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Abstract

Using finite difference operators, we define a notion of boundary and sur-
face measure for configuration sets under Poisson measures. A Margulis-Russo
type identity and a co-area formula are stated with applications to deviation
inequalities and functional inequalities, and bounds are obtained on the associ-
ated isoperimetric constants.
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1 Introduction

Isoperimetry consists in determining sets with minimal surface measure, among sets
of given volume measure. In probability theory, isoperimetry is generally formulated
by expressing the volume of sets via a probability measure, and surface measures
using the expectation of an appropriate gradient norm. Gaussian isoperimetry is
a well-known subject, see, e.g., [15] for a review. A notion of surface measure on
configuration spaces has been recently introduced in [6] using differential operators.
Discrete isoperimetry is also possible on graphs and Markov chains, by defining the
surface measure of a set A as an average of the number of elements in A that are

connected to an element in A° cf. e.g. [10], [14], without requiring any smoothness

*Research supported in part by a NSF Grant.



on A. In this framework, an isoperimetric result has been obtained in [3], Prop. 3.6,
for i.i.d. Poisson vectors in N¢.

In this paper we consider the problem of isoperimetry on configuration space
in finite volume, i.e. on the space ) of a.s. finite configurations w = {z1,...,z,},
n > 1, of a metric space X. The configuration space €2 is equipped with a Poisson
measure 7 with intensity o, where o is a finite diffuse Borel measure on X. Working
with the configuration space instead of finite Poisson distributed i.i.d. vectors is
similar to working with measurable functions on R instead of step functions. Each
(m-a.s. finite) configuration w € € has a set of “forward” neighbors of the form
wU{z}, r € w* = X \w, and a set of “backward” neighbors of the form w \ {z},
x € w. A Markov chain and a graph of unbounded degree can both be constructed
on ). In the Markov case one adds a point distributed according to the normalized
intensity measure to a given configuration. In the graph case, a point chosen at
random is removed from a given configuration. Such operations of additions and
subtraction of points are also frequently used in statistical mechanics and in connection
with logarithmic Sobolev inequalities, see, e.g., [9]. Here they allow to construct
two notions of neighbor (respectively denoted forward and backward) for a given
configuration. It turns out that the graph and Markov kernels are mutually adjoint
under the Poisson measure, and we will work with a symmetrized kernel in order
to take both the graph and Markov structures into account. We emphasize that it
is necessary here to use the graph and Markov approaches simultaneously (i.e. to
consider both forward and backward neighbors), since considering only the Markov
part or the graph part separately yields trivial values of the isoperimetric constants
h;f = 0. In fact the classical discrete isoperimetric results that hold in our setting are
those which are valid both in the Markov and graph cases. This notion of neighbors is
used to define the inner and outer boundary and the surface measure 7, of arbitrary
sets of configurations. Isoperimetry and the related isoperimetric constants are then
studied by means of co-area formulas. We can define dimension free isoperimetric

constants

hl = inf WS(aA)
0<7T(A)<% ﬂ-(A)

Y



and
he = it 04
0<m(A)< % W(A)

Let Ay = 1 denote the optimal constant in the Poincaré inequality on configuration

space for the finite difference operator D. We have % < h; <2424/0(X), and

max ! ! < he <4 L + ! .
Vro(X) 20(X) )~ 7\ o(X) o(X)

Margulis-Russo type identities are also obtained and yield asymptotic estimates for
the probability of monotone sets.

Isoperimetry for graphs and Markov chains is often applied to determine bounds
on the spectral gaps Ao, Ao, providing an estimate of the speed of convergence to equi-
librium for stochastic algorithms ans in statistical mechanics. In such situations the
values of the isoperimetric constants are easily computed as infima on finite sets. In
the configuration space case the situation is different since A\ and A\, are known and
used to deduce bounds on the isoperimetric constants.

We proceed as follows. In Sect. 2 we construct a finite difference gradient on
Poisson space and recall the associated integration by parts formulas, as well as the
Clark formula. We also extend the isoperimetric result of [3] (see [2] on Gaussian space
and [7] on Wiener space and path space), and state a Margulis-Russo type identity, in
the general setting of configuration spaces under Poisson measures. In Sect. 3, a graph
is constructed on configuration space by addition or deletion of configuration points.
The inner and outer boundaries of subsets of configurations and their surface measures
are defined in Sect. 4, e.g. a configuration w € A belongs to the inner boundary of A if
it has “at least” a (forward or backward) neighbor in A°. A deviation result in terms
of the intensity parameter is obtained from the Margulis-Russo identity on Poisson
space. Co-area formulas for the finite difference gradient, which differ from the Gauss
type formulas of [11], are proved in Sect. 5. Boundary measures and surface measures
are defined by averaging the norms of finite difference gradients, which represent the
measure of the flow in and out a given set. An equivalence criterion for functional
inequalities is also proved. In Sect. 6, the main isoperimetric constants are introduced,

and bounds are stated on these constants. Sect. 7 is devoted to a generalization of
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Cheeger’s inequality, following the arguments of [5], [12], [13].

2 Preliminaries

Let X be a metric space with Borel o-algebra B(X) and let ¢ be a finite and diffuse

measure on X. Let  denote the set of Radon measures
i=N
Q={w=§j%:(mﬁ¥cxym¢%»W¢va6Nubw},

where 9, denotes the Dirac measure at x € X. For convenience of notation we identify
w = Y1716, with the set w = {z1,...,2,}. Let F denote the o-algebra generated
by all applications of the form w — w(B), B € B(X), and let 7 denote the Poisson

measure with intensity o on €2, defined via

T{weQ @ wld) =Fk,...,w(A,) =k,}) =

(2

Il
3

ki
O'(;jzl) eig(Ai)’ ]{]17 C. ,kn S N7

1

on the o-algebra F generated by sets of the form
{w e (.U(Al) = kla ce ,(_U(An> = kn},

for k1,...,k, € N, and disjoint A;,..., A, € B(X). Let I,(f,) denote the multiple

Poisson stochastic integral of the symmetric function f,, € L?(X, 0)°", defined as

L(fa)w) = [ faltr,... ta)(w(dtr) —o(dtr)) -~ (w(dtn) —o(dtn)), fu € Lo(X™)",
Ap

with A, = {(t1,...,t,) € X" : t; #t;, Vi # j}. We recall the isometry formula

E[In(fn)Im(gm)] = nll{n:m}<fm gm>L?,(X)°”a

see [19]. As is well-known, every square-integrable random variable F' € L?(QX, P)

admits the Wiener-Poisson decomposition

F=> IL(f)

in series of multiple stochastic integrals.
The gradient chosen here on Poisson space is a finite difference operator (see [6] for a

different construction using derivation operators).
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Definition 2.1 For any F : Q) — R, let
Dy F(w) = (F(w) = Fw + 6:))lpewey + (F(w) = F(w = 02)) 1 {zewy,
forallw e Q and x € X.

Now, given u : 2 x X — R with sufficient integrability properties, we let

0o (u) = /Xu(x,w)a(d:c) —/ u(z,w — 0z )w(dx),

X
and

5. (1) = /X (@, wYw(dz) — /X w(w,w + 6,)0(dx).

Note that in the definition of d,(u), the integral over the diffuse measure o makes

sense since o(dx)-a.s., x ¢ w. Note that
D,Fw+46,)=F(w+0,) — Flw) =—-D,F(w), z¢uw,

and

D,Flw—-9,)=F(lw—-96,) — Flw)=-D,F(w), z€w.

The following relations are then easily obtained:

06 (uF) = Fdg(u) + 6,(uDF) — (u, DF) 12(x ) (2.1)
0w (uF) = Fo,(u) + 6u(uDF) — (u, DF) 12(x ), (2.2)
and
0o (u) = /Xu(x,w)(a(dx) — w(dx)) —I—/XDxu(x,w)w(dx), (2.3)
0y (u) = /Xu(x,w)(w(dx) —o(dx)) +/XDxu(x,w)a(dx). (2.4)

As shown in Prop. 2.2 below, the operators é, and ¢,, are adjoint of D, with respect

to scalar products respectively given by ¢ and w.

Proposition 2.2 We have for F: Q) - R andv:Q x X — R:
E[Fi,(v)] = E[(DF,v)2(], (2.5)

and
E[F5,(v)] = E[(DF,v)12()), (2.6)

provided the corresponding quantities are integrable.
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Proof.  We first show that E[d,(v)] = 0. For simple processes, this can be proved

using the characteristic function of [ « hdw which satisfies

E {exp (zz/ hdw)] = exp/ (" —1)do, z€R.
X X

Differentiating each of those two expressions with respect to z yields

E [/ hdw exp (zz/ hdw)} =F [/ he**"do exp (zz/ hdw)] ,
X X X X
hence

B| [ rato e (i [ nao)| = B {01 - pomen (is [ hio)]
(npess iz [ hdw)>mm] ,

where we used the relation D, exp(iz [ hdw) = (1—e*"®) exp(iz [, hdw), o(dz)-a.e.
From (2.4) this implies E[d,(u)] = 0 for all u of the form

E

n
u = E 1A.6iz1w(B1)+~~~+iznw(Bn)

i=1
By martingale convergence arguments, e.g. as in the proof of Th. 3.4 of [29], the

formula is extended to general u. This in turn implies E[d,(v)] = 0 from (2.3), and

(2.5) using (2.1). O

Note that the relation E[d,(v)] = 0 can be seen as a consequence of Th. 1 or Cor. 1

in [20], and (2.6) follows from (2.2). We have

deDF (w) = /X(F(w) — F(w+9,;))o(dr) — /X(F(w — ) — F(w))w(dz),

and
5, DF(w) = /X (F(w) — Flw— 6,))w(dz) - /X (F(w+6,) - F(w))o(dn),
so that
5,DF(w) = 6,DF(w) = /X D, F(w)w(dz) + /X D, F(w)o(dz) (2.7)
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X

F(w+d,)o(dx) — / F(w —d,)w(dz).

X

From the definition of I,,(f,) it can also be easily shown that

50Dln(fn) = 5wD[n(fn) = nIn(fn)a

cf. e.g. [23]. It follows that the spectral gap of d,D is Ay = 1, a fact which is recovered
below by a different method. In the sequel we shall uniquely use the operator d,, and

denote it by d. Let

DfF(w) = max(0,D,F(w))
= (F(w) - F<w + 693))+1{x6wc} + (F<w) - F(W - 69:))+1{x6w}-

and

D, F(w) = —min(0,D,F(w))
= (F(w) = F(w+ ) Taewey + (F(w) = F(w = 02)) Lzew)-

We have D} F = D, (—F),
DfF(w+4d,) =D, F(w), D F(w+6,) =D/F(w), z¢uw,

and
DfF(w—6,) = D, F(w), D, F(w—6,)=DF(w), z€cw,

which implies

5,(D*FYP(w) = —6,(D~F)"(w) = /

Xwﬂwwwm—/wnwwmw»@&

X
and

5,(D~FYP(w) = —6,(D* F)P(w) = /

Xwﬂwwwm—/wﬂwwwmww>

X

We also have |D, F|P = |D}F|? + |D; F|P, and

|DF (W), = |DTF(W)lg + |D™F (W)l



Lemma 2.3 We have
E[|DTF[] ) = E[ID”FlL ),

and
EHD_FVZ/P(J)] = E[|D+F|§p(w)]-
Proof. Using (2.8) and (2.9) we have

E(|D*F[}, )] — E(IDTF[,,] = E[6,(D*F)")] = 0.

Similarly, (2.7) will imply

E { /X DQCFa(d:p)} —F { /X Dwa(dx)] (2.10)

In the particular case F' = 1y,(a)=k}, Lemma 2.3 simply states the following easily

verified equality:
EID  w=r 1)) = 0(A) E[Lway=ry] = b+ 1) E[lwa=r+13] = ElID™ Liwa=r L1 @)
We also have

1
E[ID7FE, e ] = E[IDFI, )| = 5B [IDFI) = 52 [IDF )]

]
in particular the Dirichlet forms &,(F, G) and &,(F, G) defined as

1 1
EU(F, F) = EEI:|DF|%2(O')]7 gw(FJ F) = §E[|DF|%2(UJ)]

coincide:

E,(F,F) = E,(F,F).

This result can also be seen as a consequence of the relation 6,D = d,D, or of
Prop. 2.2.
The Clark formula given next yields the predictable representation of a random

variable using the operator D. Take X = [0, 1] and o the Lebesgue measure and let
Ni(w) = Nog(w) =w((0.8]), tER,, weQ,
i.e. (Ni)iep,1) is a standard Poisson process under 7.
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Proposition 2.4 (/21], Th. 1) We have the following Clark formula, for F € L*(Q,7):
1
F = E[F] —/ E[D,F | F)dNy, (2.11)
0
where the stochastic integral is taken in the Ito sense.

The formula is first proved for ' € Dom(D) and then extended to L*(€2) by continuity
of F 5 (E[DiF | Fi])ier, from L?(Q,7) into L*(2 x [0,1]). The Clark formula (2.4)

yields the Poincaré inequality:
Var (F) < E[|DF|}(,], F € Dom(D). (2.12)

This inequality is in fact valid for an arbitrary Polish space X with diffuse measure

0. Note that if F' =14 then the Poincaré inequality implies
m(A)(1 = 7(A)) < o(X),
in particular if o(X) < 1/4 then we have either

7(A) < (1 - /I 40(X))/2
7(A) > (14 /T—40(X))/2.

and if 7(A) < 1/2 then
m(A) <2m(A)(1 —7w(A)) < 20(X).

The following result gives a version of isoperimetry on Poisson space which is indepen-
dent of dimension and generalizes the result of [3], p. 274. Let ¢ denote the standard
Gaussian density, and let ® denote its distribution function. Let I(t) = @(®1(t)),
0 <t <1 denote the Gaussian isoperimetric function, with the relations I(z)I"(x) =

—1land I'(z) = =& (), z € 0, 1].

Proposition 2.5 For every random variable F : Q — [0, 1] we have

[(E[F)) < E [\/J(F)2 + Q\DF\%Q(U)J . (2.13)
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Proof. Let X,, denote the N"-valued random variable defined as
Xp(w) = (w(Ay),...,w(4,)), we.

If F = foX, is a cylindrical functional we have

k

DF() = 3 1y (@) (X)) — F(Xalw) + ex),

k=1

n

f N — R, where (ex)1<k<n denotes the canonical basis of R". For the cylindrical
functional F', (2.13) follows by application of Relation (3.13) in [3] and tensorization.
The extension to general random variables can be done by martingale convergence,

e.g. as in the proof of Th. 3.4 of [29]. O

This also implies that the optimal constant b, in the inequality

I(E[F])<E [\/I(F)2 + b—lleF’iw;“J)]

satisfies by > 1. Using the equivalence I (g) ~ gm and the Schwarz inequality,
Relation (2.13) allows to recover the modified logarithmic Sobolev inequality of [1],
[30]:
E[Flog F] — E[F]log E[F] < %E [%|DF|§} :

Note that the analog Gaussian isoperimetry result can also be transferred to the
Poisson space for the Carlen-Pardoux gradient [8], writing the exponential interjump
times of the Poisson process as half sums of squared Gaussian random variables as
in [22]. Let my, A > 0, denote the Poisson measure of intensity Ao(dz) on €, and let
E, denote the expectation under my. We refer to [18] for the following type of result,

obtained by differentiation of the intensity parameter.

Proposition 2.6 Assume that DF € L'(my ® 0) and F € L'(m)), A € (a,b). We
have

%EA[F] = —F, UX DxFa(d:c)] = B, UX Dwa(dx)} , A€ (ab).

Proof. Given the representation
F(w) = fol{u=0y + Z Liwj=n} fo(21, .-, 20),
n=1
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where w = {z1,...,2z,} when |w| = n, we have

E\[F]| = X) fo 4+ e X / /fn T1, ..., xp)o(dxy) - - o(dzy,),
and

aE F| = X)E\|F

DB = —o(X)ByF)

[e.9]

LX) ; )‘n_l) / /fn T, ..., xp)o(dxy) - - o(dey)
= —o(X [ F(w+4,) (d:p)}
(d

_ —EA[/DF - )]

The second relation follows from (2.10). O

As a corollary we will obtain a Margulis-Russo type equality [16], [25] for monotone

sets under Poisson measures.
Definition 2.7 A measurable set A C () is called increasing if

weA = w+, €A o(dr)—ae. (2.14)
It is called decreasing if

weA = w-6,€A w(dr)—ae. (2.15)

Note that if A is decreasing then A€ is increasing but the converse is not true. In fact,

saying that A is decreasing is equivalent to the following property on A
weA = w+i, €AY Vreuw (2.16)

which is stronger than saying that A¢ is increasing. The set A is said to be monotone
if it is either increasing or decreasing. The sets {w(B) > n}, resp. {w(B) < n}, are

naturally increasing, resp. decreasing. Another example of monotone set is given by

{wGQ:/fdw>K}, K eR,
X

which is increasing, resp. decreasing, if f > 0, resp. f < 0. Clearly, a set A is
increasing, resp. decreasing, if and only if D, 14 < 0 (i.e. D,lg = —D_ 14, or

D}14=0) o(dx)-a.e., resp. w(dzr)-a.e. As a corollary of Prop. 2.6 we have:
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Corollary 2.8 Let A C Q be an increasing set. We have

Tm(4) = B, /X DxlAa(dx): _ L, { /X D;uw(d:c)} .

If A C Q is decreasing we have

%mm) = _E, /X DxlAw<dar>: = —E) { /X Dy 1A0<dw>} :

We also have if A is monotone:

0
571’)\(14) = E)\ [HDlAHLl(a)] = E)\ |:HD1AHL1(w)] .

3 Forward-backward kernels and reversibility on
configuration space

Given w € 2, the set of forward neighbors of w is defined to be
NF={w+6, 1z euwY,

and similarly the set of backward neighbors of w is
N, ={w—-4, :zew}

We let
N, =NTUN.
We define two measure kernels K (w, dw) and K~ (dw,w) which are respectively sup-

ported by N.F and N .

Definition 3.1 Let for A € F:

KH(w, A) = / Liw+o)o(dn), K (Aw) =3 1a(w—15,).

X TEW

It is a classical fact that since 7 is a Poisson measure, the image under w + 6, — x of

the measure
m(do | © € N)
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coincides with the (normalized) measure ¢ on X:

o(B)
o(X)

=7({® : v=w+6, :x€B}|weN]), BeBX).
Hence the forward kernel satisfies
K+(w,dd) =o(X)r(dw |w € ./\/J),

and (0(X)) 'Kt (w,d®) is of Markov type. Similarly, the image under w — 4, — x of
the measure
n(do | o eN)
coincides with the normalized counting measure on w:
w(B)

S~ TiE e sw—a, peBY |G e,

hence the backward kernel satisfies

K~ (di,w) = w(X)m(dd | © € N) = bus, (did

and (w(X)) 'K~ (dw,w) is Markovian provided w # ). The kernel K~ (do,w) itself is
not Markovian, instead it is of graph type, i.e.

e [ 1 ifo=w-4§, for some z € X (ie. w € N,,),
K=({w}w) = { 0 otherwise (i.e. @ & N,,).

We have for p € [1, 00):
IDF@)ny = [ 1) = Flo+ 80P o(de) = [ |Plw) = P@PE " (w.do)
and
IDF(w / F(w) — Flw — 6,)[Pw(dz) /|F VP K~ (w, d).
For p = oo we have
|DF(w)|Loe(0) = €55 8UPy gy | F(w) — Fw + 02)| = essSupges a0y [F(w) — F(@)],
and
|DF(w)] oo (w) = €8S SUp,(gq) |F(w) — F(w — 05)| = esssupg—(,,q2) [F'(w) — F(@)].
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We also have

E |D+1A|LP(%)} - / K(w, A Y?r(dw), E []D’1A|LP(%)] = [ K(w,A)"Pr(dw).
A

Ac

The following proposition shows a reversibility property, which is an analog of Lemma 2.3.

Proposition 3.2 The kernels K+ (w, dw) and K~ (dw,w) are mutually adjoint under
m(dw), i.e
7(dw) K" (w, d2) = K~ (dw, @) (dD).

Proof. We have
/ / G(@) K (w, d)r(dw) = /Q F)G(w + 8,)m(dw)o(dz)
= ZBIF(DG, 1)) + o(X)EIFG
A +0(X)E[FG]

- o s

TEW

/Q /Q G(@)F(w) K~ (dw, @) (d@).

In particular we have E[K~F| = o(X)E[F]:

/ / “(dawyr(de) = o(X) [ Plujn(do)

and E[KTF] = VF:

/ / () = [ w(X)F()n(do),

which is Lemma 1.1 in [29] and is similar to the Mecke identity [17]. This also implies
[ K A () = BUD a0l ) = BID 1a()] = [ K (A,

[ K, Apr(d) = BID 1a(@)lni) = BID 14 / K (4% w)r(d).

The proof of Lemma 2.3 can be reformulated using reversibility of forward and back-

ward kernels.
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Proof. 'We have
E[D*F[,)| = / (F(w) — F@))* K™ (w, do)r(dw)
- / (F(w) — F@))* K~ (dw, &)r(di)

— | (F@) ~ F@)7 VK (o, @)m(as)
- EHD;FVEP(M)].

Let K(w,dw) denote the symmetrized kernel

_ K (w,d& K= (d&
o ) = KT6008) + K (08,)

We have
IDF@ s, = 5 DF @y + 5IDF @y = [ 1) = PEPR (w,5),
and for p = oo:
|DF(w)| o0 (0-40) = €88 SUP (0 ag) | F(w) — FI(@)]-
We also have
B (1D il ez = B [ID" Ualioesey| + B [ID 1al oo
= /A[_((w,Ac)l/pﬂ(dw) —i—/A K (w, A)YPr(dw),
since DY FD,;F =0, x € X. Let

1
I(F, F) = 5|DﬂEF|§2(HTW).

We have
PRG)w) =5 [ (F) = F@)*(6() - G@) K (w,do).
PG =5 [ ()= F@) (6() - G@) K(w,do).
and
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Proposition 3.3 The Laplacian associated to the discrete Dirichlet form E(F, F) is

L= %5D, with

o(X) +w(X)

1 _

Proof. Again, reversibility can be employed. We have

E(F,G) = F(0)(Gw) — G@) K (w, do)r(dw)

\\

W) Kt (w, do)n(dw) —I—/ F(@)G(@0)K™ (dw,@)r(dd)
QxQ

/Q P@)G(@) K (v, db)e(de) = /Q G P(@)K (v, db)e(d)
_ B[F((o(X) + w(X))G — K*G — K-G)].

U

Note that in the case of cylindrical functionals, L is the generator of Glauber dynamics
considered in statistical mechanics as in e.g. [9], and has the Poisson probability
as invariant measure. Although K~ (d®,w) and K*(w,dw) are not Markov, they

leave the Poisson measure invariant under appropriate normalizations, for example
for A = {w(X) =k}, we have K~ (A,w) = (k + 1)11y(x)=k+1}, and

ﬁ/ﬂﬂ(dw)fﬂfhw) i(ﬂ T({w(X) =k +1}) = n(A).

In particular we have the following result.

Proposition 3.4 The Poisson measure w(dw) is a stationary distribution for the

symmetrized normalized kernel

Proof. 'We have

/Qﬂ(dw)ml((w,fl) :/Aﬁ(dw)mf((w,gl) — r(A).
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4 Inner and outer boundaries

We have
+ _
Dyla(w) = 1{weA and w+6I€AC}1{$€wC} + 1{weA and w76z€Ac}1{$€w}’
and
Dy 1a(w) = 1{weAC and w+6z€A}1{$€WC} + 1{weAC and wﬂszeA}l{xewP
Hence

D 1La(@) 2y = La(@)o({r € X w46, € A%) = La(w)K ™ (w, A°),

and

|IDT1a(w)h, ) = law)w({z € X © w—16, € A°}) = 14(w) K™ (A%, w),

(@)

ie. for w € A, |[DT1a(w)[]s(, is the measure K (w, A°) on N of the set of for-

ward neighbors which belong to A, and |D*14(w) ip(w) is the number (or measure

K~ (A% w) on N)) of backward neighbors which belong to A°. We also have
D7 14(0) iy = Lae(@o(fz € 0,1] = w3, € A}) = Le(@)K ¥, A),
and
D La(@) gy = L)l {z € 0,1] + w5, € A)) = Lo(@)K~ (A,

ie. for w € A% |D714(w)[},(,) is the measure K*(w, A) on N of the set of forward
neighbors of w € A¢ which belong to A, and [D~14(w) ip(w) is the number (measure

K~ (A,w) on NJ) of backward neighbors of w € A which belong to A.

Remark 4.1 We have D14 = D 14c and |Dy14] = |Dy14e

, e X.
In particular,

Dy )=k = 18(2) Lw(B)=k)
and

D 1ruy=ky = 18(2)1u(2)1wB)=kt13 + 18(2)Lwe () LiwB)=k-1}

17



hence

1D Lwmy=i i) = 0 (B)Liwm=rys (D 1B(W)[1n0 = Flium)=k

and

D™ Lwm=m 1oy = F(B)Lpum=k-1ys 1D Lumy=milLow) = (F + D lwm=ky-

Similarly,

ie. |[DF1a(w)|pey = 1, resp. [D71a(w)|ree) = 1, if and only if w € A, resp.
w € A° has “at least” a forward neighbor in A° resp. A, and [D¥14(w)|re(w) = 1,
resp. |D714(w)|pew) = 1, if and only if w € A, resp. w € A° has at least a
backward neighbor in A¢, resp. A. The following definitions are stated independently
of p € [1, o0].

Definition 4.2 Let p € [1, 00].
The inner and outer boundaries of A are defined as:
8inA = {w c A K(W,AC) > 0} = {|D+1A(w)|LP(U+w) > 0}7

and

Dot A ={we A° : K(w,A) >0} ={|D 14(w)|1r(o+w) > 0}
The boundary of A is defined as:

aA — ainA U aoutA
= {weQ : |D1sg(w)|ir(o4w) > 0}
= {we : Kw,A)+ K(w,A°) > 0}.

18



For instance,

On{w(B) = k} = {w(B) = k},
Oou{w(B) = k} = {w(B) = k— 1} U {w(B) = k + 1},

0{w(B) =k} ={k—1<w(B) <k+1}.

In particular, Prop. 2.5 shows that the isoperimetric function p — inf (4=, 75(0A)
on Poisson space is greater than 1/ V2 times the Gaussian isoperimetric function I.
We have D14 = D, 14c, hence 0y A = Oy A° and 0A = 0A°. We may also define
the interior A° of A as

A =H{w : |D+1A(w)|Lp(%) =0} ={wed: KwA)=0}=A\0uA,
and the closure A of A as

A = {we A° . |D_1A(w)|L,,(a+TW) =0}°
= AU{weQ : K(Aw)>0}=((A)°) = AU Qo A.

More refined definitions of inner and outer boundaries are possible, by distinguishing
between “forward” and “backward” neighbors. Note however that defining the norms
and boundaries with respect to K+ only, resp. K~ only, leads to dow{w(B) < k} =0
since | D™ 1y (p)<k}|r(o) = 0, resp. On{w(B) > k} = 0 since |DT 1yy(py>k}|Lr(0) = 0,

i.e. the isoperimetric constants h;,t defined below have trivial zero value. We have
T(OnA) = E[|D" 14| 100 (04w)) = 7T({w € A+ K(w, A%) > 0}),

T(OowA) = E[|D™ 14| (p1w)] = 7({w € A® : K(w, A) > 0}),
and
m(0A) = E[Dlalrc(otw)] = E[|D 1l (orw)] + E[ID™ 14l (04w)]

= 1{wed : KwA) >0} +7({we A : K(w,A) >0}).

19



In discrete settings the surface measure m;(0A) of 0A is not defined via a Minkowski

content of the form
1
ms(0A) = limiglf;(w({w cw : dw,A) <r})—n(A)).

Nevertheless, the surface measure of 0, A, resp. 0O.uA, can defined by averaging
La(w) K (w, A2 = | D¥1a(w)|2(2ge), Tesp. Lac(w) K (w, A)Y? = [D714(w)] (o2

with respect to the Poisson measure 7(dw).

Definition 4.3 Let
(00 ) = BID @) psqop) = [ Kl 2l
A

and

7s(OousA) = E[|D™1a(w)]2(o2e)] = i R (w, A) 21 (dw).

The above quantities represent average numbers of points in A, resp. A€, which have
a neighbor in A¢ resp. A, the Poisson measure playing here the role of a uniform

measure. The surface measure of 0A is

s(0A) = 7s(OnA) + 7s(OoutA)
= B[ID*1alaesey| + B [|ID Ll prgege) | = B [ID1al o]

- / K (w, A)r(dw) + | K (w, A)V2m(dw).

As a consequence of the Margulis-Russo identity Cor. 2.8 we obtain asymptotic devi-

ation bounds on 7)(A) when A is a monotone set.

Proposition 4.4 Let A be a monotone subset of €2, and assume that there exists

0 > 0 such that my(A) = 1/2. If A is increasing, let

A~ = inf ||D1 .
Jnf, D™ 1allz1(0)

We have for A > 0:

m(A) < @ (\/2)\A— - Vzea—) ,

and for A < 6:

m(A) > @ (\/2>\A— - \/QQA—> .

20



If A is decreasing, let

AT = élrnlg HD+]—A||L1(U)7

then

() < @ (\/29A+ . \/QAA+) )

and

m(4) > & (V20AT - V2AAF), A <o,

Proof. We adapt an argument of [27], [28] to the Poisson case. We have

EXID™1allL2(o))

EX1gp-14) 0000y >03 1 D7 Lal 22(s)]

< D" Lallzseo) > 012 B D™ Lall720)]?
< A(OoutA) BN D La 1))

1 _
< EX[D™1allLr()]-

VA=
Let f(A\) = mA(A). Using (2.13) we get

F'O) = EID 1allnio)-
> VAE\[||D 14l r2(0)]

e
ey

VA
VRXI'(T ()

Hence for A > 0,

and finally

FO) <@ <\/2)\A— - \/QQA—> .
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If A is decreasing and A > 6 we similarly show that

E\[|ID1allr2(0)] < 7T)\<ainA>1/2E)\[HD+1A||L1(a)]1/2 < —=F)

f'(N)

—E\||DF 14l 11())-

< VATEL[|D 14| 12(0)]
VAT
V2AI'(f(A)

IN

and

/ Yt = VAR (VT - V).
The case A < 0 is treated in a similar way:.

When A < 6 and A~ is large, the lower bound is equivalent to

1 6—(\/2/\A——\/29A—)2/2'
V21 (V20A- — V2MA7)

As an example, for the increasing set {w(B) > n} we have

Oour{w(B) = n} = {w(B) =n -1},

and

(1D Lal|

D 1¢uBy>ny = =D, LwB)>ny = —18(%) LiwB)=n—13

hence

| D1iwBy=n} | L1(0) = 0(B)liwB)=n—1} = 0(B)la,u{w(B)>n};

and A~ = o(B). For the decreasing set {w(B) < n} we have

On{w(B) < n} = {w(B) = n},

and
Dalusy<ny = =Dy Lwmy<ny = —18(2) Lwm)=n},
hence
1D wmy<ntllLio) = 0(B)Lw(B)=n} = 0(B)lo,{w(B)=n}:
and AT = o(B).

22
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5 Co-area formulas

For p = 0o the next Lemma shows that

BID Flomipiol = [ w(@ulF > it
+oo
BD Flumirro) = [ 7(0ucl P > )i
Lemma 5.1 We have
EHDiF|L°°(a+w)] = /_:o E[’Dil{F>t}|L°°(U+w)]dtu
and
E[|DTFli=(oru)] + E [|D7Flr (o) = /ZE [[D1{rsy L (o4 dt.

Proof.  The notations esssup;ecy;, and essinfgzen;, denote respectively esssup g, )

and essinfz(, 4. We have
| DT F (W) 150 (04w) = €ssSupgep:, (F(w) — F(@))" = F(w) — essinfgen, F(@),
hence
E[|D*F| 10 (54w)) = E[F] — Elessinfgen;, F(@)]

_ / o UF > i — / T (essinfaon, F(@) > f)dt

T({F > t})dt — /+OO m({essinfgepn;, F'(0) >t and F(w) > t})dt

—00

)>tand (c+w)({re X : Flwtd,) <t})>0})dt

T{we : (c+w)({reX : Flw)>tand Fw=+d,) <t})>0})dt

8

T{fweQ : (c+w)({r e X : lipwsy — Ypwrs)sy = 1}) > 0})dt

8

T({w € Q ¢ [DTLipoplre(orw) = 1})dt

+o0

E |D 1{F>t}|L°°(a+w ]dt

I
\\\\\\
8

—00
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The proof for D~ is similar. Finally we have, since D} FD, F = 0:

E[|D+F|L°°(U+w)] + E[|D_F|L°°(U+W)]

o0

= / EHD+1{F>t}!Lw<o+w>]dt+/ ElD™1irsty |1 04w)]di

o0 —0o0

— [ EID il + 1D i i

o0

= / E[|D1gr>t]roe (otw)]dt.

o0

The next Lemma states a co-area formula in L'.

Lemma 5.2 We have

+oo

E[|D*F|r: o) =/ E(|D*Lpsny | @)t
“+oo

BID*Fluwl = [ EID*Lmsnluli

Proof. We have for all a,b € R:

(b — CL):t = / (1{a>t} — 1{b>t})idt,

hence
DfF:/ Dilgpspdt.

As a consequence we have
. —+o00 -
E[‘DiF’L%%) :/ E ’Dil{F>t}‘Ll(%):| dt,

and

- +o00 r
E [|DF|L1(%)_ :/_ E _|D1{F>t}’L1(%)} dt.

Proposition 5.3 We have

+oo +oo
E[T*(F, F)] = / / EL*(1psty, Lipss))|dsdt.
24



Proof. Again we use the identity
+o0
DIF = Di1lgpspdt.

—00

O

We close this section with an application of co-area formulas to an equivalence result

on functional inequalities. Let G be a non-empty set of functions on €2, and let

E(F) = sup E[F+G1+F7G2]. (51)
G1,G2€G

Several functionals have the representation (5.1), for example the entropy

L(F) = Ent |[F| = E[|F|log |F|] - E[|F|]log E[|F|]] = sup E[F|G],

E[eG]<1

the variance

L(F) = E[(F — E[F])?] = Var (F) = inf E[(F — a)?],

a€R

and

L(F) = E[|F - m(F)|| = inf E[|F — al]

a€R
where m(F) is by definition a median of F'. The co-area formula implies the following
equivalence, as in [12], [24]. The norm | - |, denotes either | - |p1(,) or |- [11(.) When

p=1,and |- |p~(s+w) When p = oco.
Theorem 5.4 Let ¢ > 0. The following are equivalent:
(i) cL(F) < E[|D*F|,), for all F : Q — R,
(ii) cL(14) < E[|D*14ly] and cL(—14) < E[|D*(—=14)|,), for all A € F,

with p =1, 00.

Proof. We follow the proof of [12]. In order to show (ii) = (i) we note that for all
G17 G2 S g7

00 0
E[|D*F|,] = /0 E[\Dil{p>t}!p]dt+/ B[|D*1psylpldt

—0o0
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v

') 0
¢ / E[ChLgron)dt + / E(|D*(—1 ), ldt
0

—00
0

CE[GlFJr] + C/ E[l{FSt}GQ]dt

v

—0o0

= CE[G1F+] -+ CE[F_GQ],
hence

E[|D*F|,) > ¢ sup (E[GiF*]+ E[F~Gs)) > cL(F).
G1,G2€G

6 Some explicit computations

In this section we define the main isoperimetric constants and establish some bounds

on these constants.
Definition 6.1 Let for p € [1,00]:

E|:|Di]-A|Lp(%):| E |:|D].A|Lp(%):|

htf = inf , h,= inf
P oen(a)<] m(A) P o<n(a)<d m(A)
We have
Wt—hT = inf —— / Ko, A)r(de) = inf —— [ K(w, A)r(dw),
0<7T(A)<% W(A) A 0<7r(A)<% 7T(A> Ac
A A A
gt e A e TeOwd) e Te(04)
0<m(A)<3 m(A) 0<m(A)<i m(A) o<m(A)<i 7(A)
and
L . R A G}
0<m(A)<3 m(A) 0<m(A)<3 m(A) 0<m(A)<3 m(A)

The following is a functional version of h;f.
Definition 6.2 Let for p € [1,00]:

E |Di1A|Lp(%) _
hf = inf , h, =
P o<r(a)<1 m(A)m(A°)

B [IDLalgaege) |
inf
o<r(A)<1  w(A)m(A°)
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Note that in the definition of the isoperimetric constants we need to integrate with
respect to w + o, otherwise integrating with respect to w or o only would lead to

vanishing isoperimetric constants, since

{ID Ltwmy<it|irw) > 0} =0,
and
{ID™ L)kt Lr(o) > 0} = 0.

The next proposition follows the presentation of [26].
Proposition 6.3 We have

a) hy = 2h{ = 2h,

b) ﬁ;:ﬁg,p: 1, 00,

c) min(ht, he) < hf < 2min(h), b)) < ht +hy < h, < h, < 2h,, p€ [1,+o0].

p’p p’p

Proof. For the first statement we use Lemma 2.3, which implies

E||D*FL, [|D Fall [|DF|

The second statement follows from Remark 4.1. The last statement follows from the

inequalities, if 0 < 7w(A) < 1/2:

B0 alunegey| B |10 Ll |

h;_ < m(A) = m(A)m(A°)
) E [’DilA’Lp(ﬂTw)] . 2E []DilA’Lp("*Tw)] ’
m(A)r(A°) m(A)

and similarly if 1/2 < 7(A) < 1:

E [’D_lAc Lp(a-»—Tw)] E [|D_1Ac LP(%)}
< <

L m(A°) - m(A)m(A°)

E [|Di1Ac LP(HTW)] E [|Di1Ac LP(HTW)]

T T Ay ST ()
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Definition 6.4 Let for p € [1,00]:

+
it 1Pl by — inf 1Dl
» T B EE—wmEE T B EFae)

Proposition 6.5 We have hi = ki, ht, = kX, hy = ki, and ks < hoo < 2k

Proof. First of all we note that since m(14) =0 if 7(A) < 1/2, we have
kin(A) = kEB[(La = m(1La)*] < B 1D L4l oge) |
hence hzf > k’pi, p = 1,00, and similarly
F(A) = kpEllLa = m(L)l] < B || DLl poege |
hence h, > k,, p =1, 00, From the co-area formulas Lemmas 5.1 and 5.2 we have for
p=1,00, since 7(F >m(F)) <1/2:

—00

> B /OO T({F > t})dt

—00

> h;/m T({F > t))dt

= /OO T({F — m(F) > t})dt
> EIF - m(F))*)

Hence k;; > h;. Similarly we obtain

E||D™Flupeges| = B [ID*(=F)lege) | 2 by El(=F=m(=F))*] = by E[(F-m(F))7]

p p

hence k, > h,, and

o

E[|DF|L1(U+Tw)} :/ E[|D1{F>t}|L1(a§w)}dt+/ E[|D1{F>t}\L1(%)]dt

—0o0 m(F)

= / E[lDl{—F+m(F)>t}|L1(%)} dt+/
0 0

> by /O T({—F +m(F) > t})dt + hy /Oo 7({F — m(F) > t})dt

—0o0

o0

E |:‘D1{F_m(F)>t}‘L1(U+T“)] dt
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hence k; > h;. From Lemma 5.1 we also have

E[|DF|L°°(U+w)] > HD F|L°° U+W)] +E[|D F|L°° U+w]

Il
.\

E[|D1{psiy| 1o (o4w))dt

E[|DYpsty|poe (ow)]dt +/ )E[IDl{F>t}\Lw<o+w>]dt
m(F
E[| DY pim(m)>ty| e @rwldt + | El|D1p_m(F)>t]roe(o+w)]d
0

I
o~ T

0

> hy 7({—F +m(F) > t}) dt+hoo/oo7r{F m(F) > t})dt
> oo [( m(F))7] + hoo E[(F — m(F))"]
> heoE[[F —m(F)|],

hence 2k, > hoo. O

Remark 6.6 The above proof also implies, if F > 0 and w(F > 0) < 1/2:
W EIF) < B [|D* Pl

and

hy E[F) < E ||D™F| et |

P
The following is the definition of the Poincaré constants.

Definition 6.7 Let for p € [1,00]:

+ 12
o B[R] E[IDF ]
P FiC Var (F) ’ e Var (F)

Remark that AT = A7, p € [1, 00|, since D F' = D (—F), and hi > M. We have

1 1
B ||DF o) | = 3B |IDF | = 5B |IDFl,)|
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hence

L E(FF)
A2 =2 inf
2 FC Var (F)

Th. 5.4 shows that

E[|D*1 4]
7(A)>0 Varly

Definition 6.8 Let for p € [1,00]:
o EID*Flae] L EIDFlaeg)
= in = in
P F#C E[(F — E[F))*]’ P F#c E[|F — E[F]|]

Proposition 6.9 We have

k;:hjogz\/xz\/% and k;:h;ggfx) <1+\/20(X)>.

Proof. Note that if FF> 0,

‘D+F2(w)|L°°(U+w) = esssupngNw(FQ(W) - F2(~

)
ess supger, (F7(w) = F*(@))L{rw)zr@)
(

IAN I
@D
n
»n
)]
=
]
&
m
&
T
—~
£
|
3
&
3
&
~—
_|_
3
&
=
——
=
3
Vv
g
&
=

2esssupgen, (F(w) — F(@))F(w)
= 2|D7F |1 (ot F(w).

If 7({F > 0}) < 1/2, then by Remark 6.6 applied to F?,

(ho)*E[F?)?

IN

E[| DV F2| o))
AE[F|D" F|ee(o)?
< AB[DY F i (o) EIF?],

IN

hence
(h)?
4

In the general case we may assume that m(F') = 0, i.e.

E[F?] < E[|D¥F|} ()

7({F>0}) <1/2, and =({F <0})<1/2.

We have
7({F*>0})<1/2, and w({F <0}) <1/2,
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hence

(h;ro)QE F+ 2 <E D+F+2
L EET)T < £ |20 ()]
and
(hio)2 —\2 + =2
1 El(F7) ] < E[[DTF |10 (o))
We have
|IDTFT(w)|p=o) = esssupgen, (FF(w) — F7(@))
= esssupgep;, |[F(w) — F(@)|Lipw)so,
and
|IDTF ™ (w)|p=o) = esssupgen, (F (W) — F~(@))
= esssuPgey, |[F(w) — F(©)1{rw)<oy-
Hence
h-i— 2 h—i— 2 h—i— 2 +\2
( OO) VarF S ( ZO) E[FZ] = %E[fﬂl{px)}]—i— ) E[F21{F<0}]
< Ellrso}| DF [ (p)) + El{rp<0}| DF [T (],

from which Ao, > (hL)?/4. The second statement has a similar proof:

|D™F?| o) = esssupgen, (F(@) — F?(w))
= esssupge,, (F(@) — F(w))(F(@) + F(w)L{r@)>Fe)
= esssupgen, (F(@) = F(W))? + 2(F(@) — F () F (W) 1{r@)>Fw)
< esssupgen, (F(@) — F(w))? + 2(F(@) — F(w)) F(w) 1 (p@)>F )}

By Remark 6.6,

h E[F?] < E[esssupgen, (F(@) — F(w))? + 2(F (@) — F(w))F(w)1(p@)Fw)]
< F [ess supgen;, (F(@) — F(w))2]
+2E[F?2E [ess supgen, (F(@) — F(@)*Lip@pzrwn) '
hence
(V1+hy = 1)?E[F?] < E [esssupgen, (F(@) — F(w) Lr@srep] - (6.1)
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In the general case, if 0 is a median of F' we have, applying (6.1) to F'* and F~:

E[F?] = E[(F")]+ E[(F)’]

IN

E [esssupgep, (FT (@) — F7(w))* 1+ @)> F @)}
+E [esssupgen, (F7 (@) — F~ (w)*1{p-@)>F(@)}]
2F [esssupgen, |[F (@) — F(w)[?],

IN

hence

Proof.  We have if m(F') = 0:

QB[ DF|.] > /+Oo7r(8{F>t})dt

[e.e]

> ha /+OO min(r({F > t}), 7({F < t}))dt = ho E[F).

o0

Applying the above inequality to (F7)? we have

hoo E[F*?] < 2E[|D(F*)?|]
< 2Bfesssupgep, [FH(w) — FH(@)|(FF(w) + FF(@))]
< 2E[esssupgey,, [FH(w) — FH(@)|(FH (@) — FF ()
+2|FH(w) = FH@)|F* (w)]
< 2B[esssupgen, (F(w) — FH(@))?]
+4E[ess supger, | FF (W) — FF(@)|F* (w)]
< 2E[esssupgen, (F(w) — F(@))’]

+4Eesssupge s, |[F(w) — F(@)|F*(w)).
Similarly we have
hoo E[(F7)?] < 2El[ess supgen, (F(w) — F(@))% + 4E[ess Supgen,, [F(w) — F(@)|F~(w)].
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Hence

hoo E[F?

VAN

hoo E[(F)’] + hoo E[(F )]
AE[|DF[3] + AE(|DF|o|F|
< 4E[|DF2]+4E[|DF2]'?E[F?)'?,

IN

which implies

Ve +1—1)2

EpFl) > ppy Vet L2
In the general case (m(F') # 0) we use the fact that Var F' < E[(F—m/(F))?]. Relation
(6.4) is proved in Prop. 2.5. O

When o(X) < 7/4, Relation (6.5) also improves the lower bound on h, given in [3]

in the cylindrical (i.e. finite dimensional) case.

Proposition 6.11 We have

Ao =2) =2\ =1, (6.2)
1
- 6.3
Ao = Sy (09
1/V27 < ha, (64)
1 1 4 4
max , < he < + ) 6.5
( o (X) QU(X)> o(X) o(X) o
%§h1=2hf:2h1‘§4+4 o(X), (6.6)
hy <A\/1++/o(X). (6.7)
ht kE 1
A< 2= 2\ = , 6.8
<= 2 2 - o(X) o9
ooche L [ 2 (6.9)

Proof.

- Proof of (6.2) and (6.3). We have

VarF < E[|DF|3s) = E[|DF ) = E [|DF|EQ(%)} —2F [\DiF@Q(%)
O-(X>E[|DiF|%°°(U+w)]7

IN
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hence Ay = 2\, =2\ > 1 and A\, > 1/0(X). Letting F(w) = w(X), we have
D, F = 1{ewy — Vzewe)s
and
Var (F) = 0(X) = BIIDF[a)) = EIDFEyas)] = o(X)EIDF R 1)
which shows Ay <1 and A, < 1/0(X).

- Proof of (6.4). From Th. 2.5, applying (2.13) to F' = 14 we get, since I(14) = 0:

1 1 2 1
E[|D1a|p(exe)] = EE[‘D1A|L2(J)] > 51(m(4)) = EW(A)Q—W(A)) 2 EW(A)’
hence hy > 1/4/2m.
- Proof of (6.5). We have
1 1
E[|D1al 1 (gron] = E[[ D14l poeror] > ——— E[|D14| p2(1] > ——e——(A),
DL li~ov] 2 EIDLls0] = s FIDLaliso] 2 ()

where we used the inequality

1) > @fmra),

with L., (t) =¢(1 —t), 0 <t <1, hence ho > 1//mo(X). Now if 7(A4) < 1/2:
Ae(4) € 20 (AY(A7) < 2B(|D14 e o)) = 2E[DTal (o),

hence Ao, < 2hy, which, with Prop. 6.10 and hy, > 1/4/mo(X), proves Relation
(6.5).

- Proof of (6.6). The Clark formula and Lemma 2.3 show that when 7(A4) < 1/2,
1
5™(A) < Var(la) < B[ID1alfz )] = E[[D1aln0)]
= 2B [|D"Lalpyese)| = 2B [ID Lalpsese) | = B [| D1l ose |

hence

hy = 2hy =2hi > 1/2,
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which proves the first part of (6.6). We have
Wir(A) < EID Lalgege)] = 5E1D1alino)
< So(OBID L] < 50 (X)EDLal1~ (o1
hence h{ < 0(X)hy /2, which yields the second part of (6.6) from (6.5).
- Proof of (6.7). We also have
(P4 < B[ID"Lalyagase]
— E [1A|D+1A|L2(cr+2w)}2
[P Vi
= A(A)E[ID* Lals o]
hence (h3)? < h, which proves (6.7).
- Proof of (6.8) and (6.9). Similarly for 7(A) < 1/2 we have
NEm(A) < 2XER(AR(AY) < 2B D" Lae ] = 2E(D* a1 o)

hence A\f < 2hZ | and (6.8), (6.9) hold from Prop. 6.9.

Clearly the logarithmic Sobolev constants

E [\DilA\Lp(%)] E [|D1A\Lp(%)}

¥ = inf , and [,= inf
P ocn(a<t —m(A)logT(A) P o<n(a)<t —m(A)logm(A)
vanish, p € [1, 400, since
m(0A)

o<r(4)<i —m(A)logm(A)
(take Ay = {w(B) > k}), i.e. from Th. 5.4 the classical logarithmic Sobolev inequal-
ity does not hold on Poisson space. In other terms the optimal constant p, in the
inequality

pyEnt [F?] < E[|DF[L,,)].

is equal to 0 for all p > 1, cf. [15].
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7 A remark on Cheeger’s inequality

This section follows the presentation of [13] and [26], adapting it to the configuration
space case. Let N : R — R be a Young function, i.e. N is convex, even, non-negative,

with N(0) =0 and N(x) > 0 for all x # 0. Let

B xN'(z)
O =800 N )

The Orlicz norm of F' is defined as

el sls (5] )

Theorem 7.1 For all F' such that m(F') = 0 we have

< Oy

IFllv <
ki

NDF gL,

and

For p = 1 we have h{ = ki hence

If N(z) = 2P we have Cy = p and || F||x = || F|,, hence for some constant C(p),
p
COINE = EFl, < 1F = m(F)lly < - IDF| 2z lp-
2
For p = 2 we have C'(2) = 1, hence
Var F' < 1 E ||DF|?
P < G PPl |

and
ki <2.

In the particular case N(z) = 2P we have the following better result.
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Theorem 7.2 For all F' such that m(F) = 0 we have

p p
BIFP < B |(LIDFlness) ) |

and

p
I1F 0 < = IDF |51 o o
We also have the following.

Proposition 7.3 Let I, (t) = t(1 —t), 0 < t < 1 and let l;p denote the optimal

constant in the inequality

L (E[F)) < E

1 |
N |
We have Bp > (1 — i) kit

8 Appendix

In this appendix we state the proofs of Th. 7.1, Th. 7.2 and Prop. 7.3, which are based

on classical arguments, cf. [4], [26].

Proof of Th. 7.1. By the mean value theorem we have
E[|DTN(F)|pp(eze)] < EIN'(F)|DF| p(oge))-

On the other hand, if |[F||y = 1,

k[ E[N(F)] ki E[N(F")] + kfE[N(F7)]

B [[D¥N(F*)|py(egey | + B [[DFN(F) |y ege |

IN

VAN

E [N(FO)D F*| o] + B [N'(F7) D | pygegs |

IN

E [N(FI)D*F g |
O [[[D* Py ose N EIN(F)),

IN

where we used the generalization of the Holder inequality
EINY(|F)G] < EIN(|F])|F]]
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which holds since 1 = F[N(G)] < E[N(|F|)] = 1, cf. Lemma 2.1 of [4], applied to |F|
and

-1
G = D" Flypoge (1D Flinoze )

Hence

kf < ONllID " Flypgzss 1.

Since ||F||y = 1, we have
1F]lx < k;+ D F| oy I,

for all F' with m(F) = 0. The second statement is proved by application of the
preceding to N,(z) = N(z)/a, o > 0, as in Th. 3.1 of [4].

Proof of Th. 7.2. We note that
E [IDIFP|yese)| < P [[FPDF|pyase)]

and apply an argument similar to the proof of Th. 7.1, with Cy = p

Proof of Prop. 7.3. The proof is identical to Theorem 4.11 in [26]. The generalization
of Cheeger’s inequality applied to N(z) = 1+ 22 — 1 gives Cy = 2 and

E[N(F) < E [N (%]DF;L,,(W)N .

We have with e =+v2 —1 and ¢; = k;/2:

cly(E[F]) = cVar(F)+ cE[F(1 - F)]
< cB[F(1=-F)]+ EV1+ F?—1]
<

oB | JEE— P+ DFT g /3

hence

Lo (E[F]) < E[\/Ivar(F)Q + [DFJ, s/ (cc1)?]:
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