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Abstract

We propose to use stratified approximations based on the gamma and log-
normal distributions for the pricing of options on average such as Asian options
and bond prices in the Dothan model. We show that this approach improves
on standard numerical approximation methods, and is not subject to the insta-
bilities encountered with closed form integral expressions.
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1 Introduction

Options on average are generally difficult to price due to the lack of simple closed form
expressions. In [9], Asian options have been priced numerically by Monte Carlo esti-
mates combined with variance reduction based on control variates, and PDE pricing
arguments have been developed in e.g. [10], page 91, [18], or § 7.5.3 of [19]. Pric-
ing based on the probability density of the averaged geometric Brownian motion has
been considered in e.g. [12], or in [5] by the use of Laguerre series. The time Laplace
transform of Asian option prices has been computed in [6], and this expression can

be used for pricing by numerical inversion of the Laplace transform, see also [3].
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Other numerical approaches to the pricing of Asian options include [20] which relies on
approximations of the average price probability based on the Lognormal distribution.

Namely, Asian options on the time integral

T
AT = / Stdt
0

Sy = 7 Btl=o*2t e 10, T, (1.1)

of geometric Brownian motion

have been priced in [20], [11] by approximating Az by a lognormal random variable,

as
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based on the first two moments of the lognormal distribution, cf. (3.5) below.

With respect to the above approaches, this paper is a contribution to the pricing of
options on average from a numerical point of view, by providing an alternative to

existing closed form integral expressions which suffer from numerical instabilities.

More precisely, we propose a more accurate approximation by applying stratified sam-
pling to the computation of (1.2), via the conditioning
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Stratified sampling usually acts as a variance reduction method in Monte Carlo sim-
ulations, and in the present setting it also improves numerical precision as seen in the

graphs of Figures 2 and 3 below. The conditional expectation

(% /OTStdt—K)+ |57 = z]

can be computed in a closed integral form from Lemma 2.1 below, however this expres-

E

sion relies on a triple oscillating integral and it lacks sufficient stability for numerical
computation, especially in small time 7', see Figure 1. For this reason we will replace
the integral form by the approximations (3.3) and (3.7) which are based on the gamma
and lognormal distributions, cf. [7] and [16] for a related gamma approximation in

phylogenetics.

In addition we apply the above method to the stratified computation

E [exp (— /OT Stdtﬂ _ /OOO E lexp (— /OT Stdt) ‘ST _ z} dP(Sy = 2)

of bond prices in the Dothan model, cf. [4], [14], [15]. Again, the conditional Laplace

E [exp (— /0 ' Stdt> (ST _ z]

can be computed in a closed integral form using Bessel functions, c¢f. Proposition 4.1

transform

below, however this expression fails for small values of T. For this reason we will
estimate the integral by a gamma approximation, cf. (4.4) below. Note that the log-
normal approximation is ineffective here since the Laplace transform of the lognormal

distribution is not available in closed form.

We proceed as follows. In Section 2 we recall known results on the conditional dis-
tribution of A7. In Section 3 we propose stratified approximations of option prices
using the gamma and lognormal distributions, with an application to bond pricing in
the Dothan model in Section 4. Section 5 contains the computations on conditional

mean and variance needed for the approximations.



2 Conditional calculus

In this section we recall and state some facts on the conditional distribution and mo-

ments of Ay given Sr.

Rewriting (1.1) as the solution of

2

ds, = (1 - p)%Stdt + 08,dB,,

with p = 1 — 2r/o?, the joint probability density of

T
(/ Sydt, Br —paT/2)
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0

1 +e"y) p (46"9/2 02T> dx

can be written as
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and e P7Br/2-P°7*T/8 ig the density of the Girsanov shift

O(v,7) = e &/ gmveoshE Ging (€) sin (€ /7) dE, v, 7>0, (2.2)
Br — Br +poT)/2,

cf. [22], Proposition 2, and also [13].

Note that the function #(v, 7) in (2.2) is difficult to evaluate numerically due to the

oscillating behavior of its integrand, in fact we have
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for all n > 0, cf. [2], [8], [17] for several attempts at the numerical computation of

the function (v, 7).

The next lemma, which will be used in Section 4, follows from (2.1) combined with

the lognormal distribution

d]P;(eUBT—pJ2T/2 — ) — 1 e—(pUZT/Q'HOgy)Q/(zUZT)
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Note that the conditional law of Ap given S; = z does not depend on the parameter

p € R.

Lemma 2.1 For all z, T > 0 we have
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Next, we define the functions
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O(z) = \/_2_7r/ e~V 2y, r € R,

is the standard Gaussian cumulative distribution function.

In Proposition 2.2 which is proved in the Appendix Section 5 we derive the closed

form expressions of E[Ar | St = z] and Var[Ar | Sy = z].



Proposition 2.2 We have

ElAr | Sr= 2] = ar(z) = 1(z) (cp(logz i1 02T) _cp(logz —%\/JQ_T))
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and
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As T tends to zero we have the small time asymptotics
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3 Stratified Asian option pricing
Gamma approximation for Asian options
We use the gamma probability density function
f(z) = ! gV Leme/? x>0 (3.1)
6T (v) ’ ’ '

with mean and variance
E[X] =0, Var[X] = v6?,

where the shape parameter v > 0 and the scale parameter § > 0 can be estimated

from the first two moments of X as
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In the next proposition, as a consequence of (3.2) and Proposition 2.2 we fit the
conditional distribution of A given Sy = z to a gamma distribution using its first

two moments.

Proposition 3.1 For any z > 0, the gamma random variable with scale parameter

0(z) = = (bT(Z) - z> ~ ar(z),

o? \ar(z)

and shape parameter v(z) = ar(2)/0(z) has same first and second moments as Ar

gien St = z.

Based on Proposition 3.1 we will use the approximation
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x > 0, under which the conditional Asian option price is approximated as
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L(v,y) = / t e tdt, y >0,
y

is the upper incomplete gamma function. Hence we find
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with

dP(Sy = 2) = L —or1/2410822/ 207 42
oV 2rT z
oy—po2T/2

The change of variable z = e can be applied in order to replace dP(St = z)

with the Gaussian density e ¥"/2dy/v/27 in the integral (3.4).

Figure 1 compares the integral density expression (2.3) for Ay with the gamma and

lognormal density approximations (3.3) and (3.7) based on the first two moments.

2.5 T T
exact eXpression
lognormal approximation s
gamma approximation s
2+ -
=
@
& 1.5 _
=)
=
=
= 1 -
S
o
0.5 —
(0]
o 0.5 1 1.5 2 2.5 3

X

Figure 1: Lognormal and gamma density approximations.

Lognormal approximation for Asian options

The lognormal distribution with mean —po?T'/2 and variance 0T has the probability

density function
1 —(po2T/2+1log x)? /(202T)

r) = —F—7=¢€ )
9(@) oxy 21T

where z > 0, 4 € R, 0 > 0, and moments

E[X] =272 and  B[X?) = &P (3.5)
i.e. )
2 1 E[X?]
=1— ——log E[X d o*==log| —=r—5 | - :
p=1-Zplog BIX] and o Tog(<E[XJ>2> 30

In the next proposition, as a consequence of (3.6) and Proposition 2.2 we fit the
conditional distribution of A given S = z to a lognormal distribution using its first

two moments.



Proposition 3.2 Given z > 0, letting

o2(z) = %log( : 2(2) (bT(Z) . z)) and p(z) =1 — %@logw(z),

o%ar ar(z)

the lognormal random variable with parameter (—p(z)o*(2)T/2,02(2)T) has same first

and second moments as Ar given St = z.
Based on Proposition 3.2 we will approximate the law of Ay given Sp = z as

1 2 2 2 dx
AP ( J ’ S — Z) ~ ¢~ (P(F*(T/2+10g2)?/ (20> ()T) 2L 3.7
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x > 0. In particular we have
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and
dy(2) = dy(2) — o (2)VT = m log (Z(bT(Z) ;222;22)““2))) — o(2)VT.

Figure 2 compares the Asian option prices obtained from (3.4) (stratified gamma ap-
proximation), (3.8) (stratified lognormal approximation), and the standard lognormal
approximation (1.2) with the Monte Carlo method. Significant discrepancies in the
approximations can be observed for large values of time to maturity, and the stratified
approximations appear to perform better than the standard lognormal approximation.

A (non-stratified) gamma approximation similar to (1.2) is also included for reference.
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Figure 2: Asian option prices with o =1, r = 0.05, K/Sy = 1.1, Sp = 1.5.

Figure 3 is consistent with the numerical result of [11], page 486.
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Figure 3: Asian option prices with o = 0.3, r = 0.05, K/Sy = 1.1, Sy = 1.5.

4 Stratified bond pricing in the Dothan model

The following proposition, deduced from Lemma 2.1, provides a closed form integral
expression for the conditional Laplace transform of A7. In the next proposition we

use the modified Bessel function of the second kind
26 [ 22\ du
Ke(z) = 5T J, exp (—u - @) g (eR, zeC, (4.1)
cf. e.g. [21] page 183, provided the real part R(z2?) of z? € C is positive.

Proposition 4.1 For all A\, z > 0 we have
E |exp (=A\A7) ) St = z}

10

(4.2)



Ae—o2T/8 \/>/ AT <47r§> Sinh(e) K (\/§\/l +2y/zcosh & + z/o*) "
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Proof. By the scaling relation
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that follows from (2.7), it suffices to do the proof for ¢ = 1. By the Fubini theorem

we have
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since the above integrand belongs to LI(R%F) as it is bounded by
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where we used the identity (4.1). Hence we find
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d.

™

Under the Gamma approximation of Proposition 3.1 we approximate the conditional

bond price on the short rate S; as

E {exp (—A/OT Stdt> ‘ST - z} ~ (14 M0(2) ",
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hence by stratification we have

E {exp (—)\ /0 ' Stdt)] ~ /0 h (14 M(2) " dP(Sr = 2). (4.4)

Figures 4 and 5 show that the pricing formula based on the integral expression (4.2)
fails for small values of T" > 0 when ¢ = 0.3 and ¢ = 0.5 while the stratified gamma
approximation (4.4) is more stable and matches the Monte Carlo simulations. For
small values of 7', we may also use the asymptotics (2.6) of E[Ar | St = 2| to derive

the small time approximation

g AT(1 — 2)
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0 log 2
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Figure 4: Approximations of Dothan bond prices with o = 0.3.
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Figure 5: Approximations of Dothan bond prices with o = 0.5.
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On the other hand, Figure 6 for ¢ = 1 shows that the gamma approximation (4.4)

becomes less accurate for large values of 027

1 T T
Monte Carlo sassssss
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1
o.s |-\
1
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Figure 6: Approximations of Dothan bond prices with o = 1.

We are not proposing a bond price approximation based on the lognormal distribution
since its Laplace transform does not admit a closed form expression. Note however

that the Laplace transform of the lognormal distribution can be approximated [1].

5 Appendix - conditional mean and variance
We now prove Proposition 2.2 which contains the closed form expressions of the
conditional mean and variance, E[Ar | St = z] and Var[Ar | Sp = z].

Proof of Proposition 2.2. By scaling it suffices to do the proof for ¢ = 1. Under

conditioning we write

St — eo’(Bt—YfBT/T)—‘y-t(logZ)/T7 t c [O,T],

hence
T
ElAr | Sy = 2] = / E[S, | Sr = 2dt
0

T
_ / et(log z)/T+t(T—t)/(2T)dt
0

T
_ / et((log z)/T+1/2)7t2/(2T)dt
0

T
e(T/2+logz)2/(2T)/ ef(th/2flogz)2/(2T)dt
0
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from which we conclude by (2.7). Next, we have
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T t
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T t
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0 vT 2 T
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- mle e — - = = .
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By integration by parts we have

T
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= — "o (—IO% + %\/T) + @ (_1% - ;ﬁ)

Lo ((D( log = +ﬁ> e (_logz _ﬁ))

vz VT

and similarly,

VT
T logz 3
/Oe@<ﬁ—\/_+t )

+ o

logz 3 \/—) / / ~(3T/2-t+10g )2/ (2T) 4
2T

( o)
Consequently we have
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VT VT

logz 1 log 2 2

—2V2rT ((IJ ( +=VT) - — —\/_ <62T (3T/2+log2)*=T  (T/2+log2) /(2T)>
VT = 2 VT

log z log 2 2
= 2V2rT | ® + \/T) ) (_ — ﬁ)) e(T+log 2)”/(2T)
(s (U 7
log z logz 1
V21T (1 + 2)eT/2Hlos2)*/(2T) <<1> < + \/_> ( - —ﬁ)) ,

e VT VT 2

which yields (2.5) by (2.7). O

In the next proposition, for reference we also compute the unconditional mean and
variance of Ay, which have been used in (1.2), cf. also (7) and (8) page 480 of [11].
Note that closed-form expressions are available for the moments of A1 of all orders, cf.

Corollary 2 page 33 of [22] and the references given in Postscript #3 page 54 therein.

Proposition 5.1 We have
et —1
E[AT] = )
r

and

rer+o)T _ (2r + o¥)e” + (r + o?)
r(r+o2)(2r 4+ o?) ’
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Proof. For the second moment we have

T T
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since r — 0%/2 = —po?/2. O
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6 Addendum - error bounds in the Wasserstein
distance

This section deals with approximation error bounds based on the Malliavin calculus
and the Stein method. In particular we apply recent results on the Malliavin calculus
and the Stein method, cf. [NP09], to study the error generated by the gamma and log-

normal approximations using Wasserstein type distance estimates between probability

/f (t)dB,

denote the first order integral of f € L*([0,T]) with respect to Brownian motion, the

measures. Recall that letting

Malliavin gradient is the operator D, defined as

DI =3 fl (). B, € 0T

where the random variable F' has the form F = ¢g(I1(f1),...,I1(f.)), the function
g is in the space C'([0,T]") of continuously differentiable functions on [0,7]", and
fi,o s fn € L*([0,T]), n > 1, cf. eg. [Ust95] and references therein. We denote
by (Fi)icpo,r) the filtration generated by the Brownian motion (B;)cjo,r] built on the
Wiener space W as the coordinate process By(w) = w(t), w € W. Recall also that the
Ornstein-Uhlenbeck operator L can be defined via its semigroup (P)ier = (€'%)ier,

by the Mehler formula
e F(w) = E[F(e"tw 4 V1 — e 20)), t >0, (6.1)

cf. § 1.2 page 15 of [Ust95], where @ denotes an independent copy of w € W. We will

consider the Wasserstein type distance
d(X,Y) := sup [E[p(X)] — E[p(Y)]] (6.2)
S

between the laws of random variables X, Y, where
H = {h € Cy(R) : max{||hflc, [IN[|oc: [|A"]|c} < 1}.

In the sequel we let (-, -) denote the inner product defined by
(f.9) / gt fg€ L2(0.7))
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Gamma error bounds

Letting I'j , denote the gamma distribution with parameters (7, 0) given from (3.2).

We have E[Ar] = E[l'; ;] and the bounds

d(Ar, Fép) = d(Ar — E[A7], Fé,z} - E[Fé,a])

< Ky El(20Ar — {DAr, D(~L)~ (Ar — E[Ar])))?]
for K > 0 a constant, cf. [NP09], Theorem 3.11, and

d(Ar,Tg,) = d(Ar— E[A7], Ty, — E[Ty,])

< d(Ar,T,) < K\/E[(QéAT —(D.-Ar, EID.Ar | F]))?],  (6.3)
cf. [PT13], Corollary 3.4, after rescaling with respect to the parameter g,

Lognormal error bounds

On the other hand, applying Theorem 1 and § 4.4 of [KT12] with b(z) = E[Lps27/2,02]—
z we have E[b(Y)] = E[b(AT)] = E[AT] - E[ﬁ_ﬁcﬁT/Q’&z] =0 and

d(Ar, L_ps2r)2.5°T) < K+/E[(ap(Ar) — (DAp, D(—L)~Y(Ar — E[A7])))?],  (6.4)

where £_p,27/2,52 is a lognormal random variable with mean —p62T /2 and variance

62T given by (1.3)-(1.4) and

g o (52°0) -+ (131-0)

is defined in (2.4). Replacing the use of the Ornstein-Uhlenbeck covariance represen-

tation in the derivation of (6.4) with the Clark-Ocone covariance representation as in
(6.3) and [PT13] yields the bound

d(Ar, £ pooryage < K/Elar(Ar) — (DAg, EDDA7 [ D). (65)
Next, we show how the terms
(DA, D(=L)"'(Ar — E[A7])) and (D.Ag, E[D.Ar | F)
appearing in (6.3)-(6.5) can be computed in the unconditional case.
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Proposition 6.1 We have
T T ) SNt 9
(DA, E[D.A7 | F]) = / / e?Bspo (s+t)/2/ e Buto (T2 gy dsdt.
o Jo 0
Proof. For any f € L*([0,T]) we have

Dtell(f) — f(t)ell(f),

and
E[Dtejl(g) | E] = g(t) [ |f]
= g(t) Jo 96 ds/2E[ Li(9)—fy 9%(s)ds/2 | J—_']
= g(t)e 0 ) 9%(s)ds/2 fo $)dBs— [} g%(s)ds/2
= g(t)elo 9B S g (s)ds/2,
hence
T
<D,ell(f)’ E[D_ell(g) ‘ _F]> = ell(f) / f(u)g<u>efoug(s)stJnggQ(S)dSﬂdu’
0
and

(D", BD.e™™ | F]) = e / W geprr gy,
0
This yields
<D‘60'Bs—p0'28/27E[D.eaBt—pU2t/2 | ]_—]> _ eo’Bs—p02(s+t)/2 /SM eaBu+a2(T—u)/2du’
0
and
(D Ar, E[D.Ar | F]) / / e7Bamp%s/2 B D) oBepot2 | F)dsdt.

O

As for (6.3) and (6.4) we have the following result. In order to compute the term

(=L)"Y (Ar — E[Ar]) we will use the representation formula

(—L)'F(w) = /OOO e pdt = /01 E[F(aw + V1 — a2@)]da, (6.6)

for F € L*(Q) with E[F] = 0, that follows from the Mehler formula (6.1), cf. also
Lemma 3.8 of [Vie09].
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Proposition 6.2 We have

t

T T
(D.A7,D.(—L) ' (Ar — E[A7])) = / / S AL —p(st+1)02/2,0Bs+0%1/2
0 0

y (1 _ o=y \/?Bteﬂef/(%) (q) (Bt/\/i> _ (Bt/\/i _ m/%))) dsdt.

Proof. By (6.6) we have, denoting by I;(g) the stochastic integral of g € L?([0,T))

)
with respect to @,

1
(—L)"(h9) — Bleh0]) = E [ / eahwW—aQdea}
0

1
/ eall(g)+(1_a‘2)n2/2da
0
1
en2/2/ eoli(9)—a*n?/2 1,
0

1

7211 (0))? /(2?) / - (h(a)/m—an)? /2,
0

1 2 2 2 N 2
Lo e/ / o—(a=Li(@/m?/2 4,
n 0
L 22,0002/ 2n?) / /20,
n —I1(9)/n

@6772/26(11(9))2/(2772) (@ (Ii(g)/n) — @ (Ii(9)/n —n)),

T
with n? = / g*(s)ds, hence
0

Dt(—L)_l(eh(g) _

Bl ) = YEL 2D, (060105 @ (1 (g) ) ~ @ (alg)/n 1)

@) D, (& (I(g)/n) — @ (I1(g)/n — 7))

(© (I,(g)/n) — @ (Li(g) /1 — 1)) Dyetn@7 /)

_ %g( £)en /2T (0)?/ 2n?) (6—<Il<g>/n>2/2 _ 6—(11(9)/n—n)2/2>

Vor

V2T 2@ @) (@ (1 (g) /1) — @ (I (9)/n — m) 9(1) Ty (g)

773

1
= Fg(t) <6W2/2 _ ell(g)) —+

_”27T e /2

RO (9)eM R (@ (1y(g) /n) — © (1(g9)/n — ),
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hence, for any f € L*([0,T)),

(Deh(f),D(—L)_l(eh(g) _ E[eh(g)]»
Ii(

1 2 ) g 2 2
— ﬁeh(f)w /2<f7 g) (1 — elilg)=n"/2 + 1/27TT>€(I1(9)) /(2n%) (q) (]1(9)/,7) P ([1(9)/,7 _ 77))) ’

and
(De?B, D(=L)~ ! (7P — Ble”]))
_ SAL oB, (€U2t/2 — 7B 4\ /2 LB, B 02 (@ (Bt/\/f> o (Bt/\/i B 0\/{))) ’

t
which yields

(DerBm1™s/2, (L)) (e Bopr /2 _ plerBm i) (67)

5 ;\ b —p(st)02/2 0B, +o0%/2

% (1 _ eoBio?t/2 | \/?BteB?/(Zt) (<I> (Bt/\/E) -0 (Bt/\/Z— aﬂ))) .

O

Note also that the above bounds can also be computed under conditioning given
St = z, by writing

_ )T oU _ _t/T o(Bi—LBr
S, = 2 TeUt = T eo(BimgBr)

where

t
Ut = Bt — TBT, te [07T],

is a standard Brownian bridge with Uy = Up = 0.
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