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Abstract

We consider a random sphere covering model made of random balls with
interacting random radii of the product form R(r,w) = rG(w), based on a
Poisson random measure w(dy, dr) on R¢xR.y. We provide sufficient conditions
under which the corresponding random ball counting processes are well-defined,
and we study the fractional behavior of the associated random fields. The main
results rely on moment formulas for Poisson stochastic integrals with random
integrands.
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Sphere counting processes yield continuous-time processes with heavy tails, and have
applications to the modeling of telecommunication networks. Under a suitable renor-
malization procedure, the counting of Euclidean balls in R¢ whose centers and radii

are distributed according to a Poisson point process on R? x R is known to define
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a fractional random field, cf. e.g. [2], [3] and references therein.
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In [2], [3] the fractional behavior of such processes has been studied for independent

Poisson distributed radii, see also [5], [8] for weighted random balls models.

In the modeling of communication networks, point processes can be used to represent
the spatial locations of wireless sensors, cf. e.g. [7], [9] and references therein. In this
framework, the random ranges of sensors are modelled using random spheres located
according to a Poisson point process. Sphere counting processes then help to estimate
the coverage and connectivity of the network of sensors. In practice, the presence
of a number of sensors within a restricted area can create interferences under which
all sensing ranges are potentially modified via the mutual interaction of neighboring
sensors. In this paper we address such a situation by extending the results of [2],
[3] to a framework permitting interactions between the random ball radii, which are
allowed to depend on a whole Poisson cloud instead of being given by a single Poisson

mark.

Our main results are as follows.

i) In Section 3 we obtain sufficient conditions for the existence of such general-
ized sphere counting processes, by extending the arguments of [5] under suitable

hypotheses.

ii) We determine the fractional behaviour of those counting processes, cf. Corol-
lary 5.1, based on LP bounds derived in Proposition 4.1. In order to deal with
the new dependence induced in our model we use moment identities for Pois-
son stochastic integrals with random integrands, see (2.2) below, as the classical

identities of [1], used in [2], [3], do not apply in our interacting setting.

Given a sigma-compact metric space X with Borel sigma-algebra B(X), the Poisson
random measure w(dz) with sigma-finite diffuse intensity measure o(dz) on X and
probability distribution 7, is built on the space of Radon point measures

w(X)

0 = w:Z(SIi, (z)N, C X, z; #x;Vi#j, NeNU{oo}
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without multiple points, where ¢, denotes the Dirac measure at z € X. Each element
w(X)

w = Z b, of Q¥ is identified with the sequence (%):J:(i(), and w(X) € N U {oco}

represents the cardinality of w.

Poisson-based random balls model

Taking X = R? x R, and given z € R, consider the number

= /0 /Rd ].{Z Eﬂ(y,r)} w(dy, d?’) (11)

of closed balls %(y,r) containing z € R?, centered at y in R? and with radius r > 0,
where (y,7) € w. Clearly, N,(w) may be infinite depending on the integrability prop-

erties of the intensity measure o(dy, dr).

More generally, when u(dy) is a signed measure on R¢, the stochastic integral

/ /Rd w(dy, dr), (1.2)

is proved to exist under certain conditions on p(dz) and o(dy,dr), cf. Lemmas 3.1

and 3.3 below, which cover u(dz) = d.(dx) in (1.1) above as a particular case.

When
o(dy,dr) = r2H=4=1drdy and px(dy) =9, (dy) — do(dy),

with 0 < H < 1/2 the integral (1.2) defines the normalized shot noise process

/Ooo /Rd 1z (B (y,r))w(dy, dr) (1.3)
/0°° /Rd(l@(w)(z) — Ly (0)w(dy,dr),  z€RY,

whose fractional behavior has been studied in [2]. In particular it has been shown in

2], cf. also [3], that F'(z) in (1.3) is well-defined and satisfies the bound
1
Ct—s* <E [/ |F(z+t0) — F(z+ s0)|%dt| < Cylt — s|*", (1.4)
0

for all ¢ € [2,00), 0 < H < 1/2, 0 < |t —s| < n,, z € R% and for all § in the

d — 1)-dimensional unit sphere S¢ ' in R%, where C,, C",n, > 0 are constants.
q q nl]
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Random balls with interacting radii

In this paper we consider a model in which the radius of the sphere Z(y;, r;) centered

at y; is not only given by the Poisson mark r;, but is possibly depending on the whole

w(X)

i=1 - Namely, we consider shot noise processes (F'(2)),cge

Poisson sample (y;,7;)

defined by stochastic integrals of the form
:/ / px(By, R(r,w)))w(dy, dr), z € RY, (1.5)
0 JRY

where (/1,),.ge is a family of measures on R? and
R: R+ X QX — ]R,+

is a random radius chosen from a large family of probability distributions, in contrast

with the deterministic relation R(r,w) = r treated in (1.2).

Existence results for random sums of the form (1.5) are presented in Lemmas 3.1 and
3.3 below when o(dy, dr) takes the form o(dy,dr) = p(dr)v(dy) and v(dy) is domi-
nated by the Lebesgue measure dy on R%.

On the other hand, in Proposition 4.1 and Corollary 5.1 below we show that when
o(dy,dr) = r*"=41dry(dy) with 0 < H < 1/2 and v(dy) the Lebesgue measure, a

fractional behavior similar to (1.4) occurs for the normalized random field

//Rd“z (y, R(r,w)))w(dy,dr),  z€R?,

obtained as in (1.3) by taking p = p, := J, — dy, when the random radius R(r,w) is
possibly depending on the marks (r;) of the Poisson sample (y;, ;). Precisely, R(r,w)

has the form
R . ]R,+ X QX — ]R,+
(r,w) — R(r,w) =rG((r:)),

under Condition (4.3) below, where G(w) depends on the component (r;);; ©X) e QR+

of
w(X)

w= Z (5(‘%7”) € QRdXR+.
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Our results rely on moment formulas for Poisson stochastic integrals with random
integrands, cf. [12], [11], which are recalled in Section 2. Random integrals with in-
teracting sphere radii are constructed in Section 3, and the main bounds are presented
in Section 4. The results on the fractional behavior of (F(z)),.ga are presented in

Section 5.

2 Nonlinear Mecke identity

The results of this paper rely on the moment formula (2.2) below for Poisson stochas-
tic integrals with random integrands. Recall that the expectation of the Poisson
stochastic integral [, u(x,w)w(dz) of a measurable process (w, ) — u(z,w) can be

expressed via the Mecke [10] identity, i.e.

E [ /X u(x,w)w(dx)} :E[ /X g;u(x,w)a(dx)}, (2.1)

where ¢ is the addition operator that acts on any random variable F' : Q¥ — R by

addition of a point at € X to the point measure w, i.e.
el F(w) = F(w+6,), we’, reX,

provided that
(w, ) — efu(z,w) € LM(QF x X).

We will use the nonlinear extension

e|( [ u<x,w>w<dx>)”] (22)

=D > E[/Xﬁk(u'ﬂ<shw>---qu'<sk7w>>a<dsl>---a(ds@

k=0 PiU---UP,={1,...,n}

of (2.1) for the powers of Poisson stochastic integrals of random integrands
uw: Q¥ x X — R,

where

sp = (s1,...,8,) € X", k>1,
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and the iterated addition operator

er =ef ., =ef el
is defined on F' : Q¥ — R by
é\:;cF(w):F<w+6sl+'..+55k)7 WGQXv

cf. Proposition 3.1 of [11] or Theorem 1 of [12]. The above sum runs over all (disjoint)
partitions Py U---U Py of {1,...,n}, k=1,...,n, and | P| denotes the cardinality of
the subset P C {1,...,n}.

For example when n = 2, Relation (2.2) yields

( /X u(:c,w)w(d:c)>2 _F [ /X €j|u(x,w)]20(d:c)]
vE | [ et uloniuton ) oldn)oldn)]

_ B UX u(z, w + 5z)|20(dx)}

+FE {/ w(zy,w + 0py + Oy )u(x2, w + gy + Osy) U(dlEl)O'(dI'Q):| :
X2

E

Note that when h is a deterministic function we have e} h(x) = h(z) and (2.2) recovers

the classical moment formula

e|([ h@)w(dw))"] (23)

_ - 1Pl Vo 1) - || T )o(dzy
-y % }/th(n(d) [, B ()

k=0 PyU--UP,={1,...n X 1Pl
obtained in [1] using the Lévy-Khintchine representation of the Laplace transform of

[x h(x)w(dx). This relation rewrites as

E [(/X h(x)w(dx))n] = A, (/X h(x)a(das),/XhQ(x)a(dx),...,/Xh”(x)a(das)),

where )
1 r
wneom= Y (G ()

r1+2ro+-tnrp=n [=1
Tyeens rn >0
is the Bell polynomial of degree n, based on the relation between moments and cu-

mulants by the Faa di Bruno formula, cf. [12] and references therein for details.
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3 Sphere counting with random radii

From now on we let X := R*x R, d > 1, and we consider a Poisson random measure

w(X)

w(dy, dr) = Z Sy (dy, dr),
k=1

with intensity of the form
o(dy,dr) = v(dy)p(dr),  (y,7) € X =R? x Ry,

where p(dr) is a measure on R,. In addition, in this section we assume that v(dy) is

dominated by the Lebesgue measure, i.e.
v(dy) < dy, y € R (3.1)

Lemmas 3.1 and 3.3 below, which provide sufficient conditions for the existence of the

random sum (1.5).

Lemma 3.1 Let p be a signed measure on RY. Assume that the random radius
R:R, x Q¥ — R,

satisfies

i Rnw) U(w),  (yr) ERT xRy, weQ, (3.2)

where

U:R+XQX—)R+

is a (non-negative) random process. Under Condition (3.1) we have the bound

B [ | [ . e w>>>|w<dy7dr>} < | (RYE [ / °O<U<r,w>>dp<dr>] ,

where vy denotes the volume of the unit ball (0,1) in R and |p| is the total variation
of 1.

Proof. For all 7 > 0 and w € QF we have

| boln(@ty. mpvtan) = [ v(dy)

/Rd 19?(y,6(+yyr)R(r,w)) (Z)[L(dZ)
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IN

L otacty o (D@

/Rd /Rd Loz U (r)) (Y)dy | 12| (d2)
~ () [ )
= vglp|(R)(U(r,w))?,

IN

hence

B [7 [ et m o otay.an)]

2| [T [ ettt R anptan]| < el ®9E | [~ @i0yptar)
O

In order to find a sufficient existence condition more practicable than that of Lemma 3.1

we consider the next definition, which is inspired by Definition 2.1 of [5].

Definition 3.2 Given p,q € R, let M, , denote the set of signed measures p(dy)

with finite total variation on RY, and such that
y \W(B(z,r))|dz < C,(r? Nr?), re Ry, (3.3)
for some constant C,, > 0.

For example, the measure

p=(dy) = 6. (dy) — do(dy)

belongs to My_1 4, cf. Relation (3) in [2]. We note that Proposition 2.2-(v) of [5],
originally stated for a € (1,2], can be extended to e = 1 by the same arguments,
under the condition p < d. As a consequence, every measure 1 € M, , is centered,

i.c. it satisfies u(R%) = 0, provided that p < d.

Similarly, by restating the proof of Proposition 2.3-ii) of [5] for a = 1, we find that
any centered measure u(dy) of the form pu(dy) = ¢(y)dy belongs to M,,, for some
p,q € R provided that it has bounded support and

[ towldy<oo and [ ylelotwldy < o
R4 R4
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where ||y|| denotes the Euclidean norm in R

Assuming that © € M, ,, the next Lemma 3.3 gives a more precise bound for the

expectation of (1.5) compared to that of Lemma 3.1.

In the sequel we fix A € B(RY) such that v(A) < oo, and we will use the canonical
projection 4 : QX — QB+ defined by

w= ((yi,7i))ien ¥ Ta(w) := (Ti>{i€N D yi€A} (3.4)

whose image measure defines the Poisson random measure with intensity v(A)p(dr)

on ]R,+.

Lemma 3.3 Let p € M, for some p,q € R, and assume that R : Ry x Q¥ — R,

depends only on the marks (r;); of points in A via the relation
R(r,w) = G(r,ma(w)), w e Nr,

where G : Ry x Q%+ — R is a non-negative random process. Then, under Condi-

tion (3.1) we have the bound
B[]t ot an] <20,8 | [ @m0 A0 st
0 JR? 0
where C,, > 0 is given in (3.3) and

U(r,w) := max(efG(r,ma(w)), G(r, ma(w))), reRy, wei+, (3.5)

Proof. 'We note that

8@7,,)3(7“, w) = 1a(y)e, G(r,ma(w)) + 1ac(y)G(r, ma(w)),

(y,7) € R* x R,. Hence, since y € M,,,, by (3.2) and (3.3), for all 7 > 0 we have
[ G, ROty = [ < (B B vty
A A

< / ( By, = Gr, ma(w)))|dy



VAN

/ By, G, malw))))dy
(e GI(r, ma(w)) A eF GP(r, ma(w))
C’N(U (r,w) ANUP(r,w)), (3.6)

IN

IN

and

IN

| bl B R )letdn) < [ B0 Gl ma))idy
Cu(GU(r,ma(w)) NGP(r,ma(w)))

C.(U(r,w) NUP(r,w)), (3.7)

IN

IN

which yields, by (2.1),

U /'“ (v, R TW)))W(dy,dr)}
B U / o (B, B(r,w))) v (dy)p(dr)}

< 20,E [ /0 Ut(r,w) A UP(r, w)p (dr)].

In the case where p(dr) has the density

r) = p2H-d=1 r>0 3.8
p(r) : ,

for some H € R, Lemma 3.3 yields the following result.

Proposition 3.4 Let p < ¢ € R and p € M, ,. Assume that p(r) takes the form
(3.8) and that U in (3.5) satisfies

U(r,w) <rU(w), we O reRy, (3.9)

for U : Q% — Ry a non-negative random variable. Then under Condition (3.1), for

some constant Cp 4, > 0 we have the bound

B { /0 ) ” |1W(B(y, R(r,w)))|w(dy, dr)| < C, B U] /0 °o<rq /\TP)TQH—d—(l SZO)
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which 1s finite provided that
d—q d—p
— < H<—— A1
5 <H<— (3.11)
and E [U*] < oo, with p(r) given by (3.8).

Proof. By Lemma 3.3 and the inequality (3.9) we have
B[] e onwtanan)| < 26,8 [T @i ave ]
2C,E { /0 Oo((rU)q A (rU)p)rmdldr]

= 2C,F [Ud_zH]/ (rq/\rp)rw_d_ldr,
0

IN

and to conclude the proof we check that

o0 1 400
/ (Tq—p A 1) 7“2H_d_1+pd’l“ — / 7“2H_d_1+qd7“ + / 7”2H_d_1+pd7"
0 0 1

- qg—p
T RHtq—dd—2H—p =

provided that (3.11) holds. O

Proposition 3.4 also covers the deterministic case where R(r) =r and U = 1, cf. e.g.

§ 1.2 of [4], in particular with
p=(dy) == 0(dy) — do(dy),
which belongs to My_1 4, cf. [2].
We close this section with some product extensions of Lemma 3.3 and Proposition 3.4,
which will be needed in the proof of Proposition 4.1 below.
In the sequel we will use the notation
Do = (Y1, ..., va) € RY, tg = (r,...,7q) € RY.
1. Let p € M, , and assume that

max(ey G(r,ma(w)), G(r,ma(w))) < Uu(r,w) :==1U,(w), t, €RY, weQr,
(3.12)

11



where U, : Q¥ — R, is a non-negative random variable for all @ > 1 and
er WR(rw) =R (r,w+ g + -+ 0yara))

dy.dr,-a.e., with
vP(dy,) = v(dyr) - - v(dya).
Reasoning as in (3.6) and (3.7), for all z € R? we obtain the product estimate

a

/ H |1 (B (. 5ﬁrzna,z||taR(7"k>W)))|P(Tk)’/®a(d‘)a)dta]
(RExR4)® 15

- a
-20)r
b=0

(20,)"E

E

/ LT 01 e, ) k)i,
(AXR4)bx(A°xR4)ab 15

IN

/R a [T((reta)” A (rkUa)q)p(Tk)dta] : (3.13)

where
12[19a = (I2llyss - -5 12llya),  and  [Jz[[ta = ([[2]|r1, ..., [[2]]ra)-

. Assuming in addition to (3.12) that p(r) takes the form (3.8), from (3.13) and
under Condition (3.12) as in the proof of Proposition 3.4 we get the product
estimate

a

b / LT 1B 2 e, RO w)))‘riH“V@a(dUa)d%]
(RxR4)a k=1

< (20,)°E H((rkUa)pA<rkUa)Q)r,§H—d—1dta]
RY k=1
= (20,)*E[Usd=21) ( / (rp/\rq)T2H_d_1dr) , (3.14)
0

which is finite provided that

and F [Ug(d_QH)} < 00. This recovers the bound (3.10) by taking a = 1.
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4 L7 bounds on the shot noise process

In this section we consider the random field F : R — R defined by

F(z):= /000 /Rd w:(AB(y, R(r,w)))w(dy, dr), z € RY, (4.1)

where . (dy) := 0,(dy) — do(dy), i.e.

(B (Y, R(r,w))) = 1a0.R(rw) (2) = Lagy,r(rw) (0),

counts the number of balls containing 2z, minus the number of balls containing 0 for
normalization purposes, cf. § 1.1 of [6] for an interpretation in terms of piling of

elementary slices.

In the next proposition we take o(dy, dr) = p(r)drv(dy) with p(r) = r?2=4=1 r > 0,

as in Proposition 3.4, v(dy) = dy is the Lebesgue measure, and 74 is defined in (3.4).

Proposition 4.1 Let o(dy, dr) = r*#~4"Ydrdy with 0 < H < 1/2, and let A € B(R%)
such that v(A) < oco. Assume that R(r,w) has the form

R(r,w) = G(r,ma(w)) = rG(ma(w)), (4.2)

re Ry, we QX asin (3.5), where G : Q%+ — (0, 00) is a positive random variable
with

0<c<elGw) <U,(w), to=(r,...,mq) ERY, we QF+ (4.3)
and E[Ug(dﬁH)] <00, a=1,...,[q], for some q € [2,00). Then the random field
(4.1) is well-defined in L(2) and it satisfies the bound

ull =12 < E{

/0°° /Rd p=(By, rG(ra(w))))w(dy, dr)

q
| <l sewe

where cir > 0 and z — u(z) is a continuous, non-vanishing function on R®.

Proof. First, we observe that for every integer p > 1 we have

10:(B(y, 7)) = 11:(B(y, 7)) = Laeryamon (¥),
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y,z € RY, r € R, and

(n=(By,m) P = p(Bly,r)),  y.z€R’, reRy,

hence for all sequences of even integers [y, ..., [, we find

a

E / [T (B, et Gl a®a(dt)a,dta)]
(R?xR4)7 .y

/(RdXR+)“ 1}:[1

On the other hand if a sequence [y, ...,1, contains at least one odd integer (say [, is

= F /Lz(%(yk,Tk(EiG(W))) o

©0(dy,, dta)] )

odd for example), we find

B / 5;;,& H(Mz(f%(ylmR(T’k,w))))l%@“(dna,dta)]
(R4xRy )0 k=1
i a—1 a

=k / 12 (B (Yo, raz, G(w))) [ [ (12(B (i rred, G(w)))) *dyg [ [~ 1dta]
|/ (R xR)e Pl ot

k=1

=E / ]zj’(:v raed G(w) (ya)dyauz(dx)
L/ (Ry)a J(R)?

a—1 u
. / H(MZ(’%)(?J’“’T’fg:;GW))))lkdanH raf =,
(R

k=1 k=1

_E [ /(Rw valriet G(w))?

) / e Huz (. ries, G (@) oy [ 2",
R R%) k=1

| etow / Huz (v, 718 G (@)))) oy [ 22,
(Ry)e R%)e

= Uqltz (Rd) E

k=1
=0,

since p.(R?) = 0.

14
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Consequently, the moment formula (2.2) for Poisson random integrals shows that for

any integer p > 1 we have
E[|F(2)|*]
-2 2 E

a=0 PyU---UP,={1,...,2p}
I4

=2 2 Mk

=0 I3+ +la—2p
a>1

DY) VR

a=0 l+-+la=2p
I1,0ny lg>2 even

a

[ Ty RO 0% i)
(R¥xR)

“ k=1

a

[ TL B el ) o™ )
(R'*R4)% .y

/ ) sz (v s, G )0 (A )| (4.4)

with the notation of Section 2, where in the above summation, Ng, is the number of
partitions of a set of [y + -+ 4+ [, = 2p elements into a subsets of even cardinalities
ly,...,l, > 2. By the rotational invariance of the Lebesgue measure v, using the

notation
(Uﬂwta) = ((9177"1)7 R (yaa Ta)) € (Rd X R+)a7

for all z € R?, letting e denote the unit vector e := z/||z|| in R?, we have

Bl F MHuz (g Rl )0 ®a<doa>dta]
= L /(Rde+)a Huz (s kG (ma(w)))r =4 dUadta]
= B[k Huz (l=llye, 76G (rma(w)))r2t = dnadta]
= |z|“E :/(Rmm eiHue(a@(yk,Hz\l‘lmG(m(w))))TiH o doadra]
= ||| /( et Hue (g, TG (ma(w)))) (|2 )27 doadra]

= e[ Hue (31 TG ()21
(RIxR4)®

dt)adta]

= el [T (B sty Glmalo)rt =4
XA k=1

dnadta] . (4.5)
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and

gg;,tnF(w) = F (W + 5(3/177'1) + e + 5(yn77’n)) w e QX
Next, by (3.14) applied to p. € Mg_1.4, we get
/ Hu( (yk,meﬁznt G(w))> ri 7 dadr,
(RxRy)e ¢

< Cp </ (r A 1)7“2H_2d7“> E [Ug(d_QH)}
0

= 5

< 0o0.

On the other hand, since

|:uz<'%(yar))| - lﬂ(z,r)A%*(O,r) (y)a Y,z € Rd7 e R+,

where AAB stands for the symmetric difference between A, B C R¢, we have

/Rde+ H/%( <yk’rk8ﬁ_2\|taG(w)>>T§H d—1

N 2H—d—1
- /([0 o)) (/Rd Lotenel. ., conanons,,c dy) HT dta]

H—d—
= /([1/ ))a (/Rd 1‘@(6“5l+zraG(w))A‘@(O“gt|raG(“))(y)dy) Hrk ldta]

doadta]

k=1

a
> Crrs

for some constant c§ > 0, since

1 dy > 1, p d
/Rd B (el e, Cw)) AB(0mkeT, 1, GW) ) (y)dy > /Rd #(en)az0,1)(Y)dy,

because rkaﬁr e G(w) > 1 for 1y > 1/c, by (4.3), and the volume of the symmetric

difference is increasing with the radius.

Therefore there exists ¢y, ¢ € (0,4+00) such that

a

/(RdXR+)“ IH

2H—-d—-1

fre( L (Y, TkEWZHtaG(W)))Tk

cy <E dljadta] <da
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and (4.5) yields

a

/(RdXR+)“ IH

1

chllell* < B pa( By, e, G(w)))r

dt)adta] < cll= |

(4.6)
By (4.4) and (4.6) we find
p p
olem) =P Y Ne, SEFEPI< Y ()= Y N,
a=1 i+ +la=2p b=1 byt tly=2p
11,00y lg>1 even U15eens lp>1 even
(4.7)

p > 1. Next, we extend (4.7) to all ¢ € [2,00) as in [2], using Holder interpolation.
Given ¢ € [2,00), choose p > 1 integer such that 2p < ¢ < 2p + 2. By the Lyapunov-
Holder inequality applied with « := p(2p + 2 — ¢q)/q € (0, 1] we have

E[|F(2)]") < (BIIF(2)]))* @) (B[ F(2)[P+2) 02

< ulz)]|z]|Hlea/rHAme)a/ (pH1)
= u(2)|=)*",
where the function
u(z)
aq/(2p) (1—a)q/(p+1)
p p+1
=) () Py A, S NPT N,
a=1 l1+-+la=2p b=1 I+ +lp=2p+2
I15ees lg>1 even U15eens lp=>1 even

is continuous, non-negative, and non-vanishing on R¢. Similarly, for the lower bound,
given ¢ € [2,00), choose p > 2 integer such that ¢ < 2p. By the Lyapunov-Hdélder
inequality applied with o :=¢/(p(2p+2 —¢)) € (0,1) we have

(EIFGI = E|F(=)PP(E[|F(=) ) -0w/oe
o(z) (2] 0w/

Vv

= ()|l 2 e R
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where

p
D lem) 2PN T N,
o=t A
L Toeees a-= even d
v(z) = ooy € R
p+1
D )P N,
b=1 1+l =2p+2

I150ens lp=>1 even
The function z — v(z) is continuous, non-negative, non-vanishing in z € RY, and its
leading term as ||z|| tends to infinity has a power of order

Zap): q—2 >0
2p+2—-q

p
p—l—p(l—&)mzp—l—p(l—

in 2H. Consequently, there exists a constant C;; > 0 such that
EIF()|] = Cyll=lP", 2z eR"
We conclude that for all ¢ € [2,00) there exists ¢y > 0 such that

cull2|*" < E[IF()|] S u(2)[]2lI*, =z e R~

Defining the finite difference operator D,, = D,, ,. as
Dy, 2,Gw) =5, Gw)=Gw), r,...,ma €RY,

for any random variable G : Q%+ — R, we note that Condition (4.3) is satisfied with
U, = G + aK under the uniform bound

D,G(w) < K, reRy, weQl+,
since by induction on @ > 1 we have

Dy 4+, Gw) = & | Gw)—Gw)

T1y..3Ta

= etel G(w) — G(w)

Ta " T1,--sTa—1



= D, ef LGWw)+ Dy G(w)

Ta™~r1,..., Ta

< K+ (a—1)K =aK,

which implies
e .Gw) < Gw) + ak,

for all v, = (r1,...,7,) € R} and w € QF+.
5 Fractional behavior of the shot noise process

In this section, as a consequence of Proposition 4.1, in Corollary 5.1 below we inves-
tigate the fractional behavior in terms of the index H € (0,1/2) of the random field
F:R* — R, defined in (4.1).

By (4.1) and the translation invariance of the Lebesgue measure v we have the equality

in distribution

Fly+z)—Fy) = / /Rd<1e%’(x,rG(7rA(w)))(y +2) — 1=%(x,rG(7rA(w)))(y))w(dx, dr)
0
= / /}{d<1@(x—y—z,rG(ﬂA(w))) (0) - 1@(x—y,rG(7rA(w)))(0))w(dm7 d?“)
0
/0 /Rd(l‘%(wzm(m(w)))(o) — 13(ra(raw)) (0))w(dz, dr)

_ / h /R (B, 1Gma(w) )l dr, dr)
o), (5.1)

.z € R%, which shows that the random field (F(z « has stationary increments
Yy z€R

by the translation invariance of the Lebesgue measure.

Here, F'(y+z)—F(y) counts the difference between the number of balls containing y+ =
and the number of balls containing y. This random variable is a.s. finite under the
conditions of the previous sections. The next result is a consequence of Proposition 4.1

with p(r) = r?H=4=1r r > 0, and v(dy) = dy is the Lebesgue measure.
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Corollary 5.1 Let o(dy,dr) = r*" =~ drdy with 0 < H < 1/2, and let A € B(R%)
such that v(A) < co. Assume that (4.2) holds with G(r,w) of the form

G(r,w) =rG(w), reRy, wef

where

c<efGw) < U (w), we v, =(r,...,7,) € R, (5.2)

and E[Ug(d_QH)] < oo, foralla=1,...,[q]|, for some q € [2,00). Then there exists
Cq, Cyymg > 0 such that the random field

FO)= [ [ @ Rotdydr), e R,

defined by (4.1) satisfies
Clt— s < E [/01 F(z +10) — F(z + s6)dt| < ClJt — ",
z€R?Y 0 €84 0< |t —s| <ny, where ST s the unit sphere in R%.
Proof. By Proposition 4.1, for some 1, > 0 and all n € [0,7,] we have
Cor™ < E[|[F(n))7] < Cin*™,

hence, using the equality in distribution (5.1) we get

Cylt — ) < E[|[F(z+10) — F(z + s0)|% < Cy(t — s)*", (5.3)
by the identity in distribution

F(z+t0) — F(z + s0) L F((t—s)0) = /OOO /Rd L—s)0(B(y,r))w(dy, dr),

asin (5.1), z € R4 0 € S%', 0 < t—s < 5,. The conclusion is obtained by integration
with respect to ¢ € [0,1] in (5.3). O

Finally we consider an example of a random radius G satisfying Condition (5.2).

Example 5.2 Let ¢, K > 0, consider f : Ry — [0, K] a bounded non-negative

function such that

/ fotd=2H) (r)yr* 4= dr < oo, (5.4)
0
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a=1,...,[q], and assume that

G(w):c+/ooof(r)w(dr):c+2f(r), w e QR+

rew

provided that v(R?) < co. Then we have

O<ec

IN

ef G(w)
= Gw)+ flr)+-+ f(ra)
< G(w)+aK, w e Q¥ t,=(r1,...,7q) € RY,

which shows that (5.2) holds with U, = G + oK.

The conditions E[G42M] < 00 and E[US*M] < 0o in Corollary 5.1 are satisfied
from (2.3) and (5.4), under the bounds

/000 ]f(r)|a(d’2H)p(7")dr < o0, a=1,...,[q].
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