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Abstract

Based on the Stein method and a general integration by parts framework we derive
various bounds on the distance between probability measures. We show that this
framework can be implemented on the Poisson space by covariance identities obtained
from the Clark-Ocone representation formula and derivation operators. Our approach
avoids the use of the inverse of the Ornstein-Uhlenbeck operator as in the existing
literature, and also applies to the Wiener space.
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1 Introduction

The Stein and Chen-Stein methods have been applied to derive bounds on distances between
probability laws on the Wiener and Poisson spaces, cf. [6], [7] and [8]. The results of these
papers rely on covariance representations based on the number (or Ornstein-Uhlenbeck)
operator L on multiple Wiener-Poisson stochastic integrals and its inverse L~!. In particular

the bound

dw(F,N) < VE[[1 — (DF, =DL7'F)[?] (1.1)

has been derived for centered functionals of a standard real-valued Brownian motion in [6],
Theorem 3.1. Here dy is the Wasserstein distance, N is a random variable distributed ac-

cording to the standard Gaussian law, D is the classical Malliavin gradient and (-, -) is the
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usual inner product on L?(R, B(R, ), (), with ¢ the Lebesgue measure.

Although the Ornstein-Uhlenbeck operator L has nice contractivity properties as well
as an integral representation, it can be difficult to compute in practice as its eigenspaces
are made of multiple stochastic integrals. Thus, although the Ornstein-Uhlenbeck opera-
tor applies particularly well to functionals based on multiple stochastic integrals, it is of a
more delicate use in applications to functionals whose multiple stochastic integral expan-
sion is not explicitly known. This is due to the fact that the operator L is expressed as the

composition of a divergence and a gradient operator, on both the Poisson and Wiener spaces.

In this paper we derive bounds on distances between probability laws using covariance
representations based on the Clark-Ocone representation formula. In contrast with covari-
ance identities based on the number operator, which relies on the divergence-gradient compo-
sition, the Clark-Ocone formula only requires the computation of a gradient and a conditional

expectation. In particular, in Corollary 3.4 below we show that (1.1) can be replaced by

dw(F,N) < VE[1— (DF.ED.F | TP, (1.2)

where F' is a functional of a normal martingale such that E[F| = 0. Here, D denotes a Malli-
avin type gradient operator having the chain rule of derivation, and {F;}+>¢ is the natural

filtration of the normal martingale.

In case D is the classical Malliavin gradient on the Wiener space, the bound (1.2) offers
an alternative to (1.1). For example, if F' = I,(f,) is a multiple stochastic integral with
respect to the Brownian motion and the symmetric kernels f, satisfy certain integrability

conditions the inequality (1.2) gives

dw (Ln(fa): N) < |1 = nll| ful L2 |

n—2

— n—1\* [ [
k=0 o Jo
obtained by the multiplication formula for multiple Wiener integrals, where

In1k (%) = (fale, 1) ok (fal, ) Lpgni (%), tERy,

and the symbol o;, denotes the canonical symmetrization of the L? contraction over k vari-

ables, denoted by ®j. On the other hand, by Proposition 3.2 of [6] the inequality (1.1)
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yields

dw (L(fa),N) < [1 =0l fullZ2gen) |

n

—2 4
n—1
+n (k1)2(2(n — 1) — 2k)! 1o 0kt fall?, ok,
k=0 : PR :

However, due to its importance, the Wiener case will be the object of a more detailed analysis
in a subsequent work.

Here our focus will be on the Poisson space, for which (1.2) provides an alternative to
Theorem 3.1 of [7]. Several applications are considered in Section 4. This includes functionals

of Poisson jump times (7})g>1 of the form f(7}), for which we obtain the bound

dw(f(T),N) < |[1= (1) /0 BT+ Dheidt]|,

cf. Proposition 4.1, and a similar result for the gamma approximation, with linear and
quadratic functionals of the Poisson jump times as examples. The analogs of (1.3) for
Poisson multiple stochastic integrals are treated in Proposition 4.3, and comparisons with
the results of [7] are discussed.

This paper is organized as follows. In Section 2 we present a general framework for
bounds on probability distances based on an abstract integration by parts formula. Next in
Section 3 we show that the conditions of this integration by parts setting can be satisfied
under the existence of a Clark-Ocone type stochastic representation formula. In Section 4
we apply this general setting to a Clark-Ocone formula stated with a derivation operator
on the Poisson space, and consider several examples, including multiple stochastic integrals
and other functionals of jump times. In Section 5 we consider the total variation distance
between a normalized Poisson compound sum and the standard Gaussian distribution.

We close this section by quoting Stein’s lemmas for normal and gamma approximations.
The following lemma on normal approximation can be traced back to Stein’s contribution

[12], see also the recent survey [5], and [6].

Lemma 1.1 Let h: R — [0,1] be a continuous function. The functional equation

’

f(z) =af(x) +h(z) —ERLN)],  zeR,

has a solution f, € CL(R) given by

xT

falz) = &2 / (h(a) — E[R(N)])e*/2 da,

—0o0



with the bounds

|fu(z)] < \/g and | fy(z)| <2, z €R.

The next lemma on the gamma approximation can be found in e.g. Lemma 1.3-(i7) of [6].
In the sequel we denote by I'(v/2) a random variable distributed according to the gamma

law with parameters (v/2,1), v > 0.
Lemma 1.2 Let h: R — R be a twice differentiable function such that
|h(z)] < ce®, x> -,
for some ¢ >0 and a < 1/2. Then, letting I, := 2I'(v/2) — v, the functional equation
2(x +v)f'(x) = zf(z) + h(z) — E[n(T,)], x> —v, (1.4)
has a solution f, which is bounded and differentiable on (—v,00), and such that

”thoo < 2||h,||oo and ||fi,1||00 < Hh”HOO‘

2 General results

2.1 Integration by parts

The main results of this paper will be derived under the abstract integration by parts (IBP)
formula (2.1) below. Let T denote a subset of C'(R) containing the constant functions.
Given F and G two real-valued random variables defined on a probability space (2, F, P)
and A € F an event with P(A) > 0, we let

Cova(F,G) := E[FG | A] — E[F | AJE[G | A]

denote the covariance of F' and G given A. The following general Assumption 2.1 says that
the integration by parts formula with weights W; and W5 holds for a random variable F’
given A on 7.

Assumption 2.1 Giwen F' a random variable, we assume that there exist two real-valued

random variables Wy € L*(P(-| A)) and Wy such that
E[W2¢'(F) | A] = Cova(o(F), Wh), (2.1)
for any ¢ € T such that ¢(F), W1d(F), and Wa¢/(F) € L'(P(-] A)).
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In particular, we note that if the IBP formula (2.1) with weights W and W5 holds on T for
the random variable F' given A, then W is centered with respect to P(-|A) if and only if

we have

EWio(F) | Al = E[W2¢/(F)[4], ¢ €T,

as follows by taking ¢ = 1 identically. An implementation of this formula on the Poisson

space will be provided in Section 4 via the Clark-Ocone representation formula.

2.2 Normal approximation

Total variation distance

The total variation distance between two real-valued random variables Z; and Z5 with laws

Py, and Py, is defined by

dryv(Z1, Z2) == sup |Pz(C) — Pz (C)| = sup [Pz (C)— Pg(C),
CeB(R) CeBy(R)

where B(R) and B,(R) stand for the families of Borel and bounded Borel subsets of R,
respectively. The following bounds on the total variation distance dry(F | A, N) between

the law of F' given A and the law of N hold under Assumption 2.1.

Theorem 2.1 Let A € F be such that P(A) > 0 and assume that the IBP formula (2.1)
holds for F' given A on T = C{(R). Then

1. If Wo =1 and Wy is P(-| A)-centered we have
s
(1 4,50 <[5 BIWL ~ 4] 22)
2. If Wy = F is P(-| A)-centered we have

dry(F | A, N) < 2E[|1 — Wa|| A]. (2.3)

Proof. 1) Take C' € By(R) and let a > 0 be such that C' C [—a, a]. Consider a sequence of
continuous functions h, : R — [0, 1], n > 1, such that lim, . h,(z) = 1¢(x), p-a.e. where
p(dz) = (dz + Pp|a(de))|—aq (restriction to [—a,a] of the sum of the Lebesgue measure
and the law of F' given A), cf. [11] or Corollary 1.10 of [2]. Lemma 1.1 and the integration
by parts formula (2.1) show that for any n > 1 we have

[Elhn (F)14] = E[ln(N)IP(A)] = [E[(f,,, (F) = F fa, (F)) 1] (2.4)



= |E[fn, (F)(W1 — F)14]|

T
< \/;E[lwl — P14,

Dividing first this inequality by P(A) > 0 and then taking the limit as n goes to infinity,

the Dominated Convergence Theorem shows that
PUF € 1 A) = PN € )| < |5 BIIW: — FI| 4

for any C' € By(R). The claim follows taking the supremum over all bounded Borel sets.

2) By (2.4) and the integration by parts formula, for any n > 1, we have
B[ (F)14] = E[ha(N)|P(A)| = [E[f,, (F)(1 — W2)14]]
< 2E[|1 — Wa|1.4].

The claim follows arguing exactly as in case (1) above. O

Wasserstein distance
The Wasserstein distance between the laws of Z; and Z5 is defined by

dw(Zy, Zy) = sup [E[h(Z1)] = E[h(Z)]],

heLip(1)
where Lip(1) denotes the class of real-valued Lipschitz functions with Lipschitz constant less
than or equal to 1. We have the following upper bound for the Wasserstein distance between

a centered random variable F' and N.

Theorem 2.2 Assume that the IBP formula (2.1) holds for F given A with Wy, = F, on
the space T of twice differentiable functions whose first derivative is bounded by 1 and whose

second derivative is bounded by 2. Then we have
dw(F' | A, N) < E[|1 - Wa| | A], (2.5)
provided F' is P(-| A)-centered.
Proof.  Using the bound (2.33) in [7] and the IBP formula (2.1), we have
dw (F' [ A,N) < sup [E[¢'(F) — Fo(F) | Al

= %Q\E[W(F)(l —Wa) [ Al < E[[1 =Wy | A].



2.3 Gamma approximation

Here we use the distance

dsc(Z1, Z2) == sup [E[n(Z1)] = E[A(Z2)], (2.6)

where

H = {h € Cy(R) : max{]|hlloc, [A[loc; 1" [loc} < 1}.

The following upper bound for the dg-distance between the centered random variable F'
given A and a centered gamma random variable holds under the IBP formula (2.1) of As-

sumption 2.1.

Theorem 2.3 Let F' be a P(-|A)-centered, a.s. (—v,o0)-valued random variable. Given
A € F such that P(A) > 0, assume that the IBP formula (2.1) holds for F given A on
T = C}(R) with Wy = F. Then we have

dy(F' | A, T) <E[2(F +v) — Wal | A, (2.7)

where the random variable I, is defined in Lemma 1.2.

Proof. Let h € J be arbitrarily fixed. Since h is bounded above by 1, there exist ¢ > 0
and a < 1/2 such that |h(z)] < ce®, V x > —v (take ¢ > 1 and 0 < a < 1/2 so small that
1 < ce=™). Let f;, be solution of (1.4) (its existence is guaranteed by Lemma 1.2). By the
IBP formula (2.1) on €} (R) for the centered random variable F' given A with W; = F, we

have

[E[R(F)14] = E[A(T)]P(A)| = [E[2(F +v) f,(F) = Ffu(F))14]|
= [E[2(F +v) f1(F) = Wa f3(F))14] |
< 1A" | E[I2(F + v) — Wa|1a].

The claim follows by dividing the above inequality by P(A) > 0 and then taking the supre-

mum over all functions h € H. O

3 Integration by parts via the Clark-Ocone formula

In this section we consider an implementation of the the IBP formula (2.1) of Assumption 2.1,

based on the Clark-Ocone formula for a real-valued normal martingale (M;)¢>( defined on a
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probability space (€2, F, P), generating a right-continuous filtration (F;);>¢. In other words,
(M) is a square integrable martingale with respect to the natural filtration ¥, = o (M :
0 < s < t), such that E[|[M; — M,]*|F,] =t —s, 0 < s < t, and the filtration is right-
continuous. Let ¢ be the Lebesgue measure on R, . In this section we assume the existence

of a gradient operator
D :Dom(D) C L*(Q,F,P) — L*(Ax R, TR B(R,),P®{)
with domain Dom(D), defined by DF = (D;F);>o and satisfying the following properties:

(i) D satisfies the Clark-Ocone representation formula

F =E[F] + /oo E[D,F|F]dM,  F € Dom(D), (3.1)

(ii) D satisfies the chain rule of derivation
Dyp(F) = ¢/(F)D,F, F € Dom(D), (3.2)
for all ¢ € T C CY(R), cf. e.g. § 3.6 of [10] (here T contains the constant functions).

This condition will be satisfied in both the Wiener and Poisson settings of Section 4. In
addition we will assume that for any F' € Dom(D) and ¢ € T we have ¢(F') € Dom(D).
From (3.1) the gradient operator D satisfies the following covariance identity, cf. e.g. Propo-

sition 3.4.1 in [10], p. 121.

Lemma 3.1 For any F,G € Dom(D) we have

Cov(F,G) = E [ / T BIDF | TGt (3.3)

3.1 Integration by parts

We now implement the IBP formula (2.1) for functionals in the domain of D, based on the
Clark-Ocone representation formula (3.1). Note that IBP formulas of the form (2.1) can also

be obtained by the Ornstein-Uhlenbeck semigroup, cf. e.g. Proposition 2.1 of [3].

Proposition 3.2 If F,G € Dom(D) and ¢'(F)pra(F) € L'(P) for any ¢ € T, then the
IBP formula (2.1) holds on T for F' with Wy = G and Wy = ¢pa(F), i.e.

Elera(F)¢'(F)] = Cov(¢(F), G)
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where pp ¢ is the function

orc(z) =E U D.FE[D,G|F,]dt ‘ F= z] ,  zeR (3.4)
0

Proof. By Lemma 3.1 and the properties of the gradient operator, for any ¢ € T and
F,G € Dom(D), we have

I
™

Cov(é(F).C) = | | 13 Do) dt}

_E :ng’(F) /0 " DFEDG |5 dt}

_klE [gzﬁ’(F) /OOO D,FE[D,G|F,dt ‘ F”

— B¢/ (F)pra(F). (3.5)

3.2 Normal and gamma approximation

We now apply Theorems 2.1 and 2.2 using the Clark-Ocone formula (3.3). For any F' €
Dom(D), we define

or(2) = ppp(z) =E U D,FE[D,F|F,]dt ‘ F= z] ., zeR (3.6)
0
and note that by Jensen’s inequality
el < IDF oy =B | [ IDiFPal| <o0 F e Dow(d)

The next proposition follows as a simple consequence of Theorems 2.1, 2.2, 2.3 and Propo-

sition 3.2 and uses the definition (2.6) of the distance dy.
Proposition 3.3 For any F' € Dom(D) such that E[F| = 0, we have
dry (F\N) < 2E[[1 — op(F)]]

and

dw (F,N) < E[[1 — or(F)]],

where pp is defined in (3.6). If moreover F is a.s. (—v,00)-valued then we have

dy(F, Ty) < E[2(F +v) — op(F)]].



Letting (-,-) denote the usual inner product on L*(R), from Proposition 3.3 we also have

the following corollary:

Corollary 3.4 For any F' € Dom(D) such that E[F| =0, we have

drv(F,N) < 21— (D.F,E[D.F | F))|| 12
< 21— ||F||72(p)| + 2|(D.F,E[D.F | F]) = E(D.F,E[D.F | F])]| 2(p)

and

dw (F,N)

IN

11— (D.F,E[D.F | F])||2(p)
< L= |Fl p)| + [KD.F.E[D.F | F]) — E(D.F,E[D.F | F))]||12(p).

A

If moreover F is a.s. (—v, 00)-valued then we have
b(F,T,) < |2(F+v)— (DEE[DF | 5]}
< 2(F +v) = | Fllzapyl 2y + IKD.FE[D.F | F)) = E(D.F.E[D.F | F])]|lz2(p)-

Proof. The first inequality follows by Proposition 3.3 and the Cauchy-Schwarz inequality.
The second inequality follows by the triangle inequality noticing that by the Itd isometry

and the Clark-Ocone formula we have
E(D.F,ED.F | F])]=E / DF E[D,F | F] dt}
LJo

:E/ E[DtF|fft]2dt}
LJO

_B </O°O B[D,F | 7 thﬂ

= 111 Z2(p)-

The counterpart of this statement for the Wasserstein and dy; distances is proved similarly.

0

In this work our main focus will be on the Poisson space, and in Section 4, we shall compare

the upper bound on the Wasserstein distance with the bound obtained in [7] on the Poisson

space.
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4 Analysis on the Poisson space

In this section we apply the results of Section 3 to functionals of a standard Poisson process
(N¢)i>o with jump times (7})r>1 defined on an underlying probability space (§2,F, P). We
let

§={F=f(Th,....Ty) : d>1, f€C(R})},

where G;(]le_) denotes the space of continuously differentiable functions such that f and its
partial derivatives have polynomial growth, i.e. for any i € {0,1,...,d} there exist ozg-i) >0,

7 =1,...,d, such that

sup |z, ™ a0 (.. 24)| < 00,

where Oy f := f. Given F' = f(T},...,T,;) € 8, we consider the gradient on the Poisson space
defined as

d
DiF ==Y om0 f(Th,... . Ts), t>0 (4.1)

k=1
(see e.g. Definition 7.2.1 in [10] p. 256). We recall that the gradient operator

D:8CL*(0TF,P) — L*QxR,FRBRL),PRY)

is closable (see [10] p. 259). We shall continue to denote by D its minimal closed extension,

whose domain Dom(D) coincides with the completion of § with respect to the norm
[Fll12 = [1Fll2p) + | DF | 2P

By Proposition 7.2.8 in [10] p. 262 the operator D satisfies the Clark-Ocone representation

formula, i.e. for any F' € Dom(D) we have
0

where (J;):>0 is the filtration generated by (IV;);>0. We note that the gradient D satisfies
the chain rule on the set T of real-valued functions which have polynomial growth and are

continuously differentiable with bounded derivative, i.e. for any g € T and F' € Dom(D) we
have g(F) € Dom(D) and Dg(F) = ¢'(F)DF, cf. Lemma 6.1 in the Appendix.

Before turning to some concrete examples of Poisson functionals we note that identifying the

process E[D,F' | F;] in (4.2) amounts to finding the predictable representation of the random
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variable F'. For example if F' = X7 is the terminal value of the solution (X;)icp,m to the

stochastic differential equation

X, = Xo+ /t o (s, X._)(dN, — ds), (4.3)

where o : [0,T] x Q — R is a measurable function, then we immediately have E[D,F | F;] =
o(t, X;-) and Corollary 3.4 shows that e.g.

T
dTv(XT,N) S 2H1—/ O'(t,Xt)DtXTdt
0

L2(P)

Y

T
< 21— | Xrldam | +2 H/ (o(t, X0) D X1 — Elo(t, X,)Di X7]) dt
0 L2(P)

provided the terminal value X7 belongs to Dom(D) and E[X] = 0. In particular, the domain
condition can be achieved under a usual Lipschitz condition on o(-,x), x € R, and a usual
sub-linear growth condition on o(t,-), t € [0,7]. We refer the reader to e.g. Proposition 3.2
of [4] for an explicit solution of (4.3) which is suitable for D-differentiation when o(t,z)

vanishes at ¢t = T', for any x € R.

4.1 Approximation of Poisson jump times functionals

Proposition 4.1 Let f € C\(Ry) be such that B[f(T;)] =0, k > 1. Then

an (.20 <21 - rm) | BT+ Ohoredt] (4.4)
and
dyw (f(Ty),N) < H1 - T,g)/0 "Bl (Teon + Den, (4.5)
If moreover f(Ty) > —v a.s. we have
B0, 1) < 2000 +0) - @) [ BT+ Ot 46)

Proof. We have f(T},) € Dom(D) and D, f(T) = fi.(Tk)DiTr, = — fi.(Th) L1, (t), t > 0.
By the formula in [10] p. 261 we have

ED (T | 5] = / £ @)prrn (= 1) da,
where pi(t) = P(N; = k). So
erer (f(Tk)) {/ D, f(Ty)E[D: f(T}) | F] dt‘f T }
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=& [y [ e 50| 10
=) [ [ e - ] s

=l [ [T e oo anat | s

Tk
—E |£@) [ BT+ x| 7). (47)
L 0
Finally, by Proposition 3.3 we deduce
dry (f(Tr), N) < 2E[|1 = @p(z;,) (f (Tk))]

sl [ ]

<2fi-rm [ LT+ Ohevidt,

The inequalities concerning dy, and dg¢ can be proved similarly. ([l

Example - Linear Poisson jump times functionals

Proposition 4.1 can be applied to linear functionals of Poisson jump times. Consider first
the normal approximation. Take e.g. f(z) = (z — k)/Vk, i.e. f(Ty) = (T — k)/Vk, k > 1,
and note that Ty /k is gamma distributed with mean 1 and variance 1/k. All hypotheses of

Proposition 4.1 are satisfied and we have

_1‘

H1—f’(Tk)/OTkE[f’(Tk_hH)]hNtdt( Ll(P)S\/W=L

VA

where the latter inequality follows by the Cauchy-Schwarz inequality. So (4.4) and (4.5)

-1
LY(P) K

recovers the classical Berry-Esséen bound. For the gamma approximation we take e.g. v :=
2k and f(z) = 2(x — k), k > 1. In such a case I', has the same law of f(7}) and we check
that doc(f(Tx),T,) = 0. Indeed,

T
H2(f(Tk) ) — f’(Tk)/O Bl (Thn + t)]h:NtdtHLl(P) - H4Tk - 4TkHL1(P) —0.

Example - Quadratic Poisson jump times functionals

Proposition 4.1 can also be applied to quadratic functionals of Poisson jump times. Consider
first the normal approximation, take e.g.

k+1
=== E>1.
b 2k

1
_ 2 : _
f(z) =az®— B, with a—w
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Recall that if X is gamma distributed with parameters a and b, then E[X*] = (a+k—1)(a+
k—2)---(a+1)a/b*, k > 1. One easily sees that all the assumptions of Proposition 4.1 are
satisfied, and we find

H1— Tk)/TkE[f (Thon + Dnen,

- +/+10 +\/ 2+2+\/4+10+6+2
- K2 k3 k233 kK2R k)

cf. the Appendix. Note that this upper bound is asymptotically equivalent to (3 + \/Lg) Ik

(4.8)

as k — oo, and so we recover the Berry-Esséen bound.

4.2 Approximation of multiple Poisson stochastic integrals

We present some applications of Corollary 3.4 to Poisson functionals. For n > 1, we denote

by ) B
]n(fn):n!/o /0 /0 Falts, oo t0) (ANG, — dty) - - (AN, — dt,)

the multiple Poisson stochastic integral of the symmetric function f, € L*(R"}) with I,,(f,) =
I( fn) when f,, is not symmetric, where f, denotes the symmetrization of f, in n variables

(see e.g. Section 6.2 in [10]). As a convention we identify L*(R%) with R, and let

Iy(fo) = fo, Jo € L2(R9r)-

Moreover, we shall adopt the usual convention Z;:Z = 0 if ¢+ > j. Let the space S}?
of weakly differentiable functions be defined as the completion of the symmetric functions

fn € CL([0,00)™) under the norm

anHl,Q = anHLQ(R’_f_) + \// e / / \81fn<31, cee Sn)|2 dsdtdsy - - - ds,
0 0 t
= anHL2<R¢)+\// / / |01 fuie(s1, - -+, 80) 2 dsadtdsy - - -ds, (4.9)
0 0 0

where 0; fue(51,...,5,) = Oifu(51,--.,50)Lt,00)(5i). The next lemma is proved in the Ap-

pendix, cf. Proposition 8 of [9] or Proposition 7.7.2 page 279 of [10].

Lemma 4.2 For any function f, € Sh? symmetric in its n variables we have I,(f,) €
Dom(D) with
Dt[n(fn) = nIn—l(fn(*at)) - n[n(alfn[t)v le R—H (410)
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and

IDL(fu)l2pon = ng(n—l)!/o /O |fulty, . tn)|P dty - - dey,

+n2n!/ / / 01 fu(te, ... t,) P dtydtdt, - - - dt,,
0 0 t

We recall the multiplication formula for multiple Poisson stochastic integrals, cf. e.g. Propo-
sition 4.5.6 of [10]. For symmetric functions f, € L*(R%) and g, € L*(R7), we define
fn ®§€ gm, 0 <1 <k, to be the function

(xl+17 vy Ty Y1, - - aym) = l fn(zla cee 7xn)gm(x17 ey Tl Yket1y - - - aym) CLCEl o 'dxl
R+

of n+m—k—1 variables. We denote by f,, 0} g, the symmetrization in n+m — k —[ variables
of f, ®§€ gm, 0 <[ < k. Note that if £ = [ then ®; := ®ﬁ is the classical L? contraction over

k variables and oy := oﬁ is the canonical symmetrization of ®;. We have

2(nAm)

I( Z In-‘rm k nmk:)

n\ [m 1 -
tns= ()T (L)t
k<2i<atornam) N/ NP k—1

belong to L2(RT™ %), 0 < k < 2(n Am). In particular, letting 1,

if the functions

tn)<t} denote the

.....

function Lo (t1,. .., t,), for any symmetric function f, € S}?, we have
2n—2
In—l(fn(*yt)) n— l(fn(* t ]I-{*<t} Z IQn 2—k gn 1n 1k) (411>

if the functions

(Lt) J— y
gn—l,n—l,k - Z il

n—1 2 i ‘
k<2i<2(kA(n—1))

belong to L2(R2"27%) 0 < k < 2n — 2, and

2n—2

(alfn[t> n— 1(fn(* t 1{*<t} Z Iop_1-k gnn 1k) (4-13>

if the functions
fn\(n—1 7
e 2 AT e
k<2i<2(kA(n—1))
belong to L*(R¥'%) 0 < k < 2n — 2. Part (2) of the next proposition proposes an

alternative to the Gamma bound of Theorem 2.6 of [8].
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Proposition 4.3 1) For any symmetric function f, € SY? such that
o€ LARTT2E), 0<k<on -2

and

g% e PRTH) 0 <k <2n -2,

we have

3

— 1.t 2,t )8 2,s
+2”2( (2n—2—k:)!/(0 )2<9£L 1)n 1k gv(v,n)lk+1’g£L l)n Lk gén)lk—i-l)LQ(RQ” 2-ry dsd?
k=0 100

o e 1/2
+/ / (2n - 1) (97(12;) 1 0797(1215) 1 0>L2 (R2"~? det)
o Jo

w(Ln(fn), N) < [1— ”!||fn||%2(m)|

2n—3
1,t 2.t 1,s 2,8
—|—n2<2(2n—2—k3)'/(0 )2<97(1 1)n 1,k g?&n)lk+1’g£ 1)n 1,k gfzn)lk+1>L2(R2" 2=k dsdt

1/2
(2,t 2,8
/ / gnn) 10797(Ln)10>L2(]R3_"1)d5dt> .

2) If moreover L,(f,) is a.s. (—v,o0)-valued then we have

doc(Ta(fa).T0) < /472 + 0l full ey + 4011 = D)1l ey

2n—3
1,t 2.t 1,s 2,5
—|—n2<2(2n—2—k)‘/(0 )2<97(l—1),n—1k 97(m)1k+1797(z l)n Lk gfzn)lk+1>L2(]R2" 2-k) dsdt

1/2
2,5
/ / gn;)1o7g,(1n)10>Lz R2n 1 det) .

Proof. By Lemma 4.2 we have I,,(f,) € Dom(D) and

DiLy(fn) = nlpa(fa(x, 1)) — ndn(O1 fure), te Ry

So by Lemma 2.7.2 p. 88 of [10] and the definition of 0 f,; , we have

E[Dt]n(fn) | Sjt] = nln—l(fn(*a t)][{*<t}) - n]n(alfn[t]l[o,t}") = n]n—l(fn(*7 t)]l{*<t})7 (414>
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since f,(*,t)1scyy =0, t € Ry. Combining this with the multiplication formulas (4.11) and

(4.13) for multiple Poisson stochastic integrals, we deduce

(D.In(fn), E ( )!”J"D

= nz/ ) D1 (fu(*, t)]l{*<t})dt_n / n (O fue) L1 (fn (5, ) Ly
0 0
2m—2 2n—2
e n2 / 12n2kgn 1,n— 1k dt —n? Z/ Iinkgnn 1k)dt
k=0 0
M2 oo 2n—2
= n? / 12n2kgn1t1)n1k dt —n” Z/ Iinkgnn)lk)dt
k=0 V0
-n / Loy 1(91(1273)10)&
0
2n—2 0o 2n—3 00
= n’ Z IQn—z—k(gﬁllitl),n,Lk)dt—n2 Z/ Iop—o- s(gffnt)ls-‘,—l) de
k=0 0 s=0 0
—nz/ Iop— 1(97(127?10)&
0

2n—3

e 1,t) 2,t
- n2/0 [0(91(1 1,n— 12n2dt+n Z/ ]2n2k9n l)nlk gizn)lk-&-l)dt

—n’ / Ion—1 (97(12,;3)—1,0) de
0

= n°(n—1)! / Fa(,8) O T fu(, ) Lscyy dt

2n—3

2 > 2.t
+n Z/ IZ" 2—k gn 1)n 1,k g?i?f)lk—&—l)dt_nz/o 1271—1<g1(1n)10)dt

= n2(n—1)!/ / To(te, .o tp1 ) fu(te, ..ty t) dty - - - dt,_dt
0 [0,¢]7—1
2n—3

2 e 2
+n’ Z/ Ion—o- kgn 1n Lk gr(mt)1k+1)dt_” /0 Ion- 1(91(1;)10)(%

Using the first equality above and the isometry formula for multiple Poisson stochastic

integrals (see Proposition 2.7.1 p. 87 in [10]) we have

E{(D.1u(£,),EID.L,(£) | F1])]
= N (n — 1)' /0 /[Ojt]n_l fn(th .. -tn—la t)fn<t1, .. .tn_17 t) dtl tee dtn_ldt

Hence

(DL(fn), EIDL,(fn) | F1) = EDL(fn), E[DL(fn) | F])]

17



2n—3

2 o0
= QZ/ Iop—o- kgn l)n 1,k 97(1;)1k+1)dt_”2/0 IQn—l(gfzJ)m)dt

We conclude by Corollary 3.4, noticing that [,(f,) is a centered random variable (see [10]
pp. 87-88), [[1n(fu)llZ2(p) = Ml fullZ2ay), for any v >0

12020 () +v) = 2l fallZo @y 22 (p) = 2 fall L) + 4001 = V)1 full Lo ) + 427,

and

2n—3

2.t e
I Z/ Ion—2—k gn 1n 1k gr(zn)lk+1)dt /0 I - 1<gnn 10)dt||L2

2n—3 2
27
(Z/ Iy o gn 1)n 1,k 92,;)1,k+1)dt>

o) 2
( / In— (97(12,;?—1,0) dt) ]
0

2n—3

22 [/ / Lyn—z—i( g7(11t1n Lk 97(12;)1k+1)f2n 1<g7(1n 1o)d5dt
k=0

+E

2n—3 0o 2
— (5 sl )
0 0
o] 2
+E (/ L1 (gya 10)dt) ]
0
2n—3 00 2
1t 2.t
= S| ([l o)
k=0 0
o] 2
+E (/ Iy 1(9,3,?10)(115) ]
2n—3

|
M

2 2,8
[/ / Ion—ok gn l)n Lk gr(zn)lk+1>‘[2n 2- k(gfz 1)n Lk gi,nzl,kJrl)det
+E [/ / fzn—l(97(12,;?—1,0)1%—1(97(12,;2170) det}
2n—3

_ (2,t) (1,s) (2,s)
- Z TL—2— / / gn 1n 1,k gnn 1k+17gn 1,n—1,k gnn 1k+1>L2(R2n 2=k dsdt

2,8
2TL - 1 / / gnn 10, T(LTL)10>L2(R?~_"71) det

18



Single Poisson stochastic integrals

In the particular case n = 1, the space S} is the completion of €1([0,00)) under the norm

1l = 1Lz + N 2 2 = \/ / |2dt+\/ / / F(s)]2 dsdt
(4.15)
\// |2dt+\// s|f(s)2 ds

where f/,(s) := f'(s)1},00)(s) and we have I(f) € Dom(D) with

Dtjl(f) = f(t> - [1(]-[t,oo)f/)7 te RJM

IDL) B = / R+ / / ' (s)? dsdr.

The following result is a simple consequence of Proposition 4.3 for n = 1.

and

Corollary 4.4 For any f € 511’2, we have

drv (1 (), N) < 21 - Hfumm\// (1) /f )dt
(L (), N) < [1 - ||f||L2R+>|+\// /f ) dt.

If moreover I,(f) is a.s. (—v,o0)-valued then we have

doe(1(F), D) < (402 + I,y + 40 = ) 1Bage + \// (1) /f ) dt.

Note that Corollary 3.4 of [7] states that

and

dw (L(f),N) < 1= [f 22| + I 2o,
for any f € L*(R,), which shows that
Li(fy) — N inlaw

provided || fi| 2,y — 1 and || fi||z3e,) — 0 as k goes to infinity. Next we consider a

couple of examples for comparison with Corollary 4.4.
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Example - Single Poisson stochastic integrals with specific kernels

1. Take g, (t) = (2/k)Y?e/* t > 0, k > 1. We shall show later on that g, € S}*. We

have ||gx|lr2r,) = 1 and

e8] t 2 1/2 9 o 12
/ rAGIE (/ gr(2) dz) dt S (/ e 2t/k|1 — e_t/k’|2dt)
0 0 kE\Jo

2 / ok “8t/k | —dt/k 2 1
= - (e — 2e +e )dt =/—,
w s 3

=l

hence by Corollary 4.4 we get

while Corollary 3.4 of [7] yields

dw (11 (gr),N) < /OOO ng(t)|3 dt — \/g\/;
and \/% > 1.

To check that g, € Sp? it suffices to verify that g € S, where g(t) = e, t > 0. Let
{X&}x>1 be a sequence of functions in €([0,00)) with 0 < x(¢) < 1, for any ¢t > 0,
Xk(t) = 1, for any ¢ € [0, k], and sup;; ;>0 [ X, (t)| < co. Then one may easily see that

{Xkg}r>1 18 a sequence in CL([0,00)) converging to ¢ in the norm || - |1 .

2. Take

2
gk(t) = )1/2]1[0,2—1(k+2—1)] (t) COS(Qﬂ't), t> O, k > 1.

(k+3

Note that g is continuous and piecewise differentiable (with a piecewise continuous
derivative) and so g is weakly differentiable. We shall show later on that g, € S| 2
We have

9%l . — /21(k+21)| (2mt)[2dt =1
= cos(2m =1,
Ikl L2(Ry) <k+%>1/2 o

( [Claor ([ e dz)2 dt) N
_ (l{f—;w < /0 T e ( /0 ' e2) dz)2 dt) "

20
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8 271 (k+21) ¢ 2\ /2
= T / | sin(27t)[? (/ cos(2mz) dz> dt
k+35 \Jo 0

4 2-1(kt2-1) 1/2
=T / | sin(27t)|* dt
0
o 1/2
4 3 /2 Y(k+271) ,
= - | sin(27t)|” dt
k21 \4 ),
oot 1/2
23 21 (k4271
= 27N (k+27") — / | cos(27t)|? dt
k+2-1 0

_i k+1—i
Ck+2VT T2 hrot

hence by Corollary 4.4 we get

V3

(L) N) € s

whereas by Corollary 3.4 of [7] we have

> 16 1
dw (1L (fo), N) < /0 (O = e

Note that 16/(37) < /3.

To check that g, € S} it suffices to verify that g € S, where g(t) = Ljo,x/2(t) cost,
t > 0. Let p be a smooth probability density on [0, 00) with support in [0, 1], px(t) =
kp(kt) and

Gr(t) == g* pp(t) = /Ot pr(t — s)g(s)ds, t>0.

Then one may easily see that {G}}x>1 is a sequence in €L([0,00)) converging to g in

the norm || - |1 2.

Double Poisson stochastic integrals

For the case of double Poisson stochastic integrals we have the following corollary.

Corollary 4.5 For any symmetric function f € 521’2, we have

dry (I(f),N) < 2]1 = 2|| flf2@,)]

+8<2!/(0’Oo)2/0 flz,t)f(z,s) d$/O fy,t)f(y,s)dydsdt

21



/ / (z,s)|* dedsdt
0,00)2
o0 o8] tAs
+3!/ / / |81f(x,y)]2dxdy/ f(zt)f(z, ) dzdsdt)
(0,00)2 Jtvs JO 0

dw (Io(f),N) < 1 — 2||f“?;2 ®)!

+4(2‘/0 o f(x t)f(z,s da:/ f(y,t)f(y,s)dydsdt

t/\s
/ / (z,t)f(z,s)|* dvdsdt
0,00)2
[os] 00 tAs
+3!/ / / \Glf(a:,y)|2da:dy/ f(z,t)f(z,s) dzdsdt
(0,00)2 Jtvs JO 0

If moreover I1(f) is a.s. (—v,oc0)-valued then we have

dsc(I2(f),T) < @Il za@,) + 8 = I f 2@, + 4071

+4<2!/(0700)2/0 flz,t)f(z,s) dx/o f(y,t)f(y,s)dydsdt
+/(0700)2/0 |f(z,t)f(x,s)|” dedsdt
+3! /(0700)2 /t\/s/O |01 f(z,9)| dxdy/o f(z,)f(z,s) dzdsdt)

Proof. 1t follows after a direct computation taking n = 2 in Proposition 4.3 and noticing

1/2

and

1/2

1/2

that, for any f € Sy,

1,t 1,t 1 t
@, y) = Fa ) f, Do), o5 (@) = |f(@,0)P 1o (@), 9&2—/fotﬁm

2t 2t) . (2,t) _
98 (@, y, 2) = O f (@, ) F (2, D) Loy (@) Loy (2), 9831 = 9535 = 0.

O

5 Normal approximation of the compound Poisson dis-
tribution

In this section we present an application of formula (2.2) to the compound Poisson distri-

bution. Let (Z;)r>1 be a sequence of real-valued i.i.d. random variables independent of a

22



Poisson distributed random variable N,, with parameter n > 1. We assume that Z; has mo-
ments of any order and that its distribution has a continuously differentiable density pz, (2)
with respect to the Lebesgue measure, such that lim, 1 |2|Ppz,(z) = 0 for all p > 1. We
also assume that = log pz, (2) = py, (2)/pz, (2) has at most polynomial growth. Consider the

sequence
_ S Zy, — nE[Zy]
nE[Z7]

It is well-known that F,, — N, in law, as n — 00. In the following we are going to upper

F, : > 1.

) -

bound the total variation distance between F;,, and N. The following lemma applies the IBP

formula of [1] to each F,, | N, = m, m,n > 1.

Lemma 5.1 Let m,n > 1 be fized integers. Under the foregoing assumptions on the law of
the jump amplitude Z,, we have that the IBP formula (2.1) holds on C{(R) for F, | N, =m
with P(-| N,, = m)-centered

Ly, ()50}

= = - VALS g 2, )
m
k=1

where (2) =
4z ( ) Pz (’Z)

and Wy = 1.
Proof. See Theorem 3.1 and Section 4 in [1]. O

We have the following bound for the total variation distance.

Proposition 5.2 Under the foregoing assumptions on the law of the jump amplitude Z,, we
have

e (Fa ) < €74/ T10 = R)Twsnlli, 1
where

n E[Z7] 5" 4z(Z)

R, =—— .
Ny S 7y — nE[Zy]

Proof. For any n > 1, we have

dry(F,,N)= sup |P(F, € C)—P(Nel)|

CEB(R)
= sup Z [P(F, € C|N, =m)P(N, =m) - P(N € C)P(N, =m)]
ces®) ! 154
<> drv(Fu| Ny = m,N)P(N,, = m)
m>0
m
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=e¢ "+ \/gEHWéNn) - Fn‘]l{NnZl}]

T
—e " + \/;E ]l{Nn>1}]
(Nn)
m Wn
<e 4/, H - 1
<oty [ IRl ( - ) -
(Nn)
T Wha
—emn I (1= Lin1)|
e -I—\/;H( 7 ) {Nn>1}

where the inequality (5.1) follows by (2.2). O

1 7AR

n

|Fn| 1-

L2(P)

L2(P)’

Example - Normal approximation of Poisson compound sums with Gaussian
addends

Suppose that 7 is a standard Gaussian random variable. Then all the hypotheses of Propo-
sition 5.2 are satisfied and R,, = n/N,,. So, for any n > 1,

T n
dpy (Fp N) < e —H 11— 21 . 5.2
rv{Fn N) < €74 \/g ( Nn) =t ey (5:2)
We have
n n\2nm
-2 )1 ( — /2 (1——)—
H ( Nn) 21 2 p) ¢ \/7;;1 m/ m!
= /1 —e " —2ne"S;(n) + n2e"Sy(n), (5.3)
where
Sin) =3
1(n) = Z mm)!
m>1
and
2 — m2m!’

Note that these two series converge (by e.g. the ratio test), but their sum do not have
a closed form. After some manipulations, one can realize that S;(n) and Sy(n) have the

following series expansion at n = co:
Si(n)=e"(n ' +n 24+ 0(Mn?) +logn ' —ir —y+0(n")
and
Sy(n) = e"(n*+3n*+0(n"*))—2 " log?(n )+ (y+in) logn *+572 /12—iym—~%/2+0(n"%)
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where v denotes the Euler-Mascheroni constant. So
n(l—e™™ —2ne "Si(n) +ne "Sy(n)) = 1+ w(n),

where w(n) is a suitable function converging to zero as n —» oo. Therefore, combining (5.2)

and (5.3) we get a Berry-Esseen type upper bound for F,,, which is asymptotically equivalent

to /g, as n — o0.

6 Appendix

Lemma 6.1 Let g : R — R be with polynomial growth and continuously differentiable with
bounded derivative and F € Dom(D), we have g(F') € Dom(D) and Dg(F) = ¢'(F)DF.

Proof. For any F € 8§ we clearly have g(F') € 8§ and the claim is an immediate consequence
of the action of D; on 8 and the chain rule for the derivative. Now, take F' € Dom(D). Then
there exists a sequence (F(™),>; C 8 such that F(® — F in L?(P) and DF™ — DF in
L*(P®/{). Since the claim holds for functionals in 8, for g : R — R with polynomial growth
and continuously differentiable with bounded derivative, we have Dg(F™) = ¢'(F™)DF ™
n > 1. By the convergence in L?(P) we have that there exists a subsequence {n'} of {n}
such that F") — F as.. The claim follows if we check that Dg(F™)) — ¢/(F)DF in
L*(P ® (). By the boundedness of ¢, for a positive constant C' > 0 we have

HDQ(F(M) - gI(F>DF||L2(P®€) = \|9/(F(n/))DF(n/) - gI(F>DF||L2(P®€)

< Hg'(F(n/))DF(n/) - gl(F(n/))DFHB(P@E) + ||9/(F(n/))DF - g/(F)DF”B(P@Z)
1/2

IN

CIDF® = DFlren + (E| [ 197" - d(PIFIDFPat) )
0

This latter quantity tend to zero as n’ — oo. Indeed, the first term goes to zero since
DF, — DF in L*(P ® {); the second term goes to zero by the Dominated Convergence
Theorem since for some constant C' > 0 we have |¢'(F™)) —¢/(F)||D,F| < C|D,F|, P®/(-a.e,
DF € I2(P®{) and ¢'(F™)) — ¢/(F) a.s. by the continuity of ¢'. O

Proof of Lemma 4.2. Let f,, € CL([0,00)") be a symmetric function and define the sequence

n n o) 3]
Fm = E (—1)”_k(k> Z / / foTys oo Ty Sktty - vy Sn) ASpgr - - - dsp
0 0

k=0 1<l # Al <m
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= L(fuljo1,m)

+kzn;(—1)"’f (Z)

/ . foTys oo Ty Sktts -+ Sn) dSgr -+ - dsi,
n— n—
1<ty <m 7 R A\OTm]"

(6.1)
m > 1. We have (F(™),,>; C 8 and F™ converges to F' = I,(f,) in L?(P). Indeed, by

the isometry formula for multiple Poisson stochastic integrals (see e.g. Proposition 6.2.4 in
[10]), we have

EIF = Ln(falom) ) = E|(In(fa(l = 1o,1)’] (6:2)

- U / Fultrs o ) 2L = Lo (trs o))t - -y
0 0

and this latter term tends to 0 as m goes to infinity by the Dominated Convergence Theorem.

Moreover, each of the remaining terms
/ fn(,I’lN'--aﬂkask+17"';sn)d5k+l"'dsn
Ry F\ [0, ] —F

in (6.1) is bounded and tends to 0 a.s. as m goes to infinity, since f,, has compact support.
Next, by (4.1) we have

n

DF™M = =y (—1)nh (Z) 3

k=0 1<hi##l<m

k 0o 0o
XZI[O’le](t)/O /0 aifn(ﬂla"'7Ek78k+1a"'75n)d8k+1"'dsn
=1

- er(y) X

1<hi#+#l<m

k=0
/ / > 0 fuit(Ths o T St - 50) sy - dsy
0 0 =1

+§(—1)"—’f (Z) 3

1<iy##l<m

/ / Z aifn[t(nl""77}k75k+17"’75n)d5k+1"'dSn
0 0

i=k+1

g2

1<hi#+#l<m

k=0
/ / Zaifn[t(ﬂla-.-,Ek,3k+1,...,sn)dsk+l...dsn
0 0 =1
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L) EL 2

1<l ##l<m i=k+1

/ / In Tlla-- A0y Sky1s -y Sie latSz+17---Sn>d3k+1"'dsi—1d3i+1"'d3n—1

n
- n k(k) Z / / Zaifn[t(j—'ha"'7ﬂk75k+17'--73n)d5k+1"
=1

1<l #-#l<m

S (en_

1<117é"'7élkﬁm

// fo(Thy, oo Tt 20, oo 21 ) A2y - - - d2p—gg
0 0

= _Z(_l)nk(Z) Z / / Zaifn[t<7-‘lla'--7Ek>sk+17---75n) d3k+1"
k=0 =1

1<l #-#l,<m

n :z;::(—l)”‘k (n . 1) 3

1<l -l <m

/ / fn(ﬂl,...,ﬂk,t,zl,...,zn_k_l)dz1~~~dzn_k_1
0 0
= nIn_1<fn(*, t)]l[()’Tm}nfl) — n[n(alfn[t]l[ojm]n)

-ds,,

-ds,

_ kzn;(_l)nk (Z) 3 (6.3)

1<l Al <m

n

/ . E aifn[t(,-nu"-7T‘lk78/€+17'~'a3n)d3k+1'"dsn
RYE\[0, T )=k
+ m =1

+n:§§<_1>n—l—k D> (6.4

1<l ##lg<m

/IRL” L k\[()T e kfn(ﬂm"'77—11197757217"-7anlfk)dzl"'dznfkfh tERJr'

To conclude we note that, as in (6.2), nl,—1(f,,(*, )1 7,n-1) — ndn (01 fajpLjo,1,)n) converges
in L2(P®/{) to

DtF = nIn—l(fn<*7t)) - n]n(alfn[t)a te R+, (65>
as m goes to infinity by the isometry formula for multiple Poisson stochastic integrals, and

the two terms in (6.3) and (6.4) converge to 0 since f, € C1([0,00)™).

In order to complete the proof of the first part of the lemma by closability, given f,, € S12

we choose a sequence ( f,Sm))mGN C €L([0,00)™) converging to f, for the norm (4.9) and we
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define the sequence of functionals (F™),,~; in Dom(D) by
F = I, (fim), m > 1.

Then we note that by the isometry formula for multiple Poisson stochastic integrals and
the convergence of ™ to f, in L*(R,), we have I,,( ém)) — L,(fn) in L*(P) as m — oo.

Moreover, D, F' defined by (4.10) and (6.5) satisfies

E U |D,F — D,F™)? dt}
0

< 2n’E {/
0

#2087 sl ) = sl )P

0

= 2n2n!/ / / |01 (51, 8n) — OLf ™ (51, ..., s,)|? dsydtdsy - - - ds,,
0 0o Jt
+2n2(n—1)!/ / | fu(s1, .y 8n) — F\ (51, ..., 80) 2 dsy - - - ds,.
0 0

So DF™ converges to DF in L?(P ® ) by the convergence of f,gm) to f, with respect to
the norm || - ||; 2. Finally, using again the isometry formula for multiple Poisson stochastic

integrals, we have
Bl [T Iprpar) = | [T (et - L) o]
= n [ [T st al cow [ [T o) of
28 | [ (e ) 01

= nQ(n—l)!/ / |ful(te, ... tp)?dty---dt,
0 0
+n2n!/ / / 01 fu(t1, ... te) > Aty dtdty - - - dt,,.
0 0 t

Proof of (4.8). We have

Ty, Tk
F(T3) /0 E[f(Thn + 8)]pen.dt = 42T /0 (t+ BTk nlhen,) dt

Tk
= 40[2Tk/ (t + k— Nt) dt
0
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T

= 20°T7 + 4ka®T} — 40*T), N, dt
0

k
= 20°T} + 4ka®T} — 40°T}. Y (b — 1)(T), — Th—1).
h=1

Therefore

Hl — ['(T) /OTk Elf'(Te—n + t)]h:NtdtHLl(P)

Tk‘2 i(h — 1)(T}, — Thy) — T2

E[|1 — 4ka®T7|] + 20°E

h=1
E[|1 — 4ka*T2] + 207 Ty |2 P>H2 ~ (T~ Ti) = TR,
T? 1 [k+1 T?
—E 1—— + 5 ‘ VT — Thoy) — &
[ } 2 k:2 D(Th h-1) k2 ll2p)
We shall provide an upper bound for both these addends. We have
T? T —(k+ 1k 1
EU“E} _EUT+EH
1 1
S E + ﬁ Var(T,f)
1 N 4 N 10 6
k ko k? k3
Now, consider the other term. We have
k
2 T?
EZ(h — )(Th — Th-1) — ﬁ
h=1
1 2 o 2 o k+ 1)k
= 5 ((k+ Dk = T}) +§Z —)(Tp = They — 1) + @Z T’
h=1 h=1

hence

2 & 77
52 (h= DT = Thma) — 43

H 23y (b= D)(T, = Thoa — 1)
kQ

L2(P)

‘22211@—1)—(“1)4

+HT3 —(k+ 1)k

k2 L2(P) k2
HQZizl(h—n(Th—Thl—n +"T,f—(k+l)k L2
- k2 L2(P) k2 2p)  k
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Note that

H 23y (h=1)(Th = Ta — 1) | = v 25 (h—1)(Th — Thoy)
k2 L2(P) k2
_ 2 _ 4 2 n 2
B V3k k2 3K
and
T2 — (k + 1)k 1 4 10 6
L N A = o Var(T2) = /= + =+ —
|[*——1 e A e U e
Collecting all these inequalities leads to (4.8). O
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