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Abstract

We derive necessary and sufficient conditions for the supermodular ordering
of certain triangular arrays of Poisson random variables, based on the compo-
nentwise ordering of their covariance matrices. Applications are proposed for
markets driven by jump-diffusion processes, using sums of Gaussian and Poisson
random vectors. Our results rely on a new triangular structure for the represen-
tation of Poisson random vectors using their Lévy-Khintchine representation.
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1 Introduction

Stochastic ordering of random vectors is used in finance and economics as a risk
management tool that yields finer information than mean-variance analysis. A d-
dimensional random vector X = (Xj,...,Xy) is said to be dominated by another

random vector Y = (Y3,...,Yy) if
EP(X)] < E[®(Y)], (1.1)

for all sufficiently integrable ® : R — R within a certain class of functions that de-

termines the ordering.
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One writes X <g, Y when (1.1) holds for all supermodular functions, i.e. for every

function ® : R — R such that
O(z) + P(y) <Pz Ay) +P(zVy), =z,yeR’

where the maximum V and the minimum A defined with respect to the componentwise

order, cf. [6] and references therein for a review with economic interpretations.

It is well-known (cf. e.g. Theorem 3.9.5 of [10]) that necessary conditions for X <y, YV

are:
(i) X; and Y; have same distribution for all i = 1,...,d, and
(ii) for all 1 < i < j < d we have

Cov (X;, X;) < Cov (V;,Y)),

=]

where (i) above follows from the fact that any function of a single variable is su-
permodular, and (ii) follows by application of (1.1) to the supermodular function
q)i’j(flfl, R ,ZL’d> = (l’z — E[XZ])((L’] — E[X]]), 1< <] < d.

Supermodular ordering of Gaussian random vectors has been completely character-
ized in [9] Theorem 4.2, cf. also Theorem 3.13.5 of [10], by showing that (i) and (i)
above are also sufficient conditions when X and Y are Gaussian, cf. also [8] for other
orderings (stochastic, convex, convex increasing, supermodular) of Gaussian random

vectors.

In this paper we consider the supermodular ordering of vectors of Poisson random
variables, see [12], [5] for early references on the multivariate Poisson distribution.
As noted in Section 2, any d-dimensional Poisson random vector is based on 2¢ — 1
parameters, therefore (i) and (i¢), which are based on d(d + 1)/2 conditions, cannot

characterize their distribution ordering except if d = 2.

For this reason, in Section 3 we consider a particular dependence structure of Pois-

son arrays depending on d(d + 1)/2 parameters based on a natural decomposition of
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their Lévy measure on the vertices of the d-dimensional unit hypercube. We show in
Theorem 4.2 that in this case, conditions (i) and (i) become necessary and sufficient
for the supermodular ordering of X and Y as in the Gaussian setting. When d = 2,
no restriction has to be imposed on 2-dimensional Poisson random vectors X and Y.
Triangular Poisson structures of a different type have been considered in [11] for the

simulation of Poisson random vectors.

Our proof relies on the characterization of the supermodular ordering of d-dimensional
infinitely divisible random vectors X and Y by their Lévy measures, cf. [2], based
on the covariance identities of [4]. Extensions of such identities have already been
applied to other multidimensional stochastic (including convex) orderings in e.g. [3]

based on stochastic calculus and in [1] using forward-backward stochastic calculus.

We also derive sufficient conditions for the supermodular ordering of sums of Gaussian
and Poisson random vectors, with application to a jump-diffusion asset price model,
cf. Theorem 4.4. Indeed, the supermodular ordering of random asset vectors implies
the stop-loss ordering of their associated portfolios, cf. Theorem 3.1 in [7] or Theo-
rem 8.3.3 in [10].

We proceed as follows. In Section 2 we recall the construction of Poisson random
vectors, and in Section 3 we specialize this construction to a certain dependence set-
ting based on Poisson arrays. Finally in Section 4 we prove our main characterization
of supermodular ordering for such vectors, including extensions to the increasing su-
permodular order, cf. Theorem 4.2 and Proposition 4.3. In addition we provide a
sufficient condition for the supermodular ordering of sums of Gaussian and Poisson
random vectors in Theorem 4.4, with application to an exponential jump-diffusion
asset price model. We also include a remark on the related convex ordering problem

for such Poisson arrays in Proposition 4.5.



2 Poisson random vectors

Consider X = (X;)i<i<q & d-dimensional infinitely divisible Poisson random vector

with Lévy measure p on R?, which satisfies

B = exp ([ () = Dutan) )

where £ = (t1,...,t3) € R and (,-) denotes the scalar product in R%.

Since (X;)1<ica has Poisson marginals, all marginals of g on R¢ are supported by
{0,1} and consequently the Lévy measure u(dz) is supported on the vertices of the
unit hypercube of R? and takes the form

p(dx) = Z ag0e,(dx),
0£Sc{1,2,....d}

where (as)pscii2,..qap is a family of nonnegative numbers and

Cq={0,1}" = {es ::Zei : SC{l,...,d}}

i€s
denotes the vertices of the d-dimensional unit hypercube, identified to the power set
{0,139~ {S e{1,...,d}} of {1,...,d}, and (ex)i<k<aq is the canonical basis of R?.

Consequently, any d-dimensional Poisson random vector X = (Xj,...,X,) can be

represented as

Xi= Y luesXs= Y Xs, i=1...4d (2.1)
Se{o,1}d 5C{1,2,...,d}
S#0 S3i

where (Xg)ptscqi2,..qp is a family of 2¢ — 1 independent Poisson random variables

with respective intensities (ag)p.scqi,2,..q}, cf. also Theorem 3 of [5].

In particular, at most 2¢ — 1 degrees of freedom are needed in order to characterize

the probability distribution of X. Note also that

Cov (X, Xj) = Y Var[Xg] >0, ij=1,....4d
da}

Sc{1,2,...,
S3i,j



cf. also Theorem 4 of [5], showing that X has positive covariances.

For example when d = 2 we have

Xl = X{l} + X{LQ} (2 2)
Xo = Xy + X(12}s '
and when d = 3 we find
X1 =Xy +Xpy X +Xf123)
Xy = X{Q} +X{172} +X{2,3} +X{172’3} (2.3)
X3 = X3 +Xa3 +Xp3y X223

d
By decomposing the sum (2.1) according to the (‘j) subsets S}, ..., S() of {1,...,d}

7

of sizes i = 1,...,d we can also write

(%)
Zl{iesj}Xsiy i=1,...,d.

1 j=1

d
Xi:

7

3 Triangular Poisson arrays

Since Poisson random vectors can depend on 2¢—1 degrees of freedom (a S)@#SC{LQ 77777 )
it should be generally not possible to characterize their ordering based on the data of

its covariance matrix which contains only d(d 4 1)/2 components.

In this paper we restrict ourselves to d-dimensional Poisson random vectors (X;)1<i<q

whose Lévy measure p(dx) is supported by
{e;j:=e1+ - +e_1+e : 1<i<j<d},
i.e. pu(dx) takes the form
w(dx) = Z ai,j0e, ; (dz), (3.1)
1<igj<d

where

ey = (L. 10,...,0,1,0,...,0), 1<i<j<d,

T
i—1 J



and the vector (X;)i<i<q actually depends on d(d + 1)/2 parameters (a; j)1<i<j<d-

In other words the d-dimensional Poisson random vector (X;);<;<q with Lévy measure

u given by (3.1) can be represented as
X = Z inek,l, (32)
1<k<i<d

where (X, j)1<i<j<d is a triangular array of independent Poisson random variables with

respective parameters (a; j)1<i<j<d, and we have

i i d
Xi= ZXk,i + Z ZXk,la (3.3)
k=1

k=i+1 =k

i=1,...,d.

For example when d = 2 we have

{ X1 = X1+ Xo9 (3.4)

Xy = X1+ Xoo,
which coincides with (2.2), and when d = 3 we get

Xi=X11 +Xoo +Xo3 +X33

Xo=X12 +Xopo +X33

X3 = X13 +X23 +X33,
which, in comparison with (2.3), excludes an interaction component specific to rows
2 and 3. Note that the 2-dimensional case (3.4) does not impose any such restriction

on the form of the vector X.

From (3.3) we have

i d d
Cov (X;, X;) = E[Xi| = > ari+ »_ Y aw, (3.5)
k=1 k=i+1 =k
and
7 d d
Cov(Xi, X;) = > arj+ > Y ay, 1<i<j<d, (3.6)
k=i+1 k=j+1 =k



hence the vector C' = (Cov (X;, X;))1<i<j<d is obtained from A = (aj;)1<k<i<a and the
matrix transformation C'= M x A, i.e.
Cov (X5, X)) Z a1 M; j i 1<i<7<d,
1<j<k<d

where the (d(d + 1)/2)*-dimensional matrix M = (M; ;) 1<i<s<a is given by

1<kELI<d

M; ks = Ljrich<icay + Lackss, i=j=ty + iti<r<y, i<j=1}-

We can check by an elementary computation that the inverse M ! of M is given by

the inversion formula

(
Cov (X1, X1) +Zcov Xy, X Zcov X, X k=1=1,
7=3
Cov (Xl,Xl) — Cov (Xl,Xl), k= 1, 2 < l <
Qg =
Cov (ch—th) — Cov (Xk,Xl), 2<k<iL d,
Cov (Xp_1, X3) + Z Cov (Xjp1, X Z Cov (X1, X;), 2<k=1<d,
\ Jj=k+2 j=k+1
(3.7)
with, for d = 2,

(1171 == COV (Xl,Xl) - COV (Xl,XQ),
al’z = COV (XQ,XQ) — COV (Xl,Xg),

az = Cov (X1, Xs).
In particular it follows from (3.7) that the distribution of X given by (3.3) is charac-
terized by its covariance matrix (Cov (X;, X;))i<i<j<d, and the vector X admits the
representation (3.2) provided its covariances yield non-negative values of (ax;)1<r<i<d
n (3.7). Such conditions differ from the ones imposed in relation with the triangular

representation of [11].

In the simple case a;; =0, 1 <17 < j < d, we have
d
X, = ZXM, i=1,....d,
and a;; = Var [X;] = Var [X;,;] + -+ Var [Xg4], i = 1,...,d.

7



4 Supermodular Poisson arrays
When d = 2 we note that from (3.3)-(3.6) we have
E[Xl] =da11 + a2 2, E[Xg} =Aai2 + a2 2, and COV (Xl, XQ) = ag2,

hence the Lévy measure p(dx) of any 2-dimensional Poisson random vector X =

(X1, X5) can be represented as

( (dzx) = ¢(1,0)ar11 + (0, 1)ar 2 + (1, 1)azy
0)(E[X:] — Cov (X1, X3)) + ¢(0, 1) (E[Xs] — Cov (X1, X2)) + ¢(1, 1)Cov (X7, X5)

= E[Xu]¢(1,0) + E[X5]¢(0,1) + Cov (X1, X2)(6(1,1) — ¢(1,0) — ¢(0,1)),

)
(1,
for any function ¢ : C, — R such that ¢(0) =

More generally, for all d > 2, the next Lemma 4.1 provides a representation of Lévy

measures which will be used in the proof of our main result Theorem 4.2 below.

Lemma 4.1. Assume that X is a Poisson array represented as in (3.2), with Lévy

measure fi. Then for any function ¢ : Cy — R such that $(0) = 0 we have

d

» o(x)u(dr) =Y EIXjlo(er)+ D Cov (X, X)) (b(eirr)+o(ei1i1)—d(ei)—d(eiy)),

j=1 1<i<j<d

with €0,0 ‘= (07 ce ,O)

Proof. We have

> Cov (X, X)) (dleirry) + dleirio) — dleis) — dleiy))

1<i<j<d

d

(Z Cov (X2, X ZCOV X1, X )925(61,1) —ZCOV (X1, Xj)o(e15)
d

—|—Z (COV (Xi—hXi) + Z Cov (Xi+17Xj) - Z Cov (XZaXJ)> ¢(ei7i)

j=i+2 j=i+1

+ > (Cov (X, 1, X;) — Cov (X;, X;))b(es;)

2<i<j<d



d

= —ZE[XJ-]qﬁ(eLj)—l— Z a;;P(ei;),

j=1 1<i<j<d

where the conclusion comes from the above inversion formula (3.7). O
The above Lemma 4.1 shows that the transpose M ! of M~ is given by
ijl;ll = Lpmi<i=j=iy T Lpp=iti<i=j} + lpp=mi=ic1<j—1) — Lp=i=icsy — Lp=ici=j),

and we have

o(x)pu(dr) = Z k9 (ex,)

Rd

1<k<I<d

= Z o(ex,) Z Ml;ll,i,jCOV (X3, X;)
1<k<i<d 1<i<j<d

= D Cov(XuXy) > Mg, elen)
1<i<j<d 1<k<i<d

= Z COV(Xi,X Z ]klgb ekl).
1<i<j<d 1<k<i<d

Consider now two Poisson arrays X and Y whose respective Lévy measures p and v

are represented as

p(dx) = Z aijde, ;(dr) and v(dr) Z bijle,

1<i<j<d 1<i<j<d
asin (3.1). If X; has the same distribution as Y; for alli = 1,...,d then F[X;] = E[Y}],
t=1,...,d, and Lemma 4.1 shows that

g ¢(x)v(dr) — » ¢(z)p(dz)
= ) (Cov(Y;,Y;) = Cov (Xi, X)) (h(eir1) + dlei1i1) — dleis) — dlei;))

1<i<j<d

= ) (Cov(¥;,Y;) — Cov (X, Xj))ti jb(€i-1-1), (4.1)

1<i<j<d

where ¢; ; is the linear mapping defined on ¢ by
tijd(z) = d(z + e +e;) + d(2) — d(z + &) — d(2 + ¢),
and
tijo(eic1im1) = olei—1i1+ei+ej)+ole1i1) —dle11+e)—dle1,-1+e;)
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= P(eir1)) + oleim1,-1) — oleis) — odleij).

In other words, (4.1) provides the explicit form of the decomposition stated in Theo-
rem 1 of [6].

Relation (4.1) also shows that the nonnegativity of the coefficients
Cov (Y;,Y;) — Cov (X3, X;) > 0, 1<i<g<d, (4.2)

becomes a necessary and sufficient condition for the supermodular ordering of the

Lévy measures ;1 and v which here have finite support.

Next is the main result of this paper. It reformulates (4.2) as a necessary and suf-
ficient condition for supermodular ordering of triangular Poisson arrays, based on
Theorem 4.6 of [2] which allows us to carry over the notion of supermodularity from
the finite support setting of Lévy measures i, v on the cube Cy, to the infinite support

setting of Poisson random variables.

Theorem 4.2. Consider two Poisson arrays X and Y both represented as in (3.2).

Then the conditions
EX)=ElY], 1<i<d, (4.3)

and
Cov (XZ,XJ) < Cov (Y:L Y), 1<1<y<d, (44)

1 4
are necessary and sufficient for the supermodular ordering X <qn Y.

Proof. By Theorem 4.6 in [2] it suffices to show that
d(x)p(dz) < | d(y)v(dy)
R¢ Rd

for all supermodular functions ¢ : R? — R satisfying ¢(0) = ¢(egg) = 0, where
wu(dz) and v(dy) respectively denote the Lévy measures of X and Y. By Lemma 4.1
we have the identity

[ olawtan) — | o(uls) (1.5)
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= ) (Cov (3, Y;) — Cov (Xi, X)) (d(eir1) + dlei1i1) — dleis) — dleq ;).

1<i<j<d

Next, the supermodular inequalities

deii) + dlei;) < pleiiNeij)+dle; Ve ) =aole_1,-1)+ d(eit;) (4.6)
show that
(Cov (Y3, Y;)=Cov (X;, X;))(9(€ir1,5)+o(eiri1)—¢(eii)—dlei;) =20, 1<i<j<d,
under condition (4.4), which allows us to conclude by (4.5). O

Note that in view of Condition (4.3), the inequality (4.4) can be rewritten using joint
moments, as

EIX;X,;] < E[Y}Y)], 1< <y <d.
The next proposition is relative to the increasing supermodular order.

Proposition 4.3. Consider two Poisson arrays X andY both represented as in (3.2),
and assume that
EX]<EY], 1<i<d,

and
Cov (X;, X;) < Cov (Y3, Y)), 1<i<j<d

Then we have

E[®(X)] < E[2(Y)]
for all nondecreasing supermodular functions ® : R* — R.

Proof. First we note that Theorem 4.6 of [2] can be easily extended to nondecreasing
supermodular functions ¢ on R? satisfying ¢(0) = 0, using the same approximation
as in Lemma 4.3 therein. The conclusion follows again from Lemma 4.1 and the

decomposition

» ¢(x)v(dr) — » ¢(x)p(d)
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+ Z (Cov (Y3, Y)) — Cov (Xi, X)) ((eir1,5) + dlei—1,i-1) — ¢(ei;) — d(ei)),

1<i<j<d

for all nondecreasing supermodular functions ¢ : Cy; — R, since ¢(e; ;) = ¢(0) = 0,
j=1,....d

Sums of Gaussian and Poisson vectors

Theorem 4.2 can be extended to a sufficient condition for the sum of Gaussian and

Poisson vectors, as follows.

Theorem 4.4. Consider two Poisson arrays X and Y both represented as in (3.2),

and two d-dimensional centered Gaussian random vectors U, V such that U is in-

dependent of X and V is independent of Y. Then the conditions E[X;] = E[Yj],
1< d, and

Cov (U;,U;) < Cov (V;, V), Cov (X;, X;) < Cov (Y;,Y)),
1 <i<j<d, are sufficient for the supermodular ordering X + U < Y + V.

Proof. This is a consequence of Theorem 4.2 of [9] on Gaussian random vectors,
Theorem 4.2 above, and the fact that the supermodular ordering is closed under
convolution, c¢f. Theorem 3.9.14-(C) of [10]. O

Proposition 4.3 can be similarly extended to sums of Gaussian vectors and Poisson
arrays.
As an application of Theorem 4.4 we can consider exponential jump-diffusion models
(X}, ..., XP)ier, of the form

X! = X} exp (UiBZ—i—mZZ#—uit) , i=1,....d, (4.7)

as in (3.3), where Z! is the Poisson jump process

Z;’—ZN’“+ Z ZN{“, i=1,....d,

k=i+1 =k

and {(N/ier,, 1 < k <1< d}is a family of d(d+1)/2 independent standard Poisson

processes with respective intensities (ag;)1<x<i<a, (B}, - -, Bd)ier . is a d-dimensional
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Browian motion, X, 0;, 1; are nonnegative coefficients, and p; € R, i = 1,...,d. In
that case, Theorem 4.4 shows that the supermodular ordering of vectors of the form
(X}, ..., X2) follows from the componentwise orderings of the covariance matrices of
the d-dimensional Brownian and Poisson processes (B}, ..., Bd) and (Z},..., Z%), cf.

Theorem 3.9.8-(P8) of [10], since every exponential function in (4.7) is increasing.

Convex ordering

We end this paper by some comments in the case of the convex ordering.

Proposition 4.5. Consider two Poisson arrays X andY both represented as in (3.2).

Then we have X <. Y if and only if X and Y have same distributions.

Proof. Assume X <. Y, i.e. we have
E[@(X)] < E[Q(Y)]

for all conver functions ® : R — R. Clearly this implies E[X;] = E[Yi], k =
1,...,d. Next, letting 0 < k < [ < d and assuming that Cov (Y;,Y;)—Cov (X;, X;) =0
whenever 1 <i< k< dand 1<i<j<!l<d, wecheck that the function

d
(z1,...,24) = Qpis1(x1, ..., Tq) = max (0, 20141 — Z xa>

a=k

Y

is convex on RY. In addition, taking again € j=e +--+e1+e,1<i<j<
J <

we note that it satisfies ¢p 11(e;;) = lifandonly if 1 <i <k <l+1 =

I

otherwise ¢y 41(e;;) = 0, hence

k1 (€rt1,041) + Oriv1(€k—16-1) — Priti1(€rk) — Prir1(€ris1) <O,

while
¢k,l+1(ei+1,j) + ¢k,l+1(ei71,i71) - ¢k,z+1(€i,i) - ¢k,l+1(ei,j) =0

whenever 1 < k<i<dor2<[+1<j<d Hencefrom Lemma 4.1, the condition
Cov (Y, Yi41) > Cov (X, X;11) implies

» ¢(x)v(dr) — » ¢(x)p(dr)
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> (Cov (¥;,Y;) — Cov (X, X;))(¢(eir1) + dleiorio1) — dleii) — dlei )

1<i<j<d
(Cov (Yi, Yiq1) — Cov (Xy, Xi11)) (O(€rt1,41) + O(€h—14-1) — O(€k k) — P(€4141))
0,

which is a contradiction. After proceeding similarly with ¢y, we conclude by in-

duction that Cov (Yy,Y;) — Cov (X, X;) =0forall 1 <k <l <d. O
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