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Abstract

We derive Stein approximation bounds for functionals of uniform random variables,
using chaos expansions and the Clark-Ocone representation formula combined with
derivation and finite difference operators. This approach covers sums and functionals
of both continuous and discrete independent random variables. For random variables
admitting a continuous density, it recovers classical distance bounds based on absolute
third moments, with better and explicit constants. We also apply this method to
multiple stochastic integrals that can be used to represent U-statistics, and include
linear and quadratic functionals as particular cases.
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1 Introduction

The Stein and Chen-Stein methods have been developed together with the Malliavin calcu-
lus to derive bounds on the distances between probability laws on the Wiener and Poisson
spaces, cf. [9], [12], [13] and for discrete Bernoulli sequences, cf. [10], [4], [5]. The results of
these works rely on covariance representations based on the number (or Ornstein-Uhlenbeck)
operator L on multiple Wiener-Poisson stochastic integrals and its inverse L=!. Other co-
variance representations based on the Clark-Ocone representation formula have been used

in [18] on the Wiener and Poisson spaces, and in [19] for Bernoulli processes.
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This paper focuses on functionals of a countable number of uniformly distributed random
variables, and uses the framework of [14], cf. also [15], [16], to derive covariance repre-
sentations from chaos expansions in multiple stochastic integrals, based on a version of the
Clark-Ocone formula with finite difference or derivation operators. We obtain general bounds
on the distance of a random functional to the Gaussian and gamma distributions using Stein
kernels, see Propositions 3.1-3.3, and we also derive specific bounds for multiple stochastic
integrals, see Corollary 5.2. Other recent approaches to the Stein method for arbitrary uni-

variate distributions using Stein kernels include [7].

When restricted to single stochastic integrals, our framework applies to sums

1 &
Zp = —= Xk, n=>1,

of independent centered random variables (Xj)g>1 with variance one. This includes the
case of discrete random variables and, e.g., sums and polynomials of Bernoulli random
variables with variable parameters, as a consequence of Proposition 3.4, see Proposition 4.2.

In addition, this approach yields the general bound
2 n
dw (Z, N) < WZEHXI@P]» (1.1)
k=1

where dy, denotes the Wasserstein distance, see (4.4) below, which recovers classical results

such as the bound of Theorem 1.1 in [2], however with an additional factor two.

On the other hand, for random variables which admit a continuous density, as a consequence

of Proposition 3.2 we find in Proposition 4.4 that

1 Y
L R

n

1 oo
(2 N) < |2 (/
k=1 -

o0

2

dFy.(y) — 1), (1.2)

assuming that the cumulative distribution function Fj, of X} admits a non-vanishing density
on the support of Xj;. This recovers in particular Proposition 3.3 of [18] in the case n = 1.
For several usual distributions the bound (1.2) improves on (1.1) which is based on absolute
third moments. For example in the Gaussian case, (1.2) yields dw (Z,,N') = 0 as expected.
For the Gamma and Beta distributions it also yields better constants than (1.1). The bound

(1.2) may however perform worse than (1.1), or can become infinite if F’(z) becomes too
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close to 0 on an interval.

Multiple stochastic integrals with respect to a point process with uniform jump times are par-
ticularly treated in Proposition 3.4 and 5.1 and Corollaries 5.2 and 5.3, with an application

to a combinatorial central limit theorem for general i.i.d. random sequences in Theorem 5.4.

In Section 6 we consider U-statistics, or quadratic functionals of the form
Z a1 Xk X,
1<k,i<n

where (Xj)r>1 is a sequence of normalized independent identically distributed random vari-

ables, such that Var[@,] = 1. Corollary 6.2 shows that we have the bound

n 1<l,p<n

where C' = 3E[X}] + (E[X{])? and

= JE%Z
which provides a different bound from Theorem 1 in [3], with explicit constants. In case
agk2k—1 = 1/+/n, the bound (1.3) yields

8E[Xi]
Jn

which recovers the known convergence rate in 1/y/n as on pages 1074-1075 of [3]. Corol-

dW(Q’rL)N) S

lary 6.4 provides another bound obtained from derivation operators.

More generally, our approach applies to functionals of uniformly distributed random vari-
ables, see Propositions 3.2 and 3.3 which deal respectively with smooth random functionals

and with multiple stochastic integrals, cf. Proposition 3.4.

This paper is organized as follows. In Section 2 we recall the framework of [14] for the con-
struction of random functionals of uniform random variables, together with the construction
of derivation operators and the associated stochastic integral (Clark-Ocone) decomposition

formula. In Section 3 we derive Stein approximation bounds for the distance of the laws of
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general functionals to the Gaussian and gamma distributions. Section 4 deals with single
stochastic integrals which can be used to represent sums of independent random variables.
Section 5 treats the general case of multiple stochastic integrals, which can be viewed as
U-statistics. Finally, in Section 6, double stochastic integrals are discussed with theirs ap-
plications to quadratic functionals. In the appendix Section 7 we prove a multiplication

formula for multiple stochastic integrals.

2 Functionals of uniform random sequences
Stochastic integrals

Consider an i.i.d. sequence (Uy)xen of uniformly distributed random variables on the interval

[—1,1], where N :={0,1,2,...}, and let the jump process (Y});cr, be defined as

}/; = Z 1[2k+1+Uk,OO) (t), t & R+
k=0
We also denote by (F;)icr, the filtration generated by (Y}).er, , and let
Fi = For, 2% <t <2k+2, ke N.
The compensated stochastic integral

/OOO ud(Y; —t/2)

with respect to the compensated point process (Y; — t/2)icr, can be defined for square-

integrable F;-adapted processes (u)ier . by the isometry relation

0o 00 2k+2 d?” dt
ug | vy — 12k 2k 2(75)/ Ve | =1
[ (e Sttt [0 §

(2.1)

see [14], where (u)ier, and (v¢)ier, are square-integrable Fr-adapted processes. This also

( /0 (- t/2)>2 E { /0 w|ut\2dt} |

for (u;)icr, a square-integrable Fi-adapted process.

E [ /0 (Y, — 1/2) /0 (Y, — t/2)] -y

implies the bound

b <

N | —




Given f; € L'(R) N L*(R,) we define the first order stochastic integral
> 1 00 ]
k=0 0 0

Next, given f,, a function which is square integrable on R’} and belongs to the space ZALZ(RSLF)
of symmetric functions that vanish outside of
Api= | [2k1, 2k +2] x - x [2K, 2k, + 2],
ki#k ;>0
1<ij<n
we define the multiple stochastic integral

g =30 ()

r=0

> // Fa@ki+14Upy, . 2k + 14+ Uy Y1y s Y )y - Ay
ke #ky >0 0 0

:wuéw[f.nlbh@b“w%m@;—mpynann—mp%

see [16] for a construction using a Wick type product, and [22] for the Poisson point process

version. It is easy to notice, see (2.1) above and Propositions 4 and 6 of [14], that (I,,(f))n>1

forms a family of mutually orthogonal centered random variables which satisfy the bound

E[(L(f))"] < ol fullzeeyaen . 121, (2.2)

which allows us to extend the definition of I,(f,) to all f, € L*(R?). If in addition we have

2k+-2
/ Fab)dt =0, keEN, (2.3)
2k

i.e. the function f, is canonical [23], then the multiple stochastic integral I,(f,) can be

written as the U-statistic of order n based on the function f,, i.e.

Lif) = Y.  fal@k+ 14U 2k +1+U,), (2.4)
k1 #kn >0

with the isometry and orthogonality relation

E [ITL(fn)Im(fm)] = 1{n:m}n!<fn> fm>L2(R+,d:r/2)°"> (2‘5>

see [14] page 589. Finally, every X € L?(2) admits the chaos decomposition
X =EX]+ ) L(fn), (2.6)
n=1

for some sequence of functions f,, in I:Q(]Rﬁ), n > 1, cf. Proposition 7 of [14].
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Finite difference operator

Consider the finite difference operator V defined on multiple stochastic integrals X = I,(f,)
as

1 r2le2)+2

VtX =Xo ‘Ift — —/ Xo ‘I’st, t e R+, (27)
2 2(t/2]

where

\Ilt(w) = (Ul(w), ceey ULt/2J—1(W)7t - 2Lt/2j - 1, UU/QJ_H(LU), .. ) y t e R_;,_,

cf. Definition 5 and Proposition 10 of [14]. The operator V does not satisfy the chain rule
of derivation, however it possesses a simple form and it can be easily applied to multiple

stochastic integrals.

Proposition 2.1 Given f, € L*(R"), we have

2t/2]+2
Vil (fn) = nly_1(fult, %)) — n/ I 1(fu(s, *))ds, teR,. (2.8)
2(t/2)
Proof. We observe that
[n(fn) oW, = [n(fn) + njnfl(fn(ta *)) - n[nfl<fn(v> *))\v=2Lt/2j+1+ULt/2J' (2'9>
Consequently we have
1 2Lt/2j+2
_/ [n(fn) o \Ijsds
2 Ja1e/2)
20t/2]+2
= L(f.)+ ”/L/ j L i (fuls,%))ds — nly 1 (fa(v, %)) jo=2(t/2) 414000 € Ry,
2(t/2
and applying this to (2.7) we obtain the conclusion. O

In particular, under the condition (2.3) we have the equality
Vily(fn) = nlu-r (fult, ), tE€Ry,
as in Proposition 10 of [14]. The operator V also admits an adjoint operator V* given by

v* (]n(gn+1)) = n+1(1An+1,§~]n+1)7

where §,., is the symmetrization of g, € L*(R?) ® L*(R,) in n + 1 variables, and V is

closable with domain
Dom(V) = {X € L*(Q) : E[|VX |72, )] < oo},
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and we have the duality relation
E(VX, u) 2w, az/2)] = E[XV"(u)], X € Dom(V), (2.10)

for u in the domain Dom(V*) of V*, cf. Proposition 8 of [14]. The operator L defined on

linear combinations of multiple stochastic integrals as

LI,(fo) = =V'VI(fa) = =nl.(fa),  fa € L*(RY),

is called the Ornstein-Uhlenbeck operator. By (2.6) the operator is well-defined, invertible
for centered X € L?(2), and the inverse operator L™ is given by

1
L_lln(fn) = _Eln(fn)a n > 1.
Recall that the operator V satisfies the Clark-Ocone formula
X = E[X] +/ B[V, X | F]d(Y; —t/2), (2.11)
0

for X € L*(Q), see [14], Theorem 2. This relation is reformulated using the operator ¥; in

the next proposition.
Proposition 2.2 For all X € L*(Q) we have

X:E[X]+/OOE[Xox1/t|ﬁt]d(Yt—t/2). (2.12)

Proof.  Since the integral term in the right hand side of (2.7) is constant in ¢ on every

interval of the form [2k, 2k + 2), k € N, we get

) 5 0o 2(t/2]+2 N
/ E[V.X | F]d(Y, —t/2) = / E|XoV, — —/ X oW ds|F, | d(Y; —t/2)
0 0 2(t/2]
= / E[X oW, | F]d(Y, —t/2),
0

and (2.11) ends the proof. O

In particular, it follows from the Clark-Ocone formula (2.11) that

o ~ 1
/ Bl (fult,4)) | LY, = £/2) =~ L(f,), (2.13)
0

since the integral term in the right hand side of (2.8) is constant in ¢ on every interval of the
form [2k,2k +2), k € N.



Derivation operator
Given X a random variable of the form
X:f<U07"'7Un)) fecl}([_]'?l]n—i_l)?

we consider the gradient D; defined as

DX = Zakf(an o Un) (U= U akgksisog (8) — (14 Up) L ks1+0,262) (1))
pt

cf. Definition 3 of [14]. By Proposition 5 of [14] the gradient D is closable, and its closed
domain is denoted by Dom(D). For any X € Dom(D) and ¢ € C}(R) we have ¢(X) €

Dom(D), and the operator D satisfies the chain rule of derivation
Dip(X) = ¢'(X)Di X, X € Dom(D), (2.14)
for all ¢ € C}(R). The gradient operator
D : Dom(D) C L*(Q) — L*(Q2 x Ry)

with domain Dom(D), defined by DX = (D;X)cr, satisfies the following Clark-Ocone

representation formula, see Theorem 2 of [14].

Proposition 2.3 For X € L*(Q2) we have
X = E[X] +/ E[D,X | Fd(Y, — t/2). (2.15)
0

Covariance identities

From (2.14) the gradient operator D satisfies the following covariance identity, see e.g. Propo-

sition 3.4.1 in [17], p. 121.
Lemma 2.4 Let X,Y € Dom(D). We have
Cov(X,Y) = %E [/OOOE[DtX | 7| DY dt} .
Proof. By (2.1) and (2.15) we have
Cov(X,Y) = E[(X = E[X])(Y - E[Y])]

— e[ [T Bl Aavi-yz [T EDY | Zo - 02
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LT . .
= 2E U E[DY | 7] (E[DX | 7] - (X)) dt] ,
0
where
1 o0 2k+2 5
Dy(X) = 5 Z 1(2k,2k+2](t)/ E[D,X | F,dr, teR;.
k=0 2k

By the independence between Fo, and (Ug, ..., U,) we get
BX) = 1S Tin(®)
¢ =3 2 (2k,2k+2]

2k+2 5
X / E[akf(Ul, Cey Un) ((1 — Uk)1(2k,2k+1+Uk]<T) —(1 + Uk)1(2k+1+Uk,2k+2] (7”)) |.F2k:| dr
2

1 kn 2k+2
_ 5;1(%%%@) /Qk E 01, v, Ups o U
X ((1 — Ui) k2641404 (1) — (1 + Uk)Lonr140 2042) (T))] |15 yk—1)=(U1,--.Uk—1) dr
- % n Lok 2kt2) O E [0k f (W1s - - Y1, Ups - .., Uy)
k=0
X ((1 —U)(1+Ux) — (1 —=Up)(1 + Uk))} 11yt —1)=(U1 oo Upo—1)
=0.

We conclude that

Cov(X,Y) = %E /0 h E[D)Y | F]E[D,X | ] dt}
5 :/OOOE[E[DtX | F]DyY | ]:"t}dt}
= %E :/OOOE[DtX | ]:“t]DtYdt} :
OJ
As a consequence of Lemma 2.4 we have the inequality
SEUD.X,BID.X | F]pagey] = Var[X] < X [Faoy (2.16)

Using the operator V and the Clark-Ocone formula (2.11)-(2.12) we can also obtain the

covariance identity
1 0 ~
Cov(X,Y) = S E U E[V X | ] V.Y dt
0

from (2.1) and (2.7) as in the proof of Lemma 2.4.



Stein kernel

The next proposition shows that the Stein kernel ¢x defined in (2.17) is a Stein kernel in
the sense of Definition (2.1) in [6].

Proposition 2.5 Let X € Dom(D) be such that E[X] = 0. The Stein kernel
1 o ~
ox(2)i= 5 V DXE[D,X | Fdt ) X = z} . zeR, (2.17)
0

satisfies
Cov(X, ¢(X)) = E[¢/(X)px (X)), (2.18)
for any ¢ € CL(R).

Proof. 'We note that by Lemma 2.4 and Jensen’s inequality we have

o d
wammmﬁw@mmm@SEwﬂ:¢Eugmxwﬂ<ax
and, for any ¢ € C}(R),
Cov(x,0(x)) = 3 | [ EIDX | 7] D)
LJO

_lg :gzﬁ’(X) /0 " DX E[DX | ft}dt}

_lplp {QS’(X) /OOO DX E[DtX|]-“t]dt’XH

= B¢ (X)px(X)) (2.19)

In particular, (2.19) shows that we have
Elpx(X)] = Var[X], X € Dom(D).
In the sequel we will also use the identity

ox )=~ [ B, (2.20)

see Relation (3.17) in [11]. Next, we review some examples of Stein kernels.

Gaussian case. The Stein kernel of X; ~ N(0,0?) with the Gaussian cumulative distri-

bution function F'(x) is given by

vx,(y) = —%/_yoo rdF(r) = o2, y € R.
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Gamma case. When X7 has the centered gamma distribution with shape parameter s > 0

and density function

s—1
Fl(z) = %e(”s) T € [—s,00), k>1,
we have F[|X; — s|] = 2s®¢™*, hence the Stein kernel of X is
)= [ @k
Y) =— xdFy(z) =y + s, y € R.
ol Fi(y) J-s )

Beta case. When X, has the centered Beta(a, 1) distribution, o > 0, we have

Q ¢ a 1
Fa = ) - ) )
(z) (a+1+x) xe{ a+1 oz—i—l}

and the Stein kernel of X is

() 1/y dF, () 1<O‘+>(1 > cR

=— zdF,(x) = — —vy), :

SOXI y Fé(y) _a/(a+1) Oé+ ]. Oé+1 y Oé+1 y y ( )
2.21

Single stochastic integrals. Such integrals can be used to represent the sum Z, of

independent centered random variables (Xj)g>1 as

Zy = Xp=I(filoam), (2.22)
k=1
where
t
fl(t) = % Fk_l (5 — /{J) 1[2k,2k+2)(t)7 (223)
satisfies 22:+2 fi(t)dt =0, k € N, and

F7lU(t) :=inf{s e Ry : Fx(s)>t}, t €10,1],
is the right-continuous inverse of the cumulative distribution function Fj of Xy, k& > 1.

In the sequel we let CL(R, ) denote the set of functions which are C! on every interval of the
form (2k,2k 4+ 2), k € N. The next lemma can be useful when computing the Stein kernel

of single stochastic integrals according to (2.17), see Propositions 4.3 and 4.4 below.

Lemma 2.6 Assume that Z,, = I, (fll[ogn]) = ZXk belongs to Dom(D), n > 1. We have
k=1

(D.Zy, E[D.Zy | Fl)r2ms) = —20(0x,,,,5 (L)) + E[Z]].
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Proof. We note that for f; € CL(R,) N L*(R,), we have

[e.e]

DI (f) = Z (1 = Ub)Lr2ks140 (0) — (1 + Up) Lonrisv, 2642 (1)) f1(2k + 1+ Uy).

k=0

Next, by Proposition 10 and Lemma 1 in [14] we get
E[DJi(f) | Fi] = E[Vli(f1) | F] = fi(t), te Ry,
hence by (2.3) we have

(D.I(f1), [D L(f) | F] e

= / Z (1= U erorir+vy(s) = (1 + Un)Larrasue,2612)(5)) f1(2k + 1+ Uy) fi(s)ds
= / Z (Lak2bt1404 () — Lar1sv,,2642(5)) f1(2k + 1+ Uy) f1(s)ds
= 2/0 Z Lok 2140 (8) 1 (2k + 14 Up) fu(s)) ds

00 2k+14Uy
= 2) fi2k+1+ Uk)/ fi(s)ds
k=0 0

=2 [T g [ nesai -2+ [ 50 [ s
= 2 [0 [ iasaci— 2+ [ Inorar

On the other hand, by (2.1) and (2.20), see (3.17) in [11], we have

Ao [ nwa - % T | R (g - k) 0 ()
i 1 F (x—2k)/2)
= gl%%-m) FIF((x — 21)/2) /_OO tdFy(t)
= - Z ox, (F (2 — 2k)/2) Lk a2y (2)

= _ZSOXk J1(2)) L2k 2042)(2)
= 90X1+[z/2] (fl( ))1[2k,2k+2)(1'),

where we used the identity (2.20). O
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Density representation and bounds

Working along the lines of the proof of Theorem 3.1 in [11] by replacing (3.15) therein with
(2.19) above we can derive the following result, where Supp(f) denotes the support of the

function f.

Proposition 2.7 Let X € Dom(D) be such that E[X] = 0. The law of X has a density
px with respect to the Lebesgue measure if and only if the Stein kernel px defined in (2.17)
satisfies ox(X) > 0 a.s. In this case Supp(px) is a closed interval of R containing 0 and

px(z) = 2E<p[|;§,|z]) exp (— /OZ @XL@L) du) , a.e. z € Supp(px).

we have

As a consequence of Proposition 2.7 we get the following result on density bounds as in

Corollary 3.5 of [11].

Proposition 2.8 Let X € Dom(D) be a centered random variable such that
0<c< / D XE[D;X | Filds < C a.s.,
0

where C,c > 0 are positive constants. Then the density px satisfies

A e (-2) sowtar s B e (-2) . aezem

2C' 2 2¢ 20

and the tail probabilities satisfy
2

2
P(X >z) <exp (—§—C> and P(X < —z) <exp <—§—) , x > 0.

3 Stein approximation bounds

The total variation distance between two real-valued random variables X and Y is defined
by

dry(X,Y)= sup [P(X €A —-P(Y € A),
AEB(R)

where B(R) denotes the Borel subsets of R. The Wasserstein distance between the laws of
X and Y is defined by

dw(X,Y) = sup [E[n(X)] = E[L(Y)]],

heLip(1)
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where Lip(1) is the class of real-valued Lipschitz functions with Lipschitz constant less than

or equal to 1.

In the following propositions we derive bounds for the Wasserstein and total variation dis-
tances between the normal distribution and the distribution of a given random variable
X € Dom(D). Recall that by Stein’s lemma, cf. [21], [8], for any continuous function
h:R — [0,1] the Stein equation

h(z) — E[h(X)] = fi(x) — = fu(),

where X ~ N, admits a solution f;,(x) that satisfies the bound |f,(z)| < 2. In the sequel
we denote by
T:={heCR) : ||F|w <1, [|B]e <2}

the space of twice differentiable functions whose first derivative is bounded by 1 and whose
second derivative is bounded by 2. For the gamma approximation we will use the distance
du(X,Y) = Sup |E[R(X)] = E[MY)]],
€

where

H = {h e C(R) : max{||hlloc, [IN'[loc, IM"[lc} < 1}.
Derivation operator bounds

In the next Proposition 3.1 we derive a Stein bound using the Stein kernel ¢ x(2) defined in
(2.17), see also Proposition 3.3 of [18] for a bound using a different probabilistic representa-
tion of the Stein kernel. Here we denote by I'(v/2) a random variable distributed according
to the gamma law with parameters (v/2,1), v > 0. We also let (-,-) denote the usual inner

product (-, )2k, ) on L*(R}).
Proposition 3.1 For any X € Dom(D) such that E[X]| =0, we have
dw (X, N) < E[1 — px(X)[] < [1 = E[X7]| + [lox(X) = Elox (X))l 2.
where the Stein kernel ¢x is defined in (2.17), and
drv(X,N) < 2B[|1 — ox(X)]] < 21 = E[X?] + 2[lox (X) — Elox (X)]]l|z2(0)-
If moreover X is a.s. (—v,00)-valued then we have
(X, T,) < 20X +) = ox (X)) < 20X +2) = BX 120 + llox (X) — Elipx (V)] 20
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Proof. We focus on the first inequalities, as the second inequalities follow from the triangle
inequality and Jensen’s inequality, and the identity E[px(X)] = E[X?] that follows from
Lemma 2.4.

(i) By Lemma 2.4 we have

EIXH(X) = B [ /0 mE[DtX|ﬁt}thh(X>dt}

1

= SE {f,;(X) /OOOE[DtX | Fi] DiX dt} : (3.1)

Hence, using the bound (2.33) in [12] and (3.1), we get

dw (X, N) < Sup [E[¢"(X) — Xo(X)]| (3.2)

= sup

sup E [d(X) (1 - %(D.X,E[D.X | f.p)} ’

= sup |E[¢'(X) (1 — ox(X))]|
oeT

< E[1 —ox(X)]].

(17) By the covariance identity (3.1) we have

E[h(X)] = E[h(N)]| = ‘E [f,;(X) (1 - %(D,X, E[D.X | ﬁ.]>)} ‘

= [E[f(X) (1 = x(X))]]
< 2E[1 —ox(X)]],

and this bound can be extended to h = 1¢ for any C' € By(R) by the same approximation
argument as in the proof of e.g. Theorem 2.1 of [18].
(77i) Given h € H a twice differentiable function bounded above by 1 we choose ¢ > 0 and
a < 1/2 such that

|h(z)] < ce, x> —.

By e.g. Lemma 1.3-(i7) of [9], letting ', := 2I'(v/2) — v, the functional equation
2@ +v)f'(x) = af(x) + h(z) = E[L(L.)], x> -v,
has a solution f;, which is bounded and differentiable on (—v, c0), and such that

[ fnlloe < 2[R lloe and [ flloee < [IA"[loc-
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By the covariance identity (3.1) on C{(R) for the centered random variable X we have
[E[A(X)] = E[A()]] = [E[2(X + ) f(X) = X fu(X))]]
— ‘E [f,;(X) (2(X +v)— (D.X,E[DX | ﬁbﬂ ‘
= [E[f3(X) 2(X +v) —px(X))]|
< 17| E[I2(X + v) — ox (X)]]-
The claim follows by taking the supremum over all functions h € H. 0

As a consequence of Proposition 3.1, for any X € Dom(D) such that E[X] = 0, we have

dw(X,N) < 1= BIX?)| + VE[(¢x(X) - E[X?)?]
= 1= BIX7]| + VE[(px(X))? — 20x(X) E[X?] + (B[X?)?]
= 1= E[X?)| + VE[(ox (X))} - (B[X?)?, (3.3)

and

dry(X,N) < 2|1 = E[X?]| + 2/ El(ex (X))?] — (B[X?))2.

Similarly, Proposition 3.1 implies the following corollary which applies in particular to

smooth functionals X € Dom(D).
Proposition 3.2 For any X € Dom(D) such that E[X] = 0, we have
dw(X,N) < %\|2 —(D.X,E[D.X | F])llz20
< [1- BIX?) + S 4D X E[D.X | £]) ~ E{DX, B[D.X | F])lzzco,
and

dry(X,N) < 2= (DX, E[D.X | F])12@)
< 2/1- E[X%|+ |(DX,E[D.X | F]) = E(D.X,E[D.X | F])]llr20»-

For any a.s. (—v,00)-valued X € Dom(D) such that E[X] = 0, we have

du(X,T,) < ||2(X +v) = (D.X,E[D.X | F])|r2(
< 12(X +v) = X 72ll2@ + (DX, E[D.X | F]) = E(D.X,E[D.X | F])]llz20)-

16



Finite difference operator bound

Using the finite difference operator V we obtain the following bound which applies in par-

ticular to multiple stochastic integrals, see Proposition 3.4 below.

Proposition 3.3 Let X € Dom(V) be such that E[X] =0. We have

dw(X,N)< E H1 — %(v.x, —V.L—1X>H (3.4)

2|t/2]|+2
/ |V, L 1X|/ |V X |*dsdt| .
0 2(t/2]

Proof. By (2.7), for every function f € C*(R), the finite difference operator V satisfies

1 o 1
5 U |VtL‘1X||VtX|2dt} +F
0

L 2l
Vif(X) = —/ (f(XoWy) — f(X oW,))ds
2 Jajey2)
1 2Lzl
— 5/ (f/(Xo\Ijs)(XO\I]t_XOKIIS)‘FRf(XO\IIt—XOWS))dS
2(t/2]
1 2Lzl 20t/2]+2
— _/ f/(Xo\Ils)(Xo‘I’t—Xo\Ifs)ds—i——/ Rf(Xo\Ift—Xo\Ifs)ds,
2 a2 2 Jalt/2)

t € R, where the function R, is such that |R;(y)| < v?||f"]le/2, ¥y € R. Hence for any
f € T, by the duality relation (2.10) we have

E[f'(X) = Xf(X)] = E[f'(X) = XLL™" f(X)]

— B[ 1) - §(VIC0) —VL-1X>]
_E - —/ v/ ( 1X)dt}

21t/2]+
_ B _ -/ / F(X00,)(X oW, — Xo \Ifs)ds(—VtLlX)dt]
2(t/2]
2Lt/2j+2
_ —E / / H(X oW, — X oW, )ds(=V,L " X)dt| (3.5)
2[t/2]

Regarding the first term, we note that for any two square-integrable random variables F' and
G, by (2.7) we have

2k+2

E[(FoW,)G] = %E {(Fo \yt)/2

k k

(3.6)

17

1 2k-+2
Go \I’Sds} and F [(V,.F)G] = §E {VtF/ Go \IJSds}
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€ [2k, 2k + 2], k € N, hence

= |B

= |B

IA

2Lt/2j+2
_ _/ / (X 0 W) (X oW, — X oW,)ds(—V, L X)dt

2(t/2]
— _/ (X)X oW, — X)(—vtL*X)dt} '
l

f (X) (1 — 5/ (X oW, — X)(—VtL‘lX)dt)]

:f’(X) (1 - %/:oo th(—vtLl)()dt)} '

E H1 — %/ VtX(—VtLlX)dtH :
0

because ||f||oc < 1. Next, given that || f”||s < 2, the term (3.5) can be bounded as

2[t/2j+2
UL L

IN
|
&

F(XoW, —Xo \I/s)ds(—VtL‘lX)dt]

2|t/2]+2
/ V. L' X| | X oW, — X o W,|?dsdt
0

2(t/2]

2(t/2]

) 2(t/2]+2
= —E/ VL' X| |V X — V,X|*dsdt
0

1 ) 2(t/2]+2
= 4B / VL' X| (VX + |V X|? — 2V, XV, X )dsdt
0

i 2(t/2]
1 [ oo 2(t/2]+2
= ZE / VL' X| (VX + |V X|?)dsdt
4 o 21t/2)
1 r proo 1 2|_t/2
— —E/ |VtL‘1X||VtX|2dt]+—E / |V, L 1X|/ |VSX|2dsdt :
2 Lo 4 0 211/2]

where we used the relation

2%+2
E [(F o \Ift)/ VSGds] =0 and F [VtF/
2 2

2k+2
VsGds] =0,

k k

€ [2k,2k + 2], k € N, that hold similarly to (3.6). We conclude to (3.4) by the inequality
(3.2), which is the bound (2.33) in [12]. O

The second term in (3.4) can also be written as

1
)
4

2(t/2]+2
/ IV, L 1X]/ X oW, — X o W,|*dsdt
0

2(t/2]

18



1 % 2(t/2]+2
= ZE / VL' X| / | X oW, — X|* o W, dsdt
0

i 2t/2]
1 [ oo 2(t/2]4+2
= -E / VL' X| / |X oW, — X |*dsdt
4 0 2(t/2]

1 B [oe)
— 5E/ |VtL‘1X||Xo\IIt—X|2dt]

LJO

Taking X = I,,(f,,) in Proposition 3.3, we get the following result.

Proposition 3.4 Let f, € ﬁz(Ri) The following estimate holds:

dw (L(fo),N) < | E (1 — —HV[ (fn)>||L2 Ry, dx/?)) ]

2t/2]+2
/ VI, fn]/ V. L,(f) [2dsdt
0 2(t/2]

+%E [/0 VI (fn>|3dt] +41 E

4 Single stochastic integrals

For single stochastic integrals, Proposition 3.4 shows the following.

Proposition 4.1 For f; € L*(Ry) such that f%“ (t)dt =0, k € N, we have

1 0o 1 00 1 2|t/2]+2
Wi N) < =g [Cineral g [Cinorae g [Tinor [ inerd

g‘l—géwM@WﬁWyAwM@Wﬁ. (1)

Consider now a sum Z,, of independent centered random variables (Xj),>1 written, as in

(2.22), as

Zy =1 (filpam) Zxk, (4.2)

with f; € CH(R,) N L3(R,) given by (2.23) from the respective cumulative distribution

functions (Fj)g>1. In this case, Proposition 4.1 can be rewritten as follows.

Proposition 4.2 Given (Z,),>1 written as in (4.2) we have

dw (Zn, N) < |1 = E[Z])| + ) E[Xil’] + > B Xkl E[| Xx?). (4.3)

k=1 k=0

19



Proof. We note that fi(2k+1+Uy) = F;,'((Ux +1)/2) has same distribution as Xy, k > 1,

hence (4.1) can be rewritten as

2k+2 2k+2
(2N < - BIZ2 [ RGP+ ] Z [, e [ e
= |1- [ZQ|+ /|F t/2|dt+ /|F (t/2) |dt/ |E 1 (t/2)]2ds

- 1-E ZQ|+Z/ 2P dFi(a +Z/ eldFita) [ ol dFio)

= [1-FE Z2|+ZE|Xk| +ZE|Xk [1X[2).

O
Using Holder’s inequality, Proposition 4.2 shows that
- 2 n
dw (Zn, N) < B[ X, ? > 1 4.4

for the normalized sum Z, := (E[(Z,)*])~/? ZXk’ which recovers the bound (1.1) of [2],

with however a worse constant. =
Bernoulli random variables
Given (pg)r>1 a sequence in (0, 1), letting
il ol pk) (1[2k72,2k72+2pk](t) — pk) ; te Ry,

the single integral I;(f11p2,)) becomes a weighted sum

I (filjo.2n)) Zaka

of centered and normalized Bernoulli random variables (X}),>1 with parameters (pg)g>1,

and (4.3) shows that

— 2pi(1 — pi)
+ 22 a1 7

wiL1\J1 7N
(L(f1),N) < o)

Z|O¢k|

which provides a simple distance bound for the sum of non-symmetric Bernoulli random

variables, cf. Corollary 3.3 of [10], Corollary 4.1 of [19] and Theorem 4.1 of [4] for other

versions.
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By Proposition 3.2 we have the following result that uses the derivation operator D.

k=0

Proposition 4.3 For f; € C4(R,) N L*(R,) such that f;:” fi(t)dt =0, k € N, we have
dw (L(f1),N) (4.5)
1 5% 1 00 T 2 0o 2k+2 2
< -5 [T inwpal s g2 [Tl [Camal -3 ([ noee).
2 Jo 2 0 0 — \Ja2k

The bound for dry (I (f1),N) is twice as large as (4.5).

Proof. We note that by (2.1) and Lemma 2.6 we have

E [((D.Zn,E[D_Zn | F]) —E(D.Z,,E[D.Z, | ﬁbﬂ
i

Proposition 4.3 can be rewritten as follows using sums Z,, of random variables (Xj)x>1.

n

de—iz(/:k \f1<t>\2dt)2,

k=1 \/2k=2

fi(2) / oL

Proposition 4.4 Assume that (Xy)g>1 is a sequence of independent centered random vari-

ables having non-vanishing continuous densities. Then the sum
n
Zyi=Y Xy, = n>1,
k=1

satisfies the bound

n

dw(Z,, N) < 11— E[Z;]| + J > (Bllex (X)) = (BI(X0)2)?). (4.6)

k=1

The bound for dry(Z,,N) is twice as large as (4.6).
Proof. By Lemma 2.6, (2.1) and (2.20), see (3.17) in [11], we have

2n 2 n 2%k 2
' w1 ([ nora)

fi(z) / o

1 2

Fk(Fkl(m))/o B

/ " rdFy(z) 2

dx — (E[(Xk)2])2>

dFy(y) — (E[(Xk)z]f)
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Next, we consider some particular cases.

Gaussian case. The Stein kernel of X, centered Gaussian is given by

1 y
= F(z) = E[X} R, k>1
A0 ) /_OO vdFi(r) = E[X;],  yeR, k>1,
and the bound (4.6) recovers dy (Z,,N) < |1 — E[Z?]| as expected.

Gamma case. The Stein kernel of X} a centered gamma random variable is ¢z (y) =

y+ E[Z2], y € R, hence
E(¢2,(Z0))"] = E[(Zy + E[Z;])°] = E[Z,)(1 + E[Z;]),
and the bound (4.6) shows that the sum Z,, satisfies
dw(Z, N) <1 = E[Z)| + VE[Z2], n>1
By the scaling relation
az,(y) = a*¢z,(y/a) = ay + a’E[Z;],  y€ER,

we find that the normalized sum Z, = Z,/\/E|[Z2] satisfies

~ 1
dyw (Zn, N) < , n>1.
w( ) 5122
In particular, in the i.i.d. case we have
~ 1
dw (Zn,N) < ———= n>1,

VEIX?]

which systematically improves on (4.4) and on the bound (1.1) of [2], i.e.

X,
(2 N) < gz
2 (2034 BIX}LEIXE) + AR BN 1 BIXE)
nE[X?] (3 + E[X7]) ’

where I'(3 + s, s) denotes the upper incomplete gamma function. Indeed, the ratio

5 21 (3 + s,5) +25*Te™*(1 + s) .
'3+ s) ’

of the two bounds tends to infinity as s tends to infinity, and has smallest value 2 as

s tends to 0.
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Beta case. When X, has the centered Beta(a, 1) distribution, o > 0, k > 1, we have
o “ o 1
F(z) = —
(@) (a+1+x) ’ ZL‘€|: 04—1—1’04—1—1}’
and E[X?] = a/((a+ 1)*(a +2)), hence by (2.21) we have

(ail +X,g)2 (% —Xkﬂ (4.7)

2cv
(a+4)(a+3)(a+2)(a+1)?

1
(4 1)

El(ex, (X0))] =

and by Proposition 4.4, the normalized sum

7 .

T WZ

n>1

satisfies

4+ala?+a—2)
T, ;
dw (Zn N) < \/_\/ (a+3)(a+4)

which systematically improves on (4.4) and on the bound (1.1) of [2], i.e.

o (Zo N) < %Eum -

as can be checked from Figure 1.

% a+2 <6a(a/(a +a13r)°;+1 +1-— a) |

differential operator
3.5 difference operator
3
2.5
2
3 2
o
1.5
1+
0.5
O 1 1 1 1 J
o 2 4 6 8 10

[e 4

Figure 1: Comparison of bounds.

For example in the uniform case with & = 1 we have X = Uy, k € N, and F(z) = (z+1)/2,
€ [-1,1], and

_ \/§Z(t — 2k — 1)1 on42) (1),
k=0
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hence (4.1) shows that the sequence Z,, := \/3/nz Uy, satisfies
k=1
3%/2 3 /3
dw(Z, < —=E[X1]’] = o4/ =
w2 N) < Bl = 52,

whereas (4.5) yields dy (Z,,N) < 1/v/5n.

5 Multiple stochastic integrals

In this section we apply the multiplication formula given in the appendix Section 7 in order
to obtain bounds on the distance between multiple stochastic integrals and the normal
distribution N. In the sequel for 0 < < k < n A m we define

fn *’2‘ gm(,}/la s 77k—i7t1a s 7tn—k’a S1y0 e, Sm—k) (5]_)

1
= 5 fn(Zl, cee s iy Y1y e e s ,’)/k,i,tl, RN ,tn,k)gm(zl, e Ry Ve s VE—iy STy - -y sm,k)dzl cee dZi,
[0,00)?

and we denote by f, ;/;;gm the symmetrisation of f,, *& g, i.e.

~i 1 (
fn *kgm(xly---axm—f—n—k—i) = (m+n—k‘—z)' Z fn *k gm(xa(l)w--axa(m-i-n—k—i))?

UES’m+n—k—i

where S, 1n_r_; stands for the group of all permutations of the set {1,...,m +n —k —i}.
Note that f, . g, may not satisfy (2.3), even if f, and g, satisfy (2.3). The multiplication
formula of Theorem 7.1 below can be given in many different forms, one of which is presented

in the next Proposition 5.1.

Proposition 5.1 Let f,, g satisfy (2.3) and f, xi gm € L*(RTT"7F7) for every 0 < i <
k<mAn. We have

2(mAn)
In(fn)lm(gm> = Z Ik(hk)7
k=0
where N
n m T ~
hy, = Z Z ]-{Qn—r—l:k} rl (T’) (T) (l) fn *fﬂgm

r=0 =0
Bounds obtained from the finite difference operator V

To obtain a more explicit bound than in Proposition 3.4 we have to employ the multiplication

formula. Precisely, by virtue of Proposition 5.1 we may express (I, ( fn))2 as follows:
2n
2 n
(In(fa))" = Iu(Gifn), (5.2)
k=0
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where

n r 2
n r ~
Gan(Zl,.-',Zk) - 1Ak(zla"'72k) 1{2n—7‘—l:k}rl <T> <l>fn *ifn(zl)"'azk)~
=0

r=0

Corollary 5.2 Let f, € L*(R") be a symmetric function satisfying (2.3). Assume that

1

Gitu(s) =5 [ Gttty

belongs to € LQ(R’i) forall 1 <k <2n—2. We have

L2(Ry da/2)°F

9 2n—2 N 9
A (I (£),N) < (| (1= 2l Ll augen )+ 12 D K[
k=1

2n—2

n?\/2(n = VY| full L2 g, da/zyon Z k'/ |GL fults HL2 (&, duy2)er AL

Proof. ~ We are going to estimate both components appearing in Proposition 3.4. The
formula (5.2) lets us write

2n—2

(thn(fn))Q = nnl || fu(t, ')’|i2(R+,d:ﬂ/2)°("—1) +n? Z (G ().

k=1
Hence we have

2n2

VL oy = e o + Z / (G fult, )t

Since multiple integrals of different orders are orthogonal, we get

E

1 2
(1= 21V LD e ]
2n—2

= (1_" ||fn||L2(]R+d:c/2)°"> +n? ZE

Finally, by (2.5), we obtain

</OOO L (GE™ falt, -))dt/z) 2] ,

2

E

| @ a2

_E [(1,6(@;;%))2} < k! HG"f ]

L2(Ry dz/2)°k

which implies

E

e e

L2(Ry dx/2)°k

1
1= 21V LD Bt

2
] ‘1 —nl ||anL2(R+ dz/2)°n
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To get the second component of the estimates in the thesis we use Cauchy-Schwarz inequality

in the following way:

—/ (19 (fo)*] dit < \// (Los (fu(t %)) dt\// (VoL (£.)]4) dt

2 (=1 [ Bl ) ¢
< ||fn||Lz(R+,dx/2>on\/ [ B [t a

Since

)

n—2

(L (fult, ) = 3 L(GP A fult, ),

k=0
and by orthogonality of multiple integrals, we have

2n—2

[ B e < 328 [ IGE At e, s

which ends the proof. O

As noted above, I,(f,) can be used to represent various U-statistics, including polynomials
of Bernoulli random variables, in which case Corollary 5.2 provides an alternative to the

results of [10], [5], [19] for Bernoulli processes.

Bounds obtained from the derivation operator D

Here we let CE(R’}) denote the set of functions which are C' on every set of the form
(2k1,2k31+2)xX(an,an+2), kl,...,knEN.

Given f, € CL(RY) N L*(R?), we define

Hk(s Ry .- 7zk+1) =
n—1 r n—1 2 r " s
Z 1{2n7277‘7l:k} 7! r I alfn(sa *) *, fn(ta *)1{*<s}dt (227 BRI Zk:-i—l)a
r=0 [=0 0
and
J/C<S7Zh ,Zk)
L n—1\"/r
= 1{2n727rfl:k} 7! ( r ) (l) (fn(s> *>;f~fn(87 *)1{*<s}> (21, ce 7Zk);
r=0 [=0
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1 <k <2n— 2, where
rk<u}={reR"! : zy<u, i=1,...,n—1},

and assume that Hy, J, € LQ(R’_“F“). Additionally, we denote

~ 1

Je(z1, .0y 21) = 5/ Je(8, 21, ..., z)ds.
0

Next is a consequence of Proposition 3.2.

Corollary 5.3 Let f, € CL(RY) N L*(R"}) and satisfy (2.3). We have

dw (I(f), ) < \1 = b [l fallZaa, aeyyer

277, 2 2n—2 2n—2

=0 k=0

2142 2
(/ Jk(s, *)ds)
2%
2n—2
( Z k'/ 1 Hk (5, %) |72 (8 s e oyor s + Z H HJ ‘ L2(Ry dar/2)0%
((n—1)! Z

2\ 1/2
=0 >

The bounds for dry(I,(f),N) are equal to those for dw (I,(f),N) multiplied by 2.

‘1 —n! ||fn||L2(]R+ dz/2)on

[e.9]

2i+2 9
/ an(87 *)1{*<s} ||L2(R+7dx/2)o(n—1) dS

21

Proof. By Lemma 2.4 and formula (2.5) we get
E[(D.1n(fa), E[D.Lu(fa) | F1)] = 2B [(La(fa))*] = 20! | fallT2(e, deyayon

Next, we are going to provide an explicit form for the expression (D.1,,(f,), E[D.L,(fn) | .73} ).
We have

DtIn<fn)

=n > ((1 — Uliya)) Leatt/2) 2t/20 4140000 (8) — (1 + Uleya)) Leale/2) 4140, o) 210/2042) (t))
0<hy e thn1
X alfn(QLt/QJ +1+ U|_t/2ja2k1 +1+ Uk17 R an—l +1+ Uknfl)

=n <(1 = U2 Lpe/2) 2007204140120 (0) = (L + Upegz)) L ges2) 11401, ) 210/2)+2) (t)>
X Loy (Oufa(2[t/2) + 14 Upypap, #)) -

By Proposition 10 and Lemma 1 in [14] we get
E[Diy(fa) | Fi] = B[Velu(fa) | Fi] = 0oy (Falt, ) Liscotisa)y) -
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Consequently, using the assumption (2.3) twice, we arrive at

(D.L(f), E[D.L(fa) | F])

=n’ /0 ) ((1 = Unrz)) o) 2121414021 (8) = (L4 Ulgz) Leate/2i+140,, 2 21072042 (t))
X L1 (O0fu(2[8/2] + 1+ Upya), %)) Lo (fa(t, ) Licopeyz)y) dt

=n’ /0 <1(2Lt/2J,2Lt/2J+1+UW2J](t) = Leale/2) 41401 oy 210/2)+2) (t)>
X L1 (O0fu(2[8/2] + 1+ Upya), %)) Lo (fa(t, ) Licopeyz)y) dt

= 2n2/ (1(2Lt/2J,2Lt/2J+1+UU/2J (a1 (D1 fa(21t/2] + L+ Ujyya), %)) L1 (fult, *)1{*<2W2J})> dt
0

o9 2k+14-Uy,
= 2n2 Z In,1 (81fn(2k + 1 -+ Uk, *)) In,1 </ fn<t, *)1{*<2k}dt>
0

k=0
— 2n? /OOO h(s)d(Y, — 5/2) +n? /Ooo h(s)ds,
where .
h(s) = dp-1 (alfn(87 *)) I (/ fn(t7 *)1{*<3}dt) , s € R+,
0

is a random process when n > 2. Note that by integration by parts we have

/OOO h(S)dS = /OOO I, (fn(S, *)) Iy (fn<57 *)1{*<5}) ds.

By the Fubini theorem we may express [;° h(s)d(Y, — s/2) and [ h(s)ds as 2n — 1 and
2n — 2 integrals with respect to d(Y; — s/2), respectively. Then, applying (2.1) 2n — 2 times
together with (2.3), we obtain

E { /0 T h(s)d(Y, — 5/2) /0 b h(s)ds}

— /2 1 E {/ O fo(u,xy, ..o pq) / Tt @, .o Ton—2) At {(a,.. won—a)<u} (Y — u/2)}
R2"™ 0 0

X fn(sa L1y wxnfl)fn(sa Tpye-- 7$2n72)]—{(mn ..... m2n72)<s}dx1 e deandS

=0,

and consequently

2

E[(D.1(f.), E[D.L(f.) | ﬁ])Z] — 4n'E +niE

([ nopar = o/2) ([ noris) ] .

Using the orthogonality of multiple integrals of different orders and the relation

2n—2

In—l(fn(37 *))[n—l(fn<$> *))1{*<S} = Z I (Jk($> *))7

k=0
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we rewrite the latter component as follows:

([ h(s)ds)2 (Z 1@))2

n—1 . 27 o0 2
_ 42E[<Ik(Jk)> + ((n—1)!/0 [ E Ty . ds)
k=1

E =4F

n—1 N 27 4
= a3 [(80) ] Ul
k=1 -

Furthermore, by Proposition 5.1 we have

2n—2

Lo (00 fo(5, %) T ( | e *)1{*<S}dt) =3 (e,

hence (2.1) gives us

</0°o h(s)d(Y, — s/2))2 - B UOOO |h(s)|2ds} - %i E (/;H h(s)ds) 2]
. /Ooo Czizk(ﬂk(s,*»)st] - iE <: I (/QM Jk(s,*)ds/2)>2
: <1k ( /2 o Jk(s,*)ds/2)>2] .

We apply this to Proposition 3.2 and get the first inequality in the assertion of the theorem.

E

- /OOO E [(It(Hi(s,%)))*]ds = > Y E

k=0 =0 k=0

N —

In order to derive the other one we use (2.2) and the estimate

(i ([ o)) ] 2 [ ) )

2142 5 2
2
= ((n - 1)') (/2 Hf(sa *)1{*<S}||L2(R+7dx/2)o(nfl) ds) .

7

n—1
E
k=0

> K

A combinatorial central limit theorem

In this section, we show that the bounds of [4] for the Rademacher combinatorial central

limit theorem of [1] can be extended to our setting of random sequences.
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Given K a symmetric subset of A, := {a € N9 : a; # a; if i # j}, (bi)r>0 a sequence of
real numbers, and (Xj)g>o an i.i.d. sequence of random variables such that E[X;] = 0 and

E[X?] < oo, define

1
SO = G | 2 e K
Following § 6.3 of [4], we let K} denote the collection of all (iy, ... ,4,) € K such that i}, = j for
some k € {1,...,q}, and we define K¥ C K x K by stating that a pair (i1, ...,iq), (J1,-- - Jq)
belongs to K# if {iy,...,i,} N {j1,...,J,} = ¢ and there are (ki,.... k), (l1,...,l,) € K
such that {ki,.... kg, b, ...} = {i1,. .., ig, J1,- -, Jq} and (k1,...,k,) does not coincide
with (i1,...,45) or (j1,..-,Jq)-

Theorem 5.4 There ezists a constant C' = C(q) such that

Proof. Let F be the distribution function of X; with generalised inverse function F~!.

Then we have S®(K) L I,(f,), where

_ 1x(ta/2), .-, [te/2)) (= 2[0/2] tg — 2[tq/2]
f(J(tla S 7ttI) - (q!M?q(K)(E[X12Dq>1/2bLt1/2J b\_tq/ﬂF ( 2 > £ ( 9 ) :

By Theorem 5.2, there exist constants C;, C5 depending only on ¢, such that

292 o
- L2(Ry dz/2)°k * kZ /O HGZilfq@’ .)HL2(R+7dﬂc/2)Ok dt)
-1 k q k-1
<y (ZZ H(fQ*k fq> 1A2q k—r || L2 (R )o(2a—k~7) )t Z

k=1 r=1 k=1 r=0

qu *Z quLQ(R+)O(2qk7')> .
(5.3)

Note that for » < k we have

gtr 2 a2k 2 a4 i
L2(R+)°(24—k—T):2 ; (F (3)) ds ; (F (S)) ds

2

Z Z Z fq(w,x,y)fq(w,x,z) 152(1 k— T(ZE,y,Z)

y,2€NI=F geNF—7 | (w1,...;wr, T1 0Ty Y15 Yq— k) EK
(w1,..., wmxl7~-'7xk’—r7217-~~72q—k)€K

(fq;z q) 1A2q,k,r

H(fq *Z fq) 1A2q7k77‘

< 2% (B[X{])’

ZQ(N)O(Qq—k—r) !
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where, as in [4] or [10], the notation % is here the discrete version of the product defined in

(5.1), and

i)
s (KB

Furthermore, for fixed y, 2 € N?% we get

H (fq;z Q) 1A2q7k7'r

r o . 1K(i1,...

g1, y1g) = by
fol ) (

q°

lQ(N)o(Qq—k—r)

-2 X > Folw, ) folw,2.2) | 1, (@.9.2)

Y,2ENI=F geNF=7 | (w1,...,;wr,T1 0Ty Y15 Yq— k) EK
(wl7"~7w7‘7-7717~~~7xk7rvzl7~"’Zq7k)€K

IN

> | X > falw,z,p) fo(w,z,2) | 1a, , (v.2)

ZAZENq_k rENk—T (U}l 7'~~:wT’zl""»xk77‘7y17"'7yq71€)€K
(WL s Wr L1y s 21 ey 2q— k) EK

<[ (k) 15,

12 (N)o(2q—2k) ’

where the first inequality follows from the general inequality Y, ; a? < (Zle 7 ai)Q, a; > 0,
and the fact that sgn(fq(w, x, y)fq(w, x,z)) is constant for fixed y,z € N“°*. Thus, we get

(Fibhe) 1se,

” (fq *71; fq) 1A2q—k:—'r

L2(Ry)e(2a—k=) < 2% (E[ ])

12(N)o(2a—2k) |

Analogously, for r < k we obtain

1ot full o, oo < 22 (ELX])°

(7)o

yo(2a-2k)
Finally, applying this to (5.3), we may write
w (g (fq)
< O (X))’ (ke{?,l.%};—l} H <fq*k q) Aaq—2k || 12 gy (20-28) ke{l, ,q} H (fq ) 12(N)°(24-2k) )’
for some C' = C(q), and both maxima can be calculated as in Theorem 6.2 of [4]. O

Theorem 5.4 extends the standard Berry-Esseen bound of Corollary 6.2 in [4] to general
independent random sequences, in particular when K takes the form K = {1,...,n}?N Aq.
Note also that the general result on random sequences in Proposition 6.8 of [10] does not

apply to the total variation or Wasserstein distances.
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6 Quadratic functionals

This section is devoted to double stochastic integrals, which are a special case of the multiple
integrals discussed in Section 5. We study them in a separate section because of many
applications i.e. to quadratic functionals. Taking n = 2 in Corollary 5.2 of Section 5, we get

the following result.

Corollary 6.1 Let f, € L*(R%) be a symmetric function satisfying (2.3). Assume that the

functions

1

@%fz(y) = 5/0 |f2(x,y)|2dx and G} 3 f2(y, 2 / fo(z,y) fo(z, 2)dx

belong to L*(R) and L*(R%), respectively. Then we have

dw (I>(f2), N)

s\/( ||f2||L2R2)2 /0”(/0°°|f2<xy|zdx> //(/ fzxnyxz)d:c) dy .
+Hf2uL2<R2\/ | / ’f2$y|2d$) 1l + [ [ [ el )sate Py

For example, when f, € CL(RY) N L*(R2) is given by

fa(s,t) = Z g f1(8) f1(1) L 2n—2,2k x (21—2,20 (5, ), s,t € Ry, (6.1)
1<k,l<n
where A = (a;)i<ki<n 1S @ symmetric matrix with vanishing diagonal and such that

> i<ki<n ai,z = 1, Corollary 6.1 yields the following result, when f; is given by (2.23).

Corollary 6.2 Given (Xy)g>1 a sequence of independent identically distributed random vari-
ables such that E[X}] = 0 and E[X?] =1, k > 1, let Q, denote the normalized quadratic

form

Z aklele, (62)

1<k,l<n

with E[Q,] = 0 and E[Q?] =1, n > 2. We have

<2 E[Xf]i(ia@ +2 Z (iak,lam) +4,| BE[XY + (E] Y (Zakl>.

1<i,p<n
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Proof. Writing @),, as

Qn = L(foLipanx[0.20]) = Z aey (f112k—2.20) 11 (f1li—2.21),

1<k,I<n

n > 2, by Corollary 6.1 we have

dw@n,/v)g\}\/ / 2"|f2<a:,y>|2dx)2dy+ / /( 2"f2<m,y>f2<x,z>dx>2dydz
W [l
/ il deJ / iy |4dy;<§njail> +</02\f1(w)\2dfv> ) (ZM>

2n 2n r2n 2n r2n r2n
o, )| da dy+/ Falz,y |4dxdy+/ / (ol ) ol 2) Pdadyd:

1<l,p<n =
2 2 9 n n
o2 || [lne@ra [inwia z(zazl) © S S, ) | [lnena] S,
0 0 =1 1<l,p<n k=1 1<k,<n
2
= 2F[X?] Z (Z akl> Z <Z a1k p)
=1 \k= 1<lp<n \k=
n n 2 n n
+4 3(E[X12])2E[Xﬂ2(zai,z> +(E[Xi‘])22<zai,z>,
=1 \k=1 k=1 \i=
where we used the relation
/ fulw) |1 = 2 / |F1(y)|tdy = 2B(X}).
O

Bounds of that type have been already studied in the literature, see e.g. [20] and [3]. They

are usually presented by means of the expression

= Imax E akl
1<k<n

Following this convention we can apply the bound of Corollary 6.2 to obtain

-y (Zak,akp) +24/3E[X{] + (B[XH)?

" 1<l,p<n

dW(Qn7N> S QﬂLi E[X4]

Note that the constants in the above bound are explicit. For example, when

2 n
= =) X1 X,
Vi
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we have L? = 1/n and

2n 2
> (z) L

1<l,p<2n \k=1

hence (6.3) recovers the known convergence rate

w(Qn, N) < @ (\/1 + B[XH] +2y/3B(X{] + (E[Xﬂ)?) < &\/gﬂ

cf. pages 1074-1075 of [3], with an explicit constant depending on F[X{] instead of \/E|[| X, |3].
On the other hand, Corollary 5.3 applied with n = 2 gives the following result.

Corollary 6.3 For any f> € CL(RY) N L*(R3) satisfying (2.3), we have

{ [ ([ o [ mdtdy)zx
+4/ / (81f2xy/f2tydt) dydx+4/ / / <81f2xy/f2tzdt) dzdxdy
+2/0 (/y |f2(xy)|dx> dy+2/ / (/ fgxyfg(xz)dx) dydz

_42 ( /2 jm /O ) fg(x,y)|2dydx> }1/2. (6.4)

The bound for dry(Q,,N) is twice as large as (6.4).

dw(fz(fz),/\f)

< ' A

Proof. We apply Corollary 5.3 with

ia) =5 [ 0fse) [ s, W) = 1ol [ Ao

1 v 1 v
HQ(J;?y:Z) = 1{z<x}§81f2(x7y)/ f?(tv z)dt+1{y<r}§81f2(xa 2)/ fQ(tay)dtv T,Y,z € R-H
0 0
and
, 1 |
Jl(svy) = |f2(3;y)| 1{y<5}7 JQ(Sayaz> = §f2(37y)f2(87 2)1{z<8} + §f2(37y)f2(37 Z)]-{y<5}7

j1(21) = %/oo(fz(&z))QdS? j2(21722 / fa(s, 21) fa(s, 2z0)ds+~ / fa(s,21) fa(s, 22)ds

O
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When f, € CL(R3) N L*(R2) is given by (6.1), Corollary 6.3 shows the following bound on

quadratic functionals.

Corollary 6.4 Given (Xy)g>1 a sequence of independent identically distributed random vari-
ables such that E[Xy] = 0 and E[X}] =1, k > 1, the normalized quadratic form Q,, defined
in (6.2) satisfies

dw (Qn, N) < 4J Ellpx, (X)) + EXILE +2 ) (Z ak,qak,1> - < 3 ai,z) :

1<q,l<n \k=1 =1 \I=
(6.5)

The bound for drv(Q,, N) is twice as large as (6.5).

Proof. By Corollary 6.3, we have

dw (I (f2),N) < /21, + 41y + A3 + 21, + 215 — 41,

where

/ (/0 an f1(2) f1(Y) L (2k—2,26 x (212,20 (2, Y)

1<k,l,p,q<n
2

X/ apvqfl(t>f1(y)1(2p—2,2p}><(2q—272q}(t,y)dtdy) dz

0

- Zlm—ww)( > oty [ AP Lamzan)dus ()
0 k=1 1<p,i<k 0

T 2
X/O fl(t)]_(gpggp](t)dt) d$

:/0021(2k2,2k]<37)( (aky) / (W) PLai—2,20 (y)dy f1(2)
0 k=1 1<i<k

X/O f1<t)1(2k_272k](t)dt> dx

_ (/02!f1<y>|2dy)2/02 (71 /jﬁ(t)dtfdw (Z )

< 8(E[X?))*El(¢x, (X)) Z( )

Iy = / /( g f1(2) f1 () L (2k—2,20 x (212,20 (%, Y)
1<k,i<n
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2
/ Z ap,qf1(t) 1 (1) L(2p—2,2p) x (242,24 (1 y)dt) dydx

0 1<p,g<n

:/OOO/OJ:( Z akvlf{(x)fl(y)1(2k72,2k]x(217272q(:E,y)

1<k,I<n
2

X/x ak,lfl<t)fl(y)1(2k—2,2k](t)dt> dydzx
0

0o 2
= ai,l / 1(2k 2 2k <f1 / f1 2k 2 Qk]( )dt)
0

X/ | i) " La—2,29 (y)dyd

< ) akl/ (fl /f1 dt) dx/ |1 (y)|*dy

1<k,l<n

< AEX{)E[(px, (X0)2 Y aiy,

1<k,l<n

ls = / / / ( k1 J1(2) F1(Y) 1 (2h—2,26 ¢ 212,20 (%, )
1<k,i<n

2
/ Z ap.q f1(8) f1(2) L (2p—2,2p) x (24 272q}(t,2)dt> dzdxdy
0

1<p,q<n
:/ / / ( ary f1(2) f1 () Lor—2,20 x (21—2,20 (%, Y)
1<k, l<n
2
/ Z g f1(t) f1(2) L (2k—2,20 x (24— 2,2q](t,z)dt> dzdxdy
0 1<¢<n
SID S A A (ST RA e ST S A ST AR

1<k,l,q<n

(akqfl / f1 2p sz}( )dt) dzdxdy

|f1(y) [ dy fi(x) f1(y)dy 2ai,zai,q
> ([ swrw) (f s [ o)
1<k,l,q<n 0 0

< AEX)?El(px, (X)) Y. adad,,

IN

1<k,l,g<n

hence
n k—1 2

2L 441 +415 < 16E[(px, (X)) <Z ) ) +EXY Y g+ Y apar,
k=1 =1 1<k, l<n 1<k,l,q<n
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On the other hand, we have

2

dx | dy

2

Z ar f1(x) f1(y) L 2k—2,26 x (212,20 (Z, ¥)

1<k,l<n

%Z [ taawln (/ym\f1<m>r21<2k_2,%]<x>dx)2dy
([

i ([ 18 >|2dy) <s(EX) Y b,

1<k,i<n

1<k, l<n

(/ Z ar f1(7) f1(y) 1 2e—2,20) x (212,20 (2, Y)

1<k,l,p,q<n

X ap,qf1(7) f1(2) L (2r—2,26) x (212,20 (T, z)dx) dydz

/ | f1(y ||f1 Z 1o 221] (2q—2,2q](2)

1<q,l<n

n 00 2
X (Z ak,qak,z/ |f1(93)|21(2k2,2k](37)d$> dydz
k=1 z
(Z ak,qak,l> < 16 (E[Xf])4 Z (Z ak,q@k,z) :
k=1

1<q,l<n 1<q,l<n \k=1
and
n 21 x 2 2
Is = Z Z ak,lf1 (IL")fl (y)1(2k72,2k]><(2l—2,2l] (fa y) dydzx

i=1 2i=2J0  |1<ki<n
= Zai,l/ | fi(z / |f1()* V12,20 () dyda

k=1 \i=1 2k=2

n k-1 2k 21 2
=S (et [ 8@ [ 1Py

— 2%k—2 20-2
2

16 (B ( 3 )

=1

Hence we have

n 2 n k—1 2
2, + 215 — 415 < 32 ag+ Y <Z ak,qahl) —-2) (Z ai’l>



n 2 n k—1 2
<32 Z (Z ak,qak,l> — (Z ai,z) )

1<q,l<n \k=1

and combining the above bounds gives us (6.5). O

When (X%)r>1 is a sequence of independent gamma identically distributed normalized ran-

dom variables we have E[(px, (Xk))?] = 2, and (6.5) yields

n 2 n k—1 2
dw (Qu, N) < 4,22+ E[X{])L2 +2 ) (Z ak,qak,l> -> (Z a%7l> .

1<q,l<n \ k=1 k=1 =1

A similar expression can be obtained from (4.7) in the beta case.

7 Appendix - multiplication formula

We now formulate and prove the multiplication formula which is used in the proof of Corol-

lary 5.2.

Theorem 7.1 (Multiplication formula). Let f,, gm satisfy (2.3) and foxigm € L*(R7TF)
for all0 <i <k <mAn. Then we have

() () = mzk' (1)) Z (3) i (i)

Proof. Without loss of generality we consider only n > m. We use mathematical induction
with respect to m, if m < n, and with respect to n, if m = n. The formula is clearly valid for
n > 0 and m = 0. Let us assume that the formula is valid for the following pairs of indices:

(n,m—1), (n—1,m) and (n — 1,m — 1). By (2.9) we get
(In(fu) Im(gim)) © Wy = Si(t) + Sa(t) + Ss(t),

where

Si(t) = mndy 1 (fult, %)) L1 (gm(t, %)) + ML (fo) Ln—1(gm (t, %)) + nlo 1 (fult, %)) L (gm),

SZ(t) = _(n[nfl(fnﬁja *))[m(gm) © \Ijt + mIn(fn) © \Ijt[mfl(gm(qﬁ *)))‘UZQU/QJJAJFUUMJ)

SB(t) = In(fn)lm<gm) - mn[n—l(fn(va *))Im—l(gm(v7 *)>\”:2U/2J+1+UW2J'

We note that by (2.3) we have E[S(t) | ]:"t] = 0. Additionally, the function s — E[S5(?) |
]-15} is constant for s € [2|t/2],2|t/2] + 2) which, combined with (2.12), implies

/0 N E[Vi(L(fu)In(fn)) | Fo)d(Ye —t/2) = /O ) E[(L(fa) In(gm)) 0 s | F]d(Y: — t/2)
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/OOOE[Sl(t) | FdY, —t/2).

Then, by the induction hypothesis and renumeration in the first sum below, we get

_|_
3
=
N\
3
SO
—_
SN—
N
>~ 3
N——
{7~
VR
S
N——
~
3
+
3
k‘
-
B
X
ol
)
3
=
*
=

Fol d(Y, —t/2)

l;)Iern 1-k—i (fn(t *) *k 1gm(t *))

+ (m;Z:]mk!(m — k) (Z) (Z) Zz; (];) Ttk (fn %, Im(: %))
+mjf:) Ki(n— k) (’Z) (Z) Z (k) Db (falts ) % g) | 5| d(i = 1/2).

Thus, the formula (2.13) gives us for m # n

| B0t | E]dCY: = 172
- S () () S (i

k=1 p
(m—1)An k
k?' _— Im i " 7 -
" k=0 (k>(k);m+n—k:—z<@) sn—ki (f %) m)
mA(n—1) k
o3 () (1) 2 i () s aon)
k=0 i=0

If m = n, then the term Iy (f, %! gn) does not appear in the above sums. Nevertheless,
since Iy (fr %" gn) = (fns gn) L2(R" de/2), the assertion of the theorem follows from (2.5) and

Clark-Ocone formula (2.11). O
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