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Chapter 1 - A Summary of Markov Chains

Exercise 1.1

a) The chain has the following graph:
1/4 1

=)
3/4

Noting that state @ is absorbing, by first step analysis we have

90(0) =1

go(1) = igo(o) + 290(2)

90(2) = go(1),
which has for solution
90(0) = go(1) = g0(2) =1

as illustrated in the following ‘R code.

1 | install.packages("devtools"); library(devtools) # Install RTools as well

devtools::install_github('spedygiorgio/markovchain')

install.packages("igraph"); library(igraph); library(markovchain)

P<-matrix(c(1,0,0,1/4,0,3/4,0,1,0),nrow=3,byrow=TRUE);
MC<-new("markovchain", transitionMatrix=P)

graph <- as(MC, "igraph")

plot(graph,vertex.size=50,edge.label.cex=2,edge.label=E(graph)$prob,
edge.color='black’, vertex.color='dodgerblue',vertex.label.cex=3)

7 | hittingProbabilities(object = MC)

123

9 |110.000.00

210.750.75

11 311.000.75

b) By first step analysis, we have
ho(0) =0
ho(l) =1+ ihg(o) + Zhg(?)
ho(2) =1+ ho(1),
which has for solution

ho(0) =0, ho(1) =7, ho(2) =8,



as illustrated in the following ‘R code.

meanAbsorptionTime(object = MC)
78

Exercise 1.2 (Steele (2001), page 3). For all k =0,1,...,L and n > 1,
we have

]P(TO,L = 00 ‘ So = k‘) < P(TO,L >nL | So = k))

n—1
<P (ﬂ{XkL-H =1,..., Xpt1yr = 1}C>

k=0
=(1-p"",

from which we obtain P(Ty ;, = oo | So = k) = 0 after letting n tend
to infinity when p € [0,1), hence P(Tpr < oo | So = k) = 1. In case
p =1, we clearly have P(Tp L < oo | S = k) = 1.

Exercise 1.3 The chain has the following graph:

0.3

a) The absorbing states are (0) and (3).

b) By the example page 119 of Privault (2018) we have go(1) = g3(1) =
1/2. On the other hand, we clearly have ¢1(0) = ¢1(3) = 0 and
¢1(1) = 1, hence

91(2) =03 x gl(()) + 0.4 x gl(l) + 0.3 x g1(3) =04.
¢) We clearly have p;(0) = p1(3) = 0, and

pr(2) = 0.3 % p1(0) + 0.4 + 0.3 x py(3) = 0.4,

hence p;(1) = 0.16.

2 @)
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d) We have hy(1) = 0 by construction and hy(0) = h1(3) = 40
because states (0) and (3) are absorbing, and h;(2) = +oco be-
cause go(2) > 0.3 > 0. Regarding mean return times, we have
p1(0) = p1(1) = p1(2) = pi(3) = +oo because states (1) and (2)
communicate while states (0) and (3) are absorbing.

Exercise 1.4

a) The boundary conditions are given by
f(,0)=-z and  f(Oy)=y, =2,y=0.

b) The finite difference equation satisfied by f(z,y) is given by
flay) = ——(f@-Ly)-D+——(fay-1)+1), zy>1
x,Y) = rT—=LY)— JT, Yy = s Ly = L.
fay) =~ y py y y

¢) We have

FLD) = 501 = 1)+ 3(7(1,0) + 1) =0,
0,2 = 3002 - )+ 3D+ 1) = 1,
12,2 = 300D =)+ 52D+ 1) =0,
L3) = (F0.3) - )+ 3002 + 1) =2,

J2H= 2003 -+ 202+ =1,

13,3 = 303 -1+ 53,2+ 1) =0,

d) We check that f(z,y) := y — z solves the finite difference equation

sy Ve =Ly =D+ (= )+ )
__* Y
o o R CER R R SRR
__* _ Yy _
e kil Ut
:y—[],‘
:f(l'7y),
O 3
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with the correct boundary conditions.

Exercise 1.5

a) It clearly takes S steps for Buffalo A to travel up from @ to @,

and for Buffalo B to travel down from @ to (0) ?

b) After the buffalos collide they can be assumed to both continue
their way without any impact on their travel times to the boundary
{@,@}7 therefore the answer is S steps in this case as well.

Exercise 1.6

a) By a recurrence using Pascal’s identity

B-GD-

we find
p] [3 n (G—i <4TL 4)7 Oﬁj*iﬁn,
j—1
[P }i«,jz 0, n<j—i
0, i> .
b) We have
0 < lim [P"];;
n—oo
pi—ig= (=) . N nl
TG et =G )
= lim ¢"n(n—1)---(n=(j —1)+1)
< lim ¢"n/~¢
n—oo
= lim e'o8@" ™)
n—oo
— lim enlogat(i—i)logn
n—oo
=0, 0<j—i
¢) We have

> pf'*iq"*“*”(." ) i<
Do IP iy = nis I

=0 0, i> ],

4 @)
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(T7+j—’L o
7L
WL R

n>0
0, i> g,

(Tl+]*l o
],“Z E< s
n>0

{07 i> 7,
P i1 ‘
{0, i>j,

=g 5

d) We have

1, 1 <7,
pLJ:P(T]<OO|XU:Z): q<17 21]7
0, > .
e) Since p;; = ¢ < 1 for all ¢ > 0, the chain (X,),>0 is transient as
all of its states are transient.

f) As in Proposition 1.7, the mean number of returns from state O
to state @ is given by

et S lepg
. S1_ 4 Dii o
YoP Yy =ER; | Xo=i =S ap)_ng" ' = =10, i=],
n>1 n>1 p Diji
0271”7 i i> .
= Pjj
g) The matrix
Q) 5
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l1-¢g —p 0 0 --- p—-p 0 0 ---
0 1-g —p 0 --- 0Op —pO -
0 0 l—g—p-| |00 p —p--

is invertible, and as in (1.38), its inverse can be expressed as

(=P = | TP

L n=0 i,jEN

= [ L=y + ER; | Xo=1] ]
rl
P

i,jeN

0

o VIR I
S RVIEFBIFTI-

SR s S A S R
SRS RS A NS H IS

Note that although the vector e = (1,1,1,...) satisfies (I —P)e =0
it does not belong to £(N), and I — P is invertible as an operator
from ¢1(N) into

{(Uk)kzo YD ] < oo}.

n>0 k>n

Exercise 1.7

a) We have pia(z,y) =0 for all (z,y) € A.
b) For all 0 < z,y < 3 we have

1 1
pa(@y) =1+ pale+Ly)+ suale,y+1). (5.1.1)

¢) We have

6 @)
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1 1
/,LA(Q,Q) =1+ 5/1,,4(3,2) + 5#,4(2,3) =1,
1 1 3
MA(LQ) =1+ 7/“'14(272) + 7/“/‘1(113) =5
2 2 2
1 1 3
pa(2,1) =14 5pa(2,2) + 5pa(3,1) = 5,
2 2 2
1 1 7
pa(0,2) =1+ spa(1,2) + 51a(0,3) = -,
2 2 4
1 1 7
pa(2,0) =1+ spa(2,1) + 5 pa(3,0) = -,
2 2 4
(L1) =14 2pa@1) + 2pa(t,2) = 2
pa(l,1) = Ha(2, ghal,2) =3,
1 1 25
1a(0,1) =1+ 5;@4(1,1) + 5/1,4(0,2) =3
1 1 25
na(l,0) =1+ 5“’4(1"1) + 5;@;(2,0) =35
1 1 33
pa(0,0) =1+ §/LA(1:0) + 5/‘%(071) =3

2 7/4 | 3/2 1 0 0

1 [25/8|5/2 32| 0 | o

0 |33/8|25/8 74| 0 | 0

Table 1.1: Values of pa(z,y) with N =3 and the set A in blue.

d) The mean number of rounds is 14(0,0) = 33/8 = 4.125.

) 7
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.
Q0

Fig. S.1: Backward solution of Equation (S.1.1) for ua(z,y) with N = 10.*

The following ‘R code can be used to generate Figure S.1.

1 | install.packages("plot3D"); require(plot3D);N=10;M=15

2 | X=array(1:2,c(M+1,M+1));

for (i in seq(1,M+1)) {for (j in seq(1,M+1)) X[i,jl=0;}

1 | par(mar=c(1,2,0,0)+0.01)

for (k in seq(N,-N)) {for (i in seq(k,N)) {

if (i>=1 && N+k-i>=1)
{X[i, N+k-i]l=1+(X[i+1,N+k-i]+X[i, N+k-i+1])/2.0;dev.hold ();

hist3D(x=0:M, y=0:M, z=X, scale=T, bty="g", phi=35, theta=120,
border="black", zlim=c(0,20), shade=0.3, space=0.15, col="#0072B2",
colkey=F, ticktype="detailed"); dev.flush();}}}

Exercise 1.8

a) When Xy =2 > 2 and Yy =y > 2 we have T4 = 0, hence

pa(z,y) =E[Ts<oco| Xg=1z, Yo=y]=0, r>2, y>2.

=

This equation is obtained by first step analysis, noting that we can
only move up to to the right with probability 1/2 in both cases.
We note that pa(z,y) = pa(z,y+1) for y > 2, and

o
-~

1 1 1
pa(ly) = 1+§NA(27?7’)+§NA(179+1) = 1+§uA(1~,y)7 y>2,

hence pa(1,y) = 2 for all y > 2. We also have

* Animated figure (works in Acrobat Reader).

8 @)
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1 1 1
pa(0,y) =1+ §MA(17?J) + iﬂA(anJF 1) =2+ 5/m(0~,y)~, y>2,

hence 114(0,y) =4, y > 2. By symmetry we also have pa(x,1) =2
and pa(z,0) =4 for all z > 2.

These results can also be recovered using pathwise analysis as

k 1 k 1
/LA(l’y):Z?’CzizF:m:Z y=2,

k>1 k>0

which yields similarly pa(z,1) = 2 for all z > 2. Repeating this
argument once also leads to pa(x,0) = pa(0,y) = 4 for all z,y > 2.
d) We have

1 1
ua(l,1) =1+ 5#,4(2,1) + 5#,4(1,2) =3,

1 1
MA(O’ 1) =1+ 5/1'14(17 1) + 5:“14(072) =

)

N | © N o

1 1
PLA(LO) =1+ 5/1'/1(2>0) + 5#/1(17 1) =

1 1 11
£4(0,0) =1+ Spa(1,0) + Spa(0,1) = o,

hence the mean time it takes until both cans contain at least $2 is
pa(0,0) =11/2.

o |11/2|9/2| 4 | 4 | 4

Table 1.2: Values of pa(z,y) with N = 2 and the set A4 in blue.

) 9
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e O

Fig. S.2: Backward solution of (1.51) for pa(z,y) with N = 10.*

The following ‘R code can be used to generate Figure S.2.

1| require(plot3D);N=10;M=20;X=array(1:2,c(M+1,M+1));

for (i in seq(N+2,M+1)) {for (j in seq(N+2,M+1)) X[i,jl=0;}

for (i in seq(N+1,M+1)) {for (j in seq(1,N+1)) X[i,jl=2+(N+1-j);}

for (i in seq(1,N+1)) {for (j in seq(N+1,M+1)) X[i,jl=2%(N+1-

for (k in seq(N,-N)) {for (i in seq(k,N)) {if (i>=1 && N+k-i>=1)
X[i,N+k-il=1+(X[i+1,N+k-i]+X [i, N+ k-i+1])/2.0;} }

hist3D(x=1: 21, z=X, scale=T, bt; , phi=35, theta=120,
borde: lack", zlim=c(0,25), shade=0.3, space=0.15, col="#0072B2",
colkey=F, ticktype="detailed")

Problem 1.9

a) We have ff? =P j, i,j€S.
b) We have

S = P(Xor = 5. X0 £ Xa # 5| Xo = 1)
=Y PP(Xpp1 =5, X0 # o Xa £ | X1 = k)

kes
k#j
=Y PP(Xp =5, Xn 1 # o, X1 # 5 | Xo=k)
keS
k#j

=N Pufi,  ijeS x>l
kes
k#j

* Animated figure (works in Acrobat Reader).

10
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¢) By summing (1.53) over n > 1, we find

m:Zm

n>1

+ Z fq(")

n>2

e

n>1

=P+ Y N P

n>1 kes
k#j

=P+ E P, fr.js i,j €S.
kes
k#j

d) Let f denote another solution of (1.54). We have fi > P f(i),
and if fi; > S0, £} (l) then by (1.53) and (1.54) we have
fii=Pij+ ZPi,kfk.j

keS
k#j

>P,7+ZszZf

kes
k#j

,P]+ZZPL;€ o

—1 kes
k#j

=P+ Zf(l+l

n+1 .
=P +Zf()

n+1

:;w

hence by induction we obtain

ﬁi,jzzﬂw i7j€Sa TLZL

=1

and letting n tend to infinity, we find

o 11
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r3 1 PR
Fiz Y ) =fu iies.
=1

Finally, we check that if f and g are two minimal solutions then
f>gand g > f, hence f = g and the minimal solution is unique.
e) The condition gl(}j) = f,-%) is satisfied by construction, for i,j € S.

Next, assuming that gf"j) = nf;Z-), i,j € S, we have
ql(zﬂ) f(n+1) + nz PL R (n)
kes
k#j

_ (n+1) (n+1)
=fiy i
=+, djes, n>1.

f) We have

hig=> g

n>1
—d)+ T
n>1
(1) + Z <f(n+1) +”ZP1kfk >
n>1 kes
- k#j
=2 A5+ Py o)
n>1 kes n>1
= k#j
=fij+Y Pkhej,  Lj€S.
kes
k#j

g) By (1.55), for n = 1 we have

ili‘j = fij+ Z I:.i,lcilk,j

> fij
> £

1
_ gl(])

Next, assuming that

hlizzgm’ i,j €8,

12 @)
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holds at the rank n > 1, we have

i="Fij+ > Pl

kes
k#j
> fl,] +ZP7,ng(l)
QS
= fis +ZZngk,
—1 kes
k#j
= fis +ZZZP»k ¥
=
= fii+ Zlf (1+1)
n+1 .
= fis + 2 (-1
=2
n+1 n+1
1
DI
=1 =2
n+1
— f(,17) + Z lf(l)

n+1

! o
:Zg;}, i,j €S.
=1

Letting n tend to infinity, we find

1 ..
l‘/fzg<)7 VRl 27,7687

proving that h; ; is a minimal solution to (1.55). Finally, we check
that if f and ¢ are two minimal solutions then f > g and g > f,
hence f = g and the minimal solution is unique.

Chapter 2 - Phase-Type Distributions

Exercise 2.1

) 13
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a) We have hs(3) = 0, and
h3(1) =1+ (1 —p)hs(1) + phs(2)
{ h3(2) =1+ (1= q)hs(1),
hence
{ hs(1) =1+ (1= p)hs(1) +phs(2) =1 +p+ (1 —p) + (1 — @)p)hs(1)

h3(2) = 1+ (1 - q)hs(1),

hence
B 1+p _Ll+p
S e sy e e
- (1+p(d-q _14p-—gq
h3(2)—1+17((1,p)+(17q)p)_ pe
b) We have

{Gl(s) =(1-pE[s" | Xo=1]+pE [+ | X =2

Ga(s)=(1-¢E [$1+T3 ‘ Xo = 1] +gs,

{Gl(s) =(1-psE[s"|Xo=1]+psE [s™| X, =2]

Ga(s)=(1—q)sE [5T3 ‘Xo = 1]+ g¢s,

honee Gr(s) = (1 - p)sGh(s) + psGa(s)
{ Gals) = (1 — @)sG1(s) + a5
o G1(s) = (1 +ps)Ga(s) — qs
{ Gals) = (1 - )sGr(s) + g5

{ G1(s) = (1 +ps)(1 — q)sG1(s) + gs(1 + ps) — gs
Ga(s) = (1 — q)s(1 + ps)Ga(s) — q(1 — p)s? + gs,

hence

14 @)
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pgs®
)= T p)s i~ 5

—q(1 —p)s® +gs
1= (1—q)s(1+ps)

Ga(s) =

¢) Using the identity

(1-p?2+4(1-qp _ s G
1*(1717)8*?(1711)527nz=:z"“ 2 L

we find

- pgs”
Gi(s) = 1—-(1—-p)s—p(l—q)s?

~ lp)2+4(1qu< 45 ”“)

\/1p)2+4(1f1p,b2< _1>

:ZSHP(ngn‘Xo:l), -1<s<1,
n=0

hence by identification we find P(T5 = n ‘ Xo=1)=0,n=0,1,
and

P(T3 =n|Xo=1) = q )pi4(1 )<n11n11>7 nx2.
- —-qp

In particular, this recovers

B o pq oL
P(Ts =2] Xo=1) = (1,p)2+4(17q)p< z’>
_ pq i
(—pP+d(0—qp ==
= pq.

d) We note that the hitting time is a.s.* finite, i.e. P(T3 < oo | Xo =
1) = 1, hence the mean hitting time E[T5 | X, = 1] is given from
(A.14) as

E[T3 | Xo = 1] = Gi(1)

* Almost surely, 7.e. with probability one.

) 15
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-~ 2pqs

T 1-(1—p)s—p(1—q)s? s=1
pas’(1—p) +2p(1 —q)s

(1= (1 =p)s—p(l—q)s)?,_,

_1+4p

g

+

Chapter 3 - Synchronizing Automata

Exercise 3.1

a) We have

m—1

E[T0] = mp™ + 3 pFq(k+ 1+ E[T™)]).

k=0
b) We find

m—1

mp™ +q Y pFk+1)
E[T(m)] _ k=0

1
1—qZp""

1 - (m + l)p + mp"”r1

- pTTL
m(l—p)p™ +1— (m+ Dp™ + mp™
B (L—p)pm
1/p™—1
=T
- 1
Z o (S.3.2)

Alternative solution: We note the recurrence relation
E[TM™] =E[TM™ Y] 4+ px 14+ (1 -p)(1+ET™]), m>2
which rewrites as

E[T™ Y] +1

E[T™] = - m >2,

16 @)
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and also recovers (S.3.2) from E[T®)] = 0.

Exercise 3.2

a) The sequence (Z,)n>0 is a Markov chain since every new transition
is determined by the current state, and its transition matrix P is
given by

qgp 0 - e 00
q0 p - - 00
g0 0 - -t 00
P=|::" : ,
q0-- " p 00O
g0 - - 0 poO
Lg 0 - -~ 0 0 p]

b) By first step analysis, the mean hitting times IE [T(m) | Zy = l],
[=0,1,...,m, satisfy the equations

E [T |Zy=0] =1+ (1 -p)E [T | Zy = 0] + pE [T™ | Zy = 1]
E[TM|Zy=1]=1+1-p)E[T™ | Zy =0] +pE [T | Zy = 2]
E [TW |Zo=m—-1]=1+1-pE[T™ | Zy=0] +pE [T | Zy = m]
E [T | Zy =m] =0,
i.e.
1
E[T,, | Zo=0] = 5+1E[Tm | Zo =1]
PE[T, | Zo =1 =pE[T,, | Zo = 2| + E[T}, | Zo = 0] — E[Ty, | Zo = 1]

pE[T, | Zo =m—1] =pE[T,, | Zy = m)|
+E[T, | Zo=m—2|-E[T, | Zy=m—1]

E[T,, | Zo = m)] =0,

or

E [T |Zy=0] = % +E [T |2, =1]

E[T™M™|Z=1] = % +E [T |2, =2]

1E[T<m>|20:m—1]:%+1E[T<m>|zozm}

E [T | Zy =m] =0,

o 17
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with solution

UL |
> o

12 P

E [T ]| Zy = k]
1 m—k—1 1
k+1 ol

p — P

_ -/t

(1—1/p)pktt

1— pmfk'

(L =ppm’

c) We have

E[T™] =E [T ]| Z =0
1
=1 pl
1-1/p)"
(1-1/p)p
17pm

(1—ppm

Problem 3.3

a) The transition matrix is given by

aa ab ba bb
aa | p g 00
ab | 00 pgq
ba | p g 00
| 00 pgq

b) We have 7,, = 1 with probability one, hence

Gap(s) =E[s | Z1 = (a,b)] = s.

¢) We find
Gaa(s) = pSGaa(s) + qSGab(S)7
Gpa(8) = psGaa(s) + qsGap(s).
d) We have
18
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Gaa(s) = psGaals) + g5%,

Ga(8) = psGaa(s) + qs2,
hence
3 2

S S
Gaa(s) = Gra(s) = 1pz ps +qs? = 1(ips7 se(-1,1).

‘We note that

P(1ap < 0 | Z1 = (a,a)) = P(1ap < 00 | Z1 = (b, a))
= Gpe(17)
= ll/(ni Gba(s)
g8t
= lim
s,/11—ps
q

1-p

e) We have

Elra | Z1 = (a,a)] = E[ra | Z1 = (b, a)]
=Gy, (1) = Goo (1)
2q Pq P
=2 4 —94Z
1-p (1-p)? q

f) This average time is
p P
pE[tw | Z1 = (a,a)]+qE[re | Z1 = (a,b)] = p <2 + ;) +q = 1+§.

Exercise 3.4

a) The word “abb” synchronizes to state (4) starting from states (1)
and @ However, the unique shortest word that synchronizes to
state (4) starting from all states (1), (2) and (3) is “aabb”.

b) The process (Zx)r>o is a Markov chain on the state space {0, 1,2, 3,4},
with the following graph:

) 19
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- 1/2
8 1/2 m 1/2 , 1/2 m 1/2 )
L UTY
1/2

The transition matrix of the chain (Z;)k>0 is

1 0 0 0 0
/2 0 12 0 0
0 0 1/21/2 0
0 1/2 0 0 1/2
0 0 0 0 1

[ Pis Jocsjea =

¢) Denoting by g4(k) the probability that state (4) is reached first
starting from state k = 0, 1,2, 3,4, we have the equations

94(0) =0
0u() = 2 0) + 2) = Lau(2)

04(2) = 302) + L 0s(3)

0403 = V) + Sou(0) = Lo + 1

94(4) = 17
with the solution

94(0) =0

1
g4(1) = 3

2
94(2) = 3

2
94(3) = 3

20 O
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Hence the probability that the first synchronized word is “aabb”
when the automaton is started from state (1) is 1/3.

Exercise 3.5

a) The unique shortest word that synchronizes to state @ starting
from all states (1), (2) and (3) is “aba”.

b) By the same analysis as in Exercise 3.4-(c), the probability that

the first synchronized word is “aba” when the automaton is started
from state (1) is 1/3.

Exercise 3.6 Denoting by |z] = max{n € Z : n < z} the integer
floor of x € R, we have

1—ps
1—s+ qp™ sm+1

(1 — ps) Zs (1—gp™s™)*

Gopom (s) = p™s™

k>0
" S ()
k>0
[n/(m+1)] n—mi
_ pmém _ ps) Z §" Z < )( q)l ml
n>0 =0

In/m4n)) =)/l
=pTsmy ST Y < )( QP -p Y ( . >(*Q)
=0

n>0 1=0
—1 < s <1, which shows that

P(T(m) =m+n)

tn/mJ n —ml Ltn 1) /m] n—1-—ml
=p"| > ( ; )(*q)’p”” -p Y ( . )(*q)lpml

=0 1=0

L(n—1)/m]
_om n —ml n—1—mln/m| L mi
=p ; (( . ) p< ! (—a)'p

- n—m|n/m] njm], mln/m
+p ]1{[n/m]>\_(n—1)/(m+1)j}< njm] >(—<1)L/ Ipmin/ml (3.3.3)

and recovers in particular IFD(T(’") = m) = p™ and
P(T(m):m+n):qpm, n=12...,m,

and yields
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P(T™ =2m +1) = (1 - p™)gp™.

For m = 1 we also have

1—ps ps .
Gy (1) = ps = = kpgk—1
om (1) P T g k§>1sm ;

and
P(T(l) = n) =pg" Y, n>1.

Chapter 4 - Random Walks and Recurrence

Exercise 4.1

a) By independence of the sequence (Xj)1<k<n, we have

E [exp <tZXk>} = H Ele!¥¥)
k=1 k=1
=(g+pe)”, n>0, teR.
b) By the classical Markov or Chernoff bound argument, we have

P < il(Xk —p) > z> =P <exp (tiXk> > e"t”"”t)

k=1

{5

— Cfntzfnpt(q +p0t)n
= e~n(tp+2)—log(a+pe)) t>0.

3=

— e—ntzfnpt ]E

¢) By differentiating ¢ — xt — log(q + pe?) with respect to t > 0, we
find that the maximizing value ¢(x) is given by

qT

t(z) = log m7

xz € (0,1).
d) We have

1 & t(x)
P ,E X —p) > < o~ (p+2)t(z)—log(g+pe"™))

k=1
2)q log

:exp<7n<(p+z)loggjiz)p qﬁz», 0<z<q.
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e) Applying Taylor’s formula with remainder

2
7(t) = J(0) +7'(0) + £ (60)

to the function f(t) := log(q + pe') with f(0) =0, f'(¢) = pe'/(q+

pet), and f”(t) = pge' /(g + pet)?, hence f'(0) = p and

ot

1
) e L——
1160 (q+peft)? — &
we obtain
t2 2
log(q + pe') = pt + 5f”(9t) S+ teR.

The inequality 4pge?® < (q+ pe?®)?

is equivalent to (g — pe?)? > 0.

can be proved by noting that it

f) By differentiating ¢ + 2t — t2/8 with respect to t > 0 we find that

the maximizing value ¢(z) is given by t(z) = 4z, z € (0,1).
g) We have

n

P ( Z(X’“ —p) > z> < e n(t(p+2)=log(a+pe"))
k=1

—n(zt(z)—t(2)?/8)

2
—2nz , 2> 0.

S|

<e
<e

(p+x)*log((a*(p+x)/p/(g-x))-log(q/(q-x))
2¥x*F2

0.8

0.6 -

0.4 -

0.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Fig. S.3: Comparison of rate functions.

Problem 4.2

a) If none of the stated conditions, hold, i.e. if

O
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_(N,a*) 2logn _ (i,a*) 2logn (6,0") 2logn
My 1 N.a* > PN, my,_q < i+ o)’ Tn—l > T 2
i ) (o —p1)
then we have
_(N,a*) 2logn
my,_y '+ N = PN
e
=Ppi+PN —Di
2logn
>pi+ D)
Tn—l
> i),

which implies o, # 1.
b) We have

E[T{)] = E {Z ﬂ{a;i}}
k=1

<E +E

(pN—pi)?

n n
E ]1{02=i}]1{"r("“*)< 2logn_y E H{Qi:i}]l{pr(z,a*)> Zlogn
k=1 Fol T NP k=1 Foro=

SHAB| Y o=y 2l

~ PN =P
n;<k<n

(i,a
ni<k<n Teq
¢) We have
_ (N,a* 2logk
]P(ml(cNi '+ Va5 <PN>
T3
1
1 o 2logk
<Pk} o 7 &N )+ Olg <pn
j=1
<Zk:IP’ 1zl:(x(.N”’*)— YL L
< ;2 PN LS
=1 j=1
24 )
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IN

I
1 2log k
72 —(1-pn)) 2 7

j=1

IA

wa il

—4logk __ § —
k4 k3"

The argument is similar for

(%)

o 2ok 1
P(ﬁlg’1’>p,-+ o8 ><k5 i=1,...,N, k>N.
k—1

d) We have
E[TM] <7 - 2
[ n ]777,1“1’2?
k=1

8logn 2
= —— + J—
(pn —pi)? kz=:1 k?

8logn f" 2
~ (o~ —1i)?

8logn < 1>
< ——=+(1-=5),
(v —pi)? n?

n
RS =npy — E |:Zpa:_:|
k=1

Z E[pN - pa:]
k=1

hence

*”PN*ZPz Tla

Problem 4.3

a) 1) By first step analysis, the probability generating function
Gi(s) ::]E[STOJ- ‘S():i}, se[-1,1],

o) 25
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of Tp,, satisfies the equation
Gi(s) = psGita(s) + ¢sGi—1(s), it=1,...,L—-1,

with the boundary conditions Go(s) = Gr(s) = 1. This equa-
tion can be solved as

Gi(s) = Oy (s) <1+ V;};W) +O_(s) (1_ Vl_W) ,

2ps

i=0,...,L, where

Co(s) = (2PS)L*(1*W)L
T U I apg)E — (1— /1 dpg?)t

C (s) = (1 — /1 +4pgs?)L — (2ps)t .
(1+ /1 —dpgs?)F — (1 — /1 — dpgs?)*

ii) The Laplace transform

Li(\) =E[e o |Sy=4], i=0,1,...,L, A>0.
of Tp,, is then evaluated as
Li(A) = Gi(e™)
_ 5\ ¢ _ — =
C’+(e)‘)<1+\/1 4pge ) +C(e)‘)<1 v 1 —4pge ) 7

2pe~* 2pe~A

i=0,...,L
b) i) When p = 0, taking the limit as € tends to zero yields the
Laplace transform

sinh(2v/2)) 4 sinh((y — 2)v/2X) ‘

Lo = sinh(yv/2X)

z € [0,y], A > 0, of the first hitting time of the boundary
{0,y} by a standard Brownian motion (B;)icr, started at
2 € [0,y], which recovers Equation (3) in Antal and Redner
(2005), see also Equation (2.2.10) in Redner (2001), Theorem 1
in Williams (1992), and Relation (2.12) in Borodin (2017).

ii) When p # 0, we find the Laplace transform

Li(A) = 01(/\)e“+\/m + 02()\)eu,\/m

26 @)
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el Wi ginh(z1/2X + p2) + e* sinh((y — )/2X + 1?)
sinh(y/2) + u2) '
z € [0,y], A > 0, of the first hitting time of the boundary

{0,y} by a Brownian motion (B; + ut);er, with drift p € R
and started at € [0, y], which recovers Equation (3), where

1 — e(h=V2rp?)y

C] (S) =
etV 22 +p1%)y _ o(n—V22+p%)y
e(htV2r+pP)y
02(8) =

,
e+ V2 +p?)y _ o(n—V22+p%)y

see Theorem 1 in Williams (1992) in the case = 0, by taking
a=0and C' = —1 therein.
i) By first step analysis, the probability generating function

Gi(s) =B [sTr | S =], se[-1,1],
of Tp,, satisfies the same equation
Gi(s) = psGit1(s) + ¢sGi—1(s), i=1,...,L—-1,
as above. However, the boundary conditions are modified into

Go(s) = psGi(s) + qsGo(s), with G (s) = 1. The finite differ-

ence equation can now be solved as

Culs) = Cu(e) <1+ w) o8 (1 ww) 7

2ps
i=0,...,L, where

psa_(s)+qs—1

Ci(s) = (1= gs)(aL(s) — ok (s)) — ps(ar (s)a_(s)E — ak(s)a_(s))
C_(s) = psa(s) +qs—1
(g5 — 1)(aL(s) — aL(s)) + ps(ai (s)a_(s)F — ak(s)a_(s))
and
oy = VI 1oVt

2ps 2ps

ii) The Laplace transform is then evaluated as

27
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Li(A) = Gi(e ™)

— e (1 v 4”qe”>i O (e (1 —v] 4pqem)i,

2pe=A 2pe=A
i=0,..., L

i) When p = 0, taking the limit as £ tends to zero yields the
Laplace transform

cosh(zv/2))

Lz()‘) = cosh(y\/X) )

z€[0,y], A>0,

of the first hitting time of the boundary {y} by a standard
Brownian motion reflected at 0, which recovers Equation (5) in
Antal and Redner (2005), see also Equation (2.2.21) in Redner
(2001).*

ii) When g # 0 we find the Laplace transform

psinh(z/2X + p2) — \/2)\ + p2 cosh(z /2 + p2)
psinh(yy/2X + %) — /2X + p2 cosh(y/2A + p2)
z € [0,y], A > 0, of the first hitting time of the boundary {y}

by a Brownian motion (B; + ut)ier, with drift € R reflected
at 0 and started at x € [0,y].

Ly(\) i= elewn

Problem 4.4

a) By first step analysis, we have
H;(s) = psH;y1(s) + qsH;—1(s), “1<s<1, i<-2
and
H,(s) = psHa(s)+qs(1+Ho(s)), H_1(s) =psH_2(s)+gs(1+Ho(s)),

and
Hy(s) =psHi(s) + qsH_1(s), -1<s<1.

b) Letting

* Equation (2.2.21) in Redner (2001) is stated for a reflecting boundary at = L
(“Reflection mode” page 48), however in Antal and Redner (2005) the reflecting
boundary is at « = 0, and therefore (5) therein has to be corrected accordingly.

28 @)
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1 1—1—4pgsZ )’ oy
v/ 1 — 4pgs? 2ps T
Hi(s) 1 — /1 — 4pgs? 0
i(s) =9 —F—— =0,
\/1 — 4pgs?
1 1—+/1—4pgs? - < 1
Li< -1,
1 — 4pgs? 2gs

we check that

psHi1(s) +qsHi-1(s)

i+1 i—1
_ ps (1—\/1—4pq192>l n qs (1—\/1—4pq52>l

V1 —4pgs? 2ps

\/1 — 4pqs? 2ps
_ 1 1—+/1—4pgs? ' 1—+/1—4pgs? n 2pqs?
/1 —4pqs? 2ps 2 1 — /1 — 4pgs?
1 1—+/1—4pgs? ' > 1
= , i>1.
V1 —4pgs? 2ps
¢) We have

Hi(s) = (1+ Ho(s))Gi(s), i€Z, —-1<s<L.

d) As a direct consequence of the answers to Questions (b) and (c),
we have

(1\/14pq82>1 i>1
=, i
2ps ’ -
Gi(s) == 1 —+/1—4pgs?, i=0,
1—1—dpgs?\ .
205 , i<
e) We find
min<1,<q>>,i7§0,
P(T) < o0 | So = i) = Gi(1) = p
@)
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see (4.6) and (4.11).

f) Using the relations E[T{ | So = i] = G}(1) when P(Ty | So =) =
1, see (A.14), and E[T} | So = i] = +oo when P(T | So = i) < 1,
We find

) 1>21, ¢q>p,
q—p
+00, i1, ¢<p,
E[T] | So =1 = { +oo, i=0,
i
) <=1, p>q
q—p
+OC~, i S 717 14 S q,
see (4.8).
Problem 4.5
a) We have

2n

—2k) = nthgn=k - _pn <k <n.
P(Sy, = 2k) <n+k>p ", n<k<n
b) We partition the event {Sa, = 0} into

2n

{Sgn=0}=U{Sl#ow--«,s%—l?'éov Sak =0}, n>1,
k=1

according to all possible times 2k = 2,4,...,2n of first return to
state (0) before time 2n, sce Figure S.4.

0 lgp-2 3 4 5 6 7T 8 9 10 11 12 13 14 15

Fig. S.4: Last return to state 0 at time k = 10.

Then we have
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n

P(Son =0) =3 P(S3#0,..., 851 #0, Sy =0, Spp =0)

r=1

=D P(S20 =082 =0, Sor1 #0,..., S»#0)

r=1

XP(8y #0,...,8-1#0, Sor=0)

= Z]P’(Szn =08 =0)P(Ty =2r)

r=1

= ZP(SQTL,QT = O)P(T() = 27’), n 2 1.
k=1

¢) The idea of the proof is to note that after starting from Sy = 0,
one may move up with probability 1/2, in which case Ty = 2r time
steps strictly above 0 will be counted from time 0 until time T,
after which the remaining 2r — 2k time steps will be counted from
time Ty until time 2n. On the other hand, if one moves down with
probability 1/2, zero time step strictly above 0 will be counted from
time 0 until time Ty = 2r, after which the remaining 2k time steps
strictly above zero will be counted from time T = 2r until time
2n. Hence we have

P(Ty, = 2k) = > P(So = 0, Ty = 2r, Ty}, = 2k)

r=1

NE

P(So =0,5, =1,Ty = 2r, Ty, = 2k)

r=1

+ 3 P(So=0,8 = ~1,T = 2r, Ty, = 2k)

r=1

k
=Y P(So=0,8 =1,Ty =2r)P(T5, = 2k | $; =1, Ty = 2r)

+) P(So=0,8 =—1,Tp = 2r)P(T, = 2k | Sy = —1,Tp = 2r)

Il
—

I
M~ .

P(So =0,5 =1,Ty = 2r)P(T3, _,, = 2k — 2r)

r=1
n—k
+> P(So=0,5 = —1,Ty = 2r)P(T5,_,, = 2k)
r=1
1 k 1 n—k
b Z:llP’(TO =2r)P(Ty, 5, =2k —2r) + 32 P(Ty = 2r)P(T5, _,, = 2K),
O] 31
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n>1.
d) We check that, when

2%k —2r\ [2n — 2
P(T, . = 2k — 2r) = 2-(n=2) ( : - TT) ( " kk>

and
2k on—2r — 2k
+ = _ 9—(2n—2r)
P(T3,—o, = 2k) =2 <k>( i )
we have
1 k 1 n—k
3 ;p(n =2 )P(T,—p, = 2k = 2r) + 5 ; P(Ty = 2r)P(T5,_y, = 2k)

k
_ 1 oNo—zniar(2k—2r\ (2n — 2k
,§ZP(T07270)2 A |
n—k
L —2n+2r _ o 2k 2n — 2r — 2k
+2;2 B(ho=2r)( )7, L,
k
1 2n — 2k 1 (2k—2r
=-27% 22ENTP(T) = 27)
2 <n—k> ; (0 T’)22<k77«) k—r
1y on (2 2000 N2 (7 — o yo L (—2r-2%
+2 k ; ( 0=4r 22(n—k—r) n—r—=k

k
1 ot (2n—2k
=32 B )< n—k ) ;P(TO = 2r)P(S2k—2r = 0)

n—k

12k
+§ < k )272]C ,2:; ]P(TO = QT)P(SQ'rL—2k+2r == O)

k
1 2n — 2k 2k 1 2k om — 2k
=_27 2 Lo-2n
2 (o)) (0
_2—2n 2k 2n — 2k
B k n—k

= P(Ty, = 2k), n>1.

1 on — 2k 1 2%
= 52*2“‘*’“)( Yt >1P’(Szk =0)+ 52*%< )P(SQH_% —0)

e) We have

2k\ (2n — 2k
+ —2n
P(T, = 2k) = 2 <k><n7k>
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L (2K)! (20— 2k)!
B2 (n—
e (2k/e)2k\/4F ((2n — 2k)/e)@=2R) 2 (2n — 2k)
(k/e)* 2rk ((n—k)/e)@n=2K)27(n — k)

1
= k,n—k — oo.

w/k(n— k)’

Next, we compute the limit

nx

: + — + oy —
WIHI;OIP(TZTL/Zn <z) = JHI;;P(TZW/QH =k/n)

2k\ (2n — 2k
B —2n
gy (G ()

0<k/n<z

N* lim — Z !
ﬂn%wﬂ0<k/n<z \/k(lfk/n)/n
L N
WIO Vil —t)

1 arcsin(2z —1)

2 ks

2
= Zarcsin v/, z € [0,1],
T

which yields the arcsine distribution.

Problem 4.6
a) We have

E |:exp (aé}f(Xﬂ)} ﬁE[ f’f(”}

=1

- (el

= (Mo()", n>1

b) For any a € R and v > 0, we have

P (; f(X) > ’W> =R [1{ PO f(Xr,)Zn’Y}]
<E |:6XP (aZf(Xz)>]

=1
= e (g(a))"

o) 33
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efn,(a'yflog)\u(f’))! n>1,

P <Z f(Xy) > n’y) = emnlar~logro(a@)) n>1. (S.4.4)

=1
¢) Since
d
S mf(l) = Blf(X1)] =0,
=1
we have
d
Ao(a) = Zmeaf(l)
=1
d d d
=> m+ad mfl)+ Y m(e—afl)-1)
=1 =1 =1
d
:1+Zm(e"f(l)faf(l)fl), a>1.
=1
d) We have

d

No(@) = 14> m(eV —af@) - 1),

=1

e}

d
al
ORI e

IN
-
M8 i

0,1).
1—([’ ae[/)

e) By (S.4.4) and Question (d), for any « € [0,1) and v > 0 we have

P (izf(xl) > w) <e
=1

f) The value of a € [0,1) which maximizes ay — a?/(1 — a) satisfies

n>1.
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042

a
T
T . (1—a)?

S
RSPV
and
e I+vy+1 1
TFITVATL VAT
g) We have
LY2 ,\/2 ’72
T e T 1+ VATT Atlt ATl + AT
PVIFT
(v+1+\/vT)(1+\/vT)
1+\/'yT)2
(+xf>2
l

>

6"
hence for all vy € [0,1) and n > 0 we have

1< >
P|— > <e /8,
<n > X)) > 7) <e
=1
We note that this bound is better than the upper bound e~(1=21)nv*/12
where \; is the second largest eigenvalue of P, since 0 < 1—X; < 2.

Problem 4.7

a) Foralli=1,...,d, we have
d n 1 d n
(DR SE 3L ST
vl R j=1 k=1
1 d n 2
< ;Z E > (Lixe=yy — )
=1 k=1
1 4 - 2
=2 ]E{ 1 ix= — i }
j=1 k=1
Q) 35
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b) We have

Sup‘f(.’L’l,.‘.,:L'n)ff(' s T 1, Yy L1y e e o5 )]
1

l{Tz—J} 1(y=j})’

_/E]R
d
<SUPZ L=y + L=
yeR ;
2
Sf
n
T1,..., e €ERI=1,...,n
¢) Foralli=1,...,d we have

d n d n
1 1
=P D[ 2 L= “B{Y D lnen —
j=1 k=1 j=1 k=1
>ec—1E Z ,ZI{X’C =j} — Ty
j=1
d 1 n d 1 n d
<SP |2 Ux=p B DS xen || ey
j=1 k=1 j=1 k=1
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2
n d
< exp 3 le= V5 )

provided that e — y/d/n > 0, which implies

2
n d
mi| >e| <exp | —wmax (0,6 —14/—
2 n

d) When n > 4d/e?, i.e. ¢ > 2+/d/n, we have

d 2
Z|%j(71)77rj{>5 < exp Zmax(&s\/z)

Jj=1

d
j=1

Z 1ix=j} —
k

2
— e N /8'

e) Setting n > —8(log d)/e?, we have
E [7j(n) —mj| > € < eme/B g
in i = )

which allows us to conclude by taking ¢ = 8.

Chapter 5 - Cookie-Excited Random Walks

Exercise 5.1

The number of cookies present in the considered region is kL.
The number of time steps is kL.

Let N denote the average number of time steps needed. From the
relation N(p — q) = L we deduce N = L/(p — q).

d) The condltlon is kL < N=L/(p—4q), or k <1/(p—q), which
yields

a
b
c

NI N Na

e) Under the condition
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the amount of cookies consumed will remain strictly lower than
the number of available cookies, thus ensuring the transience of the
random walk.

Exercise 5.2

a) The probability P(X = 0) that the random walk eats no cookies
before hitting the origin is the probability of going directly from @
to (0) in one time step, which is 1/2.

The probability P(X = 1) that the random walk eats exactly one
cookie before hitting the origin is the probability of first moving
from (0) to (1) in one time step and then back to (0) in one time
step, that is ¢ x (1/2) = ¢/2.

In general, we have

P(X:l’):P(T£<T0|SU:0)7P(TJ;+1 <TU‘S():0)

1 20\ 1% 2
51—[(1‘7)‘5@(1‘7)7

Il
N =
=R TN
[
|
/N
—
|
8
+| &
—
. \_/N
~— |
IU’ 8
/N
—_
|
N‘N’
i)
~

b) We have

BX] = S 2P(X =2) = g xLH(p?»

x>0 >0 1=2

hence
—— < E[X]<¢q
qqz(r+1)x2‘77 IX] < g x+1;r2‘1

and IE[X] is finite if and only if 2¢ > 1.

Remark. One could show in addition that the mean return time
to (0) is always infinite, see Antal and Redner (2005).
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Chapter 6 - Convergence to Equilibrium

Exercise 6.1 The limiting distribution of the chain (Y% )x>0 is (0,0,0,0,0, 1)
independently of the initial state because the states {0,1,2,3,4} are
transient and state (5) is absorbing. This means that

lim P" =
n—o00

oo O O oo
[N eolo ool
o O O O OO
oo O o oo
(e len e e e e}
= e e

which would be difficult to recover by a direct computation of P™. The
equation m = m P which determines the stationary distribution 7 reads

Ty = qmo + qm1 + g7
T = pmo + Py

T2 = PT1
T3 = Py + pms
T4 = P73

M5 = M4 + Ts,

Py = qm1 + qm2
M = Py + P74

T2 = PT
qm3 = pT2
T4 = P73
Ty = 0,

hence (g, 1, 2, w3, 74, 75) = (0,0,0,0,0,1), which coincides with the
limiting distribution. Note that the relation 7; = 1/p;(¢) still holds for
i=0,1,2,3,4,5, although not all of the assumptions of Theorems 6.2,
6.6 and 6.6 (notably the irreducibility condition) are satisfied here.

Exercise 6.2 Writing the condition 7P = 7 leads to the equations

20 L o0
g Ty T
i) 1
DYALIE
3 T3 o™

i.e. mgp = m1. Combining this relation with the condition 7o + 71 = 1
shows that mgp = m; = 1/2.
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a

Using the general relation

[ | = b a
T = b a+ b))

with (a,b) # (0,0) and (a,b) # (1,1) for the two-state chain with

transition matrix

yields the same answer

=[5

when a = b, in which case the matrix P is also column-stochastic, as
illustrated in the following ‘R code.

1 | library("igraph"); library(markovchain)

2 | P<-matrix(c(1/3,2/3,2/3,1/3),nrow=2,byrow=TRUE);MC
<-new("markovchain", transitionMatrix=P)

graph <- as(MC, "igraph")

plot(graph,vertex.size=50,edge.label.cex=2,edge.label=E(graph)$prob,edge.color="'black’,
vertex.color='dodgerblue',vertex.label.cex=3)

steadyStates(object = MC)

6 12

[1,0.50.5

Exercise 6.3

a) The chain is reducible and its communicating classes are {0,1, 2, 3,4}
and {5}.

b) The limiting distribution is (0, 0,0, 0,0, 1) independently of the ini-
tial state because the states {0, 1,2, 3,4} are transient (cf. Proposi-
tion 7.4 in Privault (2018)) and state (5) is absorbing. This means

that
0

lim P" =

n—00

(=) e R el an il e B an]
[enlien JenJlen Bl en Bl an}
OO OO oo
oo o oo

[evlien B el en Bl en Bl an}
— ===
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which would be difficult to recover by a direct computation of P™.
For the stationary distribution, the equation 7 = 7P reads

To = qTo + qm1 + qma
T = Py + p7a

T2 = P
T3 = pmy + pmy
T4 = P73

M5 = T4 + s,

pmo = qm1 + qm2
T = Py + Py

T2 = PT
qm3 = pT2
Ty = P73
g =0,

hence (o, 71,72, 73, T4, 75) = (0,0,0,0,0,1), which coincides with
the limiting distribution.

Note that the relation m; = 1/p;(¢) still holds for ¢ = 0,1,2,3,4,5,
although not all of the assumptions of Theorems 6.2, 6.6 and 6.6
(notably the irreducibility condition) are satisfied here.

Exercise 6.4

a) We have

(o, m1) = b a
O T e+ atb)

b) We have

ha(0) = %

b 1
poO) =145, mU) =142, ho() =7,

b
¢) We have

E[r —1|Xo=0]=aw(1)+ (1 —a)po(0)

a<1+g>+41—@(1+%)

:u+b—@azb
_1+b-a
o
and
O] 41
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E[r —1]Xo=1] = (1 —b)u1(1) + buo(0)

=(1—b)(1+§>+b(1+%)

a+b
=(1 —-b
(1+a-n®
_14+a-b
=

d) We have

[r—1
E Zn{xlzl}(xoz1 = b(uo(0) = 1)+ (1—b) =1+a—0b,

Li=1 d
o :
a T
B ;hxl:utxo:o =at (1= )0 - ) =a+ (1-a)f =(1+b-a),
[r—1 ] b -
B |3 Loomo [ Xo =1 b+ (1 =8)(n() =) =b+(1-b)7 = (1 +a=b)7",
Li=1

[T—1
E Zn{xlzo}(x():o —a(u(1)-1)+(1-a)=1+b—a.
Li=1

‘We note that

@
~

[r—1
E |3 Ly [ Xo=1| = Elr 1] Xo = 1m,
=1 J

T—1 1
E Z]I{XlZI}‘XOZO =]E[T—1‘X0=0]7T1,
=1 d

T—1 1
E |3 Liximoy | Xo = 1| = Elr — 1] Xo = 1m0,
Li=1 d

L -
E > 1ix-o0 ‘Xo =0| =E[r — 1| Xo = 0]mo,
Li=1

hence for any initial distribution (P(Xo = 0),P(Xy = 1)) we have
T—1
E [Zl:l l{Xzzi}]
E[r —1]
P(Xo=0)E [ 2 Lx=

Xo = 0] +P(Xo = ) E X7 Tix-y

ngl]

E[r—-1]
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_ P(XO :O)E[Tfl | Xo :O]Wi+]P)(X0 = 1)“’3[7‘71 ‘ Xo :O]ﬂ'i
N E[r —1]
= WiP(XO = 0) + 71'7;]P(XU = 1)

= Ty, i:O,l.

Exercise 6.5

a) This inequality follows from the definitions of L?(n) and d(n), n > 0.
b) We have

d(n) = max [|wP™ — 7|1
HEP

= max Z ‘ [P, — 71'1}

HEPN
_ n _
=2 ;M“’ =
N N
= s 2 (Sl =)
N N
= ;;M([P Ikt = m)]
::2%};22“"“}9 o
N
= &XZI%Z|P” l—ﬂ'[‘
HEPN 1

= max ZN/ktH[Pnhh‘ - 7TH1
k=1

HEPN

< Jnax Z“k j_mmax P15 =],

Alternatively, we can note that

po= [P =l
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is a convex function on the polyhedron
Ay ={pe0, )V : pr+--+py =1},

and therefore it reaches its maximum on an extremal vertex on Ay,
i.e. there exists some ko € {1,..., N} such that

d 1= me pP" —
(n) Jnax [l it

= [IF"Jko ==l

IA
to
iy
H B
z
~

S
=
|

A

k=1,2,..
d(n), n>0.

Exercise 6.6
a) We have

P(X,€A)=P(X,€Aand 7 <n)+P(X, € Aand 7 > n)
=PX,€A|7<n)P(r<n)+P(X,€A|7>n)P(Tr>n)
=7(A)P(r <n)+P(X, € A|7>n)P(T >n)
=m(A)+ P(X, € A|7>n)—7(A)P(T > n).

b) We have

|P(X, € A)—n(A)|=| (P(X, € A|T>n)—n(A)|P(r>n)
< P(r > n),

since for any a,b € [0, 1] we have |a — b| < 1 due to the inequalities
-1<a—-1<a-b<1-b<1.

c) Such an example can be constructed as the hitting time 7 of a
domain inside S, by freezing X, as X;, = Xuin(r,n) after time 7.

Exercise 6.7

a) Since M has positive entries and is column-stochastic, P := M T is
the transition probability matrix of an aperiodic irreducible Markov
chain with finite state space S = {1,2,...,n}. By Corollary 6.7, the
chain admits a unique stationary distribution 7 such that 7 = 7P,
ie.m! =((@P)T =PTa" = Mnr", i.e. w7 is the only eigenvector of
M with eigenvalue 1 under the normalization condition |||/, = 1.
The first statement follows as in Question (a) above from Corol-
lary 6.7, by letting 7 = ¢ . The second statement also follows from
Corollary 6.7, which states that
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https://math.stackexchange.com/questions/2946023/maximum-of-a-convex-function-over-a-polyhedron

g=7" = lim (;P*)" = lim (P)*e] = 11m M*e] klim (M*].;
—00

—00 k—o0

for any e; = 1y, j € S. Therefore, decomposing x¢ as ¥ =
Zjegroe we have

q=q E ) = g z} lim M*el = lim M* E .”L‘(J)CT = lim MFz,.
k—o0 J k—o0 J k—o0

jES jES JjES

Exercise 6.8

a)

‘We have
B[R] _
Jim B i Zﬂm =

= lim 7Z]E[]1{X]71}]

n—00 1,

lim ~ S P(X; =i
n;ﬂ;on;(g i)

SRS e _
77}I~>II;QEZZP(X]7Z‘X07Z)IP(X07Z)

j*l les
= hm = Z Z[Pj]l P(Xo=1)
] 11esS
n—1
_ - j+1
= Jim 32 PG =)
j=0 les
= 3" P Jim =37 SOIPLPG =)
kEsS j=11€eS
E[RE
= ZP;” lim ¥7
n—o0 n

kes

hence 7; := lim,,_,o E[R%]/n, i € S, satisfies the equation n = nP
and we conclude by uniqueness of the stationary distribution (7;)es
as the solution to that equation.
Letting 72 79 .= 0 and letting TJE ) denote the time of the k-th visit to
(e+1) (k) RY _R

)k>0’ resp. ( D) (k))k>0’
is made of independent random variables, i € S, hencc by ‘the law

of large numbers for renewal processes, see Corollary 14 page 106
of Serfozo (2009), we have

state @, the sequence (73
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_ERry ERe|X=2 gEnN,|x =4
7y = lim = = = & , @,y €S
n—oo N E [T,El) |X0 — 1] ]E[TI ‘ Xo = .L]
¢) We have

P(Ngy =0|Xog=2)=1-P(Ny >1|Xo=2)=1—0qy,
and

P(Nyy =k | Xo=2x)
k—1
=P(Nyy>1|Xo= :c)(IF"(Ny‘T =0]|Xo= y)) P(Ny.>1|Xo=1y)

=g y(l —ay ) lay., k>1,
and we check that
P(Ngy 20| Xog=2)=P(Npyy =0|Xog=2)+P(N,y > 1| Xo=12x)

=l—0uy+ Y P(Npy=k|Xo=2)
k>1
=1-opy+asyoys Z(l - O‘y,w)}ﬁl
k>1
=1, z,y €S.

d) We have

U
2 =g, Elr, | Xo = ]
Tz

=E[N;,y | Xo = 1]

e}

=Y kP(Nyy =k | Xo =2)
k=1

o0

_ k-1

= Oz yQye E k(1 —ay.)
k=1

_ QayQys

- 2

Yy
Qg y
= = z,y €S.

Problem 6.9

a) The computation of eigenvalues shows that the two eigenvalues are
A=1—a—band 1.

b) Solving the equation m = 7P for 7 shows that the stationary dis-
tribution is given by (o, 1) = (b/(a +b),a/(a + b)).
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¢) The relation is clearly verified for n = 0. Next, assuming that it
holds at the rank n, we have

l—a ae

| b (1-b) |

[1—a aet -[

L b (1—D)e! |

[1—a aet ]

L b (1—b)et |
1—a ae
bo(1—b

B [exp (12071 %) | X0 = 0]
B [exp (¢35 %) | X0 = 1]
(1-a)F [exp (tz”“ Xk) | X1 =0]
bE [exp (£5015 X)) | X1 = 0]

|

+ac I [exp (1055 X ) | X1 = 1]
+(1 = b)e' B [exp <t sl Xk) | X1 =1]

d) By diagonalizing P as

|:1a a :| |:\/ﬂ
B 1
b 1-0 0 7
we have
E [exp (t Xk,)} =
=1
1—a aet
:[Tr()y‘frl
(1 —b)et
= [mo, m1] (

B[IBA

l

E
E
E

E|
[
[
[
1—

J)”“[

[0, 1] [

)

ex ( "+1Xk)|X1—0]
exp (¢ 2453 %) [ X0 = 1]

exp(fzk 1 Xk) ‘X():O]
exp (t 3 Xi) | Xo =1]

ae?

(1 —0b)et

1

|

Vo~
VA VR

1

1

[}

1
1

0

)1

teR.

Il

|

1

E [exp (t 35—, Xi) | Xo =
E [exp (tY iy Xi) | Xo = 1]

0

)

(&)

|

|
|

Vo
— VA VT

|

0]

1

1

|

I
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VAL Vo 0A] [—vm1 V7m0 0 e'/2/m

7[7r0,7r1ef’/2]
[ et | vt
0 o] Le?vmet?ym] [0A] | -y o2 ym 0 m
1
Lo
ot/2
e [ ey it
= |Tp, T1€
0 75 e2ym et?ym | [0A] | —ym e ym

V@ 0 1
7 Al
A+(1—

Mo (1=Ne2ymm |\ [ v
= [V/ro, Ve’

(1= Net’2 /moms (A+ (1= A)my)et e '
teR.
e) Taking
[ AH(1-Nm (- )\)ct/i’\/m}
M(t) =
(1- /\)et/Z foms (A + (1 — /\)ﬂ.l)et
48 &

October 12, 2024



7o + Amy (1= Ne/?/momt
(1= Ne/2/mom et(m1 + Amo)
We have
ult) = 3 (Te(M (1) + V/ITROT0))2 — @),
where

Tr(M(t)) = A+ (1 — Mo + (A + (1 = A)mp)et

f) Since the matrix M(t) is symmetric, by Proposition 9 in Foucart
(2010) we have
E {exp (tZXk>]
k=1
< Vo, vme'?)ll
A+ (1 =Nme (1= Net/2 /mom
X
(I—2X)e /2 from A+ (1= X)m)et Nk 9
= ()" Hllv/mo, vare?]3
= (mo +mie") (p(t)" "
Next, applying again Proposition 9 in Foucart (2010) to A :=
VM (t), we have
w(t) > ||/ M(t)[ /70, /2 /m1] T
IV a0 AT,

= ———([v7o,e"*ym], M(t) [V, e/ y/m]T)

T + T €

1 To/To + Amiy/To + (1 — Netm /o

= <[\/7To7€t/2\/771 ;

mo + 1€ 1-)) t/zﬂo\/—+egt/zﬂl\/ﬂ+)\esz/zﬂo\/ﬂ—l
w4 2etmomy + et + A(mom — 2ePmomy + e*mom)
- m + met

et )2
=m+ me' + )\M
T + T €
> o + mie’
since A\ > 0, which shows that
O] 49
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n
E [Cxp <tZXk>} <(u)",  teRy.
k=1
g) By the classical Markov or Chernoff bound argument, we have
1 n n

Pl = - > | > entztntm

<n Z(X’" 1) _z) P(exp (tZXk> >e >
k=1 k=1
= e NtzTnim R [exp <2‘2Xk>:|

k=1

— efntzfntfrl (M(t))n

= en(tmtn—logu() 4,

h) This section only sketches the solution argument, see Appendices A
and B in Léon and Perron (2004) for the full proof details. By
differentiating

t — xt — log u(t)
=ut

log G(A (1= Nmo+ A+ (1= A)m)et

VO A= Mmoo+ At (1= Nm)el)? — 4)\et))

with respect to ¢t > 0, we find that the maximizing value ¢(x) sat-
isfies
_H()
u(t)
Tr(M'(t)) + (2Te (M’ (t))Te(M(t)) — 4Xet)/2/1/(Tr(M(t)))? — 4Xet
Te(M (1)) + /(Tr(M(1)))2 — 4)el '

After multiplying the numerator and denominator by
Tr(M(t)) — +/(Tr(M(t)))? — 4het
and simplifying, we obtain
(22 — 1)1/ (Te(M(1)))2 — 4Xet = (m1 + Amp)e! — (mo + Amy).

This relation can be used to derive a quadratic equation for e!(*),
with solution

50 @)
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o) = (mo + Am1) (22 — 1+ \/A(w))
(m1 + o) (1 — 22 + /A(z))
where Do)
which yields
_ (Mo +Am)(1 1 vA)
pt(a)) = TETIETS),

Letting

zt(x) — log p(t(x))

g(x) = TR z € (0,1),

we check that ¢'(m9) = 0 and g(z) admits a global minimum at
x = my. Then, we have

A (1A
A TR T
(mo + /\7T1)(7T0 -7+ %)
(m + )ﬂrg)(m — 7y + %)7

t(mo) = log

(7T0+/\7r1)(1+%)
ut(mo)) = —————— 5
™ — o + %

and letting r := (b —a)/(2 —a — b), we have

1 1—(1—X)m

9(mo) = Ty — 1 Ogl*(l*)\)ﬂ'g
:a+blog17a
b—a 1-b

17)\10 1+7r
1+Ar glfr

1-21
= m;(log(l +7)—log(1—r))
1-XA1 " "
A Z(_l)n#—li_"_zi
1+Ar (n>1 n = n
_ 17)\1 ,’,.2n+1
B T+Ar &=on+1
1—A
22—,
I+ N
hence for z € [0,1 — m] we have
Q) 51
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1 n
log P (n Z(Xk —m) > z) < —n2lg(m + 2)

k=1
< —nzzg(wo)
1-X
< —2n2? ,
=TTETEN

while

S

P< (Xk—ﬂ'l)22>=0
k=1

for z >1—m.

Problem 6.10

a) Theorem 31 page 15 of Freedman (1983) shows that letting 7 := 0,
the sequence (7411 — 1 = 7%) k>0, resp. (RL,, _; — RE )p>0, is made
of independent random variables, ¢ € S, hence by the law of large
numbers for renewal processes, see Corollary 14 page 106 of Serfozo
(2009), we have

. E[R)] B[R} ]
m; = lim =1
n—oo  n IE[Tl - l]

=

By the Wald identity, see e.g. Theorem 2 of Chewi (2017), we have

E[T - 1] = E[n — 1] E[x]

and

T—1 -1

E Z Lix,=iy| =E Z Lix, =y | E[x],

j=1 j=1
hence

-1 T—1

B[S tx-n] B[S L-n]
= = s i€S.

E[r — 1] E[T - 1]

Problem 6.11
a) Bounded regret.
i) Define the sequence (7j),>1 recursively as
m=inf{l >1 : X; = X},

and
Tk i=inf{l > 71 : X; = X1}, k>2,
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and let
T:=inf{l>71 : X; =X }.

By Question (b) of Problem 6.10, we have
~VET-1=E[RY,], ies.
Hence we have
RY, —(T—r) <RY —(T—r) <RY <Ry,
and
mVE[T-1-E[T-7] <E[RV] <E[RY ] = " E[T-1]
or
VBT -1] - E[T - 7] < E[RY] < 7\ E[r] + E[T — 7]
hence
VB[] - BT - 7] <E [RY] < ) B[r] + E[T — 7],

and therefore

|E[RD] - n{" El[r]| < E[T —7]. (S.6.5)
We have
N TS N T
EY X0 =S wirie | <3 Y X - e
i=1 k=1 i=1 i=1 k=1
N .
< [B[RY.., - rOTi)|
i=1
ZN
<SR[ - 1)
i=1
= Z Z E [T}Sz‘) _ i) {X(lm =1, X(L()@ o= }P(X(lm - X (4)
i=11,5€{0,1}
<C, n>N,

for some constant C' > 0 independent of n > N, where we
applied (S.6.5), see also Anantharam et al. (1987).

Remark 1.1. Note that in general we do not have
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E® _ < (1)
[ = 7] < max " (5)

for any stopping time 7. For example, if T is the first hitting
time of state 0 by the two-state chain with transition matrix

l-aa
P—[b 1_b},weh(wc

E [ = 7] = uo(0)P(X{? = 0) + u (OP(X ) = 1)
—P(x(V=0) (1+3) + %P(X{” =1
= (1= a)P(X$? = 0) + bP(X{) = 1)) (1 + 9)
(@B = 0) 4 (1 - bP(X =1
In particular, when a = b we find
Bl —r] =2(01 RO =0 +aP(x) =)
+P(X) = 0) + 1 ]P’(X(’) =1),

which does not remain bounded as a tends to zero, whereas in
this case

b b
maxp()( i) = max<a+ 7a+ >:2.
jes a b

ili) Letting

= QZIIlaXﬂl )(J)
we have
Re =nn{V) — E {Z X,i“”}
k=1

<K+7L7r Zﬂ'()]E[T(“"] n > N.

i=1

b) Bounding the modified regret.
i) If none of the stated conditions, hold, i.e. if
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) N,a™) Llogn (N)
n—1 N,a* 1
o
~ (i,a* i Llogn
My 1 ) < § ) (iar)’
Tn—l
(i,a%) 4Llogn
T N BIe
A
then we have
Ve Llogn )
Mn-1 (N.a)
n—1
<2) +7T( ) 7r§i)
(0 4o, [Lloen
)
_ (i,a* Llogn
> w4 \/37
Tn—’l

which implies o, # 4.

ii) We have

Téi,a‘) _

IN

IN

| /\

I/\

n

> Log=i)

k=1

2 Ve Lo iy + 2 Ve Tt m
pOLTRE P +Zﬂ{a =0 Lreansny
k=1

ﬁi + Z ]l{a::i}]l{T;iif;*)Z;;i}

k=1
n
n; + E ]1{“1=’7}]1{T£’;3”227}
k>€1
ni + Z ]1{04 7l}]1 (i, a*) 4L log k
{ris EW}
k>m
i Z :
i+ "L(N <4 S (Log k) T )<7T(N)}
k= 1+nz
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+ E {A<A~)>W<)+ (Llogk/T“"*)}
k= l+nL

hence

n
Ga” @i ~ (N~ Llogk N
k=n;+1 k—1

~ (N, Llogk
" Z : <771(N1 > g D+ (z‘,i)) )
k= n,+1 Tk—l

see § 2.2 of Bubeck and Cesa-Bianchi (2012).
iii) By Question (h) of Problem 6.9, we have

(N, Llogk
P (7”21\]1 '+ T(J\(/)i*) < WgN)>
k-1

j=1
- 1y (N) (N) Llogk (N)
N N N
SZP 72(X 1 )Jr\/;gﬂl
1=1 j=1
Sp(ly ) ™) Llogk
<> P 7 2 (1-x (1-7™M)) > ===
=1 j=1
k
< Z3*2(17>\N)(Llogk)/(1+)w)
=1
_ 1
- J2L=N)/(142)
=1
1

= TR T

and similarly

i,a* i Llogk
R )
k-1

<P|Ie{L,... K ZX(N) O @
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k !
1 (™) N) Llogk
< - Z o
<P (Y =mY) >
=1 Jj=1
k
< Z —2L(1=X)(log k) /(14))
=1
1
T RN/ -1
iv) We have

- 4Llogn = 2
E[769)] < i
(T3] < T 2 + ; RLO—N/ 0TV -1

4Llogn n 2
= (7T§N) _ﬂ_Y‘,))Q L t2L(1—)\)/(1+)\)—ldt
4Llogn 4 1 _ 1
= (7T§N) - ﬂ_gz‘))z L(l _ )\)/(1 + )\) —1 n2L(1—A)/(1+A)—2

hence

Ry =nm ' —E {Z ﬂu;:|
k=1

E [W%N) — ﬂ“‘t)}

Il
M=

=
Il
A

N
— ) =3 nf) i)

i=1

(m" =) BT

Il
.MZ

I
—

K2
N—-1 AL N) 7T§i)

<

< (logn) ; mO. +Z ST - )\)/(1 PV

provided that L > (1+X)/(1 = A).
Problem 6.12
a) We have

1 1 m—1
P(ﬂfﬂ_lzm):ﬁﬁfﬁ) , m>1, [=1,...,N—1,
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i.e. Ty —T;_1 has a geometric distribution started at 1, with param-
eter py:=1—1/N,l=1,...,N—1.

b) We have
k LAY
E[T] =Y B[ -Tia] =Y
=1 =1
and in particular
N-1
N
E[Ty-1] T
=1
¢) We have
k k )
4 N l
Var[Ty] = S VarlTy = 71, = S — 2L — 7<1_f>7
py DB EP D Gl
and in particular
N-1
N? l
VarIy-1] = ) 5 (1 - N) < CN?,
=1
with
1 7
=1
d) Since
N-1
E[Tn-1] = W < N(1+1logN),
k=1

using Markov’s inequality we have, for N large enough,

P(Tny-1 > (1+a)NlogN)
=P(Ty-1 - E[Iy1]> (1 +a)Nlog N — E[Ty_1])
<P(Ty-1—E[Tn_1] > (1 +a)NlogN — N(1+log N))
<P(Tn-1—E[Tn-1] >aNlogN — N)
Var[Tn_1]
~ (aNlogN — N)?
< CN?
~ (N(-1+alogN))?
C
T (CltalogN)?
e) The distribution of X,, given that 1 + Ty_1 < n is uniform on S,
because at time 1+ T_; all cards have been uniformly displaced,
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including the original bottom card after it reached the top position
at time Ty_1.

Let (Y;,)n>0 denote a Markov chain with same transition matrix as
(Xn)n>0, but started in the uniform stationary distribution. Since
X, has the uniform distribution 7 given that 14+7Tx_1 < n, by the
coupling argument of Proposition 6.24 and the answers to Ques-
tions (b) and (d), for N large enough we find the convergence rate
in total variation to the uniform distribution

—
=

IP(X1t(4a)N10g N € ) — WHTV = ZUI; |P(X14(14a)N10g v € A) — m(A)]
C
= iu% |P(X1+(1+a)NlogN € A) - P(Y1+(1+a)NlogN € A)|
C
< sup |P(X14(taynviogn € A and Ty_1 < (1+a)NlogN)
ACS
—P(Yit(14a)N10gny € Aand Ty_1 < (14 a)Nlog N)|
+ sup [P(X14+(1+a)yviogy €A and 1+ Ty_y > 1+ (1+a)NlogN)
ACS
—P(Yit(4a)N1ogn € Aand 14+ Ty_1 > 1+ (1+a)NlogN)|
= sup |P(Xi 1 (14a)N10gny € Aand 1+ Ty_1 > 1+ (1+a)NlogN)
ACS
— ]P)(Y1+(1+g,)NlogN cAand 1+Tn_1>1+ (1 + a)N log N)|
<P(1+4Tn-1>1+(1+a)NlogN)
<« ©
~ (-1+alogN)?’
provided that a > 0.

Remark. Tt can also be shown that
i [P(X sy s € ) = gy >0

for all @ € (—1,0), which shows that the speed N log N is optimal
for the convergence of the random shuffling (X, ),>0 to the uniform
distribution on S in total variation distance as N tends to infinity.

In addition to the top-to-random shuffle, other types of shuffling in-
clude the random transpositions shuffle, the transposing neighbors
shuffle, the overhand shuffle, the riffle shuffle, etc.

Problem 6.13 (cf. Levin et al. (2009)-§ 4.3-4.5)

a) For any two probability distributions p = [u1, g2, ..., un] and v =
[v1,v9,...,un] on {1,2,..., N} we have
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1
lu—vlrv = 3

1
< Z
-2

b) We have

luP —vPlrv = *ZHNP]J [vPl;

. n n
2 Z D wiPij =D viPi
j—1 i=1 i=1
=3 N
Jj=1i=1
1 N
= 52 pi —vil Y Pij
= =1
) - J
=3 g i = Vil

¢) Replacing p and v with pP™ and 7 in the result of Question (b) we
find

—_

Lil/il

l\.')

|uP**t = 7)oy = [(uP™)P — 7P|lTv
< pP™ =ty

d) Letting k£ € {1,2,..., N} and taking

pe=1(0,...,0,1,0,...,0)
T
k

we have pP"*1 = [P"F1], and by Question (c) we find

1Pk, = wlloy = |uP**' =7 P|ry
< |lpP"™ = 7y
= I[P, — 7llTv-
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Taking the maximum over k = 1,2,..., N in the above inequality
yields

d(n+1) max ||[[P" My, — 7|ty

T k=1,2,..N

< o
< max P — 7l

=d(n), n e N.

e) The chain is irreducible because all states can communicate in one
time step since P;; > 0, 1 < 4,5 < N. In addition the chain is
aperiodic as all states have period one, given that P;,; > 0, i =
1,2,..., N. Since the state space is finite, Corollary 6.2 shows that
all states are positive recurrent, hence by Corollary 6.7 the chain
admits a limiting and a stationary distribution that are equal.

f) We note that Qg can be written as

Qo = [ [Qe]i,j ]lgi,jgN
[ [QG]l,l [Qe]l,z [Qa]l,N

[Qol2.1 [Qol22 -+ [Qola.n

L [Qo]n1 [Qoln2 -+ [QolnN
= (Pr1—6m) (Pra—0my) -+ 25(PLy —Ony)

1
-0
ﬁ(Pz,l —0m) ﬁ(Pzz —Oma) - ﬁ(Pz,N —On)

_ﬁ(PN,l —0m) ﬁ(PN,Q —Om) -+ 1T1(9(PN,N —fOn)

Clearly, all entries of @y are nonnegative due to the condition
P;; > O, i,j=1,2,...,N.

In addition, for all i = 1,2,..., N we have

N 1 N
> Qi = T—% > (P —011,)

Jj=

,_‘
<.
Il
A

) 61

October 12, 2024



o
=

h)

62

—
>

1-6 1-6
=1, 0<6<1,

and we conclude that @y is a Markov transition matrix.
Clearly, the property holds for n = 1 by the definition of Qy. Next,
assume that

P =I+01-0)"(Qy—H)

for some n > 1. Noting that the condition 7P = 7 implies [T P = II,
we have

P = (I +(1-0)"(Q5 — M) P
=[P+ (1-6)"QyP—-(1-0)"IIP
=IO+ (1-0)"QyP—-(1-0)"11
=1+ (1-0)"Qy (I +(1-0)(Qe — 1)) — (1 - 0)"1I
=T +60(1-0)"QpIT + (1—-0)" T Qp+! — (1 —0)"1T
Next, we note that since Qg is a Markov transition matrix by Ques-

tion (f) we have QgII = II, in other words we have PIT = I1? = II,
and

1 1
Qll = (Pnfanﬂ::Tjgquan):

5 (P —0I) 11 =

—0
and more generally QI = II, n > 1, hence

PP =114 0(1-0)"QpIT + (1—0)"'Qyp* — (1—0)"IT
=II + 9(1 _ Q)TLH + (1 _ 9)n+1Q79’L+1 _ (1 _ 9)"]7
=IO+ (1-0)"Qptt — (1 -0t
=IT+(1-0)"t (Qy™ — I).

Let k € {1,2,..., N}. By Question (g) we have

1Pk, = wllvv =

[Pk, — i, |lTv
N

ZHP"]k,i =l

l\')\»—-

DO |

W
10— 0[5k — (1= 0)"m|

Jj=

—
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_on &
= OO S Qg — il
=1
=(1-0)"Qplx, — mlrv
<(1-0" >0,

where we applied the result of Question (a), since IT. = 7 is
a probability distribution and the same holds for [Q}]x,. for all
k=1,2,...,N by Question (f).

The relation
I[P "k, — 7llrv = (1 = 0)"[I[Q41k,. — 7llTv,  n >0,

also shows that, in total variation distance, at each time step the
chain associated to P converges faster (by a factor 1 —6) to 7 than
the chain associated to Q.

Finally, we find
d(n) = : Py — <(1-0)" >0.
(n) =, max P, —7llrv <@ -0)",  n>0
i) If tyix = 0 the inequality is clearly satisfied, so that we can sup-

pose that tnix > 1. By the definition of ¢,,;x and the result of
Question (h) we have

1
7 <dltmx—1) < (1= g)imix—t,

hence
1 R _ f)tmix—1) — A _
log 1< log d(tmix — 1) < log ((1 - 6) ) = (tmix — 1) log(1 — 0),

and
log d(tmix — 1) log1/4

tmix — 1 < < .
log(1 —6) log(1 —0)
Hence we have log 1/4
og
t AX 1 171 o\
mi. < + 10g(1 o 0)
which yields
log1/4
tl]]iX 1 171 o\ 9
= [logu = 0)W

and finally

log1/4
< | —= ]
i = h)g(l = eﬂ

j) Given the transition matrix
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2/31/6 1/6
P=1/31/21/6
1/62/31/6

and its stationary distribution
™= [Trl, 2, 773] = [11/24a 9/24 4/24]

we check that in order to satisfy all nine conditions P; ; > 07,14, j =

1,2,3, the value of # should be in the range [0,4/11]. The optimal

logl/4

value of 0 is the one that minimizes the bound % , i.e.
log(1 —0)

6 =4/11, and

’ [logl/ll

Ww = [3.067] = 4.

fE - ;

Time steps n

Fig. S.5: Graphs of distance to stationarity d(n) and upper bound (1 — 6)".

We check from the above graph that the actual value of the mixing
time is tmix = 2. The value of d(0) is the maximum distance between
7« and all deterministic initial distributions starting from states k =
1,2,...,N.

Remark. We have shown that the conditions 7P = 7 and P; ; > 07,
i,j=1,2,...,N, for some 6 € (0,1), define a unique (stationary) dis-
tribution 7 which is also a limiting distribution independent of the ini-
tial state. This is the case in particular when P; ; > 0,4,7 = 1,2,..., N,
in which case the chain is irreducible and aperiodic, and admits a
unique limiting and stationary distribution. More generally, the re-
sult holds when P is regular, i.e. when there exists n > 1 such that

[P™;; >0foralli,j=1,2,...,N, cf. § 4.3-4.5 of Levin et al. (2009).

64 @)

October 12, 2024



Below is the Matlab/Octave code used to generate Figure S.5.

P = [2/3,1/6,1/6;

1/3,1/2,1/6;
1/6,2/3,1/6;]
pi = [11/24,9/24,4/25)
theta = 4/11

u(n)=0.25;
z(n)=(1-theta)~(n-1);
distance(n) = 0;

for k = 1:3

d = mpower(P,n-1)(k,1:3) - pi;
dist=0;

fori=1:3

dist = dist + 0.5*abs(d(i));

end

distance(n) = max(distance(n) ,dist);
end

end

graphics_ toolkit("gnuplot");

plot(y,distance,'-bo','LineWidth',8,y,z,'-ro','LineWidth',8,y,u,'-k',
'LineWidth',8)

legend('d(n)','(1-\theta)"n')

set (gca, 'xtick', 1:10)

set (gca, 'ytick', 0:0.1:1)

grid on

xlabel('time steps n')

ylabel('distance')

pause

Problem 6.14 (cf. Lezaud (1998))

a) By the Perron-Frobenius theorem applied to the nonnegative ma-
trix P, the largest eigenvalue Ag of P has a single multiplicity and

satisfies

d d

1 = min Pz] < /\0 < max Pi,]' =

1<i<d 4 ’ 1<i<d 4
=1 j=1

Moreover, the eigenvector with eigenvalue \g = 1 is clearly € =

(1,...,1),as Pe=c¢.

b) The projection operator II onto € is the linear mapping given by

d

ws () = 829 _ 1 ae = 3w, &),

&e) i=1

where {€1, ..., €4} is in the orthogonal basis

er:=(0,...,0,10,...,0), k=12
n
k

of RZ. Tts matrix in {&},...,&;} is given by

O

goes
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I = (IT; j)1<ij<a = ((€5,€) )1<ij<a = (Tj)1<ij<d>

i.e.
™ T T T3 T4 -+ Tq
™ T T T3 T4 -+ Tq
IJ:=|T| = |71 T2 T3 T4 -+ T4q
_7T_ _71'1 Ty T3 T4 - Trd_

We also note that I7 is self-adjoint with respect to (-,-), as

(u,v) E mimiuvy = (u, Iv),
i,j=1

and its highest eigenvalue is 1.
¢) The equality clearly holds for n = 0, due to the convention Z?Zl =
0. Assuming that it holds at the rank n > 0, we have

ntl n+1
PXp( Zf(Xl> ‘Xn_k‘:| El:eocf(Xl exp( Zf(Xl> ‘Xg_k‘:|
d n+1
:ZE |:1{X17'}€af(X1)eXp <aZf(Xl)> ‘Xok:|
r=1

=2
1 d n+1
- - af(r) 1 P X
HeTErP I { Comenm (a,; g ')>]
n+1
_ Z afm%_ﬁ)—”]g [Cxp (aZf(Xz)> ‘Xo —k Xy = T}
=2

n+1

= Zenf(r)[p(xl =r|Xo=kE {exp (aZf(Xﬂ) ‘Xo =k, X;= r]

rzl - =2
_ Zeaf(r)Pk I:exp ( Z f(X[ ) ‘Xl = T:|

r=1

d

— Ze"f(r)Pk_f E {exp (az f(Xl)) ‘Xr]
_ ZPIC Faf(r) Z QD/ " .
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d
an n+1
=2 _[(Pe Jia
=1

d) We have
P (; F(X0) 2 ny ‘ Xo = k) =R {1{ S f(X)zne ) ‘X" = k}
n
<E |:0Xp <a2f(Xl)> ‘XU = k}
=1
d
=e M Z [(Pean)n}k » n=>0.

=1

e) We have

> mel[(PerP)"], = (@ (PerP?)"8)

k=1
= <é’7e’°Df/2 (ean/QpeﬂDf/2)”eODf/2g>
= <e*f¥Df/2é" (eﬂDf/Zpean/Z)"ean/2g>
< |leoPr/2g) . ||(eaDj/2P€qu/2)”€qu/25”
< Heanf/?g“ . Hean/2gH . ||(e“Df/2Pe"Df/2)"H

< e (Ao(a)™

f) By Questions (d) and (e) we have

n
P (Z f(Xl) > ny ’ X = k> < 67(!7n6a(AU(OZ))n _ eotfn(ouyflog)\D(a))7
=1

n > 0.
g) The first equality follows from the fact that ITP = P. Next, letting
M = (A/[i‘j)lgijsdy we have

d
IID}YMDT = <Z me" WM, jemt (J')> ;
=1 1<i,j<d

hence

d d
w(IIDFMDT) =33 mert Oy jemf D = (M.

j=11=1
h) We apply 11-(2.31) in Kato (1995) by matching the expansion
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PeaDs — Zanp([;f')
n>0 :

to I1-(2.1) in Kato (1995) and by taking m = 1, see page 74 line -
1 therein, since by Question (a) the multiplicity of the eigenvalue
Ao(0) =1 of P is 1. We have

e = —tr(PD;S©)
= tr(PD;II)
= tr(ITPDy)
= tr(IIDy)

d
= mf(k)
k=1

= E[f(X1)]
=0,

and
c —_7”f‘|2+,<f 5f><,<f Sf><( _)\) 1
2 = 2 9 i =9 ) = 1 .

where we used S = —JT and S = S. Next, for n > 2 we have

i (PP gk p P ok,
v1! vp!

1 1Z K} ‘ 12
mtr(ﬂp(Df) 1§k g p(Dy) v)

vyt frp=n
k1++kp=p—1
V121, vp>1
k120,...,kp>0

1

vl pp!

(f1,SMP(Dy)* - S4-2 P(Dy) v M1 Pf),

where we used $(® = —17, $(™ = §” Question (g), and the rela-
tion tr(AB) = tr(BA).
i) We have
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2p —2
> -y =)
P g tpmpe p—1
1+ tkp=p—1 vit-+vp—p=p—1
k120,...,kp>0 v121,.up>1

j) Since |A1] < 1 by the Perron-Frobenius theorem, we have 0 < 1 —
A1 < 2, hence

" (—1)pH!
=3 EUT

p=1 p

e SHP(Dg) R - SN P(D ) SR P A
V14 Arp=n 1 p*

ki+-tkp=p—1
v1>1,..,vp>1
k1>0,...,kp>0

"1
< Z

1 . : ;
> I I8 Py SN P(Dyy 8 P
Vit Hvp=n 1 p*

ki+-+kp=p—1

vi21,.,vp>1

k120,...,kp>0

ﬁ”sk; c Sk

1 . ,
Yo g glste st

p=1 p Vit Hrp=n

byt thp=p—1
,/,21..”.,/1021
k1 >0,....kp>0

< (L= A~
p=1 P2y
Z" (L=20)/2)""Y fn =1 (2p -2
< e A A—
71;:] p2n71 p,I p,1
(1= 2)/2)7 D n =1 /2p -2
< N R
- 1; p2n—t p—1)\p—-1

e e [v&)

p=1

G
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n—1

o )—=1) n—1) N
<(1-XM)" Zpﬂ(p 4 p>2

Next, we note that for > 0 we have
n—1

] G P P M G I

p=0

I n—1
—Ifo(lﬂ/) dy

(At -1
N nx
< (1+az)"

=T

nx

hence, taking x := 4 we obtain

(15" (15"
< (1=X) " — < (1=X) " —,
en = ) an ( ) 25
and we check by hand calculation that the bound
1 /n—1\4P"t 5
SRl
=P p—1)ap ~ 25
is also valid for n = 3,4, 5, 6, hence we have
(15"
< (1= Ap) (D ) > 2
cn < (1=X1) 55 n >
k) Noting that ¢; = 0, we have
o(a) = 1+cha”
n>2
571 2
< 1+Z
n>2
30 2 a”
<1
+Z )\1)n 1
rL>Z
S P !
- 1—XM1-5a/(1—X)
a?
=14+ — 0,(1—X1)/5
+1—)\1—5(17 ae[v( 1)/)7

hence
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(1) ol el )

1—X na?
< exp 5 nya+ ———— |,

a€0,(1—XA)/5).

1) We minimize
2

a
1-— )\1 — b
over a € [0, (1—A1)/5) by noting that the vanishing of its derivative

2
« «
5 2 —y=0
<1*)\175a> TN —5a

= —ya+

occurs at
Qe 1+ /145y
1—A —5a, 5 ’
i.e.
N _(1_/\)—1—&-\/1—&-57_ 1=y <1—)\1
* Vs T+ 59 1+5v+VI+57 5
hence
(g
YT TN —5a. . U7 T TN —san
. —1—-5y+/1+5y
=a,
— (=) —1—-57v++/1+5y
- VY50 + 57+ VIt 5y)
145y — (14 57)2
) il ( z)z
5(1+5y++/1+57)
(= M)P(A+59)
(1+ 5y + T+ 57)2
_ =M
1+ vVIT57)?
7(17)\1)72
T (1+6)?
7(1*>\1)’Yz
7426
2
.
—(1= X))~
< 13
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Chapter 7 - Ising Model

Exercise 7.1 (See also here). By first step analysis, we have
h(3) =1+ h(2),

h2) =1+ %h(l) + %h(:&),

1 2
1)=1+3 =h(2
B(1) = 1+ 3 X 0+ Zh(2),
h(0) =0,

which yields

h(2) =1 +§ <1 + ;h(z)) + %(1 +h(2))
:1+§+%Mm+%
:2+gmm,

+ %h(2)

hence

>
~
—
= = =
Il
S N © =

Problem 7.2 (See also here).

a) We have h(d) = 0.
b) We have h(0) =1+ h(1).
¢) We have

h(r) = 1+ Zhr = 1) + T,

y r=1,2,...,d—1
d) We have
T d—r
h(r):1+ah(r71)+Th,(r+l), r=12,...
hence
r d—r r d—r
gh(r)Jr 7 h(r) = 1+ah(r71)+ 7 h(r+1),
hence
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S == -, =12,
hence
1 (d
f(r) (T)Z;(l)’ r=0,1 T
f) We have
+Z h(k + 1))
= h(d) — Zf(k
1 ko
= , = d
Xy (i) o
g) We have
1 ko
h(0) =
-2 w2 (1)
and
1 ko 1 ko
h(l) = s nd h(2) = -
O-Z g (i) = =Ly 2 ()

h) i) When d =1 we find h(0) =1, h(1) =0
ii) When d = 2 we find h(0) = 4, h(l) =3,h(2) =
iii) When d = 3 we have h(0) = 10, k(1) =

Remark. This random walk is the same as the one in Exercises 6.7 and
7.3 in Privault (2018) on the Ehrenfest chain.

Chapter 8 - Search Engines

Problem 8.1

a) The transition matrix of the chain (X)), >¢ is given as follows:
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1/21/2

/
0
0
1
1

|
Il
cocoocoo

/
0
0
0
0

(= =]
cCo o oo

b) The chain (X,),>o admits the following graph, and is clearly re-

ducible:
1/2
,/1\@
=0 o

c) Starting from state (@), @ or (e), the limiting distribution is
(0,0,0,1,0), starting from state @ or (©), the limiting distribution
is (0,1,0,0,0), so that although the chain admits limiting distribu-
tions, it does not admit a limiting distribution independent of the
initial state. More precisely, it can be checked that the powers P™
of the transition matrix P take the form

00010 00010
01000 01000
P"=101000 for all n > 2, hence lim P"= |0 10 0 0
00010 nee 00010
00010 00010

d) The equation m = 7P is satisfied by any probability distribution of
the form
™= [7'((“ oy Tey Td, ﬂ'C] = [07p7 0,1—p, 0]7

with p € [0,1]. The stationary distribution is not unique here be-
cause the chain is reducible. B

e) All rows in the matrix P clearly add up to 1, so P is a Markov
transition matrix. On the other hand, all states become accessible
from each other so that the new chain is irreducible and all states
have period 1.

f) Since the chain is irreducible, aperiodic and has a finite state space,
we know by Corollary 6.7 that it admits a unique stationary distri-
bution 7. The equation 7# = 7P reads

T =7P
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11111
c 11111
=Sx|11111|+Q—-e)#P
"ol11111
11111
€ €€ e e
=|=,2, =, =, = 1—¢e)7P.
5555t
g) The equation
ceeece
F= |22 oo, 2| +(1—e)RP
N [5’5’5'5 5]” e
reads
0001/21/2
c e e e 010 0 O
[7r11>77b77ru77rd77rc]:[5»5757575}+(175)7~T 010 0 0 s
000 1 O
000 1 0

h) We note that

o €
a757
2—¢
T, =
b 5 )
€
77(::51
_(2-¢)83-¢)
= 10
_(3—¢)
Te= "0

Ta = Te < e < T < Ty,

hence we will rank the states as

Rank| State
1 d
2 b
3 e
4 la~c

(S.8.6)
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based on the idea that the most visited states should rank higher.
In the graph of Figure S.6 the stationary distribution is plotted as
a function of € € [0, 1].

1
Ty + T+ T+ Tg+Tle —@—
g —&—
= o8 M —><—
£ e
3 e —%—
5 oer N, ——
B
S
=
© 0.4 >
2
S
=
[ 3
0
1

€

Fig. S.6: Stationary distribution as a function of € € [0, 1].

We note again that the ranking of states is clearer for smaller values
of . On the other hand, € cannot be be chosen too large, for example
taking ¢ = 1 makes all mean return times equal and corresponds
to a uniform stationary distribution. This can be illustrated using
the following ‘R code.

1| library("igraph"); library(markovchain)

P<-matrix(c(0,0,0,0.5,0.5,0,1,0,0,0,0,1,0,0,0,0,0,0,1,0,0,0,0,1,0),nrow=5,
byrow=TRUE)

3 | MC <-new("markovchain",transitionMatrix=P,states=c("a","b","c","d","e"))

graph <- as(MC, "igraph")

5 | plot(graph,vertex.size=50,edge.label.cex=2, edge.label=E(graph)$prob,
edge.color='black’, vertex.color='dodgerblue', vertex.label.cex=3)

page_rank(graph,damping=0.97)

7 | $vector

abcde

9 | 0.00600 0.39400 0.00600 0.58509 0.00891

Fig. S.7: Markovchain package output.
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i) By Corollary 6.7, we find

pala) =2

p(b) = 5—
w@zg

M) =
tre(€) = g(;—fg).

In the graph of Figure S.8 the mean return times are plotted as a
function of € € [0,1]. A commonly used value in the literature is
e=1/T.

Mean return times

€

Fig. S.8: Mean return times as functions of ¢ € [0, 1].

For small values of € the mean return times can be higher, and therefore
the simulations may take a longer time.

Chapter 9 - Hidden Markov Model
Exercise 9.1
a) By summing over o1, ...,0; we have

P(X; =iy ...,Xo = ip)
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=P(Xy =it | Xem1 =dp—1) - P(X1 = i1 | Xo = io)P(Xo = ip)
=P(Xy =i | Xym1 = 141)P( X1 = ip—1, ..., Xo = o),

which recovers (1.1) as
P(Xy =i | Xom1 = g1, .., Xo = d0) = P(Xy =i | Xym1 = d—1), ¢t 2> 1.
b) We have

P(X; =is,...,Xo =io, Ot =o01,...,01 = 01)
=P(Oy =0y | X¢ = it)P(X¢ =it | X1 = d4-1)
P(Xi—1 =it-1,...,X0 =140,0t-1 = 0t_1,...,01 = 01),

hence by summing over ig, i1, ...,i—2 and 0,1, we have

P(Xy =iy, X1 = i4—1, Op—1 = 04—1,...,01 = 01)
=P(X; =i | Xoo1 = i4-1)P(Xp-1 = 44-1,04-1 = 04—1,...,01 = 01),

which implies

P(X; =iy | Xy—1 =%—1, Op—1 = 04—1,...,01 = 01)
S B(Xy =it | Xt —ie1), 2 L. (5.9.7)

Exercise 9.2

a) We have

P(OH»l =, Ot = u) = ZP(Ot+1 =, Ot =u, Xt = I)

z€S
= P01 =v| Xy = 2)P(X; = 2,0, = u)
zes
= ZP(OtH =v, Xy =2)P(Or =u| Xy =x)
z€S
= Z P(Oi1 =, Xey1 =y, X¢ =2)My
z,y€S
=Y PO =v| Xep1 =y, Xo = 2)P(Xep1 =y, X; =2)May
z,y€es
=Y PO =v| Xy =y, Xo =2)P(Xep1 =y | Xo = 2)P(X; = 2) M,y
z,y€S
=Y mePey My P(Or1 = v | Xip1 =)
z,y€S
= > WPryMyuMy,, u,veO.
z,y€eS
78 O
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b) We have

P(Or11 €B, O, € A) =Y > POy =0, O, =u)

ueAveB
= > WPy Y My, Y M.
z,y€S veEB ueA
¢) We find
POr€ A) =Y Y POy =v, Oy =u)
ueAveO
=330 MyumaPryM,.
ueAveO z,yes
= Zﬂ—z Z ]\/[z,u7
€S ueA
and P(Oy1 € B| O, € A)
€ : €
P(Oup1 € B| Oy € A) = ——1
( t+1 ‘ t ) P(Of c A)
d) If
Seea Miw Yoes My 01|’
then

POi1 €A Ore A= > > My ymaPryM, .y =moPo0,

u,wEA x,yeS

and similarly

Of € A Z Z Z M, 7)7Tach,yA1ac,u, = 7o,

uc AveO z,yes
hence P(Oy41 € A, O, € A) = Py, and more generally,

P(OH—I cA I 0, € .A) IP(OH_l cA ‘ O, € B)
P(Oy41 € B| Oy € A) P(Opy1 € B| Oy € B)

Poo Poa
Pig Py

e) We have

o] = 0.6842348 0.8564253
O™ 10.8564253 + 0.6842348 0.8564253 + 0.6842348
= [0.444117947, 0.555882053].

f) We have
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PO €A O €)= mPy > My, S M,

z,y€S vEA u€A

= moFo,0 Z Mo, Z Mﬁ,u + 7o Fo,1 Z ﬂl,v Z Mo,u
veA ueA veA ueA

+mPro Z ﬁo.v Z Ml,u +mPra Z ﬁl.v Z ﬁl,u
veA ucA veA ueA

= 0.444117947 x 0.1435747 x 0.53605372 x 0.53605372
40.444117947 x 0.8564253 x 0.02345197 x 0.53605372
+0.555882053 x 0.6842348 x 0.53605372 x 0.02345197
+0.555882053 x 0.3157652 x 0.02345197 x 0.02345197

= 0.027982632,

and
PO, €A) =D "m0 > My
z€S ueA
=m0 Y Mou+m Yy My,
ueA ueA
= 0.444117947 x 0.53605372 + 0.555882053 x 0.02345197
= 0.251107607,
hence
—~ 0.027982632
P =———— =0.1114
(Op1 € A| O € A) 0251107607 0 368,

and more generally,

P(Op1 € A0 € A)P(Or1 € A O € B)] (S.9.8)

P(Opy1 € B| Oy € A) P(Oy1 € B| O, € B)
0.1114368 0.8885632
~ 10.2957185 0.7042815 |

g) We find that (S.9.8) is a close approximation of (9.20).

Problem 9.3 (Wolfer and Kontorovich (2021))
a) Foralli=1,...,d we have

1
E > =3 Yzw=— P

J=11" k=1

1 d
:nZ]E{

j=1

> 1zw=iy —nP,
k=1
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2
(Yzity=iy — Pii)

IN
Sl
=

§\H

IN
S

S

where we used the Cauchy-Schwarz inequality.
b) Using the inequality [|u| — |v|| < |u — v|, u,v € R, we have

n

d
1
Z 1{w—y}+g Y Lem=i — P

k=1, k#i

d
1
Z 1{1/ 7}+7 Z 1=y — Pij

j=1 k=1, k#i
1 d n
<2 =t XL lew=n — P
j=1 k=1, k#i

d
—(Zl{u 53+ Z Liaky=j} —

=1 k=1, ki

1
== =i — =]
j=1
2
< —i=gy, i=1,...,n.
n
¢) Using McDiarmid’s inequality, for all ¢ =1, ..., d we have
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Lz,(y=jy — Pij| > €

=
M-
S
M=

£l
I

1

1
~S1 ~ Py~ E
w2 Hzwm=iy — Fig

M=~

1 k=1

J

-E

1
gz {Zi(k) J}_ i,j

y 2
( f: 5 max <0,z—: n)
2
= exp —7de -1/ =
n
N

< exp

r
<.

LJ
d
>e—E Z .

Jj=1

B

Il
—

|

=1

1
2

S|

3

L z:(ky=jy — P

=
Il
—

l{Z,(k-):j} - P

d) When =mn > 1, we have
P, - m711
z:](’m‘) T Nz m) Pt {Xk=1,Xp+1=5}
1 m—1
= — 1.
n (X lZ~ (1+N~ (k))=3}
k=1
m—1
1
= — 1,- . =~ .
n {Xk=1,Zi(1+N;(k))=5}
k=1
! Y 1 i,j =1 d
= (Z:(k)=4} i,j=1,...,d
k=1

e) This follows from the fact that X k+1 has the same distribution as

Z; given that )?k =1q.

f) Letting n; := [mm;/2], i = 1,...,d, letting ¢; := (1 — 1//2)?

have

d
OSE*\/%SE\/E-, n2n,~22d/€2,

hence
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3n;

d
ZP Z“gm‘(m)* 1]}>€andN( Y=n
j=1

3n;

= Z P Z{P”(m P;j| > ¢ and Ni(m) =n
n=n;
3ns n d :

= Z exp 7§max 0,e — o

3n;

2 e—2n(:162

n=n;

< (2n; + 1)672""6182

IN

<
< (2,”1 + 1)e—m1r7,c152’

provided that n; > 2d/e2, or m > 4d/(e*m;).

g) We have
3n;
ZZP Z{P”(m P, ;| > e and Ny(m) =n
=1 n=n;
d 2
< (@n 4 1)emermme
i=1
2711 +1 e ¢ m7r1€2/2
< Z clmms? '

< Z Q[HLTF;/Z—‘ + 1 —(‘”717\';5 /2

cymmie?

d
< Z m+3/m pmcrmmie/2

cyme?

E e ¢t mmie? /2
0152 mm
d 3 2
— 1+ e—cimmie /2
ci1e2 My

d 382 2
< 1 = —cymmie” /2
= el ( * ) ¢

2d
—FK€
- (3152

| /\

—cimm.e? /2
k)
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provided that m > 4d/(e?m.) and € € (0,1).
h) For all £ > 0, we have

d
P (iﬂllﬁfdzl |P, j(m) — Pij| > 5)
d
=P ( max Z |P, j(m) = Ppj| > e and (|{N;(m) € [ni,3ni]}>

""" j=1

d
( m:ax) Z }P” P”| > ¢ and U{Ni(m) ¢ [71%37%]})

Jj=1
(z

d
{Z — P, ;| > e and N;y(m) € [ni,?m,i]})
U n,73n1]}>
d
Z Z ”(m ,-,j| > ¢ and N;(m) € [ni,?)ni])
d
(U 71,73711]})
_ZZP(ZUD” - z]‘>5(LndN( )= n)

+PEie {1,....d} : Ni(m) ¢ [, 3ni]).

| \
—

i) Letting fi(x) := 1=} — 7, i = 1,...,d, we have

Nifm) — (m — D = 3 fi(X0)
k=1
and
B£(X4)] = B[N (m)—(m—1)m] = [Z i Xk] (m=1)m =0,

hence by the bound in Question (1) of Problem 6.14, we have

P(Fie{1,....d} : Ni(m) ¢ [ni,3ns)
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=PFie{l,...,d} : Ni(m)>3n;)+PEFie{l,...,d} : Ni(m)<n;)
<P@Eie{l,....d} : ( ) > 3(m — 1)mi/2)
+P(Fi e {1,...,d} : Ni(m) <2+ (m—1)m;/2)

m—1
. 1 o’
=P (Hz e{l,...,d} : o1 g:l fi(Xg) > 2)
1= ™ 2
1 . ) vy 7
+P <31€{17‘..,d} | ,;:1 fi(Xy) < ) +m1)

m—1 2
m(ma’{dm 12 fl<X'€>>ml>

J(1=X1)/5 —(1—)\1)m7r12/48+c(l—Al)/5c—(1—A1)7n(7r,/2—2/(m—1))2/12

<e
<ec de—(\gm (1—X )7r m > 27

where ¢y = 2e(1=21)/5 and

L1 4 _5
MR 12 mm—-1))) =12’

provided that m > 1+4/m,.
j) We upper bound

3n;

Z Z P Z!P”(m P; j| > & and N;(m) =

=1 n=n;

2d
61?6
)
<3

—clmﬂ*EE/Z

and

PEie{l,....d} : Ni(m) ¢ [ni,3n]) < code™>mAA072
5

<3
2

which yields
4d

m > ——log ——
C1T4E2 dcie?

and
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N 1 1 202d
s g 22
C3(17A1)7T,% & 4 ’

hence, using the facts that d > 2 and y + logz < 2logz, > €Y,
we find that there is a constant ¢ > 0 such that for all

m

1 d 1 d
m > cmax o max d,logg ,mlogg s

we have

d
P 12?§d21|37j(m)7Pi1j‘§5 >1-—0.
=

For example, taking ¢ = § = 5% and 7, = 1/d with d = 26 we find
m Z 62300,

Chapter 10 - Markov Decision Processes

Exercise 10.1 By first step analysis, we have
Vala)=0
2 1
Va(b) = -1+ gva(a) + gVa(C)
Va(c) =2+ V,(b),

which has for solution V,(a) = 0, Vo(b) = —1/2, Va(c) = 3/2, as
confirmed by the following ‘R code.

library("igraph"); library(markovchain); statenames <- c(*a", "b", "c")

P<-matrix(c(1,0,0,2/3,0,1/3,0,1,0),nrow=3,byrow=TRUE, dimnames =
list(statenames,statenames));

MC <-new("markovchain" transitionMatrix=P); graph <- as(MC, "igraph")

plot(graph,vertex.size=50,edge.label.cex=2,
edge.label=E(graph)$prob,edge.color='black', vertex.color='dodgerblue',
vertex.label.cex=3)

expectedRewards(MC,100,c(0,-1,2))

0.0-0.515

meanAbsorptionTime(object = MC)

bc
a23

Exercise 10.2 By first step analysis, we have
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V(1) =-2+Q1-pnV(Q1)+pV(2)
V(2)=3+1-gh V(1) +arV(3)
V(3)=1+1V(3)

hence
V(1) =-2+Q1-pnV(Q1)+pV(2)
V(2) =3+ (1 -V (1) + T
1
V@) =-—r"= ",
1—7v nZZOFY
and

Bpy —2)(1 =) +pgy?
(1-QA=py=(1=gpy*)(1—-7)

B v =) (Bpy—2)(v =) +par®)
V@) =3+ e g P g ) [y
1

O R —

V(1) =

In particular, when p = ¢ = 1 we check that
42

V(1) =-2+3
1) MRt

e, 7
V(2)_5+—177,

Exercise 10.3
a) We have

h(k) = E

ZﬂLC(XL) X() = k:|
i>0

= E[¢(Xo) | Xo =k +E Xo=Fk

> Ble(Xi)

i>1

=ck)+ Y P E > Be(X) | Xu _]]
jES i>1
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=c(k)+ 8 P, E |3 ple(X)) ‘ Xo=j

jes i>0

=c(k)+BY_ Puh(j), keS.
jES

This type of equation may be difficult to solve in full generality.
b) The chain has the following graph:

0.5

The average utility h(k) solves the first step analysis equations

h(0) = e(0) + 3 h(1) = 5+ L h(1)

h(1) = e(1) + %h(o) + %h(l) S %h(o) + %h(l)

h(2) =0,

which yields
h(0) =6, h(l)=2, h(2)=0.

See also Problem 5.22 in Privault (2018) for a related problem with
explicit solution.

Exercise 10.4

a) The optimal action-value functional Q*(k, a) is obtained as follows:
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1
-
1 1 1 1
1

b) The optimal value function V*(k), k = 1,2,...,9, is given in the
next table.

DVm=-1 QVE)=-2 OVE--

@v*(4):4I B VH5)=0 ® V*(6) = +3

@v*m——l: ®VE =1 @V

¢) The optimal policy 7*(k) € {—,1}, k = 1,2,...,9, is given as
follows.
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