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Abstract

These notes survey some aspects of discrete-time chaotic calculus and its
applications, based on the chaos representation property for i.i.d. sequences
of random variables. The topics covered include the Clark formula and pre-
dictable representation, anticipating calculus, covariance identities and func-
tional inequalities (such as deviation and logarithmic Sobolev inequalities),
and an application to option hedging in discrete time.

Keywords: Malliavin calculus, Bernoulli processes, discrete time, chaotic calculus,
functional inequalities, option hedging.

Classification: 60G42, 60G50, 60G5H1, 60H30, 60HO7.

1 Introduction

Stochastic analysis can be viewed as an infinite-dimensional version of classical anal-
ysis, developed in relation to stochastic processes.

In this survey we present a construction of the basic operators of stochastic
analysis (gradient and divergence) in discrete time for Bernoulli processes. Our
presentation is based on the chaos representation property and discrete multiple
stochastic integrals with respect to i.i.d. sequences of random variables. The main
applications presented are to functional inequalities (deviation inequalities, loga-
rithmic Sobolev inequalities) in discrete settings, cf. [10], [16], [23], and to option

pricing and hedging in discrete time mathematical finance.



Other approaches to discrete-time stochastic analysis can be found in Holden et
al. [13] (1992), [14] (1993), Leitz-Martini [22] (2000), and also in Attal [2] (2003) in
the framework of quantum stochastic calculus, see also the recent paper [12] by H.
Gzyl (2005).

This survey can be roughly divided into a first part (Sections 2 to 11) in which
we present the main basic results and analytic tools, and a second part (Sections 12
to 15) which is devoted to applications.

We proceed as follows. In Section 2 we consider a family of discrete-time nor-
mal martingales. The next section is devoted to the construction of the stochastic
integral of predictable square-integrable processes with respect to such martingales.
In Section 4 we construct the associated multiple stochastic integrals of symmetric
functions on N™, n > 1. Starting with Section 5 we focus on a particular class of nor-
mal martingales satisfying a structure equation. The chaos representation property
is studied in Section 6 in the case of discrete time random walks with independent
increments. A gradient operator D acting by finite differences is introduced in Sec-
tion 7 in connection with multiple stochastic integrals, and used in Section 8 to state
a Clark predictable representation formula. The divergence operator ¢, adjoint of D,
is presented in Section 9 as an extension of the discrete-time stochastic integral. It is
also used in Section 10 to express the generator of the Ornstein-Uhlenbeck process.
Covariance identities are stated in Section 11, both from the Clark representation
formula and by use of the Ornstein-Uhlenbeck semigroup.

Functional inequalities on Bernoulli space are presented as an application in
Sections 12 and 13. On the one hand, in Section 12 we prove several deviation
inequalities for functionals of an infinite number of i.i.d. Bernoulli random variables.
Then in Section 13 we state different versions of the logarithmic Sobolev inequality
in discrete settings (modified, L', sharp) which allow one to control the entropy of
random variables. In particular we recover and extend some results of [5], using the
method of [10]. Our approach is based on the intrinsic tools (gradient, divergence,
Laplacian) of infinite-dimensional stochastic analysis. We refer to [4], [3], [17], [20],
for other versions of logarithmic Sobolev inequalities in discrete settings, and to [7],
[28] for the Poisson case.

Section 14 contains a change of variable formula in discrete time, which is applied

with the Clark formula in Section 15 to a derivation of the Black-Scholes formula in



discrete time, i.e. in the Cox-Ross-Rubinstein model, see e.g. [19], §15-1 of [27], or
[24], for other approaches.

2 Discrete-Time Normal Martingales

Consider a sequence (Yy)gen of (not necessarily independent) random variables on a
probability space (€2, F,P). Let (F,)n>—1 denote the filtration generated by (Y;,)nen,
le.

f—l = {(baQ}a

and

Fn=0Yy,....Y,), n>0.

Recall that a random variable I is said to be F,,-measurable if it can be written as
a function

F=f.(Yo,....,Y,)

of Yy, ...,Y,, where f, : R"™! — R.

Assumption 2.1 We make the following assumptions on the sequence (Y)nen:

a) it is conditionally centered:

E[Y, | Fuil] =0, n>0, (2.1)

b) its conditional quadratic variation satisfies:

E[Y2 | F 4] =1, n>0.

Condition (2.1) implies that the process (Yo+- - -+Y,,)n>0 is an F,,-martingale. More
precisely, the sequence (Y,,)nen and the process (Yo + -+ + Y, )n>0 can be viewed

respectively as a (correlated) noise and as a normal martingale in discrete time.

3 Discrete Stochastic Integrals

In this section we construct the discrete stochastic integral of predictable square-

summable processes with respect to a discrete-time normal martingale.



Definition 3.1 Let (ug)ren be a uniformly bounded sequence of random variables
with finite support in N, i.e. there exists N > 0 such that uy, = 0 for all Kk > N.
The stochastic integral J(u) of (un)nen s defined as

k=0

The next proposition states a version of the It0 isometry in discrete time. A sequence
(Up)nen of random variables is said to be F,-predictable if u, is F,_j-measurable

for all n € N, in particular ug is constant in this case.

Proposition 3.2 The stochastic integral operator J(u) extends to square-integrable

predictable processes (up)nen € L2(2 x N) wvia the (conditional) isometry formula

E[lJ Aoyl | Fooi] = Elllpeoyullzey | Foil,  n €N (3:3)

Proof. Let (up)neny and (v,)nen be bounded predictable processes with finite
support in N. The product u,Yiv;, 0 < k < [, is F;_i-measurable, and u,Y;v; is

Fr_1-measurable, 0 <[ < k. Hence

Z U Yy Z nY) ’fn—l
k=n l

=0

o0
3 ukmm\fn_l
k,l=n

E =K

= E

Zukvkyk2+ Z upYpu Y, + Z ukYkUle‘fn—ll

k=n n<k<l n<l<k

= Y EEuwwY? | Fo] | Facil + Y EE[w Yo | Fioa] | Faoi

n<lk<l

k=n
+ Y B[E[ugYevY | Fooa] | Foi

n<l<k

= Y EwnEY | Fio] | Fact] +2 > ElupYeoBY; | Fioa] | Fai

k=0 n<k<l

= ZE[UM}k ’ -anl]

k=n
o
g UV, ‘]:n—l :
k=n

This proves the isometry property (3.3) for J. The extension to L*(2 x N) follows

= E

then from a Cauchy sequence argument. Consider a sequence of bounded predictable



processes with finite support converging to u in L*(2 x N), for example the sequence

(u™)nen defined as
u" = (up)ken = (Ur{o<k<n) L{jug|<n})keN, n € N.

Then the sequence (J(u™))ney is Cauchy and converges in L?*(€2), hence we may
define
J(u) := lim J(u®).

k—o0
From the isometry property (3.3) applied with n = 0, the limit is clearly independent

of the choice of the approximating sequence (u*)en. O

Note that by bilinearity, (3.3) can also be written as
ElJ(1j,00)%) (L,00)0) | Frm1] = E[(1pn,00)Us Linoo)0) 2y | Fr-1l, n €N,
and that for n = 0 we get
E[J(u)J (v)] = E[(u, v) 2], (3.4)
for all square-integrable predictable processes u = (uy)reny and v = (Vg )gen-

Proposition 3.5 Let (ug)ren € L*(QxN) be a predictable square-integrable process.
We have
]E[J(u) ’ -Fk] = J(ul[o’k}), k € N.

Proof. 1t is sufficient to note that

E[J(u) | Fi] = + Z (Y7 | Fi]

Z wY,
i=k+1

- ZulY + Z E[wY; | Fia] | Fi]

i=k+1

= Zuzyjuz E[Y; | Fid] | Fil
i=k+1
= ZWYQ
=0

= J(ul[oyk]).




Corollary 3.6 The indefinite stochastic integral (J(uljoy))ren s a discrete time

martingale with respect to (Fp)p>—1-

Proof. We have

ElJ(uljorsn) | Fa] = EE[J(ulioriy) | Frer [ Fil
= E[E[J(u) | Firr | Fi]

[J(u) | Fi]
(uljo ).

|
< =

4 Discrete Multiple Stochastic Integrals

The role of multiple stochastic integrals in the orthogonal expansions of random
variables is similar to that of polynomials in the series expansions of functions of
a real variable. In some cases, multiple stochastic integrals can be expressed using
polynomials, for example Krawtchouk polynomials in the symmetric discrete case

with p, = ¢, = 1/2, n € N, see Relation (6.2) below.

Definition 4.1 Let (?(N)°" denote the subspace of (*(N)®" = (2(N") made of func-

tions f, that are symmetric in n variables, i.e. such that for every permutation o

of {1,...,n},
fn(ka(l)a .. ~7ka(n)) - fn(kla .. '7kn)7 kla .. '7kn S N

Given f; € I*(N) we let
Ti(f) = J(h) =) filk)Yi.
k=0
As a convention we identify ¢2(N°) to R and let Jy(fo) = fo, fo € R. Let
A, ={(k1,...,k,) EN" 1 ki £k, 1<i<j<n}, n>1.

The following proposition gives the definition of multiple stochastic integrals by it-

erated stochastic integration of predictable processes in the sense of Proposition 3.2.



Proposition 4.2 The multiple stochastic integral J,,(f,,) of fn € (*(N)°™", n > 1, is
defined as
Tfa) =" D falin,. o yin)Yiy Y,

(il ~~~~~ 7f'n)EAn
It satisfies the recurrence relation

To(fn) = 1) Yidnoa(fu(, k) Lo pmgnn () (4.3)

k=1
and the isometry formula

nAa, fro, Gm)e2nen  if n =m,
E[J,(f) I (gm)] = { 0 (1a, [ m)e2ye Z.;n e (4.4)
Proof. Note that we have
0<i1 < <in
=l Yy D Y i)Y Y (4.5)
in=0 0<in_1<in  0<ij<is

Note that since 0 <41 < iy < -+ <1, and 0 < j; < Jo < - -+ < J, We have

]E[Y ’ Y;n}/;l }Gn] = 1{i1:j1 ----- in=jn}"
Hence
E[Ju(fn) Jn(gn)]
= n' 2]E Z fn(zla---a n) i1 Y;n Z gn(]laa]n)y;lyvjn
0<i1 <+ <in 0<j1<<Jn
0<in <+ <in, 0<j1 < <gn
= ()2 D fulin,- o in)galin, .- in)
0<iy <---<in
= nl > fulin o in)galin, . in)
(il ----- in)eAn
= nl(1a, fn; gm)2@en
When n < m and (iy,...,i,) € A, and (j1,...,Jm) € A,, are two sets of indices,

there necessarily exists k € {1,...,m} such that ji ¢ {i1,...,i,}, hence
ElY; - Y, Y - Y;,] =0,
and this implies the orthogonality of J,(f,) and J,,(¢m). The recurrence relation

(4.3) is a direct consequence of (4.5). The isometry property (4.4) of J,, also follows

by induction from (3.3) and the recurrence relation. O



If f, € /2(N") is not symmetric we let J,(f,) = J,(f,), where f,, is the symmetriza-
tion of f,,, defined as

. : 1 : : . : n
fn(Zl,...,/Ln) = E Z f(zo(l)a--'azan)a 11y...,0n eN y

oEY,
and X, is the set of all permutations of {1, ..., n}. In particular, if (kq,...,k,) € A,,

..........

and

Lemma 4.6 For all n > 1 we have

E[Jn(fn) | Fk] - Jn(fn]-[(),k]n), k € N, fn - 62(N)°”.

Proof. This lemma can be proved in two ways, either as a consequence of Propo-
sition 3.5 and Proposition 4.2 or via the following direct argument, noting that for

allm=0,...,n and g, € (*(N)°" we have:

E[<Jn(fn> - Jn(fn]-[O,k]”))Jm(gml[O,kz]m)] = 1{n:m}n'<fn(1 - 1[0,k]")7gml[O,k]m>€2(N”)

hence J,,(fnlpxn) € L*(Q, Fi), and Ju(f5) — Ju(fulpon) is orthogonal to L*(€, Fy).
U

In other terms we have
E[/.(fn)] =0, fn € A(N)°", n>1,

the process (J,(fnljokn))ken is a discrete-time martingale, and J,,( f,) is Fr-measurable

if and only if f,lpun = fn, 0 <k < n.

5 Discrete structure equations
Assume now that the sequence (Y},),en satisfies the discrete structure equation:

Y2=1+¢,Yn, n €N, (5.1)



where (¢, )nen is an Fp,-predictable process. Condition (2.1) implies that
E[Y? | F 1] =1, n e N,

hence the hypotheses of the preceding sections are satisfied. Since (5.1) is a second
order equation, there exists an F,-adapted process (X, )nen of Bernoulli {—1,1}-

valued random variables such that

2
Yn:%+Xn 1+<ﬂ), n € N. (5.2)
Consider the conditional probabilities

pn=P(X,=1]|F,-1) and ¢,=P(X,=-1]|F,-1), n € N. (5.3)

From the relation E[Y,, | F,,—1] = 0, rewritten as

Pn ©n\? Pn ©n\ 2
P (2 + + 5 >+q (2 + 5 0 neN

we get
1 ©On 1 ©On
p 2( T+g@%> q 2( T+¢%> (5.4)
and
Pn = - - = ) n c Na
V' Dn dn v Pndn
hence
an Pn
Yn =1 Xp= — -1 Xp=—1 -, neN
{ 1} on { } n
Letting
X, +1
Ly = 2+ IS {O, 1}, n € N,

Y, = = neN, (5.5)

which yield
Fn:O'(Xo,...,Xn):O'(Zo,...,Zn), n € N.

Remark 5.6 In particular, one can take Q = {—1,1} and construct the Bernoulli

process (X, )nen as the sequence of canonical projections on Q = {—1,1} under
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a countable product P of Bernoulli measures on {—1,1}. In this case the sequence

(X )nen can be viewed as the dyadic expansion of X (w) € [0,1] defined as:

o0

Xw) =3 2%Xn(w).

n=0
In the symmetric case pr = qr = 1/2, k € N, the image measure of P by the mapping

w— X (w) is the Lebesgue measure on [0,1], see [26] for the non-symmetric case.

6 Chaos representation

From now on we assume that the sequence (pg)ren defined in (5.3) is deterministic,
which implies that the random variables (X,,),en are independent. Precisely, X,
will be constructed as the canonical projection X,, : @ — {—1,1} on Q = {—1,1}"

under the measure P given on cylinder sets by
P({e,... e} x {—1,1}) = Hp(1+5k)/2 (1=ee)/2 {eo, ... €n} € {—1, 1},

The sequence (Y%)ren can be constructed as a family of independent random vari-

ables given by

Y, _%+X 1+<(p2”), neN,

where the sequence (¢, )nen is deterministic. In this case, all spaces L" (2, F,,), r > 1,

have finite dimension 2!, with basis

{1{1/050 ,,,,, Yo—en} - (60,...,6n)EH{ /p_];’_ /q_:}}

= {1{)(0:60 ,,,,, Xn=€n} 60,..., GH{ 1 1}}

An orthogonal basis of L"(£2, F,) is given by
{Ykl"'Ykl :Jl(i{(kl 77777 kl)}) : 0§k’1 < .- </€l <n, ZZO,...,TL—I-l}.

Let

denote the random walk associated to (Xk)keN. If p. =p, k €N, then

Jn(Ligny) = Kn(Sni N +1,p) (6.2)
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coincides with the Krawtchouk polynomial K, (-; N 41, p) of order n and parameter
(N 4 1,p), evaluated at Sy, cf. [23].

Let now Ho = R and let H,, denote the subspace of L?(2) made of integrals of order

n > 1, and called chaos of order n:

Ho = {Ja(fn) + fo € C(N)"}
The space of F,,-measurable random variables is denoted by L°(Q2, F,).
Lemma 6.3 For alln € N we have

LA, F) CHo® -+ @ Hopr. (6.4)

Proof. It suffices to note that H; N LO(Q, F,) has dimension (”Jlrl), 1<I<n+1.

More precisely it is generated by the orthonormal basis
{Yk1 Ykl = Jl(i{(kl ..... kl)}) 0k << Ky §n},

since any element F' of #; N L°(Q2, F,,) can be written as F' = Ji(fi1p,,), hence

LN Fo) = (Ho® - @ Hard) [ | LO(QL F).

Alternatively, Lemma 6.3 can be proved by noting that
To(falpnp) =0, n>N+1,  f, € F(N)™,

and as a consequence, any I € L°(2, Fy) can be expressed as

N+1

F=E[F]+ Y Ju(faljonp)-

n=1

Definition 6.5 Let S denote the linear space spanned by multiple stochastic inte-

grals, i.e.

S = Vect {GH”} = {ijk(fk) : fkef2(N)°k, kzO,...,n, HGN}. (66)
k=0

n=0
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The completion of S in L?*(2) is denoted by the direct sum

D
n=0

The next result is the chaos representation property for Bernoulli processes, which
is analogous to the Walsh decomposition, cf. [22]. This property is obtained under
the assumption that the sequence (X,,)nen is 1.i.d. See [8] for other instances of the

chaos representation property without this independence assumption.

Proposition 6.7 We have the identity

L2(Q) = é%n

Proof. Tt suffices to show that S is dense in L?*(Q). Let F be a bounded random
variable. Relation (6.4) of Lemma 6.3 shows that E[F' | F,,] € S. The martingale
convergence theorem, cf. e.g. Theorem 27.1 in [18], implies that (E[F | F,])nen
converges to F' a.s., hence every bounded F is the L?*(Q)-limit of a sequence in S.
If F e L*(Q) is not bounded, F is the limit in L?(2) of the sequence (1{p|<n}F)nen

of bounded random variables. [l

As a consequence of Proposition 6.7, any F' € L*(,P) has a unique decomposition
F=E[F]+) Ju(fa),  fa€P(N)™ neN,
n=1

as a series of multiple stochastic integrals. Note also that the statement of Lemma 6.3

is sufficient for the chaos representation property to hold.

7 Gradient Operator
Definition 7.1 We densely define the linear gradient operator
D:S — L*(QxN)

by
Dk‘]n(fn) = anfl(fn<*7 k>]‘An(*7 k))v

keN, f, € A(N)°" n e N.



13
Note that for all kq,...,k,_1,k € N we have

1a, (ki ka1, k) = Loger, om0y Lan o (K1y o Bns),

hence we can write

DkJn(fn) = anfl(fn(ﬂ% k>]—{k¢*})a ke N7

where in the above relation, “«” denotes the first k — 1 variables (ki,...,k,_1) of

falky, ... ko1, k). We also have Dy F' = 0 whenever F' € § is Fj_;-measurable.

On the other hand, Dy, is a continuous operator on the chaos H,, since

1Dk Tu(fallZo@y = 2l Jno1(falk B))Z2(e)
= nlllfu(, B) [ prenny,  fo € C(N), k€N (7.2)

The following result gives the probabilistic interpretation of Dy as a finite difference
operator. Given

w = (wo,wt,...) € {—1,1}",

let

k
wy = (w())wh sy WE—1, +17wk+17 - )
and

wh = (w07w17 ceoy W1, — L Wi - )
Proposition 7.3 We have for any F' € S:
DF(w) = /prge(F(wh) — F(WF)), keN. (7.4)

Proof.  We start by proving the above statement for an F,,-measurable F' € S.

Since L°(Q, F,,) is finite dimensional it suffices to consider
F=Y, Yy, =f(Xo,...,Xg),

with from (5.5):

14 q Pk, +
f(mo""’xkl)zill—‘
i=1

vV Pk, dk;

First we note that from (6.4) we have for (ki,...,k,) € Ay:

Dp (Yry - Yao) = Drdn(Tirr, ko))
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1 -
= mzl{ki}(k) Z L firsin oy = (kb1 ki s kin } )

i=1 (i1,ensin—1)EAR_1

If k ¢ {ki,..., k} we clearly have F(w¥) = F(w*) = F(w), hence

VIrG(F(WF) — F(wF)) =0 = Dy F(w).
On the other hand if k& € {ky,..., k;} we have

w /QkHQk — Pr; + Wk,
+ kak 7

k;&k

\/ Qk \/pk dk;

k;ék

hence from (7.5) we get

VRE(Fh) — FWh) = o H B ‘ﬂg“

?s

R

= Dk(Ykl Y, (w)
= DyF(w).

In the general case, J;(f;) is the L*-limit of the sequence E[J;(f;) | Fu] = Ji(filjoupt)
as n goes to infinity, and since from (7.2) the operator Dy, is continuous on all chaoses

H,, n > 1, we have

n—oo

= lim (EB[F | F,)(w*) — E[F | F,](w*))

n—oo

= Voea(F (W) — F(Wh)), keN.
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The next property follows immediately from Proposition 7.3 .
Corollary 7.6 A random variable F : Q2 — R is F,,-measurable if and only if
D F =0
for all k > n.
If F has the form F' = f(X,,...,X,), we may also write
DiF = \/pra(FiF — FY), k €N,

with
F,j =f(Xo, o, Xp1, +1, Xpya, -, X)),

and

Fo=f(Xo,. - X1, =1, Xp, .., X0).
The gradient D can also be expressed as
DiF(S8) = v/prai (F (S + Lix=—yliney) = F (S = L= lu<y))

where F'(S.) is an informal notation for the random variable F' estimated on a given
path of (S, )nen defined in (6.1) and S. 4 1{x,—+131{x<.} denotes the path of (Sy,)nen
perturbed by forcing X, to be equal to +1.

We will also use the gradient Vj, defined as

ViF = X (f(Xoy ooy X1, =1, Xigr, oo, X)) — f(Xoy oo, X1, L, Xy, -+, X))

k € N, with the relation

Dy = = Xi/Prak Vi, ke N,

showing that |D.F|? coincides with prqp|ViF|?>. From now on, D denotes the
finite difference operator which is extended to any F': 2 — R using Relation (7.4).
The L?-domain of D is naturally defined as the space of functionals F' such that
E[IDF|% )] < oo, or equivalently

o
Znn!”fn“?Z(Nn) < 00,
n=0

if F'=73%""Jn(fn). The following is the product rule for the operator D.
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Proposition 7.8 Let F,G : Q2 — R. We have

X
Di(FG) = FDG+ GDyF — —*_D,FD,G,  keN.

Prark

Proof. Let F¥(w) = F(wk), FF(w) = F(w*), k > 0. We have

Dy(FG) =

VoRa(FEGY — FFGF)
1= 1vords (F(GY — G) + G(FF — F) + (FF — F)(G* — @)
+1ixmyvPrte (F(G — G*) + G(F — F¥) — (F — F¥)(G - G%))

1{Xk:_1} (FDkG +GDLF + DkFDkG)
Pkqk
1
Prdk

U

8 Clark Formula and Predictable Representation

In this section we prove a predictable representation formula for the functionals of

(Sn)n>o defined in (6.1).

Proposition 8.1 For all F € S we have

F = E[F]+§:E[DkF|fk_1]Yk (8.2)

k=0

_ R+ ViDEF| A

k=0

Proof. The formula is obviously true for F' = Jy(fy). Given n > 1, as a consequence

of Proposition 4.2 above and Lemma 4.6 we have:

W(fn) = nzerl(fn(*ak)]-[l),k—l]”—l(*))yk
k=0

=n Z Jn—1(fu(x,K)1a, (%, k) L p—1jn—1 (%)) Ya

k=0
= Y E[Juoi(fuls k)1a, (5, ) | Feca]Vi
k=0
= > E[DiJu(fo) | Fear]Ya,
k=0

which yields (8.2) for F' = J,(f,), since E[J,(f,)] = 0. By linearity the formula is
established for F' € S. O
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Although the operator D is unbounded we have the following result, which states
the boundedness of the operator that maps a random variable to the unique process

involved in its predictable representation.
Lemma 8.3 The operator
L*(Q) — L*(Q2 x N)

F — (E[DiF | Fi-1])ken

18 bounded with norm equal to one.

Proof. Let F € S. From Relation (8.2) and the isometry formula (3.4) for the

stochastic integral operator J we get

IE[D.F | Foillfz@ay = IF = E[F]|[120) (8.4)
< |F = E[F]|72q + (E[F])
= [Pl
with equality in case F' = Ji(f1). O

As a consequence of Lemma 8.3 we have the following corollary.

Corollary 8.5 The Clark formula of Proposition 8.1 extends to any F € L*(Q).

Proof.  Since F' +— E[D.F | F._4] is bounded from Lemma 8.3, the Clark formula
extends to F' € L?(Q) by a standard Cauchy sequence argument. For the second

identity we use the relation
E[DyF | Fi_1] = DE[F | Fi]

which clearly holds since D F' is independent of X, & € N. O

Let us give a first elementary application of the above construction to the proof of

a Poincaré inequality on Bernoulli space. We have

var (F) = EHF—E[F]F]

= E (iE[Dk:F|]:k—l]Yk>

k=0

= E (E[DF | Fr1])?
k=0
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IN
=

> E[DiFP| J:kl]]

Lk=0

= E|> |DFP
L&k=0

I

hence

var (F) < [[DF[72q.)-

More generally the Clark formula implies the following.

Corollary 8.6 Let a € N and F € L*(2). We have

F=EF|Fl+ Y EDF| v 57)
and
E[F?] =E[(E[F | F))’) +E | > (E[DyF | Fioa])?|. (8.8)

Proof.  From Proposition 3.5 and the Clark formula (8.2) of Proposition 8.1 we

have

E[F | Fo] = E[F] + ) E[DyF | Fy]Ys,

k=0
which implies (8.7). Relation (8.8) is an immediate consequence of (8.7) and the

isometry property of J. U

As an application of the Clark formula of Corollary 8.6 we obtain the following

predictable representation property for discrete-time martingales.

Proposition 8.9 Let (M,),en be a martingale in L*(2) with respect to (Fy)nen-
There exists a predictable process (uy)gen locally in L*(Q x N), (i.e. u(-)1pn(-) €
L*(Q2 x N) for all N > 0) such that

My=M_+> uYi, neN (8.10)

k=0
Proof. Let k> 1. From Corollaries 7.6 and 8.6 we have:

My, = E[My | Fr1] +E[DpMy | Fro1]Yr
= My +E[Dp My | Fr-1]Y,
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hence it suffices to let
up, = E[Dp My, | Fr-1], k>0,

to obtain

M, =M+ Z M, — M, =M, + ZukYk.
k=0 k=0

9 Divergence Operator

The divergence operator ¢ is introduced as the adjoint of D. Let U C L*(€2 x N) be

the space of processes defined as

U= {i Je(fes1(%,7),  fror1 € C(N)* @ (N), k=,n€ N} :
k=0
Definition 9.1 Let 6 : U — L*(Q2) be the linear mapping defined on U as
6(u) = 8(Julfuri1 (%)) = Jusi(farr),  furr € PN @ P(N),
for (ug)ken of the form
up = Jn(foia(6 k), keN,

where an denotes the symmetrization of f,11 1n n+ 1 variables, i.e.

n+1
1

an—‘rl(kl, SRR kk—h kk-i—la SR kn-ﬁ-la kz)
n+1 —

fn—l—l(kla . 7kn+1) =

From Proposition 6.7, S is dense in L?(€2), hence U is dense in L?(Q x N).
Proposition 9.2 The operator § is adjoint to D:

E[(DF,u)pmw)] = E[Fi(u)], FeS§, uel.

Proof. We consider F' = J,(f,) and uy, = J,u(gmi1(x, k)), k € N, where f,, € (2(N)°"
and ¢,,11 € (?(N)°™ @ (*(N). We have

E[(D.Jn(fn)s Tn(gmi1 (4, )] = nE[(Jna(fa (%)), T (gm (%, ) 2w

= nl{n—lim} Z E[‘]n—l(fn(*’ k)]‘An(*7 k))‘]m(gm-&-l(*’ k))]
k=0
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= 1oy D (La, (6 k) fu(5, k), g (5, ) 2 e
k=0

= sy (1a, fos Gmst)e2 i)
= i1y (La, o, Gmsr) e vy
= E[Ja(fn)Jm(Gm+1)]

= E[5(u)F).

O

The next proposition shows in particular that ¢ coincides with the stochastic integral

operator J on the square-summable predictable processes.

Proposition 9.3 The operator § can be extended to u € L*(Q x N) with
o(u) = Z upYy — Z Dyuy — 6(pDu), (9.4)
k=0 k=0

provided that all series converges in L*(S)), where (or)ren appears in the structure

equation (5.1). We also have for all u € U:

E[16(u)]”] = Bllulfg) +E | Y DwDyu, — > (Dyur)?| - (9.5)
k,1=0 k=0

k#l

Proof. Using the expression (4.5) of uy = J,,(fn+1(*, k)) we have

0(w) = Jnp1(fara)
= o fanlin . in)Yi Y,

(11,0 sin41)EARFL

= > X Fenli i Y Y

k=0 (il ----- in)eAn

_nz Z fn+1(i1;"'7in—17k7k)}/il"'Yin71|Yk‘|2

k=0 (i1,...sin—1)EAR_1

= > wYi— > DVl
k=0 k=0

— Z upYy — Z Dyuy — Z erDrugYy.
k=0 k=0 k=0



21

Next, we note the commutation relation?

Dk5(u) = Dk (Z UZYE — Z |Y2|2Dlul)
=0 =0

- X
= ) (Yleuz +u DY — —= DkUle;Yz)

—0 vV Prdk
- 2 2 Xk 2

- <|Yl| Dy Dy, + Dy Dy Y| — Dy Y| DleUl>
—0 VPrAk

X
(Dyu) N |Vl

Xk Xk
( ) vV Prdk VPrqk

On the other hand, we have

S(Lgy Dur) = Y Yilgy () Dy — Y [ViI* DLy (1) D)
1=0 1=0
= YiDyu, — |Yk\2DkaUk

= YiDjug,
hence
H6<U>H%2(Q) = E[<U>D5(U>>£2(N)]

k=0

= Ef|jullfq] +E Z Dyw Dyuy | — 2E ZukYkauk]
Lk,1=0 k=0
= Efl|ullq) +E| > DiwDuy — 2 (Dyur)?|
Lk,1=0 k=0
where we used the equality
E [upYiDyur]) = B [prlix,—ryun(wh) Yi(wh) Dewe + qelpx,——1yur(w® ) Ya(w®) Dy
= VIGE [(1p=nyun(Wh) — 1= nyun(wh)) Dy
= K [(Dkuk)g} s k € N.

ISee A. Mantei, Masterarbeit “Stochastisches Kalkiil in diskreter Zeit”, Satz 6.7, 2015.
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In the symmetric case pr, = qx = 1/2 we have ¢, =0, k € N, and

00 o
k=0 k=0

The last two terms in the right hand side of (9.4) vanish when (uy)ren is predictable,
and in this case the Skorohod isometry (9.5) becomes the [t0 isometry as in the next

proposition.

Corollary 9.6 If (uy)ren satisfies Dyux = 0, i.e. uy does not depend on X, k € N,

then 0(u) coincides with the (discrete time) stochastic integral
k=0

provided that the series converges in L*(Q). If moreover (ug)ren 18 predictable and

square-summable we have the isometry

E[B(w)?] = E [Julleq) (9.8)

and 6(u) coincides with J(u) on the space of predictable square-summable processes.

10 Ornstein-Uhlenbeck Semi-Group and Process
The Ornstein-Uhlenbeck operator L is defined as L = D, i.e. L satisfies

Lao(fo) =ndu(fa),  fa € C(N)"

Proposition 10.1 For any F € S we have

LF =6DF = ZYk DyF) = Z\/pk%yk( - F),

k=0 k=0
Proof. Note that Dy D, F' = 0, k € N, and use Relation (9.4) of Proposition 9.3.

l

Note that L can be expressed in other forms, for example
LF =) AF,

where

AF = (gx—nae(F(w) = Fwh)) = 1 —ype(F(Wh) — F(w))
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= F— (Lixeiy e F(WF) + Lixe1ypeF (w5))
= F-E[F|F], keN,

and Fj is the o-algebra generated by
{X; : l#k, €N}

Let now (P)ier, = (€'%)icr, denote the semi-group associated to L and defined as

PF =Y e™I(f), teRy,
n=0

on F = Z Ju(fn) € L*(€2). The next result shows that (P;);cr, admits an integral
n=0

represent;tion by a probability kernel. Let ¢V : Q x Q — R, be defined by

N
¢ (@w)=[A+eYi(wYi@), woeQ teR.
=0

Lemma 10.2 Let the probability kernel Q(©, dw) be defined by

R I (GRS U

For F € L*(Q, Fy) we have

PF (@)= /QF(w)Qt(cD,dw), we, n>N. (10.3)

Proof. Since L*(Q, Fy) has finite dimension 2V it suffices to consider functionals

of the form FF =Y}, --- Yy, with0 <k <--- <k, <N. We have forw € (), k € N:

E [Yi()(1 + e 'Yi(-) Yi(w))]

= Dk % (1 + e_t %Yk@d)) — (k ]ﬁ (1 — €_t &Yk(w)>
V Pk \/ Pk qk qk

= ¢ V(w),

which implies, by independence of the sequence (Xj)gen,

N

Yig - Vi, [ [+ €7 Yi (@) Vi ()

=1

E[Yy, - Yiq (w,-)] = E

N

— TIE FaO + % @) ()]

=1
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O

Consider the Q-valued stationary process (X (t))icr, = ((Xi(t))ren)ter, with inde-

pendent components and distribution given by

P(Xi(t) =1] X(0) =1) = pp + € "q, (10.4)
P(X4(t) = —1| X3(0) = 1) = g — e ‘g, (10.5)
P(Xi(t) = 1| Xx(0) = —1) = pr — ¢ 'p, (10.6)
P(Xi(t) = —1] X3(0) = —1) = q& + e 'py, (10.7)

keN, teR,.

Proposition 10.8 The process (X (t))ier, = (Xk(t))ken)ier, is the Ornstein-Uhlenbeck

process associated to (Py)icr, , i.e. we have

PF=E[F(X(1) ]| X(0), teR,. (10.9)

Proof. By construction of (X (t));er, in Relations (10.4)-(10.7) we have

P(X,(t) = 1| X1(0)) = p (1 + etYk\/z:Z) ,

P(Xk(t) = —1 | Xx(0)) = g (1 — e‘tYk\/%) :
P(Xi(t) = 1| X1(0)) = py (1 + e‘tYk\/Z:i) ,
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P(Xy(t) = —1| Xx(0)) = g (1 - e‘tYk\/];::) :

dP(X(t)(@) = € | X(0))(w) = (1 + ¢ "Vi(w)Yi(@)) dP(Xy(@) = €),

thus

e = +1. Since the components of (X ())ren are independent, this shows that the
law of (Xo(t), ..., X, (t)) conditionally to X (0) has the density ¢}'(®, -) with respect
to PP

EIF(X(0) | X(0) =) = | F)g (@.0)P(d) (10.10)
Q
hence from (10.3), Relation (10.9) holds for F € L*(Q, Fx), N > 0. O

The independent components X(t), k& € N, can be constructed from the data of
Xk(0) = € and an independent exponential random variable 7, via the following
procedure. If 7, > t, let X (t) = X (0) = ¢, otherwise if 75, < ¢, take X(t) to be an

independent copy of Xj. This procedure is illustrated in the following equalities:

P(Xi(t) = 1] Xi(0) = 1) = Elgnsn] +Elnnlix=y] (10.11)
= e '+ p(l—e),

P(Xu(t) = 1| X(0) =1) = E[l{r<plix,=—1)] (10.12)

= Qk(l - e_t)a

P(Xi(t) = =1 Xx(0) = =1) = E[linsn] + Elr<nplix=—y] (10.13)
= e+ q(l—e),

PG (1) = 1] X4(0) = 1) = EfLnenLin] (10.14)
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= pe(l—e™).

The operator L*(2 x N) — L*(Q x N) which maps (uy)ren to (Poug)ren is also
denoted by P;. As a consequence of the representation of P, given in Lemma 10.2

we obtain the following bound.

Lemma 10.15 For F € Dom (D) we have

[Pl @emy) < lullie@em),  t€Ry, we Ll2(QxN).

Proof. As a consequence of the representation formula (10.10) we have P(dw)-a.s.:

[e.e]

1Pl @) = Y 1Pu@)

k=0
oo

- (/ ukw)@t(w,dw))Q

S [ ) Pua, o)

- / el gy () Q1 (@, o)

||U||2Loo(9,z2(N))-

IN

IN

11 Covariance Identities

In this section we state the covariance identities which will be used for the proof of
deviation inequalities in the next section. The covariance Cov(F, G) of F,G € L*(Q)

is defined as
Cov(F,GQ) = E[(F — E[F])(G — E|[G])] = E[FG] — E[F|E[G].

Proposition 11.1 We have for F,G € L*(Q) such that E[|[ DF||% y,] < co:

Cov(F,G) =& |> "E[DyG | Fro] DiF| . (11.2)
k=0

Proof. This identity is a consequence of the Clark formula (8.2):

Cov(F,G) = E[(F-E[F]))(G-EG)])]
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= E (iE[DkF | ]:k1]Yk> (iE[DZG | fzﬂ%)

=0

k=0

iE[DkF | Fi1|E[D1G | ]-"k_l]]

(e =,

E [E[E[DiG | Fr1] D F' | Fieoi]

i

0

= E|> E[DiG | Fioa] Dy F
k=0
O
A covariance identity can also be obtained using the semi-group (F;)scr, -
Proposition 11.3 For any F,G € L*(Q) such that
E[|DF|[pa) <00 and  E[|DG|lpw)] < oo,

we have

Cov(F, Q) Z / F)P,D,Gdt | . (11.4)

Proof. Consider F' = J,(f,) and G = J,,(¢:). We have

Cov(Jn(fn)s Jin(gm)) = E[Jn(fn) Jm(gm)]
= l{n:m}n!<fmgn1An>€2(N")

= l{n:m}n'n/ G_ntdt<fn,gn1An>gZ(Nn)
0

[e.9]

= Lpormmnynin [ e (fale k) e g (5, k)1, (5, K)oyt
0 k=0

= nmE /OO TN Tnca(fal k) La, (5, K))e " 1>tJm_1<gm(*,k>1Am<*7k))dt]
0 k=0

= nmE /OO Y Tnea(falx k)14, (*,k:))PtJm_l(gm(*,k:)lAm(*,k))dt]
0 k=

0
/oo "> " Didu(fa) PiDidm(gm)dt | -
k=0
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From (10.11)-(10.14) the covariance identity (11.4) shows that

Z / tDkFPtDkGdt]

E / ZDkFP_logaDkGda
0

k=0

1 0
= / / Z Dy F(w) DG ((wilfr,<—1oga} + Wil{r<—1oga})icn)doP(dw)P(dw’)
QxQ k=0

Cov(F,G) =

1 0
= / / Z Dy F(w) DG ((wilfe,<ay + wilie,>a})ien) P(dw)P(dw’)dey,
QxQ g

(11.5)

where (& );en is a family of i.i.d. random variables, uniformly distributed on [0, 1].
Note that the marginals of (X, Xi1ie, <o} + X 14¢,5q)) are identical when X is an
independent copy of Xj. Let

¢Q(S, t) _ E[@isxk6it(Xk+1{§k<O‘})+it(X’l€+1{5k>a})}_

Then we have the relation
Ga(s,t) = ad(s + 1) + (1 — a)o(s)o(t), a€][0,1].
Note that
1
Cov(e™, %) = i (5.0) = dnls. ) = [ 2 (s, )doc = 6(5-+ 1) = o))

Next we prove an iterated version of the covariance identity in discrete time, which

is an analog of a result proved in [15] for the Wiener and Poisson processes.

Theorem 11.6 Let n € N and F,G € L*(Q2). We have

d=n
Cov(F,G) =Y (-)"™'E > (Diy--DiF)(Dy, - Dy, G) (11.7)
d=1 {1<ki < <kq}
+(-1)"E > (Diyp - Di,F)E Dy, - DiyG | Fipoia)

{1§k1<"'<kn+1}
Proof. Take FF = G. For n = 0, (11.7) is a consequence of the Clark formula.
Let n > 1. Applying Lemma 8.6 to Dy, --- Dy, F' with a = k, and b = k, 1, and
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summing on (ky,...,k,) € A,, we obtain

E > (E[Ds, D F| Fi,m])?| =E > | Dy Dy F)

{1<k1 < <kn} {1<k1<-<kn}

—E Z (E [Dknﬂ'”Dle ’ Fkn+1_1D2 ’
{1<ki<--<kny1}

which concludes the proof by induction and bilinearity. 0

As a consequence of Theorem 11.6, letting F' = G we get the variance inequality

o DM e G GRL A P
> A E 1D Flay] < Var(F) < 30 S —E [ID Fliky,)|

k=1 ’ k=1

since

E > (Diyp D, F)E Dy, - DiyG | Fioia)

{1<k1<-<kpy1}

= E > E[(Di, D F)E Dy, DiyG | Frppra] | Fiopir1]

| {(1<k1<<hni1}

= E Z (E [Dkn+1 ’ "Dle ‘ ‘Fkn+1*l} )2

_{1§k‘1 <"'<k‘n+1}

> 0,

see Relation (2.15) in [15] in continuous time. In a similar way, another iterated

covariance identity can be obtained from Proposition 11.3.

Corollary 11.8 Letn € N and F,G € L*(Q, Fy). We have

d=n
COV(FaG) = Z(_l)CHlE Z (Dkd"'Dle)(Dkd"'Dle)
d=1 {1<ki<-<kq<N}
+(_1)n/ Z Dkn+1 e Dle(w)Dkn+1 R Dle(w')
QXL <oy <<l 1 <N}
¢ (w, W) P(dw)P(dw). (11.9)

The covariance and variance have the tensorization property:

Var(F'G) = E[F Var G| + E[G Var F]
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if I, G are independent, hence most of the identities in this section can be obtained

by tensorization of a one dimensional elementary covariance identity.

An elementary consequence of the covariance identities is the following lemma.

Lemma 11.10 Let F,G € L*(Q2) such that
E[DyF|Fi-1] - E[DyG|Fr—1] > 0, ke N.
Then F and G are non-negatively correlated:
Cov(F,G) > 0.

According to the next definition, a non-decreasing functional F' satisfies Dy F' > 0

for all £ € N.

Definition 11.11 A random variable F' : 2 — R is said to be non-decreasing if for

all wy,ws € Q we have

wy (k) < ws(k), ke N, = F(w1) < F(wo).

The following result is then immediate from Proposition 7.3 and Lemma 11.10, and
shows that the FKG inequality holds on €2. It can also be obtained from from
Proposition 11.3.

Proposition 11.12 If F,G € L*(Q) are non-decreasing then F and G are non-
negatively correlated:

Cov(F,G) > 0.

Note however that the assumptions of Lemma 11.10 are actually weaker as they do

not require F and G to be non-decreasing.

12 Deviation Inequalities

In this section, which is based on [16], we recover a deviation inequality of [5]
in the case of Bernoulli measures, using covariance representations instead of the
logarithmic Sobolev inequalities to be presented in Section 13. The method relies on
a bound on the Laplace transform L(t) = E[e!’'] obtained via a differential inequality

and Chebychev’s inequality.
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Proposition 12.1 Let F': Q — R be such that |F," — F, | < K, k € N, for some
K >0, and [|[DF|| e @,em)) < 0o. Then

“DFH%‘X’(Q £2(N)) K
P(F—E[F]>x) < exp|— L),
K IPEl0.00)

< x log [ 1+ K
> &Xp | —57 10 )
2K ||DF||2OC(QVZQ(N))

with g(u) = (1 4+ u)log(l +u) —u, u > 0.

Proof. Although D) does not satisfy a derivation rule for products, from Proposi-

tion 7.8 we have

- +
Dre™ = 1gx—nyv/orgi(e” — e ) + 1x, -1y y/preai(e’ —e”)
1 D.F 1 poF
= Lxe=npv/oeaee” (1—e V) 4 Loy yy/prgre” (e Ve ™ — 1)
X
= _Xk\/pk:Qk@F(@_‘/TquDkF —1),

hence

Xk
Die™ = Xi/mrawe™ (1 — e v 4y, (12.2)
and since the function x — (e* — 1)/z is positive and increasing on R we have:

e Dpet  Xu/Bitk (s e e - L
Dy F D F - K

or in other terms:
6_SFDk65F _q es(Fk__F:) -1 1 6s(F]j"—Fk_) -1 - BSK -1
DyF WU Ry W=U"pr _p - K

We first assume that F' is a bounded random variable with E[F] = 0. From
Lemma 10.15 applied to DF', we have

E[Fef] = Cov(F,e)

/ e? Z Dye’t P,D, Fdv
0 k=0

o—5F DesF
DF

et —1

K

esK— 1

K E [€SF} ||DF||%°°(Q712(N))/ e ‘dv
0

= K

IA

E [eSF / e‘”||DFPvDFHp(N)dv}
00 0

IN

E [eSFHDFH@(N)/ e_”||PUDF||gz(N)dv}
0

IA
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et —1 sF 2
< i E [e*"] | DF(| 7 (0,020
In the general case, letting L(s) = E[e*FElFD] we have

/t L,<S
o L(s)
Jelas- it

E[es(F-EF])]

~—

log(E[e!FEFD]) - = ds

ds

1 Lo
< PP~ e [ (€ - 1ds
0
1
— (€ K = DIDF o e

t>0. We have for all z > 0 and ¢t > 0:

P(F — E[F] > )

IN

e—th[et(F—E[F])]

1
< exp (ﬁ(em —tK = D|DF|[70,2m) — m) :

The minimum in £ > 0 in the above expression is attained with

f— 2log (14 ol
= —> 108 5
K IDE I oo 0,200

hence
P(F —E[F] > x)

1 1 _

< exp|l—7= ||z + —HDFH%oo(Q,ﬂ(N)) log {1+ 37KHDFHL02<> oem)) — 7T
7 i (@.20)
x _

< exp <_ﬁ log (1 + xK||DF||Li(Q7£2(N)))> :

where we used the inequality (1 + w)log(1 +u) —u > §log(1 4+ u). If K =0, the
above proof is still valid by replacing all terms by their limits as K — 0. If F'is not
bounded the conclusion holds for F,, = max(—n, min(F,n)), n > 1, and (F},)nen,
(DF,)en, converge respectively almost surely and in L?(Q x N) to F' and DF, with
||DFH||2OO(Q7L2(N)) < ||DF||%°°(Q,L2(N))‘ U

In case py = p for all k£ € N, the conditions
1
ﬁ@kﬂ <B, keN, and [DF|jxqem) <o’

give

2
w0 () (e 22))
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which is Relation (13) in [5]. In particular if F' is Fy-measurable, then

P(F — E[F] > z) < eXp( Ng (;N)) < exp (—% (log (1+ ﬁiN) - 1)) .

Finally we show a Gaussian concentration inequality for functionals of (S, ),en, using
the covariance identity (11.2). We refer to [3], [4], [17], [20], for other versions of
this inequality.

Proposition 12.3 Let F : Q0 — R be such that

Z |DkF|||DkF||oo < K2
k= o
Then )
P(F —E[F] > z) < exp (—%) . x>0 (12.4)

Proof.  Again, we assume that F' is a bounded random variable with E[F] = 0.

Using the inequality
t
e~ < Lo —yl(e ), myeR (12.5)
we have

|Dpett’| = \/pqu|e e

< _\/kakt|F - 11‘j1<_|(€tF’j + )

= —tIDkFI< 4 et
t

< —— _|DLFIE [ | X;, i £k 12.6

< s gy DEFIE [ 1 X i 4 (126)
1

= — Rl |DLF| | X, i # k],

2(pr A qi) (DR | 7K

where in (12.6) the inequality is due to the absence of chain rule of derivation for

the operator Dy. Now, Proposition 11.1 yields
E[Fef] = Cov(F, e

= Y E[E[DiF | Fio1]Dre']
k=0

< Z 1Dk FlloE [| Die'™ ]
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< 52 g I PFIE B (1D X, i8]
- IE etFi LDy D

2 im0 Pk N G
< SElN fj LD F(| D

2 o Pr Nk N

This shows that

"E[(F — E[F])es!"FFD]
t(F—E[F])
log(Ele 1) /o e~ (FET)] ds
t
< K2/ sds
0
= ﬁ[(?
2 )
hence
e"P(F —E[F] >z) < E[eMFEED]
< R >,
and

t2 72

P(F—E[F]>z)<ez® ™ t>0.

The best inequality is obtained for ¢t = z/K?. If F is not bounded the conclu-
sion holds for F,, = max(—n,min(F,n)), n > 0, and (F,)nen, (DF,)nen, converge
respectively to F' and DF in L*(Q), resp. L*(Q x N), with [[DF, [} e <
HDF”%OO(Q,P(N))' D
The bound (12.4) implies E[e®F] < oo for all & > 0, and E[e**] < oo for all

a < 1/(2K?). In case p, = p, k € N, we obtain

pz’
P -ElF 2 o) < e | - IDE o)
2(N,L>*

13 Logarithmic Sobolev Inequalities

The logarithmic Sobolev inequalities on Gaussian space provide an infinite dimen-
sional analog of Sobolev inequalities, cf. e.g. [21]. On Riemannian path space [6]

and on Poisson space [1], [28], martingale methods have been successfully applied to
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the proof of logarithmic Sobolev inequalities. Here, discrete time martingale meth-
ods are used along with the Clark predictable representation formula (8.2) as in
[10], to provide a proof of logarithmic Sobolev inequalities for Bernoulli measures.
Here we are only concerned with modified logarithmic Sobolev inequalities, and we
refer to [25], Theorem 2.2.8 and references therein, for the standard version of the

logarithmic Sobolev inequality on the hypercube under Bernoulli measures.
The entropy of a random variable F' > 0 is defined by
Ent [F] = E[F'log F| — E[F]log E[F],
for sufficiently integrable F'.

Lemma 13.1 The entropy has the tensorization property, i.e. if F,G are suffi-

ciently integrable independent random variables we have

Ent [FG] = E[FEnt [G]] + E[GEnt [F]]. (13.2)

Proof. We have

Ent [FG] = E[FGlog(FG)| —E[FG|logE[FG]

O

In the next proposition we recover the modified logarithmic Sobolev inequality of

[5] using the Clark representation formula in discrete time.
Theorem 13.3 Let F' € Dom (D) with F > n a.s. for some n > 0. We have

1
Ent[F] <E {FHDFH;(N)] : (13.4)

Proof.  Assume that F' is Fy-measurable and let M,, = E[F | F,], 0 < n < N.
Using Corollary 7.6 and the Clark formula (8.2) we have

My=Mi+) wY 0<n<N,
k=0
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with up, = E[DyF | Fr—1], 0 <k <n < N, and M_, = E[F]. Letting f(z) = zlogx

and using the bound

flx+y) — f(z) = ylog:t+(x+y)log(1+%>
< y(1+loga:)+y;,

we have:
Ent[F] = E[f(My)] —E[f(M_1)]

- E Zf(Mm—f(Mk_l)]

N
= E | f (M1 + Yiw) — f(My_y)

Lk=0 i

. -

Y2u?

< E Yieur(1 + log My, ) + ~£—F&

= _% kk( g kl) Mk—l_
. X

= [E — (E[D,F | Fr_{])?

N
1
< B|S B[ HiDP Fk”
L k=0

= E Ly DyF|?
- EE ; | Di.F|

where we used the Jensen inequality and the convexity of (u,v) — v?/u on (0, 00) x
R, or the Schwarz inequality applied to 1/v/F and (DyF/vF)ien, as in the Wiener

and Poisson cases [6] and [1]. This inequality is extended by density to F' € Dom (D).
U

Theorem 13.3 can also be recovered by the tensorization Lemma 13.1 and the fol-
lowing one-variable argument: letting p+¢ = 1, p,g > 0, f : {—=1,1} — (0,00),
Elf]=pf(1) +qf(=1), and df = f(1) — f(—1) we have:

Ent [f] = pf(1)log f(1) + ¢f (=1)log f(=1) — E[f]log E[/]
= pf()1og(E[f] + qdf) + qf (=1) log(E[f] — pdf) — (pf (1) + ¢f(=1)) log E[f]

— pf()log (1 " q%) +af(=1)log (1 —p%)
< qu(l)%i] —qu(—l)% = pq E{}J]
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1
< pgE {—\df\z] :
f
Similarly we have

Ent[f] = pf(1)log f(1)+ qf(—1)log f(—=1) — E[f]log E[f]
= p(E[f] + qdf)log(E[f] + ¢df)
+q(E[f] — pdf)log(E[f] — pdf) — (pf(1) + qf (—1)) log E[f]

= pE[f]log (1 + q%) + pgd flog f(1)

+qE[f]log (1 —p%) — gpdflog f(—1)
pgdflog f(1) — pgdflog f(—1)

= pqE[dfdlog f],

IA

which, by tensorization, recovers the following L' inequality of [11], [7], and proved
in [28] in the Poisson case. In the next proposition we state and prove this inequality
in the multidimensional case, using the Clark representation formula, similarly to

Theorem 13.3.

Theorem 13.5 Let F' > 0 be Fy-measurable. We have

N
> Dy FDilog F
k=0

Ent [F] <E . (13.6)

Proof. Let f(x) = zlogz and
U(z,y) = (r+y)log(z+y) —xlogz — (1 +logz)y, =z, x+y>0.
From the relation

= Glix, = E[(F — F) | Foa] + prlix=—— E[(Fy — FF) | Fiet]
= 1x=nElIF — F) 1=y | Fro] + Lix= E[(Fy — FO)1x=1y | Feal,

we have, using the convexity of W:

Ent [F]=E Z f (M1 + Yiug) — f(My—1)
k=0
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N

= E Z‘I’(Mk—l,ykuk)+quk(1+10ng—1)
| k=0

[ N

= E > U(Myy, Yiug)

| k=0
[ N

= B> eV (E[F | Foral, B(FY — F)lixe=1y | Fial)
| k=0

+@p U (E[F | Fora, E[(Fy = D) 1x=1y | Fial)]

IN

T N
E ZE eV (F (B — F))lx——13) + &% (F, (F, — F)1x,—1) | ]:k1]]
| =0

N
= E|Y pelio—n¥ (B B~ F) + ey ¥ (B Fy — F)
| k=0

[ N
= E|D maV(F B = FD) V(L F - B
| k=0

N
= E Zpqu(logFJ—logF,;)(F;—Fk_)
| k=0
[ N
= E|> DiFDilogF

| k=0

The proof of Theorem 13.5 can also be obtained by first using the bound

flx+y)— f(x) =ylogz + (v + y) log (1 + %) < y(1 +logz) + ylog(r +y),

and then the convexity of (u,v) — v(log(u + v) — log u):

Ent[F]=E Z (M1 + Yyuy) — f(Mk—l)]

N
< E Z Yiur(1 + log My_1) + Yiug log(My—1 + Yius)
| k=0

- N
= E Zquk(log(Mk_l + Yiuy) — log Mk_l)]
k=0

N
= E | VoeGE[DeF | Fioa)(og B[F + (B — F)1x,——1y | Fio] — log E[F | Fit])

| k=0

—VDraE[DLF | Fia](og E[F + (Fy = FN)1ix=—1y | Fi-1] — log E[F | Fj—1])]
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TN
E ZE [VPrarDiF (log(F + (B — F, )1{x,=—1}) — log F)
k=0

— VD@ DiF (log(F + (Fy” = B ) Lix,=y) —log F) | Fiea ]

N
= E Z VPr@eDiF1ix,—_13(log Fif —log F)

Lk=0

IN

Lk=0

N
= E|> DiFDilogF

— /Pt DiFlix, =1y (log F), —log F,:r)}

r N
E Z VP qr Di F (log F,j —log F},) — v/Peqipr D F(log F)” — log F,j)
| k=0

The application of Theorem 13.5 to e gives the following inequality for F > 0,

JFy-measurable:

Ent [e"]

This implies

E

E

N
Z D, FDyef

Lk=0

[ N
ZPka‘P(GF’“_, efv ef) +pqu\11(eFlj, et — eF;)]
| k=0

[ N
N prare’ (Ff — Fp)ef e — e -F 1)
L k=0

+kak€F’j((F,; — F}j)eFk__Fk+ e 1)}

[ N
S pelixee et (B — F)eli 0 — 0 41
LE=0

+aL e (Fy = B — o 1 1)

N
E e /e YVel (ViFe " — eV 1) (13.7)
L k=0
N
Ent[e"] <E | (VpFeVs — Vel 4 1) (13.8)
k=0

As already noted in [7], (13.6) and the Poisson limit theorem yield the L' inequality
of [28]. Let M,, = (n+ X1+ -+ X,,)/2, F = o(M,), and p, = \/n, k € N, A > 0.

Then

> " DyFDylog F

k=0
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In the limit we obtain
Ent [o(U)] < AE[(o(U + 1) — o(U))(log (U + 1) — log p(U))],

where U is a Poisson random variable with parameter A. In one variable we have,
still letting df = f(1) — f(—1),

Ent[e/] < pgE [de/dloge]
= pa(e!V =/ CV)(F(1) = f(=1))
— pqef(fl)((f(l) _ f(_l))ef(l)ff(fl) —fM=fD 1)
+pqef(1)<( f(=1) = f(1))e )=f() _ o f(= 1)ff(1)+1)
0 D) = F(=1)/ " —ef<1>—f<-1>+1>
e/ V((f(=1) = F(1)
= Ele/(VfeV —eVl +1

(
)

IN

oS- 1)~ e/ D=1 4 1)

)
)l

where V), is the gradient operator defined in (7.7). This last inequality is not

comparable to the optimal constant inequality

N
Ent[ef] <E |ef Zpqu(\VkF\eW’“ﬂ — Vel L | (13.9)
k=0

of [5] since when Fif — F;” > 0 the right-hand side of (13.9) grows as Fi'e2ft | instead
of Fifel Y in (13.8). In fact we can prove the following inequality which improves
(13.4), (13.6) and (13.9).

Theorem 13.10 Let F' be Fy-measurable. We have

Ent [¢f] <E eFZpqu(VkFev’“F —eV )| (13.11)
k=0

Clearly, (13.11) is better than (13.9), (13.7) and (13.6). It also improves (13.4) from
the bound
e’ —e" +1< ("~ 1)} 1R,
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which implies
GF(VFGVF _ 6VF + 1) S 6F<GVF _ 1)2 — €_F|VGF|2.

By the tensorization property (13.2), the proof of (13.11) reduces to the following

one dimensional lemma.
Lemma 13.12 Forany 0 <p<1,teR,aeR, ¢g=1—1p,

pte' + qae® — (pe’ + ge”) log (pe' + qe)
S pq (qea ((t o a)etfa o etfa 4 1) +p€t ((a o t)eaft o eaft + 1)) .

Proof. Set

g(t) = pa(qe” ((t—a)e™ —e™*+1) +pe' ((a —t)e* " — " +1))

—pte! — qae® + (pet + qea) log (pet + qe“) )

Then

q'(t) = pq (ge"(t — a)e'™* + pe' (—e* " + 1)) — pte’ + pe' log(pe’ + ge?)

and ¢"(t) = pe'h(t), where
pe!

h(t) = —a — 2pt — p + 2pa + p*t — p*a + log(pe’ + qe®) + —
pet + qge®

Now,

2p€t p262t
R(t) = —2p+p*+ -
) P T et gen T (pel + qet)?
pg*(e’ — e®)(pe’ + (g + 1)e?)

(pe’ + ge®)?

Y

which implies that h'(a) = 0, h'(t) < 0 for any ¢t < a and A/(t) > 0 for any ¢ > a.
Hence, for any t # a, h(t) > h(a) =0, and so ¢”(t) > 0 for any t € R and ¢"(t) =0
if and only if ¢ = a. Therefore, ¢’ is strictly increasing. Finally, since t = a is the

unique root of ¢’ = 0, we have that g(t) > g(a) = 0 for all t € R. O

This inequality improves (13.4), (13.6), and (13.9), as illustrated in one dimension
in Figure 1, where the entropy is represented as a function of p € [0, 1] with f(1) =1
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and f(—1) = 3.5. The inequality (13.11) is a discrete analog of the sharp inequality

on Poisson space of [28]. In the symmetric case pr = g, = 1/2, k € N, we have

N
Ent[ef] < E eFZpqu(VkFev’“F—VkF%—l)

k=0
1 _ _
= glE Ze ’)eFij’Fk i F +1)
e +1)]
[ N

1 + - _
- GE | e )

Y

T N
- _E ZDkFDkeF
k._

which improves on (13.6).

184
161 optimal
14- modified

L1

6* sharp
41 entropy

0 0.2 04 p 06 0.8 1

Figure 1: Graph of the entropy as a function of p.
Letting F' = ¢(M,,) we have

N
F Zpqu(kaeka — VkF + 1)

k=

= A1 2 E et
n
x (¢

(M, — 1))es0(Mn) p(Mn=1) _ op(Mn)=p(Mn—1) | 1)}
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n
X ((p(My + 1) — p(M,,))e?MntD=en) _ goMat)=e(Ma) 4 1)]

+é (1 — 3) E [(n — M,)e?™)
n

and in the limit as n goes to infinity we obtain
Ent [e#®)] < XE[e? D) ((p(U + 1) — p(U))e?UFTN =) _ gpUtD=eU) 4 1)),

where U is a Poisson random variable with parameter A. This corresponds to the

sharp inequality of [28].

14 Change of Variable Formula

In this section we state a discrete-time analog of It6’s change of variable formula
which will be useful for the predictable representation of random variables and for

option hedging.

Proposition 14.1 Let (M,),en be a square-integrable martingale and f : R x N —
R. We have

f(My,n) (14.2)

= f(M_y,=1)+ Y Dif (M, k)Y + Y E[f(My, k) — f(My_1,k = 1) | Fia.

k=0 k=0

Proof. By Proposition 8.9 there exists square-integrable process (uy)ren such that

M, = A4;1'+*§£:1LkY%, neN
k=0

We write

f(Mp,n) — f(M_1,-1) = Zf M, k) — f(My_1,k — 1)

= Zf M, k) = f(My—1, k) + f(My—1, k) = f(My—1, b —

— \/]Tk( (Mk 1+u;€\/qTc k’) —f(Mk—lak)) Yy,
Pk
D 1{X;€ 1 <f (Mk: 1 +uk\/q7 k) - f(Mk—h/f))
4k Pk
+lx,——1) (f (Mk; 1— uk\/]qT: k‘) - f(Mk—1,/€))

1)
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+Zf (M1, k) — f(My_y, k — 1)

— Z\/p:’“(f(Mk 1+uk\/§i k;)—f(Mkl,k)>Yk

_|_Z _kl{Xk _1}E[f(Mk,/€) - f(Mkfla k) | fkfl]

k=0
+Zf (My—1, k) — f(My—1,k — 1).
Similarly we have
Pty = 00 =3 % (5 (s = [0 = s )
Pk qk
+Z p_kl{X’“ WE[f (Mg, k) — f(My—1,k) | Fr—1]
k=0
+Zf Mk: 17 (Mk; 17k_1)7

Multiplying each increment in the above formulas respectively by ¢, and p, and

summing on k we get

f(an) = f(M—h_l)
+Z\/kak (f <k 1+uk\/z7i k?) f(Mk 1 — Ug Z: k)>Yk

+ZE (M, k) | Froea] = f(My—1, k).

Note that in (14.2) we have

On the other hand, the term
E[f (Mg, k) — f(My—1,k — 1) | Fr]

is analog to the generator part in the continuous time It6 formula, and can be written

it (Mk 1 +Uk\/q> ) +qrf (Mk 1 —Uk\/ﬁ k) — [ (My—1,k—=1).
Pk qk

as
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When p, = ¢, =1/2, n € N, we have

f(My,n) = f(M_y,—1) +; [ (M1 +upg, k) ; f (M1 — uk,k;)yk
n f(Mk—1+Uk,k>+f(Mk_1 —uk7k) _2f (Mk—l,k?— 1)
+> :

k=0
The above proposition also provides an explicit version of the Doob decomposition

for supermartingales. Naturally if (f(M,,,n))nen is a martingale we have

f(My,n) = f(M_y,—1)

+Z\/kaIk <f <Mk—1 +Uk\/]q)—i7k> —f (Mk—l — ug %,k)) Y
=0

= f(M_y,=1)+ Y Dif(My, k)Ys.

k=0
In this case the Clark formula, the martingale representation formula Proposition 8.9

and the change of variable formula all coincide. In this case, we have in particular
Dy f(My, k) = E[Dyf(Mp,n) | Fi—1] = E[Dpf(Mg, k) | Fr-1], ke N.
If F'is an Fy-measurable random variable and f is a function such that
E[F | Fu] = f(M,,n), —1<n<N,

we have F' = f(My, N), E[F] = f(M_1,—1) and

Fo= E[FHiE[Dkf(MN,N)|fk_1]yk
k=0

= E[F]+ ) Dif(My, k)Ys
k=0

~ E[F]+ Y DEF(My, N) | FVi

Such a function f exists if (M, ),en is Markov and F' = h(My). In this case, consider

the semi-group (P ,)o<k<n<n associated to (M, )nen and defined by
[Pynhl(x) = E[R(M,) | My = x|.

Letting f(z,n) = [P, nh](z) we can write

F=E[F] + iE[th(MN) | Fer]Yi = B[F] + > Dy[Psnh(My)]Y.
k=0 k=0
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15 Option Hedging in Discrete Time

In this section we give a presentation of the Black-Scholes formula in discrete time,
or Cox-Ross-Rubinstein model, see e.g. [9], [19], §15-1 of [27], or [24], as an appli-

cation of the Clark formula.

In order to be consistent with the notation of the previous sections we choose
to use the time scale N, hence the index 0 is that of the first random value of any

stochastic process, while the index —1 corresponds to its deterministic initial value.

Let (Ag)ren be a riskless asset with initial value A_;, and defined by

n

A, =A_, H(1+rk), n €N,
k=0

where (71)ren, is a sequence of deterministic numbers such that r, > —1, k € N.

Consider a stock price with initial value S_;, given in discrete time as

(]- + bn)Sn—la X, = 17
S, =
(1+a,)Sn-1, Xp,=-1, neN,

where (ag)reny and (bg)ren are sequences of deterministic numbers such that
-1 <ap <rg <by, k € N.

We have

“ 1+ by X2
S, =5S_ 14+b6,)(1+ , € N.
TV () o

Consider now the discounted stock price given as

So o= Sa [ +m)
k=0

= 5 H L b0t an) Libe) ™" eN
N ! 147y b ak 1+ ag n .

k=0

If —1<a,<r,<bg, k€N, then (gn)neN is a martingale with respect to (F,,)n>—1

under the probability P* given by

pr = (re —ax)/(bp —ax), qx= (bp —71)/(bp —ax), k€N
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In other terms, under P* we have

E*[Sn-i-l | Fn] = (1 + Tn+1)Sn7 n > _17

where E* denotes the expectation under P*. Recall that under this probability
measure there is absence of arbitrage and the market is complete. From the change
of variable formula Proposition 14.1 or from the Clark formula (8.2) we have the
martingale representation

by, — ay
1+7”k

Sn =S5+ Z YkaSk =S+ Z S’kfl\/kak: Y.

k=0 k=0
Definition 15.1 A portfolio strateqy is a pair of predictable processes (Ng)ken and
(Ck)ken where ny, resp. (i represents the numbers of units invested over the time

period (k,k + 1] in the asset Sk, resp. Ay, with k > 0.
The value at time k > —1 of the portfolio (nx, (x)o<k<n is defined as

Vi = Cor1 Ak + M1 Sk, k> -1, (15.2)
and its discounted value is defined as

Vo=V, [Ja+m)™",  n>-1 (15.3)
k=0

Definition 15.4 A portfolio (nx, (x)ken s said to be self-financing if

An(Cn-i-l - Cn) + Sn(nn—i-l - nn) =0, n > 0.

Note that the self-financing condition implies
Vi = GAn + 1nSh, n > 0.

Our goal is to hedge an arbitrary claim on 2, i.e. given an Fy-measurable random

variable F' we search for a portfolio (7, (x)o<k<n such that the equality
F=Vy=(vAn +1nnSN (15.5)
holds at time N € N.

Proposition 15.6 Assume that the portfolio (ni, Ck)o<k<n s self-financing. Then

we have the decomposition

n

Vo=V [J+m) + Z iSi1y/pii (b — i)Yy [T (1 +r0). (15.7)

k=0 k=i+1

n
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Proof.  Under the self-financing assumption we have

Vi=Viae = G(Ai— Aisq) +mi(Si — Si)
= 1GAi—1 + (ailx,——1y + bil{x,—13)1:Si—1
= iSi—1(ailyx,——1y + bilyx,=1y —73) + Vi
= 0Si—1vPigi(bi — a;)Y; + Vi, 1 €N,

hence for the discounted portfolio we get:

o i i1

Vi-Via = [Ja+r) V= ]+ ) Vi
k=1 k=1

= H(l +75) T (V; = Vier — Vi)

k=1
= 777,52 1\/]7@% YH 1+rk 1, ZEN,
which successively yields (15.8) and (15.7). O

As a consequence of (15.7) and (15.3) we immediately obtain

V=V, +ZmSz i (b — a;)Y; H L4+r)™,  n>-L (15.8)

The next proposition provides a solution to the hedging problem under the constraint

(15.5).

Proposition 15.9 Given F € L*(Q, Fy), let

N
1
= E*[D,F | Fn_ 1+7m)7", 0<n<N, (15.10
= g 3B [DaF | Fo] H< v) (15.10)
and
N
Co=At ( H (1+7) 'E[F | F] — nnsn> : 0<n<N. (15.11)
k=n+1

Then the portfolio (Mg, Ck)o<k<n S self financing and satisfies

N
GAn+ 028, = [ Q+m) B [F|F),  0<n<N,
k=n+1

in particular we have Vy = F, hence (nx, Cx)o<k<n 1S a hedging strategy leading to
F.
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Proof.  Let (nx)-1<k<n be defined by (15.10) and n_; = 0, and consider the process
(Cn)o<n<n defined by

N

E*[F —m)S
(= 5[ ]H(1+Tk)_1 and g,m:gk—w, k=—1,... ,N—1.
-1 k=0

Then (nx, (x)-1<k<n satisfies the self-financing condition

Ap(Cey1 — Ce) + Sk(M1 — ) = 0, —1<k<N-1.

Let now

N

Vo =B [FI[J0+r)™", and V,=(uAy+ 08,  0<n<N,

k=0

and .
Veo=Vo[[+m)™, —1<n<A.
k=0

Since (Mg, Ck)—1<k<n is self-financing, Relation (15.8) shows that

V,=V.i+ ZYimSi—l\/ZT%(bz‘ — a;) H(l +r)7 —1<n< N (15.12)
i=0 k=1

On the other hand, from the Clark formula (8.2) and the definition of (nx)_1<k<n

we have

E'F | FI ][+

N N N
= B B[P [ +r) ™" + ) YiE(DF | Fia) [J(1 4 7)™ J-"n]
k=0 =0 k=0
N n N
= EF [ +r)" +)) YE(DF | Fia) [J(1 + 7)™
k=0 =0 k=0
N n 7
= EFI [ +r) ™+ YimSioiv/piga(b — ai) [ J(1 4 r) "
k=0 =0 k=1
from (15.12). Hence
~ N
Vo=E[F|F][Ja+rn)™", —-1<n<N,

k=0
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and
N

Vo=E[F|F] [[ +m)™". -1<n<N
k=n+1

In particular we have Viy = F'. To conclude the proof we note that from the relation
Vi = GuAn + 1050, 0 < n < N, the process ((,)o<n<n coincides with (¢, )o<n<n
defined by (15.11). O

Note that we also have

N
Cn-i—lAn +77n+1Sn = E*[F | ]:n] H (1 +’I“k)_1, —1<n< N.

k=n+1

The above proposition shows that there always exists a hedging strategy starting

from
N

Vo =B [FI ] +r)

k=0

Conversely, if there exists a hedging strategy leading to
N
VN = FH(l + Tk)_l,
k=0
then (V,,)_1<n<n is necessarily a martingale with initial value

Vo =B W] =B [F] JJ(1 + 7)™

k=0
When F = h(Sy), we have E*[h(Sy) | Fi] = f(Sk, k) with

o (> ISR (1))

i=k+1

[, k)

The hedging strategy is given by

N

1 ~
D1.f(Sk, k 1+7,)"!
Sk—1v/Prqk(br. — ay,) f (5 )1111( g

N -1
SESSICRA) (f (Sk 11+bk k) —f(gk—11+ak,k>), k> —1.

Sk—1(br, — ax) L+ 7y 147y

M =

Note that 7 is non-negative (i.e. there is no short-selling) when f is a non-decreasing

function, e.g. in the case of European options we have f(z) = (z — K)*.
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