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Abstract

We prove Wasserstein distance bounds between the probability distributions
of stochastic integrals with jumps, based on the integrands appearing in their
stochastic integral representations. Our approach does not rely on the Stein
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1 Introduction

Comparison inequalities for option prices with convex payoff functions have been ob-
tained in the literature, based on the classical Kolmogorov equation under the propa-

gation of convexity hypothesis for Markovian semigroups. See for instance [EKJS98|
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in the case of continuous diffusion processes, and [BJ00], [BR06], [ET07], in the case
of jump-diffusion processes. In [BP08], lower and upper bounds on option prices have
been obtained in one-dimensional jump-diffusion markets with point process compo-

nents under different conditions.

Note however that the propagation of convexity property is not always satisfied,
even in the (Markovian) jump-diffusion case, see e.g. Theorem 4.4 in [ET07]. Using
different arguments based on forward-backward stochastic calculus, related convex
ordering results have been obtained for exponential jump-diffusion processes in [BP0S].
The case of random vectors admitting a predictable representation in terms of a
Brownian motion and a non-necessarily independent jump component has also been
treated in [ABPOS] using forward-backward stochastic calculus, extending the one-
dimensional framework of [KMPO06], see also [BLP13] for the case of It6 integrals and
[MP13] for additive functionals.

In [BP20b], bounds on differences in expectation have been obtained in order to
estimate the distance between the distribution .2 (Xr) of the terminal value Xp of a
stochastic integral process (X;);co,r] on a finite time horizon [0,7] and a target dis-
tribution .Z(Y7) given by the terminal value Y7 of a jump-diffusion process (Y3):ejo,1]
solution of a stochastic differential equation (SDE). The main idea consists in ex-
panding the difference h(F) — h(G) for suitable functions h : R — R by use of the It6
formula and, after taking expectations, to bound the remaining terms via an adequate
control of the characteristics of the related jump-diffusion processes, see e.g. [BP20a]

and references therein.

In this paper we apply a different approach based on forward-backward stochas-
tic calculus, see Theorems 3.1 and 3.3 below, from which we derive bounds on the
Wasserstein distance between stochastic integrals with jumps. In contrast to [BP20b],
this approach also allows us to provide distance bounds between the distribution of a
pure point process stochastic integral and a Brownian stochastic integral, see Corol-
lary 5.3. Note that convergence in the Wasserstein distance implies convergence in

distribution.

Note that another fruitful approach to obtain Wasserstein bounds is the Stein

method, for a short presentation see [ABD*20] and the references therein. However
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this method applies for some fixed target distribution and relies on the so-called Stein
equation depending on this target distribution, for instance see [NP12] for the normal
distribution. In contrast, our approach applies to stochastic integrals with jumps
whose distributions possibly escape the scope of the Stein method. As an example,
consider (Bj)icpp,r a standard Brownian motion, (Z;)cjo,r] & pure-jump martingale,
and (0y)sejo,7] an adapted process with respect to the filtration generated by (By)sco,r)-
In Corollary 5.1, given (f(t)):cpo,r] @ deterministic function we consider the Wasserstein

distance dw (F, G) between the sum

T
F = / UtdBt+ZT
0

and the mixture

T
G :/O F(t)dB, + Ny

of a centered Gaussian N (0, fOT |f (t)]%lt) random variable and the terminal value
of a (compensated) compound Poisson process (NV;)icpo,r] with deterministic intensity

w(t, dx)dt. From Corollary 4.1 we show that dw(F,G) can be bounded as

( 1/2

Vs e (& | [ ey (i, nal)

dw(F G) < %5(4+]E[\F|]+EUG|])2/3<El/OTdW(§t,ﬁ(t,.)) dtDl/g, (1.1b)

\C (E {/OTdFM(Dt;,E(t,’)) dtDl/g, (1.1c)

for some finite constant C' > 0. In these bounds, dtv and dgy denote the total

variation and Fortet-Mourier distances, and we let
Bu(da) = |oy 280 (do) + [aPm(da), ik, dw) = | F(1)[260(da) + o pa(t, da),

t € [0,T], where v;(dx)dt and u(t,dx)dt denote the compensators of the pure-jump
martingales (Z;):ejo,r] and (Ny)sepo,17, see Section 2 for detailed definitions. Due to the
inequality dpn (-, -) < dw(-, ) the bound (1.1c) is better than (1.1b), however it holds
when E [fOT dpm (ﬁt, a(t, )) dt} is small enough, while (1.1b) has an explicit constant.

3



Such estimates are then specialized to stochastic integrals of the form

T T T
F::/ atdBt+ZT:/ atdBt+/ Ji(dY; — Adt),
0 0 0

where (Y;)icpo,r) is a point process with jumps of size 1 and compensator (A;)icjo,r];
and Np in G is a centered Poissonian random variable with parameter p7', > 0. In

Corollary 5.2 we show that dw(F,G) in (1.1a)-(1.1c) can be controlled via
T T T
E U s (72, (1, .))dt] < E U loof? - ]f(t)]2|dt1 +E U L2, — 1])\tdt1
0 0 0

T T
+E {/ ]|Jt]2—1]>\tdt} +]EU |)\t—u\dt].
0 0

When F' is the stochastic integral with jumps
T
F :/ J(dYy — Adt)
0

where (Y3):c0,77 is @ Poisson point process with intensity A > 0, with o, = 0 and
Nr =0 in G, it follows that the distance dw(F,G) in (1.1a)-(1.1c) of F' to a centered
Gaussian random variable G ~ A <0, fOT \f (t)]zdt> is controlled via the bound

E UOTdFM(ﬁt,ﬁ(t, -))dt} <E UOT () — A\Jtﬂdt} + \E {/OT \Jt]?’dt} :

see Corollary 5.3. Similarly, when J; = 0 in F' and Ny = 0 in G, the distance dw (F, G)

in (1.1a)-(1.1c) between the distribution of the Brownian stochastic integral

T
F= / O'tdBt
0

and the centered Gaussian random variable G ~ N <0, fOT |f(t) ]2dt> can be controlled

via the bound

E {/OT dnt (7, (2, -))dt} <E UOT |ou]* — \f(t)ﬂdt] , (1.2)

see Corollary 5.4. Observe that in this particular case, other bounds can be directly
obtained by bounding the Wasserstein by the L? distance and using the It6 isometry,

w(FG) < (Bl F)"
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_ (]E [(/{)T(Jt - f(t))dBt> )1/2
1/2

- (]E[/OT|at—f(t)|2dtD . (1.3)

However, the bound (1.3) is of a different nature, and it cannot be compared to (1.2)

in general. In addition, this simple argument does not apply when mixing continuous

and jump stochastic integrals.

We proceed as follows. In Section 2 we recall some background results on mar-
tingale and jump-diffusion characteristics. In Section 3 we derive bounds for the
sums of forward and backward martingales, which are applied in Section 4 to Wasser-
stein bounds for forward-backward stochastic integrals with jumps. Applications to
standard stochastic integrals are considered in Section 5, and technical lemmas are

gathered in the appendix.

2 Notation
Jump-diffusion processes

Consider a probability space (€2, F,P) equipped with an increasing filtration (F;):c(0,17,
and an (F;)-martingale (M;);cjo,r) having right-continuous paths with left limits. We
denote by (M{)ico,r] the continuous part of (M)scp,r, and by

p(dt, dy) ==Y Lganr,2010(,am,)(dt, dy),
s>0

its jump measure, where AM, := M, — M,- denotes jump size and ¢, ,) is the Dirac

measure at (s,z) € [0,7] x R. The pair
(v(dt,dy), (M*, M*)),

where v(dt,dy) and ((M€, M®);)icpm denote respectively the (F)ico,rj-dual pre-
dictable projection of u(dt,dy) and the predictable quadratic variation of (M;)cjo,r),
is called the local characteristics of (M;)cjo,r), see [JM76].



Forward and backward It6 integrals

Let (Fi)eepo,, r6sp. (F; )ieo,r) be a forward, resp. backward, filtration, and consider
(My)ieo,r) an (F; )iepo,r-adapted, (Fi)iep,m-forward martingale (2.1)
with right-continuous paths and left limits, and

(Mt*)te[o,ﬂ an (Fi)iepp,r-adapted, (F;)iepo,m-backward martingale (2.2)

with left-continuous paths and right limits. Given (X)ico,7], resp. (X{)icp1), a
forward (resp. backward) adapted process, the forward and backward 1t6 differentials

d and d* are respectively defined by the limits in probability

t En
/0 F(X,) dM, =P- lim ; F(Xer ) (M — My ) (2.3)
and
t kn—1
/0 F(X}) d*M; = P- nglfoo ZO f(X;}H) (Mg, — Mt’%ﬂ) (2.4)

for all refining sequences {0 = t§ < ¢} < --- <} =t}, n > 1, of partitions of [0, ]
tending to the identity. The following forward-backward Ito6 formula has been proved

in [KMP06, Theorem 8.1].

Proposition 2.1 Consider (My)icpo,r) an (Fi)iejo,r)-forward martingale and (M )icjo
an (F; )iepo,n-backward martingale satisfying (2.1)~(2.2), whose characteristics have
the form

v(dt,dx) = vy(dx)dt, v*(dt,dz) = v/ (dz)dt, (2.5)

with the predictable quadratic variations

d(MC, M), = |oy|?dt  and d(M*°, M*), = |o7| dt, (2.6)

*
Oy

where (0¢)teo,r], (U;)te[O,T}’ are predictable with respect to (Fy)icjo.r) and (F;)iejo,r]s

respectively. Then, for all f € C*(R* R) we have

f(Mt7 Mt*> - f<M07 Mg)
tof . 1 [to*f . ¢ afe
— " 8—%(]\4“7, M*)dM, + 5 i 8—16%(]\4“, MH)d(Me, M),

6



+ ) ( (My, M) — f(M,—, M) — AM, of —L (M, ,M*))
“Oxy
O<u<t
t 2
0 81‘2 8 2
_ Z f(My, M) — f(My, M) — AM =~ B ——(M,, M) ).
o<u<t

Note that in the above statements, (Mf)cjo,r) and (M;€)icpo,m) respectively denote the

continuous parts of (My)¢co,r) and (M )iepo,r)-

Distances between distributions

Given a set H of functions h : R — R, we define the distance dy between two

probability measures p, v on (R, B(R)) by

+oo +oo
/ hdu—/ h dv

and we write dy(X,Y) = dy(p,v) when p and v are the probability distributions of

dy(p, v) = sup
heH

Y

the random variables X, Y.

The Fortet-Mourier distance dgy corresponds to the choice H = FM, where FM
is the class of functions h such that ||h||pr = [|h||L + ||h]|ec < 1, where || - ||

denotes the Lipschitz semi-norm and || - ||o is the supremum norm.

The total variation distance drv is obtained when H is the set of indicator functions
14, AeB (R)

The Wasserstein distance dy corresponds to H = Lip(1), where Lip(1) is the class
of functions h such that ||hl|, < 1.

The smooth Wasserstein distance dw,, 7 > 0, is obtained when H := H, is the set
of continuous functions which are r-times continuously differentiable and such
that Hh(k)Hoo <1, for all 0 < k < r, where h(® = h, and where h®, k > 1, is
the k-th derivative of h.

It is easy to observe that dpy (-, -) < dw(-, -) and the topologies induced by dw and drvy

are stronger than the topology of convergence in distribution which is metrized by dgy;.



Moreover, for the smooth Wasserstein distance dw, with, » > 1, an approximation
argument shows that

dw, (X,Y) = . [E[A(X)] = E[R(Y)]], (2.7)

where C2°(R) is the space of compactly supported, infinitely differentiable functions
on R, see Lemma A.3 in [AH19]. Note that dw, ,(X,Y) < 3v2y/dw,(X,Y) and
that the smooth Wasserstein distance dy, is a weaker distance than the Wasserstein

distance dw since
dWr(Xa Y) < dW1(X7 Y) < dW(X> Y)>

see (2.16) in [AH19] to which we refer for further details in this direction, see also

[Dud02].

Moreover, recall that for a signed measure p on (R, B(R)) with Jordan decomposition
u = pt + p in terms of (positive) measures put, p, we note |u|ry = pt + po its
total variation measure and ||u||rv = |p|rv(R) its total variation. With this notation,
we have dry(u,v) = ||p — v|lrv. We also let Cf'(R), 1 < n < oo, denote the space of

functions in C"(R) with bounded derivatives of orders 1 to n.

3 Wasserstein bounds for forward and backward inte-
grals

We begin with distance estimates for forward and backward martingales, which will be
applied to stochastic integrals with jumps in Section 5. In the next Theorems 3.1 and
3.3 we derive general bounds on the Wasserstein distance between values of the sum
M, 4+ M of a forward and a backward martingale at different times. Our argument
allows us to provide three bounds in terms of either the total variation, Wasserstein or
Fortet-Mourier distances. Since the bounds (3.12), (3.13) and (3.14) are not directly
comparable, we state each of them explicitly. In the sequel, we let f(z) ~,_ g(z) if
lim, o f(x)/g(xz) = 1. First, we have the following bounds for the smooth Wasserstein

distances:

Theorem 3.1 Consider (M;)icio.r) an (Fi)iejo,r)-forward martingale and (M )ecpo,r) an

(F5)iepo,r)-backward martingale satisfying (2.1)—(2.2). Assume also that the local char-
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acteristics of (My)cjor) and (M )i, have the form (2.5)—(2.6), and let
v (dx) = o260 (d) + |z|*v(de), Ui (dx) = |of[*o(dx) + |2 P} (dx).  (3.1)
Then, the following bounds hold true for the smooth Wasserstein distances for s < t:

| B
dWZ(Ms+M:;Mt+Mt*) < éE /dTv(Vu,V;) du:|, (32)

r t
dw, (M, + M? M, + M;) < -E /dw(ﬁu,”ﬁ;)du], (3.3)

E /t dent (Pus 7)) du} : (3.4)

WIN O+

dw, (Mg + M;, M, + M) <

Remark 3.2 The above bounds are obtained by arguments similar to each other.
Although (3.4) is stronger than (3.3) since dpm(+, ) < dw(-, ), we note that (3.3) has

a smaller constant.

Proof. We start by bounding the absolute difference |E[h(M;+ M;)]—E[h(M,+M?)]|
for h € C?*(R). By Itd’s formula for forward-backward martingales (see Proposi-

tion 2.1) applied to f(z1,xs) := h(z1 + x2) we have, for 0 < s <,

h(My + M]) = h(Ms + M?)

t 1 t
+/ h' (M- + M)dM, + 5/ h" (M, + M) d{M°, M°),,

st s
+ (h(M,~ + M} + AM,) — h(M,~ + M) — AM, h'(M,- + M}))

s<u<t

t— 1 t
= [ wot e aag = 5 [ s+ ) ae e,

= D (A(My+ My + A™My) = h(My + Myy) = A*My K(M, + M;.)),

s<u<t

where d and d* denote the forward and backward It6 differential as defined in (2.3)
and (2.4) and A*M;} = M} — M}, . Taking expectations and taking into account the

vanishing of martingale terms, we find

E[h(M; + M;)] = E[h(M, + M})] (3.5)

+%E [/ W' (M, + Mj)d({(M®, M®), — (M**, M*),)
+E {/s /OO (R(M, + M + x) — h(M, + M) — zh' (M, + M}))v,(dz) du

9



t —+o0
—E U / (h(My, + M + x) — h(M, + M) — xh' (M, + M}))v;(dz) du| .
For h € C*(R), the Taylor formula

Wy + 2) = h(y) + () + |2’ / (1= 1" (y + ra)dr

allows us to rewrite (3.5) as

= | [ won ) (ol - ) ] (56)
+IE[ 01(1_7) /:/_:o h”(Mu+M;‘+Tx)|a:\2(uu(da:)—z/;j(dx))dudT}

1 t +o00
= E [/ (1-— T)/ / W'(M, + M + 72) (v, (dz) — D (dz)) dudT} (3.7)
0 s J—o0
where 7, (dz) and 7 (dx) are defined in (3.1). When h € CZ(R), (3.7) entails
x ‘ A Noore [ [~
|E[h(M; + M;)] — E[h(M, + M)]| < B\ [ drv (7, 7)) dul . (38)
When h € C}(R), then h" € Lip(||h®||»), and (3.7) implies

[E[n (M, + M7)] = E[2(M, + M])]|

[0

1 t
< B[ [a=n [ 1o (2 77) ]|
0 s

/ h K'(M, + M + 7z) (v, (dz) — D (dz))

—00

dudT] (3.9)

since the function x + h"(M, + M; + 72) is almost surely (7||h¥||)-Lipschitz and

bounded by ||h”||~. As a consequence, we have

1 1 PP
D0+ 3] (0] (St 2B [ e (57) ]
) (3.10)
Alternatively, (3.9) also entails the (weaker) bound

[E[h(M; + M;)] — E[n(M, + M)]| < éuh<3>|yoo]E Ut dw (Tu, ) du] . (311

Due to (2.7), the inequalities (3.8), (3.10) and (3.11) immediately give the bounds for
the smooth Wasserstein distances in (3.2), (3.4) and (3.3). O
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The next proposition presents bounds for the Wasserstein distance.

Theorem 3.3 In the same setting as in Theorem 3.1, the following bounds hold true

for the Wasserstein distance:
(1) For s <t close enough (see (3.18)):

dw (M + M:, M, + M)

< \/(4+E[|Mt+Mt*|]+]E[|MS+M;|DE thw(%,a;) du]. (3.12)

(2) For s <t close enough (see (3.19)):

dw (M, + M, M, + M) (3.13)

3 )2/ (1@ Ut e (7, 7) du))l/g.

< \3/_1_6(4+EHM8 —l—M:H +E[|Mt + M
b(l + \/a*(a,b)) 1/9a2b
ay(a,b) ’

(3) For s <t close enough (see (3.20)):
= 0 ((E UstdFM(ﬁuﬁ;) dqu), (3.14)

where f(t) = O(g(t)) means f(t)/g(t) is bounded ast \, s, and we set

1), b:=E Ut dii (7, 7) du} . (3.15)

Proof. ~ The argument is similar to the proof of Theorem 3.1, however since the

dw (M, + M?, M, + M;) < S0

@ = 3 (L4 E[| M, + M [+ E[| Mo+ M7

definition of the (usual) Wasserstein distance dw requires to use h € Lip(1l), we
cannot directly apply (3.8), (3.10) or (3.11) which have been obtained for h € C3(R)
in the proof of Theorem 3.1. For this reason, we consider the approximation h, of
h € Lip(1) given by

he () = /_+00 h(yva+ zv1 — a)é(y) dy, 0<a<l, (3.16)

o0

where ¢ is the density of the standard N (0, 1)-distribution and we apply (3.8), (3.10)
or (3.11) to h, and combine with the approximation Lemma A.1 in order to recover

a bound for h € Lip(1).
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(1) Using (3.8) and (A.1) in Lemma A.1, we have for all a € (0, 1):
[E[7 (M, + M7)] = E[1(M, + M])]|
< B[R+ M)~ E[h (M + M) |+ [E[ha (M + 317)] — B[la (M, + )]
B[ (M + V)] ~ EIR(M, + 01)]

< LB (a w0 ) Bl ) + 5 [ [ ) ] a7

Next, minimizing (3.17) in « € (0, 1) with

t
Qe :

= <1, 3.18
T+ E[M, + 0] < B0, + 0] (3.18)

for instance when .

E |:/ dTV(D/u;;z) d'LL:| < 4,
and taking the maximum in h € Lip(1), we obtain the bound (3.12).
(2) Similarly, using now (3.11), we have for all a € (0, 1):

[E[n(M; + M;)] = B[R (M, + M)]|

t
< \/75(4+1EUMS+M:|]+E[\Mt+M:|})+3iaE [/ dw('ﬁu,ﬁfL)dul.

Optimizing the quantity av/a + b/a in « > 0 with

1 1 '
o= S El o) =m0 2E] [ e
and
2
o § % <1, (3.19)
we obtain

dw (Mg + M7, My + M)
3

t 1/3
2/3 ~
< - E dw (v, vy) du
< V6 7 (e[ avt )
when s < t are close enough, for instance when

t
E [/ dyy (70, 7) du] <3,

12

(4+E[|M, + M;

| + E[| M, + M;




(3) Similarly, using (3.10) and still (A.1) in Lemma A.1, we have

[E[n(M; + M;)] = B[R (M, + M)]|

va .
< 7(4—|—EHMS+MS

| + E[| M, + M;

)+ (L N %) [/t dena (P, 77 du} .

Next, with Lemma A.2, we optimize the above quantity of the form a/a+b/(2\/a)+
b/(3a) in a > 0, with a, b given in (3.15), under appropriate conditions on dpy (74, 7 ),

so that b is small enough to ensure that a.(a,b) in (A.2) satisfies
a(a,b) < 1. (3.20)

The bound (3.10) is then optimized into

1 Vo (a,b) ,[9a2
dw (M, + M* M, + M) < pitVesla 9“b
oz*ab
= O((E U dpwt (P, u)duD ) (3.21)

U

The above bounds (3.2)—(3.4) and (3.12)—(3.14) rely on the distance dy (7, 7;) for
H € {TV,FM, W} which satisfies

+00 Foo
dy (2, 7f) = sup / h(z)vy(dx) —/ h(z)v; (dx)

heH —00 —00

400 +oo

= sup(oif = o)+ [ ntomtan ~ [ P an)
€ oo oo
from the definition (3.1). When ‘H = TV, this gives
drv (1,77) = ol = o1+ [ Iyl = w7lvla),

where |v; — v/ |rv(dy) denotes the total variation measure obtained from the Jordan

decomposition of v, — v, see Section 2, while when ‘H = W we have

e[t - [ ).

o0 oo

dyw (71, 77) < sup (Hle -
heH
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4 Wasserstein bounds for stochastic integrals with jumps

We now consider random variables F' given by the sum

T
0

of a Wiener integral and the value at time 7" of a pure-jump martingale (Z;)¢cpo,r) With
compensator v(dx)dt, where (By)icjo,r) is a standard Brownian motion and (o)scpo,1)
is adapted with respect to the filtration generated by (By)tco,r1- In this section, the

random variable G is given by the backward counterpart of (4.1), i.e. as the sum
T
G = / ot d"Br + 7 (4.2)
0

of a backward Wiener integral and the value at time 0 of a backward pure-jump martin-
gale (Z;)icpp,r) with compensator v} (dx)dt, where (B )cjo,r] is a backward Brownian
motion and (o)., is adapted with respect to the (backward) filtration generated

by (Bt*)te[o,Ty

In order to bound the smooth Wasserstein distances dw, (F,G) and the Wasserstein
distance dw(F,G), we will apply the results of Section 3 to suitable forward and

backward martingales recovering respectively F' and G as their initial and final values.

Corollary 4.1 Let F' and G be given by (4.1) and (4.2). Then, with v, and v} given
n (3.1), the following bounds hold true:

1 o
dw2(F, G) S §E / dTv(Vt,I/:) dt:| s (43)
LJo
1 r T
ivi(£.6) < 15 | [z @l (1.4)
2 T o
dw, (F, G) < gE / den (7, 77) dt} : (4.5)
LJo

The same comments as in Remark 3.2 apply to the bounds (4.4) and (4.5).

Proof. We assume without loss of generality that F' and G are independent,
and apply Theorem 3.1. To that purpose, denoting by (u(dt,dy))y)epo,rxr and
(p (dt, dy))(t e« the jump measures of Z in (4.1) and of Z* in (4.2), we have

zi= [ vtutts,an) — vianas) ana 7= [ [ ytuas. ) - vitanas)
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Due to the independence of F' and G, we have that (By)ico,r) and (p(dt, dz))
are independent from (B} )wep,r) and (p*(dt, dz))

te[0,T)

relo0.1]" Next, letting

t t +o00
M, = / 0sdB; +/ / y(p(ds, dy) — vs(dy)ds),
0 0 J—oo

M; = / otd* B’ + / / +oo *(ds, dy) — v’ (dz)ds),

we note that F = My and G = M. Let also (FM)sepo.r] be the (forward) filtration
generated by (By)iefo.r) and (p(dt, dz))

and

L given by

FM =0 (Bs, p([0,s] x A) : 0<s<t, A€ By(R)),

and let (FM");ej0,) be the (backward) filtration generated by (B;)epo,r) and (u*(dt, dz))
given by

te(0,T]’

FM =0o(Br— B, p*([s,T)x A) : t<s<T,AeByR)), tel0,T].

Note that (M;)ieor) is a forward martingale with respect to (FM) while (M} )epo,y
is a backward martingale with respect (F"). In order to apply Theorem 3.1, we

consider the following forward and backward filtrations:
Fo=FMvFM,  Fr=FXvFM telo,T).

Due to the independence of FM and FM", the process (My)iejo,r is a forward (F)-
martingale satisfying (2.1) since M; is FM-measurable for all ¢ € [0,7]. Similarly,
(M;)ieo.r) is a backward (F;)-martingale satisfying (2.2) since M; is ¥ -measurable
for all ¢t € [0, 7.

Since the local characteristics of (M;)sepor] are |oy|* and v = 1, and those of

(M )iejo,) are loF|* and yt(M*) = v/, Theorem 3.1 applies to (My)eo,r) and (M;)ico,n)

and since My = F, M} = G, and My = M7 = 0, the bound (3.2) yields

{ / drv (70, 7) du} |

which is (4.3). Similarly, (3.3) yields (4.4), and (3.4) yields (4.5). O

dw,(F,G) <

[\'JIH
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Following the same strategy, we derive similarly from Theorem 3.3 the following
bounds for the Wasserstein distance of F' and G in (4.1) and (4.2). Observe that
for s = 0 and t = T, the closeness requirements about s and ¢ in Theorem 3.3, see
(3.18)-(3.20), are also satisfied under the assumptions in (1)-(3) below, under suitable

conditions on the martingale characteristics oy, o}, 14, v, t € [0,T].

Corollary 4.2 Let F' and G be given by (4.1) and (4.2). Then, with v; and v} given
n (3.1), the following bounds hold true:

(1) Under the condition

e[/ ) dre(7,7) ]| < 4-+ BIJF] + E[GI)

we have

dw(F,G) < \/(4 + E[|F|] + E[|G])E {/o dTv(ﬁt,Df)dt} :
(2) Under the condition

T
E [/ dy (7, 77) dt
0

- §<4+E[|Fn +E[G]),

we have
3 T 1/3
inr.6) < L wie) eion? (e[ [ i) @) . wo
(3) Letting

= %(4+E[|F|] +E[G|]) and b:=E {/0 dent (7, 77) dt} :

and assuming that o, (a,b) in (A.2) satisfies a(a,b) < 1, e.g. for b small enough,

we have

1 Vas(a,b) 2
dw(F.G) < + vV au(a, 39ab (@)

(a* a,b) 3/2
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5 Application to stochastic integrals

In this section, the results of the previous sections are specialized to the comparison
of random variables F' and G respectively given as the sum of standard Brownian Ito
integral and a pure jump-martingale, and as the sum of a standard Wiener integral
and a compound Poisson process. In the following result, the random variable G is

expressed using a standard forward stochastic integral.

Corollary 5.1 Consider
T
F = / O_tdBt + ZT,
0

as in (4.1), and let
T
G::/ F(#)dB, + Ny (5.1)
0

where (f(t))wcpm s a deterministic function and Ny is a (compensated) compound

Poisson process with compensator u(t,dx)dt, satisfying the condition

T oo
/ / min(1, 2?)u(t, dr)dt < oo.
0 —o00

Then the bounds of Corollary 4.1 and Corollary 4.2 apply respectively to the smooth
Wasserstein distance dw,.(F,G), r = 2,3, and to the Wasserstein distance dw(F,Q)
by taking

vi(dx) = |0 200 (dx) + |2 Pv(dz) and [i(t,dx) == |f(t)|*0(dz) + |z|*u(t, dz). (5.2)

Proof.  Since for a deterministic integrand (f(t)):cp,m the forward and backward
stochastic integrals coincide (see e.g. [Nua06], Relations (3.13)-(3.14) page 176), we

have
T T
| swas= [ s (5.3)
0 0
where Bf = By — By, t € [0,T], defines a backward Brownian motion. Next, we let

Nr :z/0 /_my(N(dt,dy)—u(t,dy)dt)

where N (dt, dy) is a Poisson random measure with compensator p(t, dx)dt, and set

FYi=0(NAx[s,T)): A€ B[R), t<s<T), tel0,T],

17



for the backward filtration generated by N(dt, dy). Observe that

T +oo
Zii= [ [y dy) - s, dds). e 0.7)
t —0o0
defines an (F}¥")-backward martingale. Indeed, we have

* T +oo *

E[NT | .FtN } = E [/ / y(N(ds,dy) —,u(s,dy)ds) ‘]:tN }
0 —00

t +oo .
= E[// y(N(ds,dy) — p(s, dy)ds) “EN:| (5.4)
0 —00
T “+oo
+/ / y(N(ds, dy) — p(s, dy)ds)

t —0o0

- [ [ i - psda)| <2 59)
_ 7.

where we used the facts that ftT [ y(N(ds, dy) — p(s, dy)ds) is F¥"-measurable in

o

(5.4), and that fg fj;o y(N(ds, dy) — (s, dy)ds) is measurable with respect to
o(N([0,s] x A) : A€ B(R), 0 <s<t),

which is independent of 7V, in (5.5). Using (5.3) and Ny = Z, the random variables

G writes ,
G- [ rwas;+z;,
0
and both Corollaries 4.1 and 4.2 apply with v} () := u(t,-), t € [0,T]. O
Next, we specify examples of pure-jump martingale components (Z; )scpo,r) and (Ny)ejo,
appearing in the definitions of F' and G in (4.1) and (5.1), and we derive explicit

bounds in case those components are given by a jump process, a compound Poisson

process, or a Poisson stochastic integral in the framework of Corollary 5.1.

Corollary 5.2 Consider (Y;)co,1] @ point process with jumps of size 1 and compensator

(At)tepo,r, and let

T T T
F = / O'tdBt -+ ZT = / O'tdBt -+ / Jt(dm — )\tdt),
0 0 0

18



where (By)icpr) s a standard Brownian motion, (0¢)wcpr) 15 a process adapted with
respect to the filtration generated by (Bt>te[0,T]; and (Jt)te[Qﬂ 18 predictable with respect
to the filtration (F) e, generated by (Yy)iep . Let also

G= /T f(t)dB; + ZT: U; — E[U] /T p(t)dt,

where (U;)i>1 C L*(Q) is an i.i.d. sequence distributed as U, (Ny)ep,r) s a Poisson
process with intensity (1u(t))cor), and (f(t))ico,r i @ deterministic function. Then
the distance bounds dw,(F,G) in (4.5) of Corollary 4.1 and dw(F,G) in (4.7) of
Corollary 4.2-(3) are controlled by

E VOT dFM(ﬁt,Dj)dt] <E UOT |ou|* — |f(t)\2\dt] +E UOT M| TP Ty — U|dt]
+E UOT PVIPARES U2|dt} +E[U?]E UOT A — u(t)}dt} . (5.6)

Proof. In the present setting we have v, (dx) = Ny, (dz) and u(t, dx) = p(t)Py(dx)
where Py is the probability distribution of U, and the measures in (5.2) are given by

vi(dx) = |oy|*do(dx) + M| Je|?0,5,(dx), TF(dx) = |f(t)|*00(dx) + pu(t) 2Py (da).

Since
/_ h(z) vy(dz) = |o;|*R(0) + A J;|*R(J;)
and i,
| @i o) = | 70PHO) + BT
we have
den (1, 7)) = Sup |(loe|* = £ (&) *) R(0) + Ae JePh(J) — p(t)E[UZR(U))]| (5.7)

< hzljlra/l (“Ut|2 - |f(t)|2“h(0)| + )\t“Jt|2h(Jt) - E[Uzh(U)} | + ‘)\t — #(t)HE[UQh(U)} ‘) .
(5.8)
Next, regarding the second term in (5.8), we have
[ 1R (J;) = E[U*h(U)] = B[|[*h(};) — U*h(U)| ]
with
17 PR(R) = U*RO)| = |4 (r(J) = h(U)) + (I = U)A(U)]
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< AP = U+ |52 = U?,
which yields (5.6) by plugging the above bound in (5.8). O
By rearranging (5.8) as
e (5,77) = sup |(Jou? = [F(OP)A0) + MIAPHE) = w(OBU(O)]
€
< sup ([loe = LAOPIRO) + ) |4 PR ~ B0V |+ D = PRI

with

[ L2h(J) = UPh(U)| = |[U*(h(J) = h(U)) + (|L]* = U)h(J,)]
< |UPLL = U+ ||4)* = U7,

we find that (5.6) can be rewritten as

E [/OTdFM(Dt,Dt*)dt] < E [/OT loof? - |f(t)|2|dt] +E [/OT - u(t)||Jt|2dt}
+E [/OTHJA? — U2|,u(t)dt} +E [Uz /OT|Jt — U|u(t)dt] .

As a consequence, the bound (4.7) becomes small when |o;|?, \; and J; are respectively

close to | f(t)|?, u(t) and U, uniformly in ¢ € [0, T].

When G is given by a centered Gauss-Poisson mixture with N a centered Poissonian

random variable parameterized by uT', i.e.

T T T
F = / O'tdBt + / Jt(dNt - Atdt) and G = / f(t)dBt + NT,
0 0 0

with U; = 1, i.e. Py(dx) = 61(dx), p(t) :== p > 0 and (f(t))eepo,r in (5.1) deterministic
with fOT f(t)dB; ~ N <0, fOT |f(t)|2dt>, then (5.6) becomes

E [/OTdFM(Dt,ﬂt*)dt] < E [/OT loof? - |f(t)|2{dt] +E [/OT 21, — 1|/\tdt]

T T
+E [/ \|Jt|2—1\)\tdt} +EU |>\t—u|dt}.
0 0

The next result deals with the distance of Poisson stochastic integrals with respect to

a Gaussian distribution.
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Corollary 5.3 Consider the Poisson stochastic integral
T
0

of a (6(Ns : 0 < s < t))ejo,r-predictable process (J;)icpo,r), where (Ni)iepo,r) @5 @

Poisson point process with intensity (A¢)icor), and let G denote the Wiener integral

T
G= /0 f(t)dB,.

where (f(t))icpm s a deterministic function. Then the distance bounds dw,(F,G) in
(4.5) of Corollary 4.1 and dw(F,G) in (4.7) of Corollary 4.2-(3) are controlled by

E UOT dFM(ﬂt,ﬁf)dt] <E UOT If()* - /\|Jt|2]dt} + AE UOT |Jt|3dt} .

Proof. We have v(dz) = Aoy, (dz), oo =0, t € [0,T], and Ny = 0 and u(t,dz) = 0.
Hence (5.2) reads

Bi(de) = Al IS5 (da), 7 (de) = |F()?60(de),

and for any h € FM, i.e. h € Lip(1) with ||h|l« < 1, from (5.7) we have

dent (T, 7)) = hiljl__lj’vl})‘|l]t|2h(<]t)_|f(t)|2h(0)‘
< sup (AP [R( ) = R(O)| + |ALT? = | £ () ?]|h(0)])

< MEP A+ AL =1 F@0)P]
]

In particular, when f(t) =1, J, = 1/y/n and A = n, we find the Poisson to Gaussian

convergence bound
T1/3

E {/OTdFM(ﬁt,ﬂj)dt} <~
but we do not recover the standard Berry-Esseen rate of Corollary 3.4 in [PSTU10] due
to the power 1/3 in (4.6), nor the faster rates of e.g. Corollary 5.3 in [Pril8] or [Pril9].
However, those latter results apply only to the case where (J;)cjo.7] is a deterministic
function, while the bounds of the present paper have a wider range of applications. In
the case of It0 integrals we have the following result which involves only one bounding
term in contrast with related results based on the Malliavin calculus, cf. the bound

(4.2) in [Pril5).
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Corollary 5.4 Consider the Ito integrals

T T
F:/ O'tdBt and G:/ f(t)dBt,
0 0

where (o), s adapted with respect to the filtration generated by (By)icpm and
(f(t))icpm is a deterministic function. Then the distance bounds dyw,(F,G) in (4.5)
of Corollary 4.1 and dw(F,G) in (4.7) of Corollary 4.2-(3) are controlled by

T T
2| [ it ot)it] <E[ [l - o] 5.9

0 0
Proof. We have Zp = Ny = 0 in (4.1), (4.2), i.e. v(dx) = p(t,dx) = 0 and in this

case, (5.2) reads
Di(dz) = |o[*0o(dz), 7 (dw) = |f(t)|*do(dz),

and we have

deni(777) = sup lon*h(0) — £(0)Ph(0)] = ||ouf? — |F ().
heFM
which allows us to conclude. O

The bound (5.9) is of interest only when (o):cpo,r is random, since when (o ())scjo 1]

is a deterministic function we can use the more natural inequality

/OT o?(t)dt — /OT fQ(t)dt‘ :

which implies (5.9) and therefore (4.5). In the non-deterministic case we are not able

dw(F,G) <

to recover the above inequality due to the use of a triangle inequality in (3.9). See

also (1.3) for a related inequality.

A Appendix

A.1 Approximation Lemma

The following lemma is a generalization of a by-product of Corollary 3.6 in [NPR10].

Lemma A.1 Let h € Lip(1l) and consider the function h, defined in (3.16) for 0 <
a < 1. Then we have h, € Ci°(R), with
n/2

o). < =Y
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Moreover, for any integrable random variable X we have

E[|X
Eln, (X)] - E[B(X)]| < va(1+ S, (A1)
Proof. We start by assuming that h is in C"(R) with ||A/||« = ||2]|z < 1 and bounded
derivatives of orders 1 to n. In this case, an iterated integration by parts with respect

to the standard normal density ¢ yields

+o0o
B (@) = (1— a)"/? / K (y/a + VT —a)ly) dy

oyl o
- o [ HE VT ) e )oly) dy
— a)/? +oo ) 1/2 +o0 1/2
e ([ wovasavi=ayoman) ([ tawrew o)
(1 —a)™?
)

by an application of the Cauchy-Schwarz inequality, where H,,_; is the Hermite poly-
nomial of order n — 1 > 0. In case the function A is only Lipschitz, we conclude by
approximating h with a sequence of C" functions. Finally, the bound (A.1) is obtained
as in [NPR10], as follows:

E[(X)] — E[ha(X)]] < \E [ [ e xvIa) - h(x T o) dy} \

+|E [R(XV1—a) — h(X)]|
+o0o
< Vallble [ lulé(w) dy+ a1 - V= alBX]
< Valnls (= +Ex])
using the bound |1 — 1 —a| < Va for a € (0,1). O

A.2 Cardano type lemma

The following lemma is based on Cardano’s formula for cubic equations.

Lemma A.2 Let a > 0 and b € (0,24a). The minimum of a — ay/a + b/(2v/a) +
b/(3a) is attained at

o (0.8) = (§/£(1 o) + {1 - W}) o (2

3a
(A.2)
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and is equal to

At aah) /3afb+ /1 + /1—b/(24a) + /1~ /T~ b/(24a)
(0, G (1+ 1—b/(24a)+§/1—\/m>2

(A.3)
5/9a?b
b—0 4 )
Proof. Letting 8 = y/a > 0, we have
B b by 6aB®—3b3—4b
AGAETAE ) R R

where 6a33 — 3b83 — 4b admits a unique zero 3* € R, given by the Cardano formula
(when b < 24a) as

which yields (A.2). The value (A.3) of the maximum follows easily. O
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