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Abstract

We derive Wasserstein distance bounds between the probability distributions
of a stochastic integral (It6) process with jumps (X;).c[o,7) and a jump-diffusion
process (X} )te[O,T]- Our bounds are expressed using the stochastic characteris-
tics of (Xt)sec(o,r) and the jump-diffusion coefficients of (X})icpo,1) evaluated in
X4, and apply in particular to the case of different jump characteristics. Our
approach uses stochastic calculus arguments and LP integrability results for the
flow of stochastic differential equations with jumps, without relying on the Stein
equation.
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1 Introduction

Comparison bounds on option prices with convex payoff functions have been obtained

in [EJS98] in the continuous diffusion case, based on the classical Kolmogorov equation
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and the propagation of convexity property for Markov semigroups. For example, given

T > 0 a fixed time horizon, Theorem 6.2 of [EJS98] states that
Elo(Xr) | Xo=a] <B[6(X}) | X; = 2], x>0, (1)

for any convex function ¢ : R — R, provided that (X;)icpo,r) and (X} )¢cjo,r] are price

processes of the form

dX dX;
7: =rdt + o0, dB; and Xt:

= Ttdt + 0'* (t7 X:)dBt,

where (By)icjo,r] is a standard Brownian motion with respect to a filtration (F¢):cpo77,
under the condition

jou] < o™(t, X)), t€[0,T],

allowing one to compare Xr and X7 in the convex order by comparing |oy| to the
evaluation of o*(t, -) at Xy, t € [0,T]. The proof of (1.1) relies on stochastic calculus for
the solution of a backward Kolmogorov equation, provided that the Markov semigroup
of (X} )iepo,r) Propagates convexity.

Those results have been extended to jump-diffusion processes in several works, see
[BJ0O], [BRO6], [ET07], under the propagation of convexity hypothesis. Note however
that the propagation of convexity property is not always satisfied, for example in the
(Markovian) jump-diffusion case, see e.g. Theorem 4.4 in [ET07]. In [BP08], lower
and upper bounds on option prices have been obtained in one-dimensional jump-
diffusion markets with point process components under different conditions. Related
convex ordering results have been obtained for exponential jump-diffusion processes
in [BP08|] using forward-backward stochastic calculus. The case of random vectors
admitting a predictable representation in terms of a Brownian motion and a non-
necessarily independent jump component has been treated in [ABP08] using forward-
backward stochastic calculus, extending the one-dimensional results of [KMPO06], see
also [BLP13] for stochastic integrals with jumps, [HY14] for Brownian stochastic
integrals, and § 3 of [Pagl6] for Lévy-Itd integrals. In [BP22], Wasserstein distance
bounds have been derived for the distance between the probability distributions of
stochastic integrals with jumps, based on the integrands appearing in their stochastic

integral representations and using forward-backward stochastic calculus.



Let (Xi)icp,r) be given as the stochastic integral (or It6) process with jumps

t t t +00
X =Xo+ / us ds + / 0sdBs + / / y(p(ds, dy) — vy(dy)ds), (1.2)
0 0 0 J-oo

where

o (Ut)tepom € LY(Q x [0,T]), (ue)tepo,r) € L*(Q x [0,T]) are (F+)tejo,r-adapted

processes,

p(dt, dy) is a jump measure with (F3)sefo,77-compensator v;(dy)dt such that

5 VOT /_:oy%t(dy)dt} < oo, (1.3)

and consider the jump-diffusion process (X;):cjo,r) solving the Stochastic Differential
Equation (SDE)

t t
X, = X0+/ u (s, X7) ds+/ o*(s,X7) dB; (1.4)
+oo "
/ / (s, X2, y) (N*(ds,dy) — v*(s, dy)ds),
where

u* :[0,7T] x R — R and ¢* : [0,7] x R — R are deterministic functions such

that = +— u*(¢t,z) and x — o*(t,x) are Lipschitz, uniformly in ¢ € [0, T7,

e ¢ :[0,7] x R x R — R is a measurable deterministic function such that the

function
x>—>/ “(t,z,y)*U*(t, dy)

is Lipschitz in € R, uniformly in ¢ € [0, 7T,

e N*(dt,dy) is a Poisson random measure on [0,7] x R with (deterministic) com-

pensator U*(t, dy)dt,

see Section 2 for details.

We will derive bounds on the difference E[p(X7) | X§ = 2] —E[¢(Xr) | Xo = ] of

expectations in (1.1), which allow us to estimate Wasserstein-type distances between
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the distribution .Z(Xr) of the terminal value of a stochastic integral process (X):c(o,1]
as in (1.2) below and the distribution .Z (X)) given by the terminal value of a jump-
diffusion process (X} )icjo,r) solution of the SDE (1.4). In the remaining of this paper
we denote by C' > 0 a finite positive constant whose value may change from statement

to statement.

In Theorem 3.1, we obtain the following bound in smooth Wasserstein distance:

dw, (X1, X7) (1.5)

< CE[/OT<

for some C' > 0, where

U*<t7 Xt) - ut| + ‘O-*(ta Xt)2 - 0152| + dFM (D/t()> D*(ta Xt7 )))dt:| )

n(dy) = y'r(dy), U(t,z,dy) = y*v*(t,z, dy)

and
vt x, ) =05, (¢") M (t, 2, ), (1.6)
see the end of Section 2 for the definitions of the Fortet-Mourier distance dpy and

smooth Wasserstein distance dyw,. In Theorem 3.3, by a smoothing argument on

1-Lipschitz functions we obtain the Wasserstein bound

dyw (Xr, XT) (1.7)

= (]E MT e = 7“”"<’**X't>|d'f])1/2 + Ok (IE UOT |02 — o—*<t,Xt)21dtD1/2

1/3

b Ok <]E UOT At (7). 7 (8, X, .))dtD ,

provided that

E UOT (\ut —u*(t, Xy)| + |07 — 0" (t, X)*| + dem (T (), 77 (8, X, -)))dt} <K

for some K > 0. Bounds on the Wasserstein distance between random variables on the
Wiener space and e.g. the normal or gamma distribution have been obtained in [NP09]
by the Stein method, using the Malliavin calculus and covariance representations
based on the Ornstein-Uhlenbeck operator. In contrast, our approach does not make
use of the Stein equation and can be regarded as an alternative to the Stein method

and to its semi-group version, see [Decl5].
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The proof argument leading to (1.5)-(1.7) consists in expanding the difference
h(X3) — h(X7r) for suitable functions h : R — R with the It6 formula and, taking the
expectation, to bound the remaining terms with a suitable control of the characteris-
tics of the related jump-diffusions. Consider the operator £ and the generator L£* of

(X[ )teo., respectively given for f e C1*([0,T] x R) by

Lf(t, ) ::ut%(t,x) + %Uf%(t,x) (1.8)
+ [ (s - 00 -2 0.0 i),
and
LA f(t,x) :==u*(t, x)%(t, z) + %0*(t, x)Q%(t, ) (1.9)
o B R B BE SR P!

(t,x) € [0, T] x R, where v*(t, x,) is the image measure

V*(ta Z, ) = /V\*(t7 (g*>_1(t7 €, >>’

see Theorem 2 page 291 in [GS72]. In the sequel, we denote by CF(R) the space
of continuously differentiable functions whose derivatives of orders one to k > 1 are

uniformly bounded on R.

Following [EJS98], [BRO7] and using £ and L*, given h € C3(R) we represent the
expected difference IE[h(X7)] — E[A(X5)] in terms of the solution

vi(t, @) = ElW(X7) | X{ = ]

of the Kolmogorov equation of (X )cjo.11, as

E [h(X})] — E [MX7)] = E { /0 (Lv*(t, Xy) — Lo*(t, X)) dt}

_E [ /0 it x) - ut)%(t, Xt)dt] + %]E [ /0 (X — (00)) %(t, Xt)dt]
+E UOT/;“ _ ) /:o %(t, X, + 79) (7 (8, X, dy) — Dt(dy))det] |

(1.10)



Here, the random measures v;(dy) and v*(t, z, dy) are defined in terms of the jump-
characteristics of the jump-diffusions v;(dy), v*(t, z, dy) appearing in (1.8)-(1.9), see
(1.6). Then, we proceed to show that the functions

* 2, %

ov )
yH%(s,ijLTy) and yHW(s,XS%—Ty)

are Lipschitz using moment bounds from [BP20]. Due to the definitions of the relevant
probability distances (see (2.8) and afterwards), this allows us to bound (1.10) by the
Fortet-Mourier distance dpy; between v4(+) and v*(¢, X3, -), which eventually leads to

(1.5)-(1.7).

In contrast to [EJS98|, [BRO7], propagation of convexity is not required in our
argument since no positivity is needed for the second derivative 9?v* /0x?, which is

only required to be a Lipschitz function in our argument.

We also note that in the case where both (X}):c0,7] and (X} ):cjo,7] share the same
jump characteristics, the LP norm (IE[(X — X%)?])'/? can be directly estimated using
standard Gronwall-type arguments. This is the case in particular for the estimation
of Euler discretization bounds, see e.g. [TT90] and [PT97]. In the absence of jumps,
such comparison results between (X¢)cor) and (X} )icjo,r] can also be obtained by
representing the Ito process (X;)cjo,r) as a diffusion process under certain conditions,
see [Gyo86] or Theorem 8.4.3 in [Dks03]. On the other hand, our method covers
the case where (X;)icjo,;) may not be written as a diffusion process and (Xy):cjo,r),

(X])tejo,r) have different jump characteristics

We proceed as follows. In Section 2 we start by recalling the basics of char-
acteristics for jump-diffusion processes and distances between probability measures.
Wasserstein distance bounds between jump-diffusion processes and general stochastic
integral processes are derived in Section 3, and specialized to jump-diffusion processes

in Section 4. Technical results are gathered in the Appendix.



2 Preliminaries and notations
Jump-diffusion processes

Consider a standard Brownian motion (B;):co,r) and a jump measure
p(dt, dy) ==Y Lanr, 00 (a0, (dE, dy),
>0
generating a filtration (F;);cor) on a probability space (€, F,P), see e.g. [JM76],
where (5, is the Dirac measure at (s,z) € [0,7] x R. We assume that (B;)cpo,1) is
a (Ft)eepo,r-standard Brownian motion and that the (F3).c(o,77-compensator v(dt, dy)
of pu(dt,dy) takes the form
v(dt,dy) = v(dy)dt.
We also assume that the (deterministic) compensator 7*(¢, dy)dt of the Poisson ran-

dom measure N* on [0,7] x R is dominated by a (deterministic) measure 1 for any

t € [0,T], in the sense that
vt A)<n(4),  AeB(R), te[oT], (D)

where B(R) is the Borel g-algebra on R. In the sequel, our quantities of interest are
the terminal value Xt of the stochastic integral process (X;)¢cjo,r7, given by (1.2), and
the distribution Z(X7), to which Z(Xr) will be compared, is given by the terminal
value X7 of the solution (X7 )¢cpo,r) to the SDE (1.4). Setting

Vit @, ) =0 (g7) T (t @, 0),s (2.1)
we note that (1.4) can be rewritten as
t +oo
X/ = X{H—/ u* (s, X )ds+/ (s, X7) dBS+/ / *(ds, dy)—v*(s, X2, dy)ds)
0

asin (1.2), where p*(dt, dy) is the jump measure with (F)scpo,r7-compensator v*(t, X/, dy).
In the sequel, we use the operator £ and the generator £* of (X} )co,r) given in (1.8)
and (1.9), which can be rewritten in terms of 7} as
1 2
() =t > Lty 4 5o t0p 2 20, 0)
t J]—l-g (t7I7Z>>_f(t7I)_g (t,l’,Z)%(t,[L’) v (t7d2,’)
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A crucial tool in our argument is the classical Kolmogorov equation, see Theorem 4
page 296 in [GS72], which can be extended to our setting as in the following lemma,
by noting that the limit (5) page 291 of [GS72] remains valid when v*(t,dz) is time-
dependent.

Lemma 2.1 Let h € C3(R), and assume that for some C' € (0,+00) we have

2, % 2 2 _x 2 00 2 4 2
(%52 (t,:c)) +(%(t,x>) +f (%@,x,w) v(tdy) S C, z R, te0,T],

o0

Then, the function v* defined by
v*(t,x) = E [M(X})|X] = 2] = E[h(X;p(x)], zeR, tel0,T], (2.2)

is in CY*([0,T] x R), where (X} ())sz¢ is the solution of the SDE (1.4) started at

X/ (x) = x in time t. Moreover, v* satisfies the Partial Differential Equation (PDE)

8; (t,z) + L*v*(t,x) =0,
t (2.3)

v (T, x) = h(z).
Regularity of the flow of jump SDEs

Our derivation of Wasserstein bounds relies on regularity and integrability results of
[BP20], see Theorem 5.1 therein, and also Theorem 3.3 of [Kun04] in the case of
first order differentiability. For that purpose, we assume further conditions on the
jump-diffusion process (X;)icpo,r) in (1.4), namely, we will make use of the following

Assumption (A,) on the coefficients o*, g* of (X})icpm in (1.4) for n = 3.

Assumption (A,): For every t € [0,T], the functions o*(t,-) : R — R and g*(t,-) :
R x R — R are C"-differentiable and there is a constant C' > 0 and a function
0 € 52 LP(R,m) such that

ak *

ak—l—lg*

oxkoy!

O o*
axk (t7 ’I)

<C,

(t’ x7y)‘ S C7

forallk,l=1,... . nwithl <k+1<mn,tel0,T], z,y €R.

Assumption (A,,) originates from Assumption (A’-r) in the time-homogeneous setting

of [BGJ87], see page 60 therein. As noted in [BP20], the domination condition (D)
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allows us to apply the results of [BGJ87], in particular Lemma 5.1, Theorems 6-20,

6-24, 6-29 and 6-44 therein to the time-inhomogeneous case.

Let n > 1 and p > 2 be given. Under the domination condition (D) and Assump-
tion (A, ), Theorem 5.1 in [BP20] ensures that for all k = 1,...,n the flow X7 () of
(1.2) is k-th differentiable in = with

k

a p
(@) ] < +oo, (2.4)

sup IE { sup
zeR t€[0,T]

i.e. the flow derivatives belong to LP(2), uniformly in (¢,z) € [0, 7] x R. In the sequel
we shall use the following consequence of (2.4) for (joint) moments, which is a direct

consequence of Proposition 4.1 and Theorem 5.1 in [BP20] applied with n = 3.

Lemma 2.2 Assume that (As) holds together with the domination condition (D).
Then, the flow x — X[7p(x) of the solution of SDE (1.4) is differentiable up to the
order 3 and there exist constants Ay, Ay, B1, Bo, By > 0 depending on T > 0 such that

uniformly in x > 0 we have

2 2
]EL:[%%] aa Xir(z) } <A, E L:BI; %X* () ] < Ay, IELE[%% %XZT(I)
(2.5)
and
]E[ sup > = X{ () ] < By, IE{ sup aX:T( )82 Xip(z) ] < B,. (2.6)
tejo,) | O3 tefo,] | O 0x?

Proof.  Applying Proposition 4.1 in [BP20] with n = 3 ensures that z — X/7(7) is
differentiable up to the order 3. Next, by Theorem 5.1 in [BP20] we have

k 3
sup [E [ sup |5 X/ () } < 400, k=1,2,3, (2.7)
z€R t€[0,7] Ox
and we conclude by the Holder inequality. 0

Distances between measures

Given a set H of functions h : R — R, we define the distance dy between two measures

u, v on (R, B(R)) by
/ Ooh(x) p(dx) —/ Ooh(x) v(dz)

o0

dy(p,v) := sup , (2.8)

heH
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provided that every h € H is integrable with respect to p and v, and we write
dyu(X,Y) = dy(p,v) when p and v are the probability distributions of the random
variables X, Y.

e The Fortet-Mourier distance dgy; corresponds to the choice H = FM, where
FM is the class of functions h such that |||z = ||kl + [|h]le < 1, where

| - || denotes the Lipschitz semi-norm and || - || is the supremum norm.

e The Wasserstein distance dw corresponds to ‘H = Lip(1), where Lip(1) is the
class of functions h such that ||kl < 1.

e The smooth Wasserstein distance dy,, r > 0, is obtained when H := H, is the
set of continuous functions which are r-times continuously differentiable and
such that ||h®||, < 1, for all 0 < k < r, where h(®) = h, and where h¥), k > 1,
is the k-th derivative of h.

The expression (2.8) can also be used to define the Kolmogorov distance when # is
a set of indicator functions. It is easy to observe that dpy(+,+) < dw(-,-) and the
topology induced by dy is stronger than the topology of convergence in distribution
which is metrized by dgyn. Moreover, for the smooth Wasserstein distance dyy, with
r > 1, an approximation argument shows that

dw, (X,Y) = . | E[R(X)] - E[R(Y)]]. (2.9)

where C2°(R) is the space of compactly supported, infinitely differentiable functions
on R, see Lemma A.3 in [AH19]. Note also that dyw, ,(X,Y) < 3v2dw,(X,Y) and
that the smooth Wasserstein distance dy, is weaker than the Wasserstein distance
dw, since

dw, (X,Y) <dw,(X,)Y) <dw(X,Y),

see (2.16) in [AH19], to which we refer for further details in this direction, see also

[Dud02].
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3 Wasserstein bounds for stochastic integral pro-
cesses

In this section, we bound the distance between the integral process (X;)cjo,7] given
in (1.2) and a process given by the jump-diffusion process (X} )icpo,r) defined in (1.4).
Our bounds use the difference |0y — 0*(¢, X;)| and the distance between the jump

measure characteristics 7;(dy) = y*v;(dy) and
vH(t, x, dy) = y*v(t, 2, dy), with v*(t,z,-) =0 (t, (g") (¢, , )),

see (1.6). Recall that v (dy)dt is the compensator of the random point measure

w(dt, dy) and v*(t, dy)dt is the compensator of N*(dt, dy), introduced in Section 2.

Theorem 3.1 (Smooth Wasserstein bound) Let (X;)ico,r) and (X])ico,r) be given
by (1.2)~(1.4), with Xg = X§. Assume that (As) and the domination condition (D)

hold true. Then, for some C' > 0 we have

dw, (X7, XT}) (3.1)

< C]EUOT(

where vy and U* are given by (1.6).

U*(ta Xt) - ut| + ‘U*(ta Xt)2 - 0152| + dFM (D/t(% ;*(ta Xt7 )))dt:| )

Proof. Let h € C}(R) satisfy the conditions of Lemma 2.1. Applying first the Ito
formula and then the Kolmogorov equation (2.3) in Lemma 2.1 to v* in (2.2), we have
MXr) = o (T, Xr)

*

T
e U*(O,XO) +/ O_tai
0 0

X

*

T v T
(t,Xt)dBt + / E(t,Xt)dt + / EU*(t,Xt)dt
0 0

*

<+AT/1T(w@,&+wo—thX0—yigﬂ”&wgdﬁ“wy_wwwﬁ)

= v*(0,Xo) + /T Ut%(t,Xt)dBt + /T (Lo (t, X)) — L0 (1, X))t (3.2)
+/0 /;;OO <U*(t, X+ y) - U*(t, Xt) - y%(t, Xt)> (,u(dt, dy) — l/t(dy)dt)’

where the above stochastic integrals are understood in the L? sense, as will be checked
below. Since h € C3(R), using Lemma 2.2, we have

ov* 0 . N 0 .

) = 5 B @) (o) = B [F(Xiala) g Xin)| . (33)
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and

T ) = BB ))
0 (3 0 s
o [CAB e

- E [h%XZT(x))j—;XzT(x) X 0) (X (o)) ] )

Hence by (2.7) we have

0*v*

ov*
W(t’ )

%(t’ :L‘)

sup
z€R, t€[0,T]

< 00, sup
z€R, t€[0,T]

< 00,

and Taylor’s formula with integral remainder yields

io [(/OT /_::O <v*(t, X, +y) — v (t, X)) — y%(t, Xt)> (u(dt, dy) — ,,t<dy)dt)>2]

ov*

_E l /0 ' /_ :o (070 X ) = 0" (8, X0) = y 5 (8 Xt))2yt(dy)dt]

= E [/OT/:OyZ (/01(1—ﬂ%(t,){t+ry)d7>2yt(dy)dt] < 00

by (1.3). Therefore, the stochastic integrals

T av*
X,)dB
/0 Oy or (t, t)d t

and
/oT /:O (v*(t, X +y) = v (L, X)) — y%(t, X2) ) (u(dt, dy) — vi(dy)dt)

are defined in L?(Q). As a consequence, we have

T a *
E UO ata—vx(t,Xt)dBt] =0

and

E [ / ) / :O (070, X0 ) = 070, X0) =y 2, X)) st dy) — vt(dy)dt)] 0,

so that taking expectations in (3.2) yields
T
E [h(X7)] = E [v*(0,X,)] + E [/ (Lo*(t, Xy) — LP0*(t, X)) dt] : (3.5)
0

12



Given that the martingale property entails
E [v*(0,X5)] = E [v*(T, X7)] = E [M(X7)],
when Xy = X7, we can rewrite (3.5) as
T
E [h(X})] — E [MX7)] = E [/ (L¥v*(t, Xy) — Lo*(t, Xy)) dt | . (3.6)
0

Next, using the following version of Taylor’s formula

1
flas) = S@ +f @+ [ (=n" o+ rir
applied to f € C*(R), z,y € R, we have

Lv* (t, Xt) — Lov* (t, Xt)
ov* 1 , 0%
= (X)) o (tXt)—l—Qa(tXt)aQ(

+o0 2
/ / (1 —7)—=(t, X; + Ty)drv*(t, X3, dy)

t,X,)

1 (92 * toeo v
—udx) - ot x - [ [la-n S8 i

= (u*(t, X)) — ut)%i(t X))+ ;( “(t, X,)? — gt)%v; (t, X;)

1 +o00 92, %
[ amn [ TSR ) (7 X dy) - ) (3.7)

where the measures 7;(dy) and v*(t, x, dy) are defined in (1.6). Plugging the identity
(3.7) in (3.6) yields

E[h(X;)]—]E[h(XT)]:[ /0 (0.0 — ) 2t Xt)dt}

+1IE[/T( *(t, Xp)? — )%22(15 Xt)dt}

+E U / (17 /m a; ", Xt+7y)(ﬁ*(t,Xt,dy)—Dt(dy))det]. (3.8)

We continue our argument by analyzing the integrand in (3.8). Recall that v* is given
n (2.2) in terms of the solution (X}, (2))sc,r) of the SDE (1.4) started at X/, (z) = =.
Lemma 2.2 ensures that X7;(z) is differentiable in z up to the order 3, so that by
(3.3) and (3.4) we find

ov*

0
(t,)

<E H%X:,T(w)

} 17l
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and

P (t0) < B g Xinto

} I +

O seo o) | 1
(5:%r0) ] I

and similarly

Pv*
axg (t7 x)

= I WX ) 5 X o)+ 30X ) 5 X (o) 31 X o)+ W9 (X0 (31 X o)) |

1

82

83 "
[N 2 Feas o

< W || s i)

0 ..
5 Xixlo

0 .
1 + “h(g)HooE “%Xt,T(a:)

Next, using the bounds (2.5)-(2.6) in Lemma 2.2 (with its notations A;, B;), we have

ov* , 0% , "
(t,z)| < VA2[|W[|oc  and 5 (6 @) < Ar|[W]|oc + Az[[R"]|s,
ox ox
and
Fv* / " (3)
5 (1,2)] < Bil[W]joo + 3B2 [ loc + Bs |||, (t,2) € [0,T] x R.

Consequently, for every 7 € [0, 1], the function

U*
837 (t7 Xt + Ty)
is bounded by v/As ||| and is 7 (A; ||l || o+ Az||h"]| ) -Lipschitz. Similarly, for every

7 € [0, 1], the function

Yy —

2. %

> W(

is bounded by Ai|[l/[lw + Aal|h"|lw and is 7(By[|||o + 3Ba||h"[lse + Bs||h® | s)-
Lipschitz.

Thus, by the definition (2.8) of the Fortet-Mourier distance dgy, for all 7 € [0, 1]

t; Xt _l_ Ty)

we get

'/W OV 4. X+ 7) (5 (1, Xoo dy) — ()

((Ar 4+ 7B |0 + (A2 + 37B2) || || + TBs||h® || oo ) dent (72(-), 77 (¢, X, ).

(3.9)

Plugging (3.9) into (3.8) yields the bound
T

B [h(X5)] — B [h(X0)]| < VAl E { | =l
0

14



1 r ,
b5 B | [ A+ Ao - 0" (e X0 o]
0
1
+ / (1= 7) (AL + 7B1) W [l + (A2 + 37Ba)|A" || + 7Bs]|h¥ || ) dr
0 T
x IE |:/ dFM(;t(')Jg*<tuXt7 ))dt:|
0
T
= VAW E U |u, — u*(t,Xt)]dt} (3.10)
0

1 T
b3 B | [ AW+ Al lo? - o, X
0

1

- By m 4 B T
+ 5 Al + 5 I1h oo + (A2 + B2)||h"|| e + 3 1M ]| ) IE dFM(Vt<~),Z/ (t, Xy, -))dt ,
0

for h € C}(R). Finally, using the expression (2.9) of the smooth Wasserstein distance
dw,, the bound (3.1) follows from (3.10) with

C := max (\/A_Q, (AL + A)/2, (A1 + B /3 + Ay + By + 33/3)/2).
0

Continuing the proof of Theorem 3.1 with a regularization argument, we obtain the

following bound in Wasserstein distance.

Proposition 3.2 (Wasserstein bound) Let (X;)icpo,r) and (X])icjor) be the inte-
gral and jump-diffusion processes given in (1.2)—~(1.4), with Xo = X§. Assume that
(As) and the domination condition (D) hold true. Then, for a finite constant C' > 0,

we have

dyw (X, X2) < (3.11)
1/3

C max ( (]E [/OT <|ut —u (t, Xo)| + |07 — 0" (t, Xo)?| + dem (T(), 7F (8, X, .))>dtD :

T
E V (\ut —w (t, Xy)| + |07 — 0" (t, Xo)?| + dem (), ¥ (8, X, ')))dt} )
0
where the measures v;(dy) and v*(t,z,dy) are defined in (1.6).

Proof.  We extend the bound (3.10) from h € C}(R) to h € Lip(1) using the

approximation

ho(x) = /+00 h(z + yva)o(y) dy, a >0, (3.12)

o0
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of h € Lip(1), where ¢ is the standard N(0, 1) probability density function. By the
bound (A.2) in Lemma A.l in Appendix we know that h, € C;°(R) satisfies the
conditions of Lemma 2.1, hence by (3.10) and the bound (A.1), we have

| E[h(X})] — E[h(X7)]|
< 2||h = hallos + | E[ha(X7)] — E[ha(X7)]|

2\/?—%\/ AQHh;”ooIE |:/ |ut—u*(t7Xt)|dt:|
0

Ay ]lso + Asl| P || ’ .
+ 1” ocH : 2H a” E |:/0 |Ut2_0_ (t7Xt)2’dt:|

B / " B3 (3) r ~ ~x
s (A4 2 Il + (s + Bl + 210 ) I | [ dia (720, 76, X, )|
0

Next, using (A.2) in Lemma A.1 in Appendix and optimizing in A € Lip(1), we find
Dy  Dsg

dw (X, X5) < D D —_— 4+ — 3.13

w(Xr, X7) < Doy + 1+\/—+a ( )
where

2 C C. B
DO == 2 ;, Dl 1 (A1+2\/ + )@ DQ 2(A2+Bg)@, D3 03—3@
and
+0o0

Coim [ 1" VWldy, iz (3.14)

with

0:=F MT lug — u*(t, X,)|dt + /OT o7 — o™ (t, X,)?|dt + /OT dint (T2 (+), 7° (t, X3, -))dt} :

Next, we optimize (3.13) in o > 0 using Lemma A.2 in Appendix. Using the notation
a A'b:= min(a,b), the inequality (3.13) and the bound (A.10) give

2 D,)3 Ve DoDs [ (Do)? 1/
dW(XT,X%)SDlJr(lJr—) v/ DoD, (&/\27) + = 3( (D2) /\27)

V3 Dqy(D3)? D, Do(D5)?
= %<A1+2@+&)@ (3.15)
2)_v3 (A + By (Co)’0 )\ 0
(14 55) VOB (5 i 1) @19
2v/9C; Bs (Ay + B)3(C)%0 1/3
+302(A2 + By)\/7/2 ( 2Dy (C5)2(Bs)? A?’) - (3.17)

16



When © is small, the order of the bound (3.15)-(3.17) is given by the third term
(3.17), which yields for some constant C' € (0, +00):

dw(Xr, X7) < (3.18)
C (]E [/OT lug — u*(t, Xy)|dt + /OT o7 — o™ (t, X,)?|dt + /OT dent (Te(+), 7° (t, Xy, -))dtDl/g.

On the other hand, when © is large, the order of the bound (3.15)—(3.17) is given by
the first term (3.15), which yields for some constant C' € (0, +00):

dw (X7, X7) <
T T T
C]E[/ |ut—u*(t,Xt)\dt+/ \af—a*(t,Xt)2|dt+/ dFM(Dt(-)j*(t,Xt,.))dt}.
0 0 0
O

The bound (3.11) is simpler than e.g. the inequality (4.2) in [Pril5] with ¢* = 1,
however it involves a power 1/2. In the next result we improve the bound (3.11) via a

better rate 1/2 on the continuous component, under the additional condition (3.19).

Theorem 3.3 (Wasserstein bound) Let (Xy)icjo17 and (X])icjor) be the integral
and jump-diffusion processes given in (1.2)~(1.4), with Xo = X§. Assume that (As)

and the domination condition (D) hold true. If for some K > 0 we have

E [/T <|ut —uw(t, Xo)| + |07 — o (t, Xo)?| + dem (Te(), TF (2, X, -)))dt] <K,
’ (3.19)

then there exists some finite constant Cx > 0 such that

1/2

du (X, X3) < Cyc max (]E UOT — Xt)|dt} | (]E [/OT 02 — a*(t,xtﬂdtD ,

(]E [/OT Aot (7). 5 (8, X, -))dtDl/3> , (3.20)

where the measures v;(dy) and v*(t,z,dy) are defined in (1.6).

Proof. 1In this proof, we set

0, = E [/OT |u — u*(t,Xt)}dt}

17



0, = I {/OT\af—a*(t,Xt)ﬂdt}
0, = E [/OT den (1(), 77 (¢, X, -))dt]

so that, with the notations of the proof of Proposition 3.2, we have © =6, 4+ 6, + 6,
which by (3.19) is assumed to be bounded by some K > 0.

First, we refine (3.13) into

D, D
dw(X7,X7) < Dov/o+ D + \/—é + ?3 a >0, (3.21)
with
2 C
DO = 2\/;; D/2 = 72(14260' + (AQ + BQ)HV)a
B B
D, = %(2\/,42@ n <A1 n ?3)9 + A10V>, D} = =24,

where C,, is defined in (3.14) for any n > 1. Optimizing (3.21) in a > 0 as done
previously using Lemma A.2 in Appendix, the inequality (3.21) and the bound (A.10)

yield
dw (X7, X7) (3.22)
< D + 1+i /DoD! (D)’ A 27 1/6+ DDy ( (Ds)° A 27 v
- V3 072\ Dy(Dy)? Dy \ Do(D3)?
= F(9u79070V)7
where
F(,,6,,0,) (3.23)
e Bs
-2 (2\/1429“ + <A1 + ?)90 + Aley) (3.24)
2\ 3 (Co)* (Ao, + (As + B2)6,)*  \"°
14+ =) Y2 A A, + B
+ ( + \/g) (7_(_/2)1/4 \/02( 200 +( 2 + 2)91/) < 2(03)2612/ /\3
(3.25)
N 2/9 O3B0, (C)3(Asb, + (As + By)b,)3 3 1/3 (3.26)
A /7'('/2 302(14290 + (AQ + Bg)e,/) 2(03)2Q12, ' ’

A careful analysis of the order of the terms in (3.24)—(3.26) as 0,, 6, 0, tend to zero
shows that for some constant C' € (0, 400) and 7., ¥s, 7, > 0 such that for all

(s 0o, 0) € [0, 7u] X [0, 76] > [0, 7] (3.27)

18



we have:

F(0,,0,,0,) < Cmax (0,02 0L%), (3.28)

usYo YV

see Lemma A.3 for details. Hence (3.22) and (3.28) ensures (3.20) under (3.27).
When (3.27) does not hold, then max(f,, 0L, 011,/3) > min('yu,'ycl,ﬂ, 75/3). But Condi-
tion (3.19) and Proposition 3.2 imply dy (X7, X}) < Cmax(K, K'/3), so that (3.20)

stills holds in this case with Cx = C' max(K, K1/3)/ min (v, %/27 71}/3)_ 0

4 Application to jump-diffusion processes

Theorems 3.1 and 3.3 allow us to control the dyw, and dw-distances between X, and
X7 based on the closeness of the diffusion and jump characteristics of (Xt)te[O,T] and
of (X})icpp,r)- In this section, we focus on jump components and illustrate the bounds
(3.1) and (3.18) by examining the impact of the jump measures v;(dy) and v*(t, z, dy)
on the term

E UOT dnt (3(-), 7 (8, X, ) ) dt || (4.1)

which involves a combination of the jump intensity 7*(¢, dy) and jump sizes ¢*(t, x,y)
of (X} )icp,m via the measure v*(t,z,-) given in (2.1), see (1.6) for the definitions of
»(-) and *(t,,-). Namely, we show how dpy (4(-), 7% (¢, Xy, -)) in (3.1) and (3.18)
can be bounded in terms of the driving parameters of (X;)¢cpo,r) and (X;)sejo,71, Which

allows us to make the bounds of Theorems 3.1 and 3.3 more explicit.

We consider the case where the stochastic integral process (Xi)icpo,r in (1.2) is
solution of a SDE similar to (1.4), i.e. (X¢)wcpm and (X} )icp) solve SDEs of the
form

—+00

dX, = oy dB; + / 9(Xe—,y) (N(dt, dy) — D(t, dy)dt), (4.2)

where g;(x,y) is an (F;)cpo,r-adapted process, and
+oo
dX; =o"(t,X]) dB; + / g (t, X, y) (N*(dt, dy) — v*(t, dy)dt), (4.3)
where N (dt, dy) and N*(dt,dy) are Poisson random measures on [0, 7] x R with (de-

terministic) compensators v(t, dy)dt and v*(t,dy)dt. In this setting, we provide an

explicit bound on the distance dpn((+), 7*(¢, Xy, +)) in the term (4.1) appearing in
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Theorems 3.1 and 3.3. Given p a measure on R we denote by ||u|| the total variation
measure of u, defined as p(A) = u™(A) —p (A), A € B(R), where p* and p~ are the

upper and lower variations in the Hahn-Jordan decomposition of .

Proposition 4.1 Let (X)) and (X;)icp,m be the integral and jump-diffusion pro-
cesses given by (4.2) and (4.3). Then, we have

+00
dFM (;t()7 D/*<t7 Xt7 )) < / ‘gt(an y)2 - g*(tv Xt; y)Ql/I;(t? dy)

—+o0
n / 0 (6 X2 92| (KXo ) — (8, X, ) [P (8, dy)

[e.e]

T / g (6, X0 )| [P, dy) — * (8, )|

where ||U(t, dy) — 0" (t, dy)|| denotes the total variation measure of U(t, dy) — U*(t, dy).
Proof.  First, we note that (X;)icp,m in (4.2) can be written as in (1.2) by taking
oy = o(t,X;) and the jump measure u(dt, dy) with (F;).ejo,r1-compensator

v =0(t, ) o g, H( Xy, ). (4.4)
Using 74(+) and v*(¢, x, -) defined in (1.6) from (4.4) and v*(¢, z, ) defined in (2.1), we

have

Aot (), 7 (1, X0, ) = sup ‘/M )5 (dx) / h(2)7 (dz)

heFM

Y

+oo
— aup \ [ 0o ot d) - / §°(t, X 9)?hg* (t, Xoy )P (1, dy)

he FM )

and, for all h € FM,

)/+°° 9:( X, y)*h(g:( Xy, y)) U(t, dy) _/

—0o0

+oo
g7t Xe,y)* (" (1, Xovy) 7 (1, dy)

< | [ 0 ha ) oltdn) — [ g6 X Bl X)) 2 )

+‘ /_+OO g (t, Xe, y)*h(9:( X, v)) D(¢, dy) _/_ g (t, Xe, y)?h(g9:(Xe,v)) U*(t, dy)‘

+oo

“+oo

+oo
| [0 X)) 7)< [ g X)) 7 (e dy)

—00

+0o0
< / 19:(Xe,y)* — g (t, X, 9)||h(g:( X, )| D(¢, dy)

20



+oo
[0 Xy naX) (0 dy - 76 dy)|

“+oo
T / g7 (t, X )2 h(0r (X)) — Blg"(t, Xo, )| D (1, dy)

o0

from which the conclusion derives. O

Examples

Assume that the processes wuy, oy, g:(X¢,y) take the forms
Uy = U(t, Xt)’ Oy = O-(tv Xt)a gt<Xta y) = g(ta Xtv y)»

where u(t,z), o(t,z), g(t,x,y) are measurable deterministic functions on [0,7] x R
and [0, T] x R? respectively, such that for some deterministic ¢, (t), ¢, (), ¢, (t) > 0 we
have

u(t,z) —u*(t,2)| < cu(®)la],  |o(t,2)* = o™(t,2)*| < co(t)]f,

and
7"tz y)|* < )z, |9t z,y)? — g (t, 2, y)"]| < c(t)|z]?,

(t,z,y) € [0,T] x R?, p=1,2. Then, by Proposition 4.1 we have

dpst (72(), 7 (, Xy, )
< oD R)|IX]? + ¢ (H)e (O] XD, R) + ¢ (1) | X[ 7(¢, R) — D (¢, R)

bl

and Theorem 3.3 yields the bound

T T 1/2
dur (X, X2) < 0/0 B[ X, [l (£)dt + C (/0 IE[\Xt\Q]ca(t)dt)
T 1/3
e (/O (e, (DD R)X,P + (1) (DX (1, R) + (0| X220 R) — 7°(t, R)H)dt)

(4.5)

for some constant C' € (0, +00). We note that explicit bounds on the moments of the
solution X; are available in the literature, see for example Theorem 3.1 in [BP20] and

its proof.
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For example, if U(t, dy) := 1(0.00)(y)e~*D¥dy/y and U*(t, dy) := Lg.00)(y)e POy /y
are gamma Lévy measures with time-dependent parameters «(t), 3(t) > 0, then by

Frullani’s identity the total variation term in (4.5) reads

a(t)

In the particular case of Poisson processes with deterministic compensators

Hﬁ(t,R)—ﬁ*(t,R)”:/Oo‘e_a(t)y—e‘ﬂ(t)y{%: ‘1og@‘, t e [0,7].
0

v(t,dy) = a(t)dr(dy) and V(¢ dy) = a”(t)d1(dy),

we find

dw (X7, X7) < C'/OT]EHXtHCu(t)dt trC (/OT]E[|Xt|2]CU(t)dt) )
1/3

+C (/O (e (D)a(t) B[IX "] + e () (t)a” (8) BLX ) + ¢ (1) B[|IX,[*]|a(t) - a*(t)l)dt)

More specifically, in the case of geometric jump-diffusion processes solving SDEs of
the form

and
dX; =u () X[dt + " (t)X] dBy + n*(t) X;- (N*(dt) — a*(t)dt),
taking g,(z) := n(t)x and g*(t,x) := n*(t)x, we obtain
1/2

dwixr i) <C | |u<t>—u*<t>uEHXtudt+c( / |o(t>—o*(t)l21E[lXt|2]dt)

#0 ([ (e = 7 @A BIXE a0 @Rl — (0] BLX

For(@)?fa(t) - a*(0)]) BXZ)ar) (4.6)

A Appendix

Lemma A.1 (Approximation) Let o > 0, h € Lip(1), and consider the function
he defined in (3.12). Then we have

||hoc_h||oo S \12_06 (Al)
v
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Moreover, we have h, € Ci°(R), and

—+o00
1A < a2 / 6O D) dy,  n 1. (A.2)

Proof. The bound (A.1) follows from the Lipschitz property of h:

[ 0+ ) - o) dy\

[he—ll,, = sup
z€eR

oo 2
< valylo(y) dy =/ —.
Next, since the function h is differentiable almost everywhere with ||/ || = ||h]|z < 1,

the function ¢(y)h'(z + y\/@) is dominated by the integrable function ¢(y). Thus, we
have
+o0o
m) = [ Wt ava)edy (A3)

oo
1 too

= 7). h(z +yve)d' (y) dy, (A4)
with [|A |l < 1 from (A.3) (note that since the Lipschitz function h is sub-linear,
the bracket in the integration by part (A.4) is indeed zero). By induction from (A.4)
and a similar domination argument, we get

MO = (e [ @) ) dy

(e o]

= (—1)"07"/2/ ) h(z + yva) o™ (y) dy,

o0

from which we derive (A.2). O

The following lemma is based on Cardan’s formula.

Lemma A.2 (Cardan type estimate) Let

Dy, D
G() := Dov/a + Dy + \/—2 + ;3 a>0, (A.5)

where Dy, D1, Dy, D3 > 0 are positive constants.

a) Assume that (Ds)? < 27Dy(Ds3)?. The function G(a) reaches its minimum at

1/3

/ 1/3
. Dy 2/3 (D2)3 (D2)3
o (D_o) (1 - \/1 - 27D0(D3)2) - <1 * \/1 a 27D0(D3)2>

(A.6)
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and this minimum is upper bounded by

Dy +2Ds¢/ % + 34/ DiDs. (A.7)
3
b) Assume that (Dy)® > 27Do(Ds)?. The function G(a) reaches its minimum in
4D 1 27(D3)2D
Qi = 3—Dz cos’ <§ arccos ( %)) ; (A.8)

and this minimum s upper bounded by

2 DyDs
Di+ |1+ — ) DyDsy+ . A9
: ( ﬁ) 72T, (A.9)

¢) In general, the minimum of G(«) is upper bounded by

e ) ) B ()

Proof. We set  := \/a and study the variations of the function 8 +— DyS + Dy /5 +
D3 /(3% by considering the sign of Dy3* — Dy — 2Dj3 in its derivative Dy — Do /3% —
2D3/B33 = (Dyf3*> — D3 — 2D3)/33. For this, as seen below, it suffices to discuss the
position of (Dy)3/(27Dy(D3)?) with respect to 1.

a) When (Dy)® < 27Dy(D3)?, the derivative admits a unique zero * given from

Cardan’s formula for cubic equations, see, e.g., [EMS12], by

1/3 1/3
5/ Ds (Do)? (Do)?
= VDo (1 B \/1 - 27D0(D3)2> " (1 - \/1 - 27D0(D3)2> 7

which yields (A.6). Since the quantity inside the above bracket lies within the
interval [1, (1 + v/2)], we have

DS 3 DS
13/— < B, < (1 )¢ =

and the bound for the minimum in (A.7) follows easily.
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b)

When (D3)? > 27Dy(Ds3)?, the derivative admits three distinct zeros given from

Cardan’s formula by

D, 1 27(D3)? Dy 2k
_ 9./ - =0,1,2.
Br 3D oS <3 arccos ( (Dy)? + 3 | k=0,1,

Since Dy — Dyf8 — 2D5 is negative when 3 = 0, either all three zeros are positive,
or only one of them is positive. Setting ¢ := 37! arccos (1/27(D3)2Do/(D2)?) €
[0, /6], we note that

2V D, 7

[3D 1 5
% _D20 = cos <g0 + 2%) =3 cos(ip) — % sin(y) <0,
5 \/ D, — (P23 5 cos(yp) + 5 sin(¢p),

and — cos(y) +v/3sin(p) < 2cos(¢p), since this is equivalent to tan(y) < 1/+/3 and
¢ € [0,7/6]. As a consequence, the minimum of Dy + Ds/3 + D3/3? is reached
at 8 = Py, which yields (A.8). Next, we note that (A.8) implies

D, 4D,
2 <q, < 22
Dy = 7 3Dy
hence by (A.5) we have
2 DyDs
Gla,) <D 1+ — DyD , > 0,
)= 1+(+\/§> T

from which (A.9) follows.

The last point stems from the comparisons of both the second terms in (A.7) and
in (A.9) and of their third terms (observe that when (D;)? > 27Dg(D3)?, we are

losing a factor V/3 for the second term.
O

In the sequel we use the notation § < ¢, resp. A ~ A’ to denote 6/6' — 0, resp.

AJA" — 1, as €' tends to zero and we use the notations of the proof of Theorem 3.3.

Lemma A.3 The function F(0,,0,,0,) in (3.23) is of order max(,, o5 0,1/3) as 0y,

05

and 6, tend to zero.
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Proof. Rewriting (3.24)—(3.26) as
* Ol B3
dw (Xr, X5) < 7(2\/Ageu+ <A1+—>90+A10y)
Vs A\
+ (1+ \F) V3 V2 S Agly + (Ay + Bo), (2—/\3>

(m/2)1/4 2C3
23/2 C3 B0, A N
31/3\/_ Co (A28, + (Ay + By)b,) \ 2C3

with
(A20, + (A + B2),)?
62 '
We note that as 6,,60, — 0, the order of the bound depends on the order of the

A =

quantity

(Agf, + (Ag + 32)91/)3

(6,)?
b 2 0 > 3
0,2 + 3(A2)*(As + Bg)e— + 3A5(As + By)70, + (As + B2)°0,.

When 6, < 60, we have

A=

= (Ay)°

3 2

9—2<<9—<<9

hence A ~ (Ay + By)30, as 0, tends to zero, whereas when 6, < 0,, we find

2 93 3
9V<<9—V<<9—g and 9 <<0g

hence A ~ A362 /62 as 0, tends to zero. Thus, we can consider the following cases:

o if, <f,o0rb, b, < 02/% then A — 0 and the terms between parentheses

in (3.25)—(3.26) are of order A ~ max ((Az + B»)*0,, A363/62);

o if 02/* < 0, then A — 400 and the terms between parentheses in (3.25)—(3.26)

are equal to 3.
Namely, we have the following:
a) If 02/° < 6, then

o (3.24) is equivalent to Cy (2y/A50, + (Ay + Bs/3),)/2 with 6, < 657,
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(2 4+ v/3)/CyA50,
(m/2)1/4 ’

e (3.26) is of order 6, /0, < 0L,

e (3.25) is equivalent to

2+ VAT A0,
(m/2)1/"

so that F(0,,0,,0,) ~ max (Cl\/AQQu, ) when 6,,0,,60, — 0.
b) If 0, < 0, then A ~ (Ay + By)30, — 0 and

e (3.24) is equivalent to C(2v/As0, + A16,)/2 with §, < 0,

o (3.25) is of order 6/,
2/3

Bs (cy0,)1,

N

so that F(0,,0,,0,) ~ max <C’1 v Asb,,

e (3.26) is equivalent to

6%/%(C50,)"/* By

Ve

) when 6,,0,,6, — 0.

) If 6, < 0, < 62/, then A ~ A363 /62 — 0,
o (3.24) is equivalent to Cy(2v/A26, + (A1 + Bs/3)6,)/2 with 6, < 65/°,

e\,
e (3.25) is of order 62 x (—”) =5 < 61/3,

0; e
o 2320385 0, [(C3A303\'?  (4C46,)'/3Bs
® (326) 1S equlvalent to ma < 202 02) = W?
4030,)'3B
so that F(6,,0,,0,) ~ max (le/Azeu, M) when 6,,6,.,60, — 0.
313\ /7 /2
In conclusion, F(0,,0,,0,) is of order max(6,, (9;/2, Hi/3) when 6,,60,,6, — 0. O
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