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Abstract

We extend the construction of equilibria for linear-quadratic and mean-variance
portfolio problems available in the literature to a large class of mean-field time-inconsistent
stochastic control problems in continuous time. Our approach relies on a time dis-
cretization of the control problem via n-person games, which are characterized via the
maximum principle using Backward Stochastic Differential Equations (BSDEs). The
existence of equilibria is proved by applying weak convergence arguments to the solu-
tions of m-person games. A numerical implementation is provided by approximating
n-person games using finite Markov chains.
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1 Introduction

Stochastic control theory aims at optimizing a time-dependent functional parameterized by a
controlled random state process, with applications to numerous problems in physics, biology,

finance, economics, etc. For this, the most commonly used approaches rely on Pontryagin’s
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maximum principle and on Hamilton-Jacobi-Bellman (HJB) equations, see e.g. Yong and
Zhou (1999) and Fleming and Soner (2006) for classical results on stochastic control theory.
This approach deals with time-consistent stochastic control problems, in which an optimal

strategy today remains optimal in the future.

However, many stochastic control problems are time-inconsistent in the sense that an
optimal strategy today may not be optimal in the future. This is the case for example in
the framework of a production economy with time-varying preferences, or in the nonlinear
setting of mean-variance portfolio optimization, which cannot be directly treated using the
dynamic programming principle and HJB equations. Such problems have recently been the

object of increased attention, see e.g. Bjork and Murgoci (2014) and Bjork et al. (2017).

There are two common formulations for time-inconsistent problems. The first approach
is to fix an initial time, to solve the problem given this initial time, and to stick to this
pre-committed optimal policy for the remaining time. See for example Zhou and Li (2000)

for the solution of mean-variance portfolio selection problem using pre-committed strategies.

The second approach, introduced by Ekeland and Lazrak (2006) in the deterministic set-
ting, is to formulate time-inconsistent problems in a game-theoretic setting using equilibrium
controls. This approach, which uses an HJB-type equation to characterize the equilibrium
controls, has been extended in Bjork and Murgoci (2014) and Bjork et al. (2017) to stochastic
mean-field control problems in both discrete and continuous time. In Hu et al. (2012; 2017),
a related characterization has been proposed by the maximum principle in a linear-quadratic
model, where the SDE is linear and the mean-field objective functional is quadratic. This
characterization argument has been later extended to general mean-field objective functionals

in Djehiche and Huang (2016).

However, no general results are available on the existence of equilibrium controls, except
in special cases such as the linear-quadratic model of Hu et al. (2012). In addition, no
numerical construction of equilibrium controls has been provided so far, except in mean-

variance portfolio selection, see Wang and Forsyth (2011).

In this paper, we present a constructive approach to the existence of equilibrium controls
for a class of mean-field time-inconsistent control problems, together with its numerical

implementation. Let (W}).cjo. 7] denote a standard Brownian motion generating the filtration



(Ft)teo,r]- Our results apply to the class of cost functionals of the form

J(t, & p) =E, [Q(XtT,Et[ / / st", [@(XE;“)},v)us(dv)ds , (L.1)

where g is a relaxed control, £ is an F;-measurable R-valued random variable, E;[X] =
E[X|F;] is the conditional expectation given F;, t € [0,T], and (Xt #)sepr) is the non-linear

controlled diffusion given by

dXé;” = / b(s st“, V) ps(dv)ds +a(s,X§;”)dWs, 0<t<s<T, 12)
U 1.2

Xt =¢

)

Our approach to the existence of equilibrium controls relies on a time discretization of the
control problem using n-person games, and on a variation of Pontryagin’s maximum principle
for the characterization of n-person games, see Theorem 2.1. In Corollary 2.5, we prove the
existence of an equilibrium control in the sense of Definition 1.3 for the time-inconsistent
mean-field control problem (1.1)-(1.2), based on a formulation of equilibrium controls as
weak limits of the sequence of solutions to n-person games, see Theorem 2.4. The proof of

Theorem 2.4 uses BSDE convergence arguments and the characterization Theorem 2.1.

The numerical construction of equilibrium controls is achieved by approximating n-person
games using finite Markov chains by adapting the method of Kushner (1990a) to our set-
ting, see Theorem 3.4. Precisely, the argument therein applies only to posed inf problems,
as it requires comparing the optimal control p* to any other control i via the inequality
J(t,x,1u*) < J(t,z, ). Here, the control problem (1.1)-(1.2) is not posed inf, instead it is
formulated in the game-theoretic setting of equilibrium controls in the sense of Definition 1.3
below. Hence, no such comparison of equilibrium controls is possible as in (1.5), neverthe-
less we are able to apply the comparison argument to n-person games since they are posed
inf. In Section 3.2, the numerical scheme is implemented using a trinomial tree, first on a
linear-quadratic model which admits an analytic solution, and then on a linear-quartic model

which does not have analytic solution.

The particular case of mean-variance portfolio selection, where the cost functional J (¢, &, )

in (1.1) is given by

J(t, 6 1) = ~Bo[X5H] + 2B [(XEF — B [X5H])]



where v > 0 has been treated in Czichowsky (2013) using semimartingale theory for the
convergence of equilibrium controls from discrete to continuous time. See also Huang and

Zhou (2018) in the case where (Xg;“ ) is a finite Markov chains, for time-inconsistent

s€(t,T]
control problems with infinite horizon.
This paper is organized as follows. After stating the necessary preliminaries on equilib-
rium and relaxed controls, in Section 2.1 we present a characterization of n-person games
using the maximum principle. In Section 2.2 we show the convergence of the solutions of
n-person games to an equilibrium control, and we obtain in turn the existence of an equilib-
rium control in Corollary 2.5. In Section 3.1 we deal with the convergence properties of the
Markov chain approximation for the SDE of n-person games, see Theorem 3.4. In Section 3.2
we present a numerical application of the convergence results obtained in Sections 2.2 and
3.1. The proofs of the main Theorems 2.1, Corollary 2.5, Theorems 2.4 and 3.4 rely on

technical lemmas presented in appendix.

Preliminaries

Let T > 0 be a fixed time horizon and (2, F, (F)co,r),P) be a filtered probability space
satisfying the usual conditions, where (F;)icpo,r) is the filtration generated by a standard

Brownian motion (W})scpz. In the sequel, we let U denote a compact subset of R, and we

denote by B([0,7] x U) and B(U) the Borel o-algebra of [0,7] x U and U, respectively.

Definition 1.1. The space A of deterministic relaxed controls is the set of nonnegative mea-

sures A on B([0,T] x U) such that
A([0,t] x U) =1t, t € 10,77 (1.3)

We also denote by \(+) the density such that \(dt, dv) = A\(dv)dt, t € [0, T], whose existence
follows from (1.3).

Definition 1.2. i) The space U([0,T]) of strict controls over [0,T] is the set of (Fi)iejo,r)-

adapted U-valued processes.

i) The space R([0,T]) of relazed controls over [0, T)] is the set of A-valued random variables
A such that A\([0,t] x B) is Fi-measurable for allt € [0,T] and B € B(U).

We now turn to the definition of equilibrium controls in a game-theoretic setting, see Ekeland

and Lazrak (2006). Given u,v € R([0,7]) two relaxed controls and ¢ € (0,7 — t], we let
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v @ p denote the local spike variation of y, defined as

ve,, 0<t<s<t+eg,
(V ®t,6 M)s -
ps, s €[0,TI\[t,t+ €]

As in e.g. Kushner and Dupuis (2001), Buckdahn et al. (2011), Djehiche and Huang (2016)
Bahlali et al. (2018), we assume the following boundedness and smoothness conditions on

the coefficients and cost functions of the problem (1.1)-(1.2).

Assumption 1. i) The functions b,o,h, g, ®,V are uniformly continuous and bounded.

ii) The functions b(t,z,u), o(t,x), ®(z), V(x) are differentiable with respect to x for all
(t,u) € [0,T] xU, and their first order (partial) derivatives 0,b(t, x,u), 0,0(t,x), ®'(x),
V() are differentiable with respect to x for all (t,u) € [0,T] x U, are uniformly con-

tinuous and bounded.

iii) The functions h(t,x,y,u), g(z,y) are differentiable with respect to (x,y) for all (t,u) €
[0,T]x U, and their first order partial derivatives 0,h(t,x,y,u), Oyh(t, z,y,u), O.9(z,y),

0yg(x,y) are uniformly continuous and bounded.

iv) There is a constant oy > 0 such that o(t,z) > oo for all (t,z) € [0,T] x R.

We note that the functions b(t, -, u), o(t,-), h(t,-, -, u), g(-, ), (), ¥(-) are globally Lipschitz
continuous for all (t,u) € [0,T] x U since they have bounded derivatives. In the sequel, we
fix an initial condition zy € R, and given p € R([0,T7]) we let X{' := Xg4*, ¢ € [0, T], denote
the solution of the SDE

dXt”:/b(t,Xt",v)ut(dv)dtJra(t,Xt“)th, 0<t<T, (1.4)
, :

X(l; = X9-
The next definition of equilibrium controls is an extension of Definition 2.1 in Hu et al. (2012)

using the space R([0,T]) of relaxed controls instead of the space U([0,T1]) of strict controls.

Definition 1.3. We say that a relaxed control p* € R([0,T]) is an equilibrium control for the

time-inconsistent mean-field control problem (1.1)-(1.2) if

J X 1) — T, X5 @
lim (Xt w) }S Lo “““)go, ueR(0,T)), ae tel0,T], Pas., (15)

where the equilibrium dynamics (Xf) is the solution of (1.4).

te(0,7
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In the literature, Definition 1.3 is usually stated in the space U([0,T]) of strict controls
instead of using the space R([0,7]) of relaxed controls, see Definition 1.2. The relaxed
representation of a strict control u € U([0,T7]) is denoted by

w(dt, dv) = p(dv)dt = 6,,(dv)dt, (1.6)

where 0, (dv) denotes the Dirac measure at z € U.

As the proof of our existence result Corollary 2.5 requires the compactness of the control
space, we choose to work with the space R([0,T]) of relaxed controls because it is compact
when endowed with the weak topology. Examples of control problems which do not admit
strict equilibrium controls can be constructed based on the non compactness of the space
U([0,T]) of strict controls, see e.g. the Rademacher function example in § 1 of Valadier
(1994). In Hu et al. (2012; 2017), the existence of equilibrium controls is proved without
requiring the compactness of the control space, however this is for the special case of a

linear-quadratic structure on the SDE and cost functional.

For convenience, we introduce the following notation. Given p € R([0,7]) a relaxed
control of interest, for example p* in Theorem 1.4 or p*" in Theorem 2.1 below, for ¢ =

b,o,h,g and v = @, resp. ¥ when p = h, resp. g, we set the notation

Ol = [ Oupls, XL o)) (1.7)
0yt = ' (XH)E, { [ et x B vwdm] , (1.7h)

where t < s < T and X* is defined in (1.4). Next, we now introduce the Hamiltonian

function

H(t,x,y,u,p)zp/

b(t,:z:,v),u(dv)—/h(t,x,y,v),u(dv), (1.8)
U

U
where (t,2,y,p) € [0,T] x R?, and p is in the collection P(U) of all probability measures on

U. By abuse of notation, we also denote
H(ta z,Y, uvp) = pb<t7 xz, U’) - h’(t7 z,Y, U)

when the fourth variable in (1.8) is w € U. The next theorem is a direct extension to relaxed
controls of the characterization of strict equilibrium controls proved in Theorem 1 of Djehiche

and Huang (2016) using the maximum principle, therefore its proof is omitted.
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Theorem 1.4. Let p* € R([0,T]) denote a relazed control. Consider O.bf;; G.Jg:, O.héfz,
3.95; given by (1.7a)-(1.7b), and let (pf;, qﬁz)se[tﬂ be the solution of the first order adjoint
equation
{ dply, = = (PleOablyy + als0e0hs — Ouhlyy — Oyhi)ds + qpydW,, 0<t<s<T, (19)
pﬁT = _axQZT - aygéfT-
Then, p* is an equilibrium control for the problem (1.1)-(1.2) if and only if there exists a
pair (péf:, qéf:)se[t 7 of (Fs)sept,m-adapted process satisfying (1.9), and such that

H(t X[, o(X[ ) v,plty) < H(E X, 0(X[), pi,ply), v ePU), ae t€[0,T], Pas.

In the sequel, C' > 0 represents a generic constant which may change from line to line.

2 Existence of equilibrium controls

2.1 Maximum principle characterization of n-person games

In this section, we consider n-person games for the construction of an equilibrium control
later in Section 2.2. In Yong (2012), equilibrium HJB equations have been used for the char-
acterization of equilibria via n-person games in control problems without mean-field terms.
Since the extension of this PDE approach to the mean-field case may not be straightfor-

ward, we propose instead to use the maximum principle for the construction of equilibrium

controls.
Given n > 1, we consider the sequence {t, = kT/n, k = 0,1,...,n} with step size
A, := T/n. Theorem 2.1 is a characterization of the solution of the discretization of the

time-inconsistent mean-field control problem (1.1)-(1.2) into an n-person game, for use in

the proofs of Corollary 2.5 and Theorem 2.4.

Theorem 2.1. Let n > 1. Under Assumption 1, suppose that the n-person discretized time-

inconsistent mean-field control problem

*T

T (b, XE ) = inf I (b, X1 @, 1), k=0,1,....n—1, (2.1)

BPER([tstr+1])

admits a solution p*" € R([0,T]) and let (pf:;; Qé;:) be the solution of the first order

t€(ty,T]
adjoint equation
{ dpl = — (P O}, +qf 0oty — Ol — 0N )dt+ gl (AW, b, <t < T,

*n *n *1

Proor = —0:9, 7 — Oug 15 k=0,1,...,n—1. 0
2.2



Then we have
H(t, XU By [O(XI ) voply ) < H(t X By [OXI )], ™ plhe), (23)

vePU), ae. t € [ty,tys], P-a.s., k=0,1,...,n—1.
Proof. We fix k € {0,1,...,n—1} and t € [ty,ts1). Given A € F, and v € P(U), applying
Lemma 2.2 below to the deviated control pis := v14 + pZ" 1o\ a, s € [0,7], we have
J(tka Xéf:nv 1% ®t,€ ,LL* ) J(tka th 7:U’ ) (24>
t+e
= Etk {/ (H(37 X5 7Etk [@(Xﬁ )]7 :u:nvp?k,s) - H(Sv Xﬁ ?]Etk [(I)(Xg )] NSaptk s))d3:| ( )
t
as € tends to zero. Since p*" is a solution of (2.1), the deviation p of p* in R([0,T]) over any

time period within [¢y, 51 1] will be sub-optimal. Therefore, letting € tend to 0, the Lebesgue
Differentiation Theorem applied to (2.4) yields

*M *n

Etk [ILA(H(t’ Xf*naEtk [q)(Xf*nﬂ? an,pf,::) - H(t7 Xtu*nv Etk [®<X# )] v ptk t))] Z 07

a.e. t € [0,T]. Since A € F; is arbitrary, we conclude to (2.3). O

The next lemma, which has been used in the proof of Theorem 2.1, yields an expansion of

the cost functional J(tk, Xt’f:n, TR ,u*”) in e. For p,v € R([0,T]) and ¢ = b, 0, h, g we let
0pys = /U<P(8 X By (X)) v)vs(dv) — /U p(s, X{ B[y (XY)], v)ps(dv),
0.t = [ ol X LX) (@) — [ Dupls, XEBD O, 0o,
U U

t <s<T,where y=®, resp. ¥ when ¢ = h, resp. g.

Lemma 2.2. Under the assumptions of Theorem 2.1, fix t € [0,T) and k € {0,1,...,n — 1}
such that t, <t < tyy1, and let p € R([0,T]). Then, as € > 0 tends to zero we have the

ETPansion

t+e
J(tk,th R pF ) J(ﬁthk T )‘HEtk {/ (5}15‘;“3 _5btks ptks)ds o(e).
t

Proof. Let <y§6))se[tkﬂ denote the solution of the variational equation

dyge) = ( 8 b?k s T (Sbtk s ﬂ[t,t—i-a](S))dS + ygs)azo-g:,zdwm ek <5< T’ (2 7)
yt(:) =0,



and, for (s u,0) € [t T) x U x [0,1], let pf = (p @pe p*™)s, £ = Xp° — X1 &) =
¢~y and use the notation

Ouho(s,u) = O,h(s, (1 — O)XE™" + 00X By [(1 — 0)D(XE™) + 00(XE)], u),

0ugo = 009 (1 = O)X5" +0X7 By [(1 - ) (X7 ) + 6% (X7)]),

0, y(s) = 0, @((1 - O) XL +0XL7),

*7

and similarly for d,hg (s, w), 0,99, 0, Vg. We note that by the flow property Xt):t;“ " xur
the cost functional in (1.1) rewrites as
J(te, XL 1) = Ey, [g(Xﬁ,Etk / / s, XF By [@(XE)],v) ps(dv)ds

By the fundamental theorem of calculus on [0, 1] we have
It X0 0°) = (1, X )

~ o (X8 B [0 0 )]) - 9 (X8 B [0 ()
+/t (/Uh(s,Xf,Etk [q)(Xg‘s)],v)ug(dv)—/Uh(s,Xﬁ*n,]Etk [@(Xg*”)],v)u;n(dv))dsl

= [, {ﬁT / &cggdﬁ—i—]Etk{/ fT 0 \Ilgde}/ 8yg9d6+/ (5htk5 Il[tt+e]( s)ds

/ /(f(a/ahgsvde—l—ﬂztk{/ £9)0,y(s) d@}/ Oyhg(s,v)d )us(dv)d]

Etk |:€T / (@cga 8w90)d9 + (6 - y’fl“a))axgtk T + yé“)axgtk T
0

1 1
+ Etk |:/ féf)az\lfgde} </ (aygg — Oygo)de)
0 0

+ 9,90y, { /0 1 &9(9,0p — aggxpo)de} + 9, 90E, [(6F — yi)) 0. W0] + 9,90
w [ (60 [ [ ehatsr) - )t
+¢) (/ Duho(s, v (dv) — / 3xho(8av)ﬂi”(d“)> + (68 = ) Ok + Oty
+ Ey, V €89, y(s d@} // (Oyho(s,v) — Oyho(s,v))dOps(dv)
+Etk{ 5<€ D, Py(s) — 8I(I>0(s))d9} /U Oyho(s, v)us(dv)
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+Etk§aq)0 (/8hoS’Ulust /8hosv ))

+Ey, [(€ = 4) .o (s /ahosvus (dv) +y©

ah5k8+yseah?ks

I

U 0uglr + ys 0,9l / (3

123

+ 5hgxl;n 1 [t,t+e] (S) ) dS

ahfks—i_ys

0 h?k s T 6htk s 1[t,t+e}(3)) ds]

0, h?ks_f’(shuu ]]-tt+£}(s))d8:| +0(5),

ti,S
(2.8)
—Ey, [yg?)ptk*r}] + 0<5)7 (2.9)

as ¢ tends to zero, where (2.8) is due to Relations (2.10), (2.12) in Lemma 2.3, the conditional

Holder inequality, Assumption 1, and Lemma A.4, and (2.9) is due to (2.

using the identity

T
Eq, [?/éf)pfk,ﬂ = [, { /t (s
k

that follows from [t0’s lemma.

©g, "

tks

+ ysa a h'gk S + 5btk S

2). We conclude

Lt pge] (5)pfk,7;)d3 )

O

In the next lemma, we derive the order of convergence for the variational equation (2.7),

which has been used in the proof of Lemma 2.2.

Lemma 2.3. Under the assumptions of Theorem 2.1, fiz t € [0,T) and k € {0,1,...
such that ty <t < tgyq, let p € R([0,T]), € > 0, p > 1, and denote fge)

,n—1}
_ X‘ga . X‘é’t*n7

' = ¢ — 9 asin (2.7), where 1F = p Qe ™. Then, as € tends to zero we have the
estimates
B s [697| = O (2.10)
Ls€ [ty T
E;, | sup \y§€)|2p1 = 0(e™), (2.11)
Ls€ [ty T
B s 69 = 4] = o). (212)
Ls€ [ty T)

Proof. 1) Proof of (2.10)-(2.11). Letting

5o = / (b(s, X" 0) — bs, XP" v
U

58 = O'(S,X;LE) — o (s, XK

/a

)) 1 (dv) //ab (1—0) X" + 60X, v)dous(dv),

(1—0)Xr" +6X")df,

s
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by the fundamental theorem of calculus, the process (§§€))s €lte.T] satisfies the SDE

dgs? = (6900 + 0 g (s))ds + €967AW,, e <s<T,
&) =0

Next, by the Burkholder-Davis-Gundy inequality, we have

/ (5( b5)+5btkr ]l[t,t-l—a}(T))dT—‘f_/ @@5()
tr tg

2p
W, ]

Etk[ sup |§§E)|2p] = ]Etk|: sup

s€[ty,T) s€[ty,T]
T ~ 2p T *N 2p T 2p
S CEtk |:/ |€§E) bg5)| dS + ‘/ ‘5ngg |1]-[t,t+€} (S)dS ‘I— / ‘géa) 5‘§5) } d3:|
tr Ly tk
T
< CE, { / € ’2pds} + O™ (2.13)
<

C/ Etk{sup 55)}279}6&9—1-6’82”,

rE(ty,s]

where (2.13) is due to the boundedness of b, o and their derivatives in Assumption 1. The

proof of (2.10) is completed using Gronwall’s inequality, and (2.11) can be proved similarly.

2) Proof of (2.12). By the fundamental theorem of calculus, the process (nge)

the SDE

)Se[tk,T} satisfies

dn$ = (€90 — 40,60 ) ds + (€95 — 40,0l AW, 1, < s < T,
my = 0.

As ¢ tends to zero, we have

]Etk{ sup ‘n55)| } :Etk{ sup

s€[ts,T) s€[ty,T]

/( ( /abrX“ )ui(dv))

+£© ( / Oub(r, X1 v) pi (dv) — mf;) + 0,0, ) dr
U

:

l;ga)_/be(s,Xﬁ*n,v)ui(dv)
U

2 ) ds +
tg
T 2 4
S O<Etk |:/ |77§8)‘ pds:| + sup Etk Hgsa ‘ P ]Etk |:
th s€[tg,T]

11

+ / (55:” (69 — 0,01 ) + 1 ang;’;) AW,
12

T
[(er
th °

+[eD 17|56 — 0,01

2p *n
+ ’7755 a bfk s‘ + ‘Ugg)axaﬁ,s

:

/ Aub(s, XE 0) ) (dv)

2p

S CEtk,

*n

T
gg)‘éa bﬂﬂ | X 1[t7t+5](8)d8

tL,s

kyS

g




+ sup \/]Etk }£s€)|4p}EtkH 5 — x0i8| }—1-84") (2.14)

SE[tk T]

<c/ Etk[sup el }ds—l—o( P, (2.15)

re(ty,s)
where (2.14) is due to (2.10) and to the boundedness of 0,b and 0,0, (2.15) is due to the
uniform continuity of 9,b, 9,0 in Assumption 1, Lemma A.4, and (2.10). The proof of (2.12)
is completed by Gronwall’s inequality. ([l

2.2 Construction of equilibrium controls

We equip the space A of deterministic relaxed controls with the weak topology generated
by the bounded continuous functions on [0,7] x U. The spaces C([0,7]) and D([0,7]) of
continuous and cadlag functions on [0,7] are equipped with the uniform and Skorokhod
metrics, respectively. In Theorem 2.4, we construct an equilibrium control for (1.1)-(1.2)
as the weak limit of the solution of the n-person game (2.1) as n tends to infinity, and in
Corollary 2.5 we prove the existence of an equilibrium control. In the sequel we let |T'], =T

and LtJn:tk iftk§t<tk+1,]C:O,l,...,’n,—l

Theorem 2.4. Under Assumption 1, for anyn > 1 there exists a solution p*" of the n-person
game (2.1) in the space of relazed controls. In addition, the weak limit u* of any convergent
subsequence of (1*"),>1 s an equilibrium control for the time-inconsistent mean-field control
problem (1.1)-(1.2).

Proof. We start by constructing a solution p*”" of the n-person game (2.1) using backward
induction in the compact space of relaxed controls. By Theorem 2.14 of Bahlali et al. (2018)
there exists a mapping fi, : R — R([t,—1,T]) such that

J(th_1,x, fin(x)) = inf J(tp_1, 2, 1), r e R.
(v 2 (@) = dof | Tt p)
Next, applying this argument recursively to k = n — 1,...,2,1, we obtain a mapping py :

R — R([tk-1,tx]) such that

J(tk—l, Zz, #k(l‘) ®tk—17An ﬂk-f—l (th:l_tf,(t?))

= f (1,1 p® e (X0 0),s
HER([tk—1,tk]) (k ! H Ot An Mk+1< tk—latk))

and let fir(x) == () @1, firsr (X)), 2 € R Then, p™ := jin(wo) € R((0,T]) is a

solution of the n-person game (2.1).

12



By abuse of notation, we denote by (u*"),>1 the extracted convergent subsequence on A,

and show that its weak limit p* is an equilibrium control. We have
T *M *1 *7 * * *
E[/ |H(t, X{"" B, [@(X) )Lﬂ;;n,p;fﬂwt) — H(t, X", (X} ),,uf,pf,t)‘dt}
0
T
_E { /
0
ol [ WX )+ [ b XE B o) o)
U U
T *M * *M
<cu| [ (Wi -l x| [ vlexe” o)
[ X o)~ [ e X i)
U

U

p/f;j:“t /U b<t7 X#*n7 ’U)[L:n<d’l)) - /Uh(t7 thl*n’ ELtJn [(I)(X#*n)] ) U)M:n(dv)

:

T || / [b(t, XE™"0) — b(t, X2 0) (o)

+ [Pl >
[ IR B [0(XE7)].0) = bt XE BT L o))

+

K

/U Bt XE E@(XE)], v)"(dv) — / Bt XE E@(XE)], v (dv)

/Uh(tXf*,Et[‘D(Xé‘*)]av)u?”(dv)—/h(t,Xf*,Et@(Xf*)Lv)uI(dv)

U
T
<o e
0

(2.16)

+ Pl — P | 2 XET = X+ B (X)) - EA«D(X#”*)H}dt (2.17)

T T
+O(E [ / \szIth]E[ / (!Xf*”—X#"!2+\ / b(t, XE,0) ™ (dov) — / b(t, Xt v)u (dv)
0 0 U U
(2.18)

¥

Since

/U Bt XE E@(XE)], v (dv) — / Bt XE E@(XE)], v) (dv)

is uniformly bounded by some K > 0 from Assumption 1, (2.16) converges to 0 as n — oo by
dominated convergence and Lemma A.3. The first term in (2.17) converges to 0 as n — oo
by Lemma 2.7 and dominated convergence, since by Theorem 4.2.1 in Zhang (2017) there
exists C' > 0 such that

}awgftjn,T + aygﬁjn,TF + |a:rgw/§fT + aygéfT‘2

sup B | sup (1, [+ )] < sup B
0<t<T t<s<T 0<t<T

T 2 T 2
+ (/t |00ty + ayhftjms\ds> + (/t 0.0l + ayhgjs|ds) ] (2.19)
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which is bounded uniformly in ¢t € [0,7] by Assumption 1. The second term in (2.17)
converges to 0 as n — oo by Lemma 2.7. The third term in (2.17) converges to 0 as n — oo
by Theorem 4 in Fetter (1977) and dominated convergence. Since | [, b(t, X}' o) (dv) —
Jo b(t,Xf*,v)uf;(dv)}Q is uniformly bounded by K2, (2.18) converges to 0 as n tends to
infinity by Lemma 2.7, (2.19) and dominated convergence, and Lemma A.3. Therefore, we

have

T

n—o0

similarly, for any v € P(U) we have

n—o0

T
lim EU |H (6, X1 By, [@(XE) vty L) — H(t,X#*,@(X;‘*),u,pgj}‘)]dt] =0,
0

therefore there exists an increasing sequence (n;);>1 of integers such that

B (0 X B (90X 1) = B X OKE ). ).
and
Zli)l?@ H<t’ X{L*nl ) El-tjnz [q) (Xéu*nl)] Vs pfth,t) = H(t’ Xllfuy" q)(Xiu*% v, pg:)a

a.e. t € [0,7T], P-a.s.. In addition, by Theorem 2.1 we have

*1 4

H<t7 thz, ELtjni [(I) (thi*”l” , U, plft]t;,t) S H<t> XZ%7ELtJnZ [(I) (X# )} ; Hrniapft]rzi’t)7
a.e. t € [0,T], P-a.s. for all v € P(U), hence as k tends to infinity we find
H (L XE (XE), vply) < H(L X ®(XE), i, ply), ae. t€[0,T], Pas,

for all v € P(U), hence the weak limit p* of (*);>; on A is an equilibrium control by
Theorem 1.4. 0J
Applying Theorem 2.14 of Bahlali et al. (2018) under Assumption 1 and using backward
induction, for any n > 1 we construct a solution u*" of the n-person game (2.1) by recursively
solving Problem (2.1) in the space R([t, tx+1]) of relaxed controls, k =n—1,...,1,0. By the
discussion below Definition 2.1 in El Karoui et al. (1987), the vague topology used therein
on A is equivalent to the weak topology, and A is a compact metrizable space since the set
[0,7] x U is compact. Therefore, the sequence (p*"),>1 of relaxed controls solutions to the
n-person game (2.1) is tight, and it admits at least one weakly convergent subsequence, see
Theorem 5.1 in Billingsley (1999). As a consequence, we obtain the next existence result

from Theorem 2.4.

14



Corollary 2.5. Under Assumption 1, the time-inconsistent mean-field control problem (1.1)-
(1.2) admits an equilibrium control j*.

Proof. By Theorem 2.4 above, the weak limit u* of any weakly convergent subsequence of
("™ )p>1 is an equilibrium control. O
Applying Theorem 2.4 requires to check the weak convergence of a subsequence of (1*),>1
in A. The next corollary shows that this may not be necessary if only the value function is

concerned.

Corollary 2.6. Under Assumption 1, the sequence (J(0,zo, t*"))n>1 admits at least one
convergent subsequence. In addition, the limit of any such subsequence can be written as
J(0, zq, ).

Proof. Denoting by (1*");>1 the weakly convergent subsequence of (11*"),>1, it suffices to
note that by Lemmas 2.7 and A.3, the sequence (J(0,xo, ")), converges to J(0,xo, u*)
due to the Lipschitz continuity of h and ¢ in Assumption 1. O

The next lemma contains stability results for the SDE (1.4) and for the backward SDE (2.2),
which have been used in the proofs of Theorem 2.4 and Corollary 2.6.

Lemma 2.7. Let (11"),>1 C R([0,T]) be a sequence of A-valued relaxed controls converging
weakly to pn € R([0,T]). Then under Assumption 1, we have

lim E { sup !X“ X{‘ﬂ =0 and lim E { sup |thJ s pt5| te0,7).

n—00 0<t<T n—00 t<s<T

Proof. (i) Using Assumption 1, we have

E [ sup ‘X“ X{“Z]
0<t<T
t
// s, XM v us(dv)ds—/ /b(s,Xﬁ,v),us(dv)ds
0o Ju
2]

(5, X", v) — b(s, XF,v)) ul(dv)ds

{ sup

0<t<T

—i—/o ( (S,X;‘ ) —U(S,X;‘))

2

< CE | sup (
0<t<T

b(s, X, v usdvds—// (s, X¥ v)us(dv)ds

< CE [/ 7] ds]+c/ {sup X" Xﬁﬂ dt,
0<s<t

15
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where
fr ::/b(s,Xﬁ,v)u?(dv)—/b(s,Xf,v)us(dv).
U U

Hence, by Gronwall’s inequality we get
n 2 T
E { sup | X" — X/'| } < Ce“TE [/ |f:|2ds].
0<t<T 0

|2_

By Lemma A.3 we have lim, . |f!']* = 0, a.e. s € [0,T], P-a.s, hence we conclude by

dominated convergence as | f7|? is uniformly bounded by K?.

(i) We fix t € [0,7] and denote

( én = _angtJmT - aygftjn,T’
§ = _amgf,T - 3ngT7
fn(37p> Q) = pazb!ftjn,s + qaxo—ftjn,s - athtjms - ayhftjn,y
f(s,p,q) == po,bi, + q0,0f, — O.hiy — O h,.

By Theorem 4.4.3 in Zhang (2017), it suffices to show that lim E[[¢" — £]?] =0, that
n—oo

n—oo

lim EUT |f™(5,0,0) — f(s,o,0)|2ds] =0, (2.20)

and that f™(s,p,q) — f(s,p, q) converges to 0 in ds x dP-measure as n tends to infinity for
any fixed (p, q). We note that the latter condition follows from Chebyshev’s inequality and

n—oo

nmEu |f”<s,p,q>—f<s,p,q>|2ds}=07 (b.q) € . (2.21)

Since the arguments leading to the above conditions are similar, we focus on the limit (2.20).
By (1.7b), we have

T
E [ / |0, ht!, — %hfgjmsfds}
t
T
t
— O (XL)Ey, U Oyh(s, X! Eyy, [‘P(Xﬁ")},v)ﬂé‘(dv)}
U

T
<c[E
t

B [ (s, X2 BB, o)

2
]ds

B | [ (o, X2 B 00X o)

2

|(xt) — @ (X[ % +|@(x)[°

S
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2

B | [ (s, Xt BRI 0)lao)| = B, | [ oynts X2 Blo0K o)

2

+ (B, / 0,h(s, X2, B0(X2)] v)(a) — [ ayh<s,X5,Et[<b<Xs>Lv)uﬁ(dm}

+ B, | [ @hts. X B0(X) ) - ayh<s7X;zEm[@(Xﬁ)J,v))us(dv)]

+ Epy, | [ (0yh(s, X1 E ), [R(XE)], v) — Oyh(s, XE By, [@(XE)],0) )l (dv)
U

< C/TIE[M)’(X;‘) — o' (x| (2.22)
+ B [ ot xt mgoCe )| By, | [ s X2 BRCE o)

(2.23)

+ /a h(s, X" By [®(XM)], 0) s (do) /a h(s, X" By [®(XM)], 0)ul(dv) 2 (2.24)

| [ @t X2 BN 0) = 0,15, X2 By [R(X2) o)) (2.25)

+ /U(ayh(s,Xg,]ELtJn[@(Xg)],v)—ayh(s,Xg",Emn[@(Xg")},v))ﬂg(du) ]ds. (2.26)

The inequality (2.26) is due to Assumption 1, the conditional Jensen’s inequality. Fix s €
[t,T]. By Lemma 2.7 and Theorem 4 in Fetter (1977),

lim E[|X# — X0 4 [E[®(XH)] — By, [@(XH)]P] =0,

n—so0
and (2.22), (2.25), (2.26) converge to zero by Lemma A.4, conditional Jensen’s inequality,
Assumption 1 and dominated convergence on [0, T]. Similarly, (2.23) and (2.24) tend to zero
by Theorem 4 in Fetter (1977) and Lemma A.3 respectively. The term in 0 thJ o — Ouhy,
is treated similarly using (1.7a). O

Remark. We note that the equilibrium control p* constructed in Corollary 2.5 using equal
partitions may not be unique. Indeed, two sequences (II}),>; and (II}),>1 of partitions
may yield distinct limiting equilibrium controls p; and ps by Theorem 2.4. However, under

Lipschitz conditions on the function
Y(t,x,p) = argmax H(t,z,®(x),-,p), t€l0,T], (x,p)€ R
and on the coefficient derivatives appearing in Assumption 1, it can be shown by a contraction
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argument in small time 7" that the equilibrium control of (1.1)-(1.2) can be represented as

in (1.6) from a strict control in ¢([0, T]) which is unique in L'(Q x [0, T]).

3 Numerical implementation

3.1 Markov chain approximation of n-person games

Using Markov chains as in Kushner (1990a), we construct an approximation for the relaxed
control solution p*™ of the n-person game (2.1) used in Theorem 2.4. Then, in Theorem 3.4
we show the convergence of this approximation to u*", n > 1. Let n,m > 1, A, , :== T/(nm),

and 7' = kA, ., k=0,1,...,nm.

Definition 3.1. For any n,m > 1, we let U™™([0,T]) denote the set of admissible discrete-

time strict control sequences (Uk)o<k<nm Such that uy is ftzl—measumble.

Given a sequence (Z)k=01,..nm, We let T be the step function defined as

nm—1

:Zt == Z :Ek]l[t;”,tzn+l)(t) + :c"mll{T}(t), t € [O,T]
k=0
We also let H,,,, : R — \/Zn,mZ denote the rounding function on \/meZ, where 7 =
{...,—2,—-1,0,1,2,...} is the set of integers.

Assumption 2. Let n,m > 1, and u™™ = (ug)o<k<nm € U™ ([0,T]) be a sequence of admis-
sible discrete-time strict controls. We assume that there exists a discrete-time Markov chain
(X,:Lm“) _ on \/meZ, such that

(i) X§™ = Hy (o),
(i1) IP’(X,Zf}’“ =y ] (Xl"’m’“,u?’m)l:0717..,,k) = ]P(X:;:’f’“ =y } D G u;”"), y € \/Zn?mZ,
(i) B[R — XPm | (6™ ™)on, ] = Db (1, XP" ).

(iv) E[(X = X0 = Db (57, X0 ) ) | (G 0™ ) izo,1,..8]
= An,mo-2( Zla X:,m,u) + O(An,m>; k= 0, 1, o, nm — 1.

(v) There exists C > 0 such that sup |X; /7" — X"

0<k<nm

<OVAum, nym > 1.

18



Let (]::tn )tE[O,T tefo,T
U™™([0,T]) an admissible control sequence, we define the cost functional

] denote the filtration generated by ()T?m“) x Given u™" = (ug)o<k<nm €

Jrm (tzm, X;%m,u? an,m) — FE |:g ()Tz},m,u’ E [\If ()_(;,m,u) } f%m} )

T
# [ (s X Bfe(Xeme) | £ oy | mn|
t

? s
m
k

k=0,1,...,nm — 1. Consider the discretization
TV (g, X omuT smm) = inf TV (g, XM g a "™y, 3.1
( Fr b ) ueld™([0,T1) ( S Dt n ) (3:1)
k =0,1,...,n — 1, of the n-person game (2.1), which admits a solution @*™ due to the

n,m,u n,m,u n,m,u
Xpmt = X — A b (7, X0 uy,)
m n,m,u ’
g (tk ) Xk )

n7m7u n7m7u Pp— J—
W — W, = k=0,1,...,nm— 1.

By Assumption 2-(iii) we check that (W;"™")
filtration, which coincides with (_F't”m)

+e[0.T] is a martingale with respect to its own

re0T]" By the Skorokhod representation Theorem A.1,
all processes can be defined on a same probability space (£2, F,P). The next lemma follows
from Theorem 4.6 in Kushner (1990a), see also Theorem 10.4.1 in Kushner and Dupuis

(2001).

Lemma 3.2. Under Assumptions 1 and 2, fit n > 1 and for any m > 1 let u™™ =
(uk)o<kenm € U™™([0,T]) be an admissible control sequence. Then, letting p™™ denote

the relaxed control representation of u™™, m > 1, see (1.6),

a) the sequence (X", pmm, Wnm) is tight on D([0,T)) x A x D([0,T1]),

m>1

b) the limit of any weakly converging subsequence of (Y”7m7“,u"’m,W”7m7“)m>1 takes the

Jorm (X*, u, W) on D([0,T]) x A x D([0,T]), where W = (Wy)sepp1) is a Wiener process
and X" solves (1.4) with the relaxed control .

The following approximation lemma, see e.g. Theorems 3.2.2 and 3.5.2 in Kushner (1990b)
and references therein, will be used to approximate relaxed controls p € R([0,T]) using

elements an admissible control sequences in U™™ ([0, T7).

Lemma 3.3. [Chattering lemma] Let n > 1 and p € R([0,T]). Under Assumptions 1 and

2 there exists a sequence (u™™),>1 of admissible controls u™™ € U™™([0,T]), m > 1, such
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that the relaxed control representation (™™ )m>1 of (W™ )m>1, see (1.6), converges weakly

to i on A as m tends to infinity.

Proof.  The sequence (4™™),,>1 is constructed in the proof of Theorem 3.5.2 in Kushner

(1990b) and its relaxed control representation (u™™),,>; is shown to converge weakly to f.
0

The next theorem, which is the main result of this section, shows the convergence of the

solution of the discretized problem (3.1) to the solution of the n-person game (2.1).

Theorem 3.4. Under Assumption 1, fitn > 1 and let (*™™),>1 be a sequence of solutions to
Problem (3.1) with relaved control representation (u*™™),>1, see (1.6), and let (X™™"" )51

denote the Markov chain defined in Assumption 2. Then,

a) The sequence (X™m" p<mm) is tight on D([0,T]) x A.

m>1

*n,m)

b) Denoting by (X*™", w*™) the limit of any weakly converging subsequence of (X™™*" 1
on D([0,T]) x A, the process (Xfm)te[o,;p] solves the SDE (1.4) with relazed control p*".

m>1

¢) The relaxed control pu*™ solves the n-person game (2.1).

Proof. The tightness of ()T nmut u*”’m)mN and the fact that the weak limit of an extracted
subsequence (X™™*) _ solves (1.4) with relaxed control p*" follow from Lemma 3.2. To

show (c), it suffices to prove that for all k =0,1,...,n — 1 we have

*N

J(te, XE ™) = inf o Tt X ®eoa, ™). (3.2)

HER([tk tht1])
Fix any k € {0,1,...,n — 1}, and let J; be the infimum in the right-hand side of (3.2). For
any € > 0 there exists ;(®) such that

Jite>J(tn X 1 @4oa, 1),
By Lemma 3.3, we can find an admissible control sequence u™* = (uy)o<g<nm € U™™([0,T])
such that the relaxed control representation p™™* of @™"¢ converges weakly to ©*) on A as m
tends to infinity. By (b), (u*™™),>1 converges weakly to p*", and therefore (u*”’m]l[tk,tk et
Mnym,gﬂ[tk,tkﬂ))le converges weakly to M*nl[tk,tkﬂ)c + 'M(E):H'[tk:thrl) on A as m — oo. Then,

we have
Jite > J(tn X 19 @4 oa, 1)
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= lim J™™ (t, X200 @ @y, A, ™) (3.3)

1—+00
Z lllglo Jrmi (t]“ )_(?k,mi,u* : a*n,mi) (34)
= J(te, X[ 0, (3.5)

where (m;);>1 is an increasing sequence of integers. (3.4) is because @*™™ is solution of
Problem (3.1) with Markov chain X™™%" (3.3) and (3.5) follow from Lemma 3.6, up to
extraction of a subsequence to ensure almost sure convergence. Since € > 0 is arbitrary, we

conclude to (3.2). O

Applying Theorem 3.4 requires to check the weak convergence of a subsequence of (p*"™),;,>1
in A. As in Corollary 2.6, the next result shows that this may not be necessary if only the

value function is concerned.

Corollary 3.5. Under Assumption 1 and 2, the sequence (J™™(0,xg,@™™™))m>1 admits at
least one convergent subsequence. In addition, the limit of any such subsequence can be
written as J(0, xg, u*").

Proof. By the tightness of (4*™"™),,>1, we can extract a weakly convergent subsequence also
denoted by (p*™™),,>1 whose weak limit, denoted by p*", is the solution to the n-person game
(2.1) by Theorem 3.4, n > 1. By Lemma 3.6 below, we conclude that (J™™(0, zg, @*™™))m>1
converges to J(0, xg, u*"). O

The next lemma has been used in the proofs of Theorem 3.4 and Corollary 3.5.

Lemma 3.6. Under Assumptions 1 and 2, fit n > 1 and consider a weakly convergent se-
quence ()?”’m’“,u”’m,W”’m’“)mx, where for m > 1, ™™ € U™™([0,T]). Then, for any
k=0,1,....,n—1, the sequenice (J’“‘”’”‘(tk,)_(?k’m’u,ﬂ"’m))m>1 converges to J(ty, X{ ,p) in
probability as m tends to infinity. )

Proof. By the Skorokhod representation Theorem A.1, Lemmas 3.2 and A.2, there is a
common probability space (£, F,P) such that as m — oo, we have

(lim  sup | X7 — X =0,

mM=>00 +c[0,T]

[ [ somwrasao— [ [ st

lim sup }W?m“ — Wt‘ =0,

L m— 00 te [O,T]

lim =0, tel0,T], (3.6)
m—0o0
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P-a.s., for f any bounded random function, measurable in t € [0, 7] and continuous in u € U.
Since (W”’m’“)te[ovT] is an (F{"™)
et al. (2002), the filtrations (F3"™), o
hence for all X € L'(Q, F,P) we have the convergence

[0 T]—martingale for all m > 1, by Proposition 3 in Briand

converge weakly to (F;)scjo,r] as m tends to infinity,

lim sup E[X | /""" = sup E[X | F], (3.7)

M—=00 ¢c0,T1] te[0,T]

in probability. For any £ =0,1,...,(n — 1)m, let
—_— —_— T —_— —_—

7 =g (T BV | F) [ [ bl X BO(TEm) | F7] o) (o,

where ™™ is the relaxed control representation of u™™, see (1.6), and

Z} = g(XBE[U(X}) | Fip)) / / h(s, X2 E[D(XY) | Fpl,v)us(dv)ds,

with J(t)", Xim, ) = E[Z} | Fip] and J”’m(tkm,y&hm’“,a”’m) = E[Z; ™" | ]—"Zinm} Since

convergence in L' implies convergence in probability, it suffices to show that

lim E[[E[Z"™" | Fp"] - E[Z} | Fypl|] = 0.

m—o0

By the conditional Jensen’s inequality and Assumption 1, we have
B[[E[Z0™" | 7] — B2 | Fiyll] < E(Z0m - 22|+ [Bl2t | Fym] - B2t )]

T
< OE[ [ (e x2| + [Bo(X) | B - BO(X) | Fp)l)ds
t

. ([ nts.xe.mio0x) | Fploowt (@) — [ s X2 BR(X2) | Fpl ) ) s

m

k

+

X5 = x|+ (B[R | ) — B[UX) | Tl + L2 | 7]~ B[22 | Rl

The first, third, and fourth terms in the last inequality converge to 0 by (3.6), and the fifth
and sixth terms converges to 0 by (3.7) and uniform boundedness. Similarly, by (3.7) we
have

lim E[|E[®(X]) | Fiu"] —E[®(X]) | Fin]|] =0,  teltp,T],

m—r0o0
hence the second term tends to zero by the boundedness of ® and dominated convergence.

O
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Remark. In addition to the dependence of h(s, X* E;[®(XH)],u) and g(Xr, E¥(X%]) on
the mean-field term, time inconsistency of a control problem can also be caused by the

dependence of h and ¢ on initial time and initial state ¢ and X}, i.e.

T

J(t. X0, ) = E, [g(t,X#,X;,Et[\IJ(X%)]) [ [ s,Xf,Xs,Et[wn,v)Ms(dv)ds} |
t Ju

which admits the discretization

Jm (t, y?,m,u7 ﬂn,m) — E?,m |:g (t, )??,m,u’ )?;,m,u’ E;z,m [\I/ (X;,m,u)] ) (38)

» s

T
[ b X X (X ﬂ”’m)ds},
t

where E{""'[-] = E[-| F"™]. We note that under additional uniform continuity and Lipschitz
continuity assumptions on h(t,s, &, z,y,u), and g(t,&, x,y) in initial time ¢ and initial state
& respectively, the analysis of Theorem 2.4, Corollary 2.5 and Theorem 3.4 can be extended
to the setting of (3.8), by replacing (1.8) with the Hamiltonian

H(t,s,& @y, 1, p) =p/

Ub(s,x,v),u(dv)—/h(t,s,{,x,y,v)u(dv).

U
The proofs of Section 2.1 remain unchanged because the spike perturbation p ®, . p*" does

not affect the initial state X;éf The main changes to Section 2.2 are in Theorem 2.4, where

the bound (2.18) on

T
E [/0 [H ([t t, XLy X By, [O(XE) ] ™ 0l ) — H(t,t,Xt,Xt,@(Xa,u;:,péft)\dt}

now contains two additional terms

/0 ]E|:|XLtJn_Xt|+/[]‘h(LtJnataXtaXtaEt[q)(Xt)]?U)_h<tvtaXt7Xt>Et[(I)(Xt)]vv) ,u;‘"(dv)} dt,

which converge to 0 by noting the uniform continuity of A on initial time and the continu-
ity property of SDE. The proofs in Section 3.1, particularly Lemma 3.6, can be modified
similarly.

3.2 Numerical results

In this section we present numerical illustrations based on Theorem 3.4. Assume that K

is the bounding constant in Assumption 1, and let p™™(y; ", z,u) denote the transition
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probability of (X;1")o<k<nm, T € \/meZ, u e U™™([0,T]). Asin § 4 of Fischer and Reiss

(2007), Assumption 2 is satisfied using a trinomial tree constructed as

( \/Zn,m

SR ) + (L e), g = ot KV,
\/an m 1 2/(1m
Pyt ) = 2k &)+ g ot(f ), y=a— KV,
1 m
1_F2<k>x>7 y=x,
\ 0, otherwise.

We consider the following numerical implementation of Theorem 3.4.

(i) For each time ¢, initialize the nodes Yy := { H,, n(z0) + JKVA, 0 k<)< k}.

ii) Starting from t7* ..  solve Problem (3.1) for every initial value = € Y,_1), at time
(n—1)m ( )
(iii) Repeat (ii) recursively at times t{, 5 ... 5, (5"

However, solving Problem (3.1) can still be computationally expensive for large m because
we need to optimize 1 +3 + 3% +--- 4+ 3™"1 = (3™ — 1)/2 controls at each node z € Y,
k=n—1,n—2,...,0. If the function (3.8) does not depend on a mean-field term then for
each node x € V;,, k=n—1,n—2,...,0, the optimization problem

inf J(t U um 3.9
ueunl,g([o,ﬂ) (F 20 @ty T (3.9)

can be solved using dynamic programming, which reduces the number of parameters to be
optimized from exponential (3™ — 1)/2 to polynomial 1 +3+5+ -+ (2(m — 1) + 1) = m?
at everynodez € Y, k=n—-1,n—-2,...,0.

To solve (3.9) using dynamic programming at each time ¢]* with ¢, < " < tg1q1, we
need to access the optimal control on [tj%,,T] and calculate J™™ (1", z,u), which involves a
calculation from time ¢;" to time 7". The complexity of the algorithm can be reduced in case

(3.8) takes the particular form

T (4, X gy = g, X B gy (X)), B g, (Xmm)]) (3.10)

T
" / Bt s, X0 Ry (X0 )], . B g (X7, u,)]) d,
t
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from which we have

T e ) = g (6 o By (Bt o (X7 B (B o (X))

+1

» s » s

L2 1
[ s g (C ) g (2 ) s
i

» s » s

T
+/tm n(ep, s, o B B [ (X, @) ], B B [ (X, am)] ] ) ds.
I+1

(3.11)

7’L ,m
? 8

In this case it suffices to maintain an array for the values of by, ..., hy, g1, - . . , gp at XM
in order to solve (3.11) at time ¢;", which involves calculations from time ;" to time #}7,,
instead of from ¢]* to T'. This method is applied to the quadratic and quartic cost functions
examples B/ [(X7™" — )7?’7"’“)2} and B [(X7™" — )_(f’m’u)ﬂ below, however not all
cost functions satisfy (3.10), e.g. Ef'™[1/(X73™" + X}"™")] cannot be written in that form.

3.2.1 Linear-quadratic control problem

We first check the numerical application of Theorems 2.4 and 3.4 to a linear-quadratic control
problem which admits an analytic solution, see Bjork and Murgoci (2010) and Djehiche and
Huang (2016), allowing us to evaluate the performance of our numerical scheme. Here, the
state of the system is driven by the SDE

ngf _ <aX§’8“ - c/ ’Uus(dv)> ds+odWs, t<s<T, (3.12)
. .

Xt =¢,

where a, c,0 € R, with the cost functional

J(t, € 1) = ;E[(X — &)’ +%E UtT/UUQMS(dv)ds], (3.13)

where v > 0, g(t, &, z,y) = y(x—&)?/2 and h(t, s, &, z,y, u) = u?/2, in the framework of (3.8).
Extending the solution technique of Djehiche and Huang (2016) from the strict control space
to the relaxed control space by replacing Theorem 1 therein with Theorem 1.4 above, it can

be shown that (3.13) admits a strict equilibrium control represented as

py (dv) = 6,z (dv) == 0 dv), (3.14)

c(B(t)—a(®) X} “(

where
) y t s
X = X0 = xﬁ’(O,t)—I—a/ (s, t)dW,, T'(t,s) =exp (/ (a+c(B(r) — a(r)))dr) :
0 ¢
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and the functions «(t), 5(t) are defined by

exp (2a(T —t) + ¢ ft ds)

B(t) = ve® TV at) =~ .
) = ) 1+fyc2ftTeXp(2a(T—s +c2f (r)dr)ds

Proposition 3.7. Let k € {1,...,n}. The solution of the n-person game
Jte, X" ™)y = inf o J (g, X “n
( k=1, X4 o 1 ) NGR&{;?D%D ( k=1 App o MOty A, 1 )

18 given by the strict equilibrium control represented as

" (dv) = by (dv) =0 e (dv), tho1 <t <ty (3.15)

B X" —can(t) X!

tp—1
where
a0, (ty )e 22—t

2a + 2ay, (ty) (e2at=t) — 1)’

Bn(t) = Bultr)exp (a(tk —t) — ¢ /tk an(s)ds) : tr1 <t <ty,

an(t) =

(3.16)

with the terminal conditions

- tiy1
ap,(ty) = ve® a(T—t) H< (t1,t141) —|—c/ Fn(s,tl+1)ﬂn(s)ds), Bn(tr) = Tt (3.17)

=k b
where Ty (t, s) = exp ([, (a — oy, (r))dr).

Proof. ~ We work by backward induction, starting from k& = n. In addition to proving

(3.15)-(3.17), we also show that

n—1

“n “n ti41
Etk [X; } = thi H (Fn<tl, tl—i—l) + C/t Fn(S, tH_l)ﬂn(S)dS) . (318)
1

=k

The corresponding adjoint equation (2.2) can be written as

{ dpy " = —apy AL+ gl AW, e <t < T 519

O =2 =)

tk—1

with solution given by

k—1,p*m™ a(T— t)(Xu

P, = et te—1 _Et[X’;*n])’
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hence by (3.18) we have

n—1

*n tit1
Pfk 11;ék _ ,yea(T tk)X“ 'ye“(T tk)X“ H (Fn(tl,tlﬂ) + c/ Fn(s,tl“)ﬂn(s)ds) )
1=k t
(3.20)
Next, we look for the solution of the form
i T = B.XE —an )X, e <t <ty (3.21)

By It6’s lemma and (3.12), we have
dpf " = B X dt— ol ()X dt — o ()X

= BOXE - X0 e o) (Xt 4 e [ o)) i = o )i
U
and comparing the resulting coefficients in ‘dt’ and ‘dW;’ with (3.19), we obtain

(!, (£)+2a0, (1)) X" +can(t) / v (dv)dt = (B, () +aB, () XLt <t <ty (3.22)
U

and ¢, %/ = —oay,(t). By (1.8), the Hamiltonian of this system is

H(t,x,u,p) := axp+ cp/UU,u(dv) - %/Uvz,u(dv).
Due to the concavity of H(t,x, i, p), the optimality necessary condition (2.3) in Theorem 2.1
becomes sufficient, see i.e. Theorem 3.5.2 in Yong and Zhou (1999) and Theorem 4.1 in
Andersson and Djehiche (2011), and it yields p;"(dv) = 5017?,:;‘,‘:“ (dv) on (ty_1,tx] after
maximizing H(t, X!, ,pfk 11’; ), which shows (3.15). Next, plugging (3.15) into (3.22) and

identifying the coefficients in ‘X} #7and ‘X, we obtain

{ o () + 2a0,(t) — *(an(t))* = 0,
B

(1) + (a— Can(t)Ba(t) =0, ty <t <y,

which yields (3.16), while the terminal conditions (3.17) are obtained by a comparison of
(3.20) and (3.21). Regarding (3.18), we have

Eq, [X;n} = By, [Etk [XHMH

H( (b, trn) +c/l+l Fn(s,tlﬂ)ﬁn(s)ds)]
=k t
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tiy1
=K, , tk H( (t1, tig1) +C/ Fn(s,tl+1)ﬁn(s)ds>

1= 12

n—1 tie1
X Tl (rn<tl,tl+1)+c [ Tt os).

I=k—1 i

where the last equality is obtained by solving the linear SDE (3.12) using (3.15). Finally,
assuming that (3.15)-(3.18) hold at the rank k, we repeat the above argument to show that
they hold at the rank £ — 1. O

In Figure 1 we compare the actual probability density of the equilibrium control u; given by

(3.14) to the 20-person game solution u;*® obtained from (3.15) for ¢ € [0, 7] with T = 0.1.

100 - 100 -
90 - 90 -
80 - 80 -
70 - 70 +

260 - 2 60 -

2 50+ 2 50+

840 S 40 -
30 - 30 -
20 - 20 -
10 10 -

0

0
Control 0.01

0
Control g 91 . ]
0.02 "o ' i 0.02 "o ’ Time

(a) Equilibrium controls. (b) Solution of 20-person game.

Figure 1: Comparison between the equilibrium control and the 20-person game solution.

In Figure 2 we check the convergence in distribution of u;"™ in (3.15) to u; in (3.14) by
comparing the CDFs of u; and u;" with n = 20 at times ¢ = 0.02,0.04, 0.06, 0.08, with

a=c=0=vy=1and zy=0.
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Figure 2: CDF comparison between p* and the 20-person game solution.

Numerical approximation of the n-person game solution

To assess the weak convergence of controls stated in Theorem 2.4 and 3.4, in Figure 3 we
compare the closed form CDFs of u;" obtained from (3.15) to the numerical solution

of Problem (3.1) with n = m = 20 at times ¢ = 0.02,0.04,0.06,0.08, and U = [-10, 10], by

truncating b(t, z,u), h(t,z,y,u), g(z,y) up to K.
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Figure 3: CDF Comparison between the 20-person game solution and the numerical solution.

In Figure 4, we compare the value functions J™™(0, zg, w*™™) with n = 5,10, 15,20 and

m e {1,...,20}.

0.055F .
— eecseccsssssscccas “ecccces e
PR
c 0.0548 " _ommmmmmmmT
S Ve
is] /
c 0.0546¢
< 20
N=20 =
Y 0.0544
§ N=15 sessssassaonces
0.0542 N=10 m———————-
n=5

0.054

Figure 4: Comparison of value functions.

In Figure 5, we compare the relative errors of the value function J™™(0,zq, w*™™) with

respect to J(0, zg, 1u*).
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Figure 5: Comparison of relative errors in percentage.

3.2.2 Linear-quartic control problem

Here, we apply our solution algorithm to the problem

o600 = JEIXEE -9+ 58 | ' [ utdoas).

where v > 0, a =b=0=7v=1,T =01, 2y = 0, and g(t,&, z,y) = v(xz — £)*/2,
h(t,s, & z,y,u) = u?/2, in the framework of (3.8). To the best of our knowledge, this
problem admits no analytic solution, hence we construct a numerical approximation of its
equilibrium control based on Theorems 2.4 and 3.4 and the numerical solution w*™™ of
Problem (3.1). In Figure 6, we plot the value functions J™"(0, zo, u*™™) for n = 5,10, 15, 20
and m € {1,...,20}.

0.0189
0.0188
5 0.0187
© 0.0186 1 *
[ %
2 0.0185
5 0.0184
()
£ 0.0183
0.0182

0.0181 I I I I I I I I I

Figure 6: Comparison of value functions.
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In Figure 7, we present the CDF's of @, with n = m = 20 at times ¢ = 0.02, 0.04, 0.06, 0.08.
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Figure 7: CDFs at different times.

A Appendix

The proof of Theorem 2.4 uses Lemma A.3 below, which requires the Skorokhod represen-
tation theorem in order to construct all random variables on a single underlying probability

space as in Kushner (1990a).

Theorem A.1 (Skorokhod representation theorem, see Theorem 6.7 in Billingsley (1999)).
Let (P,,)n>1 and P be probability measures on a metric space S such that (P,),>1 converges
weakly to P on S and the support of P is separable. Then there exist a random variable X

and a sequence (X,,)n>1 of random variables defined on a common probability space (Q2, F,P),

such that L(X,) =P,, L(X) =P, and (X,)n>1 converges to X, P-a.s. on S.

The following lemma was proved in Lemma 2.4 in Jacod and Mémin (1981) and Theorem 3
in Valadier (1994), and is included for completeness. Stable convergence of measures, see

Rényi (1963), is defined using the test function space of bounded measurable functions
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f:]0,7] x U — R such that f(t,-) is continuous in u € U for all ¢t € [0,T]. We respectively
denote by Cp(R) and Cy(U) the spaces of bounded continuous functions on R and U.

Lemma A.2. Consider a family (\")n,>1 C A and X\ € A. The following are equivalent:

i) The sequence (\"),>1 converges stably to A € A.

it A“(iwm(m) — A(z L, (8)gi(u >), for any m > 1, any finite B(0,T)-
=1
partition {Al,Ag, . A } of [0,T] and g1, ..., gm € Cp(R),

iii) The sequence (N"),>1 converges weakly to A € A.

Proof. As (i) = (i1) and (i) = (i7i) are straightforward, we only show the following.

(17) = (i): Let f be a bounded measurable function f(¢,u) such that f(t,-) is continuous in
u € U forall t € [0,T]. By the Riesz Theorem, see § 12.3 page 251 of Royden and Fitzpatrick
(2010), the space Cy(U) is separable. Denoting by (¢;);>0 a countable dense subset of C(U)
with respect to [|-||,, with ¢ = 0 and letting

D;ﬁmz{tE[O,T] () —all, = min || f(t, )—ck||oo}, m>0, [=0,1,...m,

0<k<m

we partition [0, 7] into the measurable sets
-1
[hml:iDLm\\LJlDAm
k=0

made of t € [0, 7] such that l € {0,1,...,m} is the smallest integer satisfying || f(¢,) — a/l| ., =

021}1ﬁ1<n 1f(t,-) = ekl Letting fo(t,u) := > 1p, . (t)ci(u), by the denseness of (¢;);>1 in C(U)
1=0

we have

Jm £ = Fult)l =0, te0.7]

Since ¢g = 0 we have min [|f(t,-) —all, < [If({ )l and [[fn(t )l < 27T )]s
t € [0,7]. By the uniform boundedness of f and f,,, m > 0, we have

sup|A(f) — M fm)| = sup / ft,v) = fi(t, v) A (dv)dt
AEA

m— 00

< / 1F(E) = fnlt ) dt —— 0

Therefore, for any € > 0, picking m such that

SUpIA(S) = Af)| < 5.

AEA
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and N such that for all n > N by (ii), we have

|/\n(fm> - A(fm)‘ <

w| ™

hence
IXU(F) = MDA = M) |+ [N () = M) | + M) =MD <&, (A1)

which shows (7). .

(193) = (4i): Let f(t,u) = > 14,(t)qi(u) be given as in (ii). Reasoning as in (A.1), it suffices
=1

to show that for any given € > 0, we can find bounded functions (¢, u) continuous in both

t €[0,7] and u € U, and such that

sup|A(f) = A(f9)] <e.
AEA

Denoting by K the bounding constant on g¢i,..., gn,, by Lusin’s Theorem, see e.g. Exer-
cise 2.44 in Folland (1999), for each 1 4,(¢) we can find a closed set F*) such that [0, 7]\ F*
has Lebesgue measure Leb(Fl(a)) < e/(2mK) and 14, (t) is continuous on FI(S). By Tietze’s
extension theorem, see Theorem 4.16 in Folland (1999), we can find a continuous extension
FOt) of ]lAl( ) from F® to [0,7] such that |f;| is bounded by 1, [ = 1,...,m. Letting
FO(t,u) = Ej(ﬁ (1) gu(w), we have

wA0) =M < s [ [ S0~ 0t

AEA AEA =1

._KEZ/'M& fi(t)|dt

§2K§:um (F) =«
=1

O

The following technical lemma has been used in the proofs of Theorem 2.4, Corollary 2.6,

and Lemma 2.7.

Lemma A.3. Let (1")n>1 C R([0,T]) be a sequence of A-valued relaxed controls converging
weakly to € R([0,T]). Then, for any bounded random function f :[0,T] x U x @ — R
such that f(t,-,w) is continuous for all (t,w) € [0,T] x Q, we have

lim [ f(t,v,w)u;(dv) /f (t,v,w)u(dv), a.e. t€[0,T], P-a.s. (A.2)

n—oo U
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Proof.  Since (u"),>1 is a sequence of random measures converging weakly to u*, by the
Skorokhod representation Theorem A.1 there exists Q) € F with IP((NZ) = 1, such that for
all w € Q, ("™ (w))n>1 is a sequence of deterministic measures converging weakly to 1*(w).
Since the function 14(¢)f(t,u,w) is bounded, measurable in ¢ and continuous in wu for all

A € B([0,T]), by Lemma A.2 we have

lim//ftvw,ut ) (dv)dt — //ftkut W) (d)dt, A€ B(0,T]),

n—o0

hence

lim [ f(t,v,w)u;(w)(dv) = /Uf(t,v,w),ut(w)(dv), a.e. t €[0,7], P-a.s.

n—o0 U

O
The following lemma, which has been used in the proofs of Theorems 2.1 and 2.4, can be

proved from the almost Lipschitz property of uniformly continuous functions.

Lemma A.4. Let X be a real-valued stochastic process and let (X (5))520 be a family of real-

valued stochastic processes such that for any p > 1, we have

li E[|X® - Xx,|*] = 0.
i sup B[ - XM =0

Then, for any uniformly continuous function f: R — R and any p > 1, we have

lim sup ]EHf(X(E ) — f(Xt)}zp] = 0.

&0 ¢efo,7)
Proof. We shall prove that for any ¢ > 0,

hg)l sup IEHf( ) —f(Xt)‘Qp] <e.
& tel0,17]

Since f is uniformly continuous, for any p > 0, we can pick K, > 0 such that for all z,y € R,

we have
|f(z) = fW)| < p+ Kplz —yl,

which implies

hg)l sup ]EHf(X(E) f(Xy )}ZP} < 2% (p* + K2phm sup ]EHX Xt’2p]) = |2p|*.
&0 tefo,1] &0 tefo,1]

We conclude by taking p = £/P) /2. O
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