note that

N(S)
F Z(divw(Xk) + w (X)) R nis) (X))

k=1
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n

= > Yne=nfaXni Zn) Y ) | Qeow(Xe) +w(X’“)W '

n=ng k=1 i=1
Therefore, using Holder’s inequality with conjugate exponents ¢'/q and p’/q, (7.17) and
Minkowski’s inequality, for a suitable positive constant K; > 0, we obtain

N(S) .

Hf Z (divew(Xg) + w(Xe) Re v es) (Xns))) ,
=1

e E(S)n a/d
<y (L)
n=ng
n 2 833(1')(1)” 1
15 o] (DRIRTN L

and this latter infinite sum is finite due to (7.15) in Lemma 7.4. For the second inequality

n (7.18), note that

1D F g < wllé Z B

n=ng

n 2 q
]L{N S)=n} ( Zl (l)fn Xnaz )|> ]

k=1 i=1

Now, by (7.7) and inequalities (7.4), (7.5), for positive constants Ky, Ko > 0, we have

n 2 q
E | 1{n(s)=n} (Zz‘axl(j)fn(xmzn”) ]

k=1 i=1
no _9g n q
<K POVE) =) [ | > wien| i) de [ (Do) nzmealdz)
" k=1 M™ \ k=1
no —2g 0(S)" n q
< Ko (/ Zw(mk)’ dxno> %HcpnnooE [ Zk> ‘N(S) - n] .
5" T k=1 n' k=1
The claim follows by (7.14) in Lemma 7.4, ¢ < ¢’ and (7.3). O

Remark 7.5 A close look at the proof of Proposition 7.3 shows that the claim therein still
holds if, more generally, we assume that (3.4) with d =2 and in addition that (4.2), (7.11),
(7.12), (7.13), (7.14) and (7.15) hold. However, these conditions are somewhat technical and

less practical than those of Proposition 7.3.

Proof of Lemma 7.4. Condition (3.4) with d = 2 follows by (7.8). As a consequence of
Holder’s inequality (see e.g. Chow and Teicher [6] p.107) we have

n n 1/17/
>z <n (7
k=1 k=1
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and so, using (7.10),

/
n

p
E Zk> ‘N(S) =n| <yn¥, n>1, (7.19)
k=1

which implies (7.11). By (7.9) we deduce

© (S a/d
> (o) <

n=ng
hence
= 8"
> (n—')chnHoo < 0. (7.20)
n=ngo ’

since ¢ < ¢'. Note that ¢, < (S)" ||Py]|, therefore by (2.1) and (7.20) we deduce E[N(S)?] <

oo. Relation (7.12) is consequence of the following inequality
p

N(8)
Ef{Y 2] | <47 ENES)] < o,
k=1

which can be obtained using Holder’s inequality and (7.19). The inequality (7.13) is an easy
consequence of (7.20). By Holder’s inequality with conjugate exponents p’/q, p'/(p' — ¢) and
(7.19), we have, Vn > 1,

a/d

E[(izk> (N(S)zn] <|E <§:Z,€> ‘N(S):n < A1l

k=1
Thus relation (7.14) follows by (7.20) and p > ¢. It remains to check (7.15). For a suitable

positive constant K7, by assumption (7.8) we deduce:

= sy il (o 0,00, q
> (Clle) (L3 (1000l + ol 25
n=ng k=1 i=1
i g(s)n a/d
< 3w (e
n=ng
and this latter term is finite due to Condition (7.9). O

7.4 Pairwise interaction networks

A finite point process X on the rectangular cell S is said pairwise interaction if it has Janossy

densities as in (2.1) with

bu(xn) = [[ (o) T allon ).

{zh,zj}
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Here the symbol H}JZ +;3 means that the product is taken over all the subsets {zh, z;} of
cardinality 2 of the configuration {xy,...,x,}; ¢ and ¢9 are two non-negative measurable

functions called intensity and interaction function, respectively.

In the following examples we shall consider three different models of pairwise interaction
point processes and, for each of them, we shall compare numerically the finite difference
estimator with the modified Malliavin estimator. The finite difference estimator is a classical

kernel estimator of the form (5.1) with K (z) := 11j_1 (), i.e.
1 ¢ .
An =5 lphe F(Z)

Cn () 2nh; fa—nath] (F77),

where h is a small positive bandwidth and F i =1,... n, are n independent replications

of F, under P(-|A). On the other hand, the modified Malliavin estimator is

n

(%)
mmed(r) = %Z (H{sz}e_g(F;”) <W - §>> ’

=1

71 (1)
where <]1{F2x}e79(F< ) (W — Q)) ,1=1,...,n, are n independent samples of

¢
]l{FZI}efe(Fzz) <W - >, under P(-| A).

9
¢

In the next numerical illustrations we compare the performances of kernel and Malliavin

estimators for the density of the interference

N(8)
F =Y Zu| Xl
k=1

in a wireless network, using the common parameters « = 3,60 =1, ( =10, a =1, b = 2,
c=1,d=2, =1, A=1,1n=0.5, =1, and ng = 5. Here, we simulate from the
conditional distribution of X given A = {/N(S) > ny}, using a simple rejection sampling: we

repeatedly simulate X on S, until there are at least ng points.

Example 1: Homogeneous Poisson networks

Taking ¢, = 1 yields a Poisson process. If in addition ¢; = A > 0, then X is a homogeneous
Poisson process on S with intensity A. In this case, the Janossy densities are equal to £(S)™"

and ®,(x) = A"V n >1and x € S". So (4.2) is satisfied, and (7.8) holds with ~, = 0.
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Condition (7.9) is readily checked since the infinite sum therein reads

i o ( (/\g(S»n)Q/q
n!

n=ng
which is a convergent series. So, assuming Condition (7.10) (which is satisfied if, for in-
stance, either the marks are bounded above or they are independent, identically distributed,
independent of X and have finite moment of order p’), by Proposition 7.3 we deduce that
the conditional law of F' given A has a bounded and continuous probability density equal to
(5.6) with the Malliavin weight

N(S)

W=F> divi(Xy) — Dy

k=1
In Figure 1 we display the finite difference and the modified Malliavin estimators of the den-
sity. The number of replications is set to N = 2 x 10°, the discretization step is h = 0.001,
and the marks are distributed as 1 + EXP(1), where EXP(1) is an exponentially distributed
random variable with mean 1. It shows that the modified Malliavin estimator yields a more

precise estimation with the same number of random samples.

0.1 0.1

T T
Finite differences -------
Exact value

T T
Mallivain method -------
Exact value

/ .y

0
2 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16

Figure 1: Malliavin method vs finite differences.

Figure 2 provides a comparison of the sample L*([0, 16])-error between the numerical esti-
mation and the exact value for both methods, as a function of the discretization step in base

10 logarithmic scale with 2 x 10* (left) and 2 x 10 (right) samples.
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0.002 oo e

L T B 0,001 e

e

] ! ! 0 i i ] ]
1 10t 102 10° 10 1 107 10 10° 10"

Figure 2: Error comparison between the Malliavin and finite difference methods.

Figure 2 also shows that with 2 x 10* samples, the comparative performance of the Malli-
avin and finite difference methods depends on the size of the discretization step, while the

Malliavin method always perform better with 2 x 10% samples and above.

We conclude this section with two examples of networks whose nodes are distributed accord-

ing to a locally stable and repulsive pairwise interaction point process.

Example 2: Networks with very soft core nodes

For the reasons explained in the introduction, repulsive pairwise interaction point processes
are of particular interest in the context of wireless networks. In mathematical terms the
inter-point repulsion is described by the inequality ¢o({z1,25}) < 1 for any x;, 25 € S. In-
deed, intuitively, this condition means that the conditional probability of {y € X} given
{X\{y} = {21,...,2,}} (where y,xq,..., 2, € S) is a decreasing function of the config-
uration {x1,...,z,} (see Mgller and Waagepetersen [21] pp. 83-85). In order to perfectly
simulate the point process over the finite window S one should require the local stability, i.e.
¢, € LY(S). Indeed, in such a case, one may use the coupling from the past or the clan of
ancestors perfect simulation algorithms to generate X. Alternatively, in the simulations of
this example and the next one we shall use the so called birth-and-death Metropolis Hastings
algorithm, which is faster than the perfect simulation routine, to generate the considered
point process. The interested reader can find a detailed description of these algorithms in

van Lieshout [29] pp. 93-95 and Mgller and Waagepetersen [21] pp. 112-113 and pp. 227-233.

The following model of locally stable and repulsive pairwise interaction point process is a
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simple modification of the model introduced by Ogata and Tanemura [22] (see also Mgller

and Waagepetersen [21] p. 88). The modification consists in allowing the interaction function

to be bounded away from zero. Consider a constant intensity function ¢; = A > 0 and an

interaction function of the form

e
p

We start checking (4.2). By the definition of ¢; we have

) where €, p > 0 are positive parameters.

do({n,21}) = 1 — exp (

n—1n—1

®n(xn) = A" [ ] 2{zer 211 }) (7.21)

s=1 r=s

and therefore ®, € €(S"). Note that for a fixed k € {1,...,n} we have

n

O (%) = Up (@1, Tpet, Thsts - 2n) | [ 2({n, 2a}) (7.22)

h=1
h#k

where
n—1n—1

H H ¢2({x5’ xr—i—l})

— /\n s=1 r=s

[T 62({an, =})

h#k

U (X1, ooy Tty Tl 1y - -5 Tp)

A straightforward computation gives:

0,0 (%) = \I/n(arl,...,Ik_l,ka,...,xn)zlamg)(bg({xj,xk}) H do({zh, 21 })

ik hit ik
2 - i i T — 5 2 +¢€
= —‘I’n(xh---,fk—1,$k+1,~-7$n)2($§g)_xg))exp (—“ u il )
p j=1 p
ik
< [ ¢2({zn 2i}). (7.23)
i

This partial derivative is continuous on S". So ®, € W'?(S"), and (4.2) is checked. By the

above computations it follows

0 wPn(x,) M axg) Ga({Tj, 24 })

i => (7.24)

P, (x,) —  »a({zj, o))

#k

_ 25,0 0y &R (=lze = 25l +€)/p)
N p;( IR da({xj, 21})

j#k
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and so, for a suitable positive constant K7,
ax(i) CI)n(Xn)
k

‘W SKlTL, 7121, kzl,...,n, i:1,2, XnESn

As a consequence, (7.8) holds with ~,, = K; n. Since
D, (x) < A", x e S", (7.25)

Condition (7.9) holds if

f: nP(n+ 1) (w) " < 00.

n!

n=ng

This claim is true, as can be easily realized applying e.g. the ratio criterion. So, assuming
(7.10), by Proposition 7.3 we have that the conditional law of F' given A is absolutely contin-
uous w.r.t. the Lebesgue measure with a bounded and continuous probability density given
by (5.6), with the Malliavin weight described in the statement of the proposition, properly
modified.

In the next graph we display the finite difference and the modified Malliavin estimators of
the density with ¢ = 0.4, p = 0.5, constant marks all equal to 1, h = 0.001, and N = 10°

random samples.

0.4

halliavi T : | T
Malliavin method ------- H Finite Differences -------
Exact value i Exact value

0.35 0.35

A
/

0.25
02 / \ 02
0.5 / \ 0.15

0.1

0.1 / .
0.05 0.05

0 . - 0 .
2 25 3 35 4 2 25 3 35 4

Figure 3: Malliavin method vs finite differences.

Again, Figure 3 shows that the modified Malliavin estimator performs better than the finite

difference estimator, with the same number of random samples.
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Example 3: Networks with hard core nodes

The following model of locally stable and repulsive pairwise interaction point process is a
simple modification of the well-known hard core model (see, for instance, van Lieshout [29]
p. 51). Here the point process is modified in such a way that the interaction function is
continuous and bounded away from zero. Consider a constant intensity function ¢; = A > 0

and an interaction function of the form

1—¢
Ga({xn, 21 }) = elfjuy,—ap<ry + (T(Hwh — x| — R) + 5> L2y —ax | (R, R+e]}

+ Lfjzp—ap | > Rte}

where € € (0,1) and R € (0,00) are such that R+¢ < /(b —a)? + (d — ¢)2. Here again, we
start checking (4.2). Writing ®,, as in (7.21), due to the continuity of the mapping (z, zx) —
¢o({xp, x}) on gz’ we deduce ®,, € C(S"). Note that the functions z;, — ¢o({zs, 21 }) belong
to L>(S). We shall check later that these functions belong even to W'#(S). So by Theorem
4 (i) p. 129 in Evans and Gariepy [12] and the expression of ®,, in (7.22), we have that, for
fixed k € {1,...,n} and i € {1,2}, the functions

T = Oy, T, Thy Tha1s - - Tp)

are in W'?(S) and 0_u®, is equal to the term in the right-hand side of (7.23). Now
k
we compute the weak partial derivative 0 ) ¢a({zn, zr}). Recall that, for a constant Kj,
k
Oylyy>ky = Oylyysky = 0k, (y), ¥ € R, where ég, is the Dirac delta function at K;. We

deduce:

0,00 jay,—ar <R}

- (1) (1)
= ]l{la:f)—m;f)ISR} (536%1)_ RQ—(xf)_”z(cQ))Q(xk )_53?;11)4_ /R2_(122)_x§c2))2(xk- ))

=: H(R, zp, z1),
and
0,0 U, —wplie(rryely = H(R + &, n, 2x) — H(R, 2n, 2).

So, using again Theorem 4 (i) p. 129 in Evans and Gariepy [12], and the relation 0, (z) f(z) =

da(z) f(a), for a € R and any measurable function f, we obtain

(1— )z — i)
ellen — x|

3x£1>¢2({1’h, Th}) =

L)z —aplie(R,R+el}-
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The weak partial derivative 0 ) ¢2({xp, xx}) can be computed similarly, and it is given by
T

) —x
Oy b2, 2i}) = (1= E)g‘th — [ Ll —onle(R Rl
So
0 0 2({zn, z1})| < Ky for any i = 1,2 and z), € S, (7.26)
k

where Ky > 0 is a constant. Therefore the functions zy, + @o({xs, x1}) belong to WP(S).
Since € < ¢ < 1 on S?, by (7.23) and the upper bound (7.26) we get @, € W'?(S™), and
(4.2) is checked. The ratio 9 ) ®,/®, equals the right-hand side of (7.24). So, by (7.26)
and ¢, > ¢ on S?, Condition (;8) holds with v, = K3n, for some positive constant K35 > 0.
Here again, (7.25) holds, and so Condition (7.9) can be checked exactly as in the Example
2. Hence, if the conditional law of the marks given {/N(S) = n} satisfies the moment Con-

dition (7.10), then (5.6) holds due to Proposition 7.3.

In the following picture we display finite difference and modified Malliavin estimates of the
density in Example 3 with ¢ = 0.9, R = 0.257, h = 0.001, N = 2 x 10° random samples, and

constant marks all equal to 1.

— T —r :
Malliavin method ------- | Finite Differences -------
Exact value Exact value

0.2

0.2

0.15 / ’ 0.15
01 A

. \/ 0.1
0.05 / 0.05

0 — 0
2 3 2 5 6 7 8 2 3 4 5 6 7 8

0.25 / \/ N 0.25

Figure 4: Malliavin method vs finite differences.

Figure 4 shows that the modified Malliavin estimator performs better than the finite differ-

ence estimator, with the same number of random samples.
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Conclusion

In this paper we constructed statistical estimators for the density of functionals of spatial

point processes, with marks on a general measurable space, using a Malliavin integration

by parts formula. We applied our theoretical result to the estimation of the density of the

interference in a wireless ad hoc network model. In comparison with kernel estimators, the

proposed estimator is unbiased and asymptotically more efficient, as confirmed by numerical

simulations.
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