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Abstract

The non-commutative Malliavin calculus on the Heisenberg-Weyl algebra is
extended to the affine algebra. A differential calculus and a non-commutative
integration by parts are established. As an application we obtain sufficient
conditions for the smoothness of Wigner type laws of non-commutative random
variables with gamma or continuous binomial marginals.
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1 Introduction

Wigner densities [13] have various applications in time-frequency analysis, quan-
tum optics and other fields, see e.g. [4] and the references given in [2]. In [7] a
non-commutative Malliavin calculus has been introduced on the Heisenberg-Weyl
algebra {p,q, I}, with [p,q] = 2iI, generalizing the Gaussian Malliavin calculus to
Wigner densities, and allowing to prove the smoothness of Wigner laws with Gaus-
sian marginals. In this paper we aim to treat other probability laws in a more general
framework, in particular we will consider non-commutative couples of random vari-
ables with gamma and continuous binomial marginals. It is well known that gamma
and continuous binomial non-commutative random variables can be constructed us-
ing representations of sly, or simply on the affine algebra viewed as a sub-algebra of
sly. We will develop a functional calculus on the affine algebra, based on the general

framework of [2], [3].



Before proceeding further, let us examine a situation where the gamma and
continuous binomial laws appear naturally in a non-commutative framework related

to integration by parts with respect to the gamma law. Let

a, = 710;,

ie. a. f(r) =7f'(1), f € C;°(R). The adjoint a; of a. with respect to the gamma

density v5(7) = 1{720}%6_7— on R, § > 0, satisfies

/0 " o)z f(r)yp(r)dr = / T fmarg(rs(ndr, fgeCR®), (L)

and is given by

ie. af f(r)=(r=0)f(r)—710f (1) = (t—B)f(1)—a; f(7). The operator a2 defined
as

@ =ato, =—(B—1)0— 10"
has the Laguerre polynomials L? with parameter 3 as eigenfunctions:
a’LP(t) =nLP(r), neN.

The multiplication operator a_ 4+ a = 7 — 8 has a compensated gamma law in the
vacuum state 1g, in LZ(Ry,v5(7)d7). In the Heisenberg-Weyl case, q = a~ + a™
and its conjugate p = i(a~ — a™) both have Gaussian laws and can be constructed
from the Boson annihilation and creation operators a~, a™. In [11], [12] it has been
noticed that when 8 = 1, i(a; — @) has a continuous binomial law (or spectral
measure) in the vacuum state, with hyperbolic cosine density (2coshm¢/2)7!, in
relation to a representation of the subgroup of sl made of upper-triangular matrices.
This construction extends to half-integer values of 3, nevertheless this type of law
can in fact be studied for every value of 5 > 0 in the more general framework of [1],

starting from a representation { M, B~, Bt} of sly:
(B, B*] =M, [M,B]=-2B", |[M, B*] = 2B™",
which can be constructed as

M=8+2a, B =a

T



Letting
Q=B +Bt'=a_+a —2a2=(r—8)+2(B—71)0+270°

and
P=i(B~ — BY) =i(a; —al) =2ird —i(r — f),

T T

we have

[P,Q] = 2iM, [P, M] = 2iQ, (Q, M] = —2iP.
Now, () + M is a multiplication operator:
Q+M=r,

hence (Q + M has the gamma law with parameter 8 in the vacuum state {2 = 1g, in
Li(Ry,v5(7)dr). The law (or spectral measure) of aM + @ has been determined in
[1], depending on the value of « € R. When o« = +1, M + @ and M — (@ have gamma
laws. For |a| < 1, @ + aM has an absolutely continuous law and in particular for
a = 0, @ and P have continuous binomial laws. When |a| > 1, @ + aM has a
geometric distribution.

The Malliavin calculus on the Heisenberg-Weyl algebra {p,q, I} of [6], [7]
relies mainly on a functional calculus which allows to define the composition of a
function with a couple of non-commutative random variables, and on a covariance
identity which plays the role of integration by parts formula. In particular, a con-
tinuous map O from LP(R?), p > 2, into the space of bounded operators on H is

defined via
O(f) = / (F ), y)ePtdady,
RZ

where F denotes the Fourier transform, with the bound

IO < Cpll fll o (z2),

and the relation

O(euetivn) = giup+iva u,v €R.
In order to extend this construction to other probability laws we adopt the formalism
of [2] which provides a functional calculus on more general Lie algebras. In particular,
note that ‘

X, = —%P and  Xo = i(Q + M),



form a representation of the affine algebra:
[Xh XQ] - XQ.

Let By(H) denote the space of Hilbert-Schmidt operators on H. Using results of [2]
we show that a continuous map O : LA(R?, d¢;d&,/|&a]) — Ba(H) can be defined as

O(f) = / (F )y, ) e S0 P02 @) g g
R2

with the bound
1O B3y < |’fHL%(R27C§rI‘z;2)7

and the property
O(efiuglfiv&) _ ef%uPJriv(Q#»M).

This allows to define a Wigner density ﬁ%)(wl(fb@) which is the joint density of

(—%P, @ + M), with continuous binomial and gamma laws as marginals, such that

(e3P @M g), = / TR gy (61, &) dEndEs, b, € H.

R2
Using a non-commutative integration by parts formula, we are able to prove the
smoothness of the joint density of (P, Q + M).

We proceed as follows. In Sect. 2 we recall the main results of [2] on functional
calculus on general Lie algebras, and give proofs not explicitly given in [2] of some
particular results needed in our approach. In Sect. 3 we study in detail the particular
case of the affine algebra and obtain a smoothness property for the joint density of
(P,Q+ M). In Sect. 4 we state a non-commutative integration by parts formula on
the affine algebra, which generalizes the classical integration by parts with respect
to the gamma density. Finally in Sect. 5 we conclude with some remarks on the

relation of our construction to the commutative case.

2 Functional calculus on Lie algebras

In this section we recall the main tools of functional calculus on general Lie algebras
2], and include some results and proofs not explicitly stated in [2]. Let G be a Lie

group with Lie algebra G and let U be a unitary representation of G on some Hilbert



space ‘H with inner product (-|-). Let (-, )g« g denote the pairing between the Lie
algebra G and its dual G*. We assume that U is irreducible, and square integrable

i.e. there exists a non zero vector 1) € ‘H such that

/r gyolihlPdplg) <

where p denotes the left Haar measure on G. From [5] there exists a positive self-

adjoint operator C' on H such that

/G<U(9)¢1,¢1>H<U(9)¢2’¢2>Hdﬂ(9) = (Ca|C1) 3 (1| P2) n- (2.1)

Moreover C' is the identity if and only if G is unimodular, and Dom C~! is dense
in H. We assume the existence of an open subset Ny of G, symmetric around the
origin, whose image exp(Ny) by exp : G — G is dense in G with (G \ exp(Ny)) = 0.
The image measure of y on Ny by exp™! : exp(Ny) — Nj is called the Haar measure
on G, and we denote by m(x) its density with respect to the Lebesgue measure dz
on G. Let 0(§) denote the density in the decomposition of the Lebesgue measure d¢
on G*:
d¢ = dk(N)o(€)d(€).

where dk(\) is a measure on the parameter space of the co-adjoint orbits in G* and
d2\(§) is the invariant measure on the orbit Of. Let By(H) denote the space of
Hilbert-Schmidt operators equipped with the scalar product

<p1’p2>3 ="Tr [prQ]v P1, P2 € 82(H)
Let (Xy,...,X,), resp. (X7,...,X}), denote a basis of G, resp. G*.

Definition 2.1 (/2]) Given (¢,1) € H x Dom C~' the Wigner function Wy, is
defined on G* as:

Wigywi(§) = e tetlona (U (et ten ) Oy gy /m(z) da.

(27T)n/2 No

The following proposition extends the definition of W, in LZ(G*; %) to p € Ba(H).

Proposition 2.2 (/2]) The mapping

H x Dom C~! — L4(G*; %)
p — W,



extends to an isometry on By(H):

<Wp1|Wp2>L%(g*;%) = <,01|p2>62(7-£)7 P1, P2 € BQ(H)'

Proof. By a density argument it suffices to consider

pr = |p1)(¥1] and  py = [pa) (¢,

with (¢1, 1), (¢2,%2) € H x Dom C~!. From the identity (2.1) and since

1 - /

“er=2lo g qedy’ = §,(da’ 2.2

o e Eda’ = b, (dr'), (22)
we have:
WorlWor) 126,85
1 4
— —/ (/ 672<§7$>Q*,QTI' [U(e (1‘1X1+ +$an pIC 1/ dx
(27T>n g* No

></ 6_¢<§,x’>g*,gTr[U( —(@ Xat Aty Xn )p2C 1/ m dx)df
No

Tr [U(e=@XatFenXn)) o, O Ty [U (e~ @5t FenXn)) o) O m () da

I
—

No

(U (emXuttanXan) Oty [y g (U (€7 X1 H X ) O Ly | o) gy () dax

I
—

No

(U(9)C 1] 1) 2 (U (9)C ™ ol d2)nudpa(g)
= (Yo|t1)u(P1]|P2)n
= {p2lp1)B2(30)

I
 —

where we used the relation

Tr(U(g)'pC~") = Tr(U(g)*|¢)(|C™") = Tr (C™'U(g)*|o) ()
= (U, C7'U(9)* ¢yu = (U(9)C™ ", d)a.

As a result, the definition of W,(€) extends to p € By(H) as:

Wp(f) Vo) —i(&2)g* g Ty [U( —(z1 X1+ +£Ean pC 'm da:

(277}7#2 No



Definition 2.3 Let O : LZ(G*; -2.) — By(H) denote the dual of p— W,, i.c.

o
W00 = | Woor© . fett(99). pehn
Note that for p = |¢)(¢|,
(PO By = Trlo)(w[*O(f)
= (¢\O(f)1/1>a
= Wy ¢|’f>L2 “iotey)
= /W|¢ el (€ %

The Fourier transform F and its inverse F ! are defined as

1 i(&,T)g* g n
FN@) = oy [ S, ae R

and
1

—n/Q/ e~162ena f(z)dx, € €R™

(F1)O = 5oy

The next proposition allows to extend O as a bounded operator from LZ(G*; d ) to

3O
By (H).

Proposition 2.4 We have the bound

(&)

d
0Dl < Izt T €22 (055 )

and the expression

- [ vmwr (%) () (XX ) o gy,

Proof. We have

(OWNPIBa] = [(FIW) 12 *;%)\
S Hf”L?C( ||W||L2 (5))
< ||f||L%(g*;m)||p||32(Ha
and
d
IO =T AW = [ Wi ©5(€) 215



o 7
_ (% ¢|U 1 X1+ eran 71¢>H\/Wd$

= <¢(/Nof<%) (a;)U(ele1+"'+”””Xn)C—1\/de>%

_ (//iﬁWWﬁU(Mm+”mWWWW1 MU0 i (e e
Jo

In other terms we have

Ofe 1593/ ()) = (2m)"2/m{@)U (¥ =)ot (23)

and

(27r1)n/2 /N (Ff)()0(e e 9\/o)dz, [ € L(G;dE).

Let Adgé , & € G*, denote the co-adjoint action:

O(fvo) =

(AdEE, 2)ge g = (£, Adg12)g-g, T E€G.
Let X(/ig, g € G, be defined for f: G* — C as
Adyf = foAd:_,,

and let (:a:d/z be the differential of g — A\ag. The following proposition, called covari-

ance property, will provide an analog of integration by parts formula.
Proposition 2.5 We have for x = (xq,...,2,) € G:
U (X0) + -+ 22U (Xa), O(F)] = Ofad(2) ).
Proof. Using the relation
U(g)'C~U(g) =
and (34), (44), (56) in [2] we have

W (g)otr(9)-(§)
o n/z/ Vm(a)e oo Ty [U (e (Xt X (g) pU (g)* O da



- Y\ —i{&x)g* g —(z1 X1+ T Xn) -1 m(x)
(27r)"/2 NO TrU(g YU (e YU (g)pC A(g—l)dx
— \/ i&x)g* g Ad 1T
(2#)”/2 NO Tre™ pC~ty/m g)dx
— \/ —i(§,Adgx)g* g —(z1 X1+ +znXn)
(27r)"/2 TrU(e NpC~tdet(Ady)\/m(Ad,z)A(g)da
Vo Adh&
= N [ e O
7T TL
= W (Ad ~1§).
We proved the covariance property
Wu(goug)(€) = Wp(Adiqﬁ)-
By duality we have
U)oU) Py = Tr[(U(g)O(f)U(9)")" ]
= Tr[U(9)O(f)"U(9) pl
= Tr[O(f)*U(9)"pU(9)]
= (OWNIU(9)"pU(9))B.30)
= (FIWutg)pv(9))Bow)
= <f|W o Ad >L2(g* dg )
= (foAd 1|VV>L2 (G555 )
= (O(f o A ) |p)mo0)
which implies
U(9)0(f)U(9)" = O(Ad, ),
The conclusion follows by differentiation. O

In [7] a quantum Malliavin calculus has been constructed on the Heisenberg-Weyl
algebra {p,q, I} with [p,q] = 2il, generalizing to Wigner densities the Malliavin
calculus with respect to a single Gaussian random variable. In this case the repre-

sentation U is given on H = L*(R, dz) by

U(z,y)o(t) = Vot +x), ¢ € H.



Equivalently we can take po(t) = 2¢/(t) and qo(t) = to(t), ¢ € S(R). The group is

i

unimodular, hence C' is the identity, and ¢ = m = 1. We have

1 . . ) )
Wigyw|(1,62) = @n ) /R? e~ WERTIEL (WA | )y dsdly
1 e —
BRCORE /Re‘”%(@ — 1)9(& + )dt.

The marginals are given by

[Wiowie s = oe)ie). & er

and
[ W&t = Fo@FIE)  acr
The operator O(f) is defined by

O(f) = [ (FDla)e®rmdudy

with
O<€7iu:p7ivy> — eiuerivq’ w, v c R,
and the bound
1O B2y < Cpll £l Lo ®2)-

Hence
<77ZJ7 eiup-i-iqub)H = / 6iu£1+w€2m¢) (¥ (617 62)d51d§27 u,v € Ra
R2
i.e. Wigyw(&1,&2) represents the Wigner density of (p, q) in the state |¢)(¢|. In this

case, the statement of Prop. 2.5 reads

]

é[uq —vp, O(f)] = O (udr f +v02f) .

3 Malliavin calculus on the affine algebra

The affine algebra is generated by
10 0 1
Xl - < O 0 ) Y X2 - ( 0 0 > I

10



with [ X7, X5] = X5, and the affine group can be constructed as the group of 2 x 2

matrices of the form

x1 % 1 Z1
g = ( g ll) > _ ( (@) ;1826 sinch 5 > _ €x1X1+w2X27 a > 07 b e R7 (31)

where

_ sinh
sinchz = , xeR.
x

Consider the classical representation of the affine group on L?(R) given by

W= () ver®. g=(§ ) a>0ber

and the modified representation on H = LZ(R,v5(|7|)dr) defined by

(TG = olar)e eI, € LR, 9= (5 7).

obtained by Fourier transformation and a change of measure. We have

. d N 1 '
U(X)6(r) = | D™ )p(r) = 5 (8~ Ir)o(r) + 7¢/(r) = —£ Po(r),
t=0
~ d N
U(X2)o(T) = pr U(e’tX"’)(b(T) =17d(T) = 1(Q + M)p(7), T €R,
t=0
1.e. .
U(X)) = —%P and  U(Xs) = i(Q + M),
hence
[7(6$1X1+12X2) — e*%$1P+iI2(Q+M).
Here N, = G is identified to R? and
m(xy,za) = e~ 2 sinch %, 1, T2 € R,
moreover from (92) in [2],
1
dQ2 (&, &) = md&d&,
hence
0—(61’52) = 27T|£2’? 61752 S Ra (32)

11



and the operator C' is given by

C’f(T):\/i_zrlf(T), T €R.

Writing £ = § X7 + &X; € G, we have

|€2|1/2 —i€121—il2x2 —z1X1—22X2 1 -2 T
W,(£) = e Trle pC ™1/ e 2 sinch ?dl’ldl'g,

B V2m Jr2

and for p = |6} (¥,
|52|1/2 —i&1 @1 —i€amy 7T ( a1 X1+Ta X\ ~—1 S R L1
= e ISR ([] (P12 O M| h) 444 [ € 2 sinch ?dl’ldl’g

WI¢><¢I(§) = ﬁ -
1 efi&xlfi@:m (ﬁ(eimlT)E(T)eiiTx2ei%SinCh 171

2T R3

zy T dT
2 sinch — ———dxdxs

2 T'(B)
= [t ) et (G y e (6l YT
R sinch % sinch % sinch % L'(p) ’

X6—(6*“”1—1)|T\6—6m1/2|7_|5—1/2 e

sinch 32—6

as in (102) of [2]. Note that W, takes real values when p is self-adjoint. As a

consequence of Prop. 2.4 we have the bound

1O 0000 < 1F 1l 2 g, sere2).

From (2.3) and (3.2) we have

— %uP—i—iv(Q—&-M) _

. —1/2 o
(e‘fsinch g) O(e™™ 7" /|&6))C,

-
3

e

i.e. from Relation (2.3):

O(e 59 \/a(]) = (2m)"/2\/m{)U (€744 0

The next proposition shows that these relations can be simplified, and that the

Wigner function is directly related to the density of the couple (P, Q + M).

Proposition 3.1 We have
(3.3)

O(eiufl-l—iv{g) _ e%uP—iv(Q-{—M)’ u,v € R.

12



Proof. 'We have for all ¢, € H:

1

(BleBuPHVQEM) gy Nors (e‘%sinch %) (@, O(e™ ™7\ /|6 ) O

u\ —1/2 .
_ —iuf1—ivé2
— —\/_F <e 2sinch — > <W|¢ Cw|(€1 &2)le \% |§2|>L%(g*;%)

—z ixéy —5qi z

e ub1— w§2¢ €2 € e 2sinch 2
. . w o,

sinch 5 sinch 5 \/ e zsinch 5

fze% ek (&l e

_ e*QUEI ZU£2¢ 526% elmél w 526%
27r sinch % sinch % sinch %

cos ﬁ_l
|§2| ?2 1 dx
sinch d d
<sinch£ L(g) SRS

= <I/V|¢ ¢||6 ué1— w§2>L2(g* éillzg)
= (GI0(e Sy

—-1/2

M|,_.

smch sinch 5

As a consequence of (3.3), the operator O(f) has the natural expression
Oo(f) = O (/RQ(]:f)(xl,xg)e_mlgl_i”&dmd@)
= /Rz (Ff)(x1, 29)O0 (e 1817282 4y diry
= /R (FD(ar ag)e # M@ g dory
We also have the relations

_ dé&d
W‘O(f)@”ﬂ = o Wlw)@(fl,&)f(fl,&)%

déd
- / Wiy (0, €2)F (61, £0) &mi’

and

LyP—iv LU 1) d§ dé.
(wlesr @y, = [ e, g 6. 6) G

which show that the density Wgy of (3P, —(Q + M)) in the state |¢) (1| has the

expression

Wisywi (&1, 62) = 5= Wisw (&1, &)

2|£!

13



_z _ixé‘l o z _ cosh Z 6_1
L[ (EE) e e ) (el Y
21 Jgp ~ \sinch § / sinch § " \ sinch § sinch 7 INEe)

Note that W|<z>><w\ has the correct marginals since integrating in d¢; in (3.4) we have

using (2.2)
2ﬂ‘€|/VV|¢ vl (&1, &2)dér = 75(|&])P(&) v (&),
d 1 -
_/ @) (2] 61752 |§£22| = % g e*lf1m¢<weﬂv/2)w(wef:ﬁ/2>e |w|cosh|(’;|(6) dedw.

In the vacuum state, i.e. for ¢ =1 = ) = 1g_, we have

d B T
_/ XY 51752 562 = // 7151517 choshdedm

= e’zglx—l dx

27r (cosh §)°

B i\
F(§+§f1)

where ¢ is a normalization constant and I' is the Gamma function. When 5 =1 we

= C s

have ¢ = 1/m and P has the hyperbolic cosine density in the vacuum state = 1g_ :

1

S 2coshé&y /2

Proposition 3.2 The characteristic function of (P,Q + M) in the state |¢) (1| is
given by

. . . . — w B-1
<w‘€zup+w(Q+M)¢>H _ / ewwsmch uw(weu>¢(w67u)eﬂw| coshu | | dw.
R L(s)

In the vacuum state Q) = 1g, we have

o 1
0 zuP+zv(Q+M)Q _ c R.
(e I (cosh u — dvsinch u)8’ v

Proof. 'We have

(¢|e_%“P+i”(Q+M)¢)H = <¢7 U (e“,ve%sinch %) ¢>H

[[50 ey st s mer-vpas 1L g
- T o\ T
F(ﬁ)
= / ivwsinch %E ( %) (ZS (C«Je%) e*|o.)|cosh |w| dw.
. T(3)

14



In the vacuum state |Q)(Q| we have

' - e -1 1
0 f%uP+w(Q+M)Q — / iwsinch § —|w| cosh 3 ’w’ dw = )
e i 0 ‘ I'(8) N (cosh § — dvsinch §)?

In particular we have

B—-1

w(Q+M) _ w7 —|w| |(,U|
(Yle P)u /Re P(w)p(w)e TG dw

hence as expected, @ + M has density ¥ (w)p(w)ys(Jw]), in particular a Gamma law
in the vacuum state. On the other hand we have

jw

) ™

¢|6zuP¢ / w we u) —|w| cosh u

which recovers the density of P:

é‘ — 1 / —i&:pa( :1:)¢( —:r) —\w\coshm|w|ﬁ71d d
1 o . € we we € F(ﬁ) Taw.

In the vacuum state we have

1

0 iuPQ - -
(e ) (coshu)?

Next we define a gradient operator which will be useful in showing the smoothness
of Wigner densities. Let Sy denote the algebra of operators on H that leave the

Schwartz space S(R) invariant.

Definition 3.3 Fix k € R. The gradient operator D is defined as

DxF:—%xl[P,F]—F%xQ[Q-l—HM,F], FESH?

with v = (1, 15) € R2.

Proposition 3.4 Let x = (v1,72) € R% The operator D, is closable for the weak
topology on the space B(H) of bounded operators on H.

Proof. Let ¢, € S(R). Let (By,)nen be a sequence of operators in Sy N B(H) such
that D, B, — B € B(H) in the weak topology. We have

(6| By = lim (6]D,B,6)n

15



n—o00 2 2

= lim —=o1 ((PY|PBah — (W] B.Po))

+ lim —Sea(Q + M)Y|Bad)n — (V1B.(Q + KM)6)) =0,

— lim (0] — L2y (PBud — BuPo) + “2a((Q + M) Bt — Bo(Q + 5M)6))a,

n—oo
hence B = 0. O

The following is the analog of the integration by parts (1.1).
Proposition 3.5 Let v = (11, 22) € R?. We have

(21U (X1) + 22U(X2), O(f)] = O(216:201 f (&1, §2) — 2282021 (€1, €2)).-

Proof. This is a consequence of the covariance property since from (3.1), the

co-adjoint action is represented by the matrix
1 bat
0 (l_l )

Adyf(61,60) = foAd (61,6) = f(&1 + ba 6o, a7 '6s).

1.e.

Hence

ad, f(E1,&) = 11601 (€1, &) — 226205 (€1, E2).

For k = 1, the integration by parts formula can also be written as

D(21,20)O(f) = O(21&:01 f — 226202f ).

The Wigner density ﬁﬁ¢> wl(&1,&) = ﬁwm w|(&1,&2) exists and we turn to proving

its smoothness, more precisely we consider the smoothness of the Wigner function

Wiy Let HY5(R x (0,00)) denote the Sobolev space with respect to the norm

||f||?{g2(Rx(o,oo)) (3.5)

- [ & [t elada s [ a [ (0560 + o6 g)P dade

Note that if ¢, 1) have supports in R, then W4y has support in R x (0, 00), and
the conclusion of Th. 3.6 below reads W)y € HY 5(R x (0,00)).

16



Theorem 3.6 Let ¢, € Dom X; N Dom Xs. Then

1R x(0.00)Wigy (v € HY o(R % (0,00)).

Proof.  We have, for f € C(R x (0, 00)):

/RQf(’fl;52)W¢>(¢|(’£17£2)d€1d€2 = 21 [{¢|O(&f (&, &))v)u|
27| pllel [ 3N O(&2 (€1, €2)) o0y
< V2rl0ll¢ Inligaf (€, )l 3 g- 500

< v 27T||¢||H||1/J”7-L||f||Lg(g*;§2d§1d§2)a

IN

A

and for z1, x5 € R:

/R2 (2101 f (&1, 62) + 2202 f (€1, &2)) W gy 91 (€1, E2) dE1dEs
= 21 [(9|O(21&01 f (&1, &) — 22602 (&1, &2)) )|
= 27 |[(9][21U(X1) + 22U (X2), O(f)])n|
< V2| llull (21U (X4) + 22U (X)) 1l 26 deyay .

Y

g

Under the same hypothesis we can show that 1gy (—c,0)W|e)(s belongs to the Sobolev
space HYy(R x (—o0,0)) which is defined in a way similar to (3.5). Note that the

above result and the presence of (&1, &,) = 27|&y| are consistent with the integrability

properties of the gamma law, i.e. if £(€1,6) = [62lg(6)y5(62), 71 € Ro& > 0, g £0,
then f € HY,(R x (0,00)) if and only if 8 > 0.

4 Skorohod stochastic integration

The integration by parts formulas given in this section generalize the classical inte-

gration by parts formula (1.1) on R. We define the expectation of X as
E[X] = (QX D),

where 2 = 1p, is the vacuum state in H. The results of this section are in fact
valid for any representation {M, B~, Bt} of sl, and any vector 2 € H such that
1PQ = Q) and M = pA.
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Lemma 4.1 Let x = (x1,12) € R% We have

E[D,F] = %E @ {Q,F} + 22 {P.FY, FeSu
Proof. We use the relation iPQ = QQ:
_E[iP,F)] = (Q,—iPFQ)y — (Q, —iFPQ)y,
— (iPQ, Q)+ (2 FQQ)y
(QQ, FQ)y + (AFQQ)
(QQ, FQ)y + (2, FQQ) »
= E{Q,F},

EliQ. F)| = (2,iQFQ)y — (Q,iFQ)
—  liQQ, FQ)y + (Q, FPQ)y
= (PO, FQ)y + (Q, FPQ)y,
= E[{P F}],

and note that E[[M, F|] = 0.

Definition 4.2 Fiz o € R and let
S(F@a) = T{Q+a(M - ), F} + T{P.F} ~D,F.  FeSu,
with x = (x1, 1) € R%

Note also that

S(F &) = (I1Q+z‘P—I—2a(M—5) +x2P—i(Qz+ &M)) .
P <$1Q—z‘P+2@(M—ﬁ) +x2P+z‘(QQ+ K,M))

= (BYF+ FB™) —izo(BTF + FB™) + a%{M — B, F} - %xg/ﬁ[M, F

= (21— iz)(BTF + FB™) + a%{M — B, F} - %sm[M, F.

The following Lemma shows that the divergence operator has expectation zero.
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Lemma 4.3 Let x = (x1,13) € R% We have

Proof. It suffices to apply Lemma 4.1 and to note that (2, M)y, = 5. O

Let for F,U,V € Sy and x = (21, 15) € R%:

UDE = (DU)F = =2 [P.UIF + Ls[Q + M, UJF,

DYV = FD,V = —501F[P.V] + ZasF[Q + kM, V)
and define a two-sided gradient as

UDFV =UDFV + UDFV
- —%xl[P, U|FV — %xlUF[P, V] + %xg [Q + kM, U|FV + %xQUF[Q + KM, V],

Proposition 4.4 Let x = (z1,79) € R? and U,V € Sy. Assume that x1(Q+aM )+

zo P commutes with U and with V. We have

EUDFV] = ElUS(F @ 2)V],  F €Sy

Proof. From Lemma 4.3 we have

E[US(F ® 2)V]
_ %E U ({21(Q + a(M — B)) + 22P, F} + iz1 [P, F| — izs[Q + 1M, F]) V]

_ %E[{xl(Q + (M = B)) + 2sP,UFVY} + iz1U[P, FIV — izoU[Q + kM, F|V]

= %E[{xl(Q + (M — B)) + 2P, UFV} + iz, [P,UFV]
—ix1[P,U|FV] 4 E[—iz,UF[P, V] — iz,[Q + kM, UFV]
+iz5[Q + kM, UJFV + izyUF[Q + kM, V]]

_ EB(UFV @)+ %E[—muﬂ, UIFV — iz, UF[P,V]
+i15[Q 4+ kM, UJFV 4 ixyUF[Q + kM, V]

— EUDV.
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The closability of  can be proved using the same argument as in Prop. 3.4. Next is

a commutation relation between D and 9.

Proposition 4.5 We have for k =0 and x = (1, 13), y = (y1,92) € R%:

D (F®y) — (D F®@vy)

yl_Tin(xl{]\L F}+imlM, F)) + o (2{Q, F} + o2 P,F}), F €S

Proof. 'We have

D,0(F ®y) = —%xl[P, S(Foy)]+ %m [Q + kM, 0(F @ y)]

- —%ml[P, yI(BYF + FB™) — iys(B*F + FB™) + %Q{M — 3, FY]
+%xg[Q + KM,y (BYF + FB™) —iys(BTF + FB™) + %Q{M — B, F}]

— §(D,FRy)— %xl(yl [P, BY|F + y F[P, B| — iys[P, B*|F — iy, F[P, B"]
+3’21 [P, M]F + 5aF[P M) + %l’g(yl [Q + kM, BYF + 1y, F[Q + kM, B™]
—iys[Q + kM, BY|F — iy F[Q + kM, B™] + @a[Q, M]F + %aF[Q, M)

= A(D.F @y) — sl (M, F} — ina{iM, F} + Da{2iQ, F})
+%$2(y1 [M, F] — iys[M, F] + iy1a{ P, F'})

1 1
= (D F®y) + joy{M + aQ, F} + 21 o [M, F| + jwayia{ P, F}

2[

1 1
—59613/2{]\/[7 F}+ 51323/2[M7 F].

Proposition 4.6 We have for F,G € Sy:
S(GF @ x) = G%F——QMM GIF = ZIP.G]F,

and
5(FG @) = 6(F)G — DpG — 2FIQ+aM,G] - ZFPG)

Proof. 'We have

J(GF®1) = %(Q+iP+a(M—/3))GF+%GF(Q—@'P+04(M—B))
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+%(P —iQ)GF + %GF(P +i0)

— TGQ+iP+a(M = B)F + TGF(Q—iP +aM - a/2)
+3G(P —iQ)F + ZGF(P+iQ)
+onlP,GIF ~ LolQ, GIF — 1@+ aM, GIF — 2[P,G]F

Similarly we have

S(FG®z) = %(Q +iP +a(M — B))FG + %FG(Q —iP + a(M — B))
Ho)

+ TP —iQ)FG + %FG(P +iQ)

= S(Q+iP+a(M = B)FG + T F(Q—iP+aM - a/2)G
+2(P—iQ)FG + T F(P+iQ)G

+%:1:1F[P, Gl - %sz[Q, Gl - %F[Q +aM,G| - %F[P, Gl.

O
5 Relation to the commutative case
Let q = a, + a}, where a, = a% and af = — g—x, i.e. ¢ is multiplication by z, and

p = i(a; —af), with [p,q] = 2il. When § = 1/2, writing 7 = 322, we have the

relations

() = yarars (). a s = gans (). @i = gatar (%)

These relations have been exploited in various contexts, see e.g. [8], [9], [10]. In
[10], these relations have been used to construct a Malliavin calculus on Poisson
space directly from the Gaussian case. In [9] they are used to prove logarithmic
Sobolev inequalities for the exponential measure. From now on we take 5 = 1/2.

The representation {M, B~, BT} of sly can be constructed as

1 a-at +afa;  p*+q°
M:_ 2"’02 €T T T xT —
5 40 2 1
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In fact, letting

Q=B + B = L0+ (@) = P
P=i(B” - BY) = S((;)* - ())*) = P,

we have
We also have
+1p? a-—-1¢q°

&
M= b
@+a 5 2 T3 o

a+1)\ p? 1—a) q?

The commutative case is obtained with o = 1 when considering functionals of q;

and

only, and with &« = —1 when considering functionals of %2 only. Other probability
laws can be considered for different values of a. The law of Q + aM has been

determined in [1], depending on the value of a. In particular when |a| = 1,

2 2
Q+M=B"+B*+M="., Q—M:B—+B+_M:_%,

ie. @+ M and M — Q have gamma laws. For |a| < 1, @ + oM has an absolutely
continuous law and when || > 1, Q + aM has a geometric law with parameter ¢?
supported by
{—1/2 —sgn(a)(c—1/c)k : k € N},

with ¢ = asgn(a) — va? — 1. In particular the analogs of the classical integration
by parts formula (1.1) are written as

E[DqoF] = %E {%,F} - F|,
for a =1, and
q

1T 2]
E[D(Lo)F]:§E F-{;,F} 5

for « = —1.
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