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Abstract

Let P and P be the laws of two discrete-time stochastic processes defined on the sequence
space SN, where S'is a finite set of points. In this paper we derive a bound on the total variation
distance dpy(P,P) in terms of the cylindrical projections of P and P. We apply the result to
Markov chains with finite state space and random walks on Z with not necessarily independent
increments, and we consider several examples. Our approach relies on the general framework
of stochastic analysis for discrete-time obtuse random walks and the proof of our main result
makes use of the predictable representation of multidimensional normal martingales. Along the
way, we obtain a sufficient condition for the absolute continuity of P with respect to P which is
of interest in its own right.
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random walks.
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1 Introduction

We consider the general problem of estimating the total variation distance between the laws of two
discrete-time stochastic processes on the sequence space. Specifically, we provide an explicit upper
bound on the total variation distance between two discrete-time stochastic processes in terms of the
cylindrical projections of the laws of the processes. Our general estimate (see Theorem 4.1) yields:
(1) an explicit upper bound on the total variation distance between the laws of two discrete-time
Markov chains with finite state space in terms of the initial distribution and the coefficients of their

transition matrices (see Corollary 5.1) (i7) an explicit upper bound on the total variation distance
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between the laws of two random walks on Z in terms of the initial distribution and the conditional

distributions of their (not necessarily independent) increments (see Corollaries 5.2 and 5.3).

From the point of view of the applications, results of this kind can be used e.g. for parameter
estimation in Markov chain models. Indeed, letting (X,,) denote a Markov chain based on some data
set and (X?), # € © C R, a parametrized family of Markov chains, one may minimize (with respect
to 6) the upper bound on the total variation distance between (X,,) and (X?) to select the optimal
estimation of (X,,) in the parametrized class of Markov chains (see the comment after Corollary 5.1).
Our results can also be used to compute the distance between two inhomogeneous random walks. As
an illustration, we present a specialization of our bounds to elephant random walks [12] and to a gen-
eralization of this model introduced in [9] (see Examples 2 and 3). We also mention that computable
upper bounds on the distance between two discrete-time stochastic processes are potentially useful

in the study of the performance measurement of learning algorithms (see e.g. Sections 3 and 4 in [13]).

We let S be a finite set of points, and for ease of notation we assume that S = {0,...,d}
for some d > 1. The sequence space (see [5, p. 27|) is defined as Q := {0,...,d} %N} where
N eN:={0,1,...} or N = oo, in which case we identify {0,..., N} with N. The set S is regarded
as the possible outcomes of an experiment, and €2 is the sample space corresponding to the repetition
of the experiment. The space () is endowed with the filtration (Fn)ne{_l,(),,,.’N} generated by the

{0, ..., d}-valued coordinate maps (7, )neo,... N}, Tn((Wk)keqo,... . N}) = Wn, 1.€.
Fn =0 (Toy. ., T0), ne{0,...,N}, (1.1)

with F_y == {0,Q}, and we let F := \/"_, F,.. We fix two probability measures P and P on (£, F),

we define the predictable processes (or cylindrical projections of P and IF’, respectively)
P =P (my=i| For) and PP =P (m =i| Fno1), (1.2)
and we assume that
0<p? W <1, iefo,...,d}, ne{0,...,N}.

We shall see that P and P can be the laws of two discrete-time Markov chains with finite state space
and of two random walks on Z, see Section 5. In this paper, we aim at providing a bound on the total
variation distance dry (PP, IAPS) between P and P. Our approach relies on the construction of a suitable

d-dimensional normal martingale (see [3]) correctly associated with the cylindrical projections (1.2).
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The proof of the general bound on dry (P, I?’) (i.e. of Theorem 4.1) is based on the following
decomposition of a square integrable random variable F : Q — R obtained recently in [§]:

N

F(w) —E[F] =) (£(w), Ya(@))gs, (1.3)

n=0

where E denotes the expectation with respect to P, (x,y)gre denotes the usual inner product of
two elements z = (z',...,2%), y = (y',...,y?) of RY (& )nefo,..n} Is a discrete-time predictable
process given by the Clark-Ocone formula (see Proposition 2.2) and (Y;,)ne{o,...,n} is the sequence of
increments of a discrete-time d-dimensional normal martingale. The proof proceeds by taking the

expectation under P in (1.3), which yields

E[F] <Y CE (I, Ya)zell, (1.4)

n=0

and by bounding the right-hand side of this latter relation.

The inequality (1.4) is deduced under the crucial assumption P< P, i.e. the absolute continuity
of P with respect to P. Therefore, to apply our general estimate to most cases of interest, we need
sufficient conditions for P < P. We thus prove in Proposition 3.1 that if IE[ZN 0]3{73)] < oo and
ZN Opgf) < 00, P-a.s. for all i different from a fixed 19, then P is absolutely continuous with
respect to P. Additionally, the Radon-Nikodym derivative can be made explicit under slightly
stronger conditions. We note that the result of Proposition 3.1 is quite general. As an illustra-
tion, if V= (Vi)neqo,..vy and W = (Wy)neqo,... Ny are two sequences of {0,...,d}-valued random
variables defined on 2, Proposition 3.1 provides a sufficient condition for the absolute continuity of

the law of V' with respect to the law of W in terms of their respective cylindrical projections.

When d = 1 and d = 2 the general bound of Theorem 4.1 can be considerably simplified (see
Corollaries 4.1 and 4.2). Such simplified estimates are applied to random walks in Section 5.2. In
Corollary 4.3 we give a more explicit upper bound on dry (P, I?PJ’) which is used in Section 5.1 to obtain
estimates on the total variation distance between the laws of two discrete-time Markov chains with

finite state space.

The paper is organized as follows. In Section 2, we give some preliminary results on obtuse
random walks, and in Section 3 we provide sufficient conditions for the absolute continuity required

in the statement of Theorem 4.1. In Section 4 we provide the general upper bound on drv (P, ]TD) and
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we make it more explicit in some specific settings. The above-mentioned applications to discrete-time

Markov chains with finite state space and random walks are given in Section 5.

2 Preliminaries

An obtuse system in R?, see [3], is a family of d+1 vectors z, . .., xq € R? such that (z;, x;)pe =

.....

processes such that (U,(L)(w))ogigd is an obtuse system in ]Rd for all w € Q and n € {0,..., N}, and

.....

d
>_ v @p)(w) =0 and an ) ol (w) @ v (w) =1, (2.1)

n € {0,...,N}, w € Q, where 0 € R? is the null vector, I; is the identity in the group Oy of d x d

orthogonal real matrices, and

o) (@) @ o (@) = (0P (W) (0P (W) 1jpsa

For later purposes, we recall that

- 1-py
v |2a = G ne{0.. N}, i=0,....d (2.2)
Pn

The following proposition combines |3, Theorem 2(b)| and [2, Proposition 2.4].

.....

-----

Hereon, we fix ((vy(f))ne{o N})o<i<d € OPp, define Y, (w) := o) () = v (W), n € {0,..., N},

w € 2 and note that, since o = Y if and only if ¢ = j (which follows from the fact that

( (4) ()>

Un, Ur; —1 for all ¢ # j), we have

{we mw) =it ={weQ: Y, (w)=0vP(w)}, nefo,...,N}, ic{0,...,d},

which implies F,, = o(Yp,...,Y,), n € {0,..., N}, as well as
P =P(r,=i| Foor) =P Y, =0 | Fr), nef{0,....N}, i€{0,....d}.

n
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,,,,,

martingale, i.e.

E[Y, | Fo_t] =0 and Var (Y, | Fu1) =E[Y, @Y, | Fotl =1,, ne{0,...,N}.

77777

Finally we recall the following Clark-Ocone formula for square-integrable functions on (2, F,P),

see [8, Proposition 7.1 and Proposition 7.2].

Proposition 2.2. For any real-valued F € L2 (Q,]P’) we have

N
F=E[F]+) (E[D,F|Foi] . Yo)ra, P—aus,
n=0
where .
D, F(w) := Zp,(f)(w)vni)(w)F(w;), nef0,...,N}, weQ, (2.3)
i=0
and

wh = (W -+ oy Wne 1, by Wngts - - wn), n€10,...,N}, i€{0,...,d}.
Remark 1. For later purposes, we note that when d = 1, setting

(1)

P (W) = po(w), pP(W) = gu(w) :=1—pa(w),

weN={0,1}", ne€{0,...,N}, by a simple computation we have that the corresponding set OP,

15 given by the processes

dn D
<Un0))n€{0 7777 N} = (_ _) ) (Uq(le)>n€{0,...,N} = < _) ’
Pn/ nego,...N} I/ nefo,. N}

..........

and

----------

W0w) = [ 2 i =
Y (w) =
) = 2 i =1,




are the increments of a random walk on R (with possibly non-independent increments). In this case,

the gradient operator defined in (2.3) reduces to
DuF(W) = Vi@ @) (Fw?) — Fwy)), we o,

where w == (W, .+« W1, L, Wnt1, ..., wn) and w, = (Wo, ..., wWn-1,0,Wns1,...,wy), and this is
precisely the setting of [11]. For background material on stochastic analysis in the discrete setting,

see Chapter 1 of [11].

3 Absolute continuity of P with respect to P

In this section we provide sufficient conditions for P < P, for future use in combination with
Theorem 4.1.

We begin with a preliminary lemma.

Lemma 3.1. Letig € {0,...,d} be fized, N = +o0, define

Qo = U m{w €N wp=rip} (3.1)

n>0k>n

and take W € Q. Then

P({w}) = [[ P (@

n>0

and P({w}) > 0 if and only if

> @) < oo, Vie{0,....d}\ {io}.

n>0

Proof. Define
A, ={weQ:wy=wo,...,wp =W}, keN.

By iterating (1.2) we have

P{we:wy=c¢q,...,wn =¢6n}): Hp )

neN, ey, ...,e, €40,...,d}, where ¢ := (g¢,...,6,,0,...,0) € , and thus

k
40 = [ @)
n=0



and so, since (Ay)g>0 is a non-increasing sequence of events, we have

P({@h) =P ()4 ) = Jim P(4) = [T

k>0 n>0

Note that the infinite product is well-defined as a number in [0,1). Letting k(@) denote the integer

such that @,, = iy for any n > k(w), we write

k(@)1
P{@}) = [[PP @) = [] o5@) ][] »% @
n>0 n=0 n>k(w)
k(@)—1

= II »5@ ] (1—an

n=0 n>k(w) 1#£10

()

(3.2)

The first product in (3.2) is positive since p,’(w) > 0 for any i, n and w. The second product in (3.2)

is positive if and only if

) @) < oo

n>0 iig

see e.g. |6, Theorem 1.9] p. 422. The proof is completed.
The following proposition holds.

Proposition 3.1. Assume that there exists ig € {0, ...,d} such that

E[iﬁfﬂ < oo, Vie{o,....d}\ {io}

and

N
Zpg) <00, P-as., Vie 10,...,d}\ {io}-

n=0

Then P < P. If it is further assumed that

E[ipg)] <o, Vie{o,....d}\ {i},

then the corresponding Radon-Nikodym derivative, say L, is given by

L) = e P (@)

[T s (w)

(3.5)

if TI opn ( ) # 0, and L(w) = 0 otherwise. Note that if N € N then (3.3), (3.4) and (3.5) are
N

clearly true and we have Hp,(l‘“")(w) # 0.

n=0



Proof. We first consider the case N € N. For any w € (), we have
P({w}) = Hp (w) and PH{w}) = H%””

Since p and p are (0,1)-valued we deduce P({w}) > 0 and P({w}) > 0 for any w € €, and so the
probability measures P and P are equivalent (the unique event with null probability is the empty
set) and in particular we have the claimed expression for the Radon-Nikodym derivative L. Next,

we consider the case where N = co. Let iy be chosen as in the main statement, and define
B,={weQ:w, =10}, n>0.
By assumption (3.3) we have
Y PlweQ:w,=i}) <oo, Vie{0,...,d}\ {io}.

n>0

Therefore

ZED(BE) = ZZE”({w €eN:w,=1i}) < oo

n>0 n>0 i#io
where B; denotes the complement of the set B,,. So by Borel-Cantelli’s lemma [?PJ’( lim sup,,_, BfL) =
0, i.e.
P(Q) = P (hm inf Bn> ~1, (3.6)
n—o0
where € is defined by (3.1). Let A € F be such that P(A) = 0. In particular, we also have
P(AN Q) =0. Since €2 is countable we have
> P({nh)=o.

neQoNA

It follows by Lemma 3.1 that for all n € QN A, there exists i € {0,...,d} \ {io} (which depends on

n) such that
> =

n>0

Thus

P(A) =P (ANQ) g@({neﬁoz ZZ p@(n)zoo}) =0,

n>0 ii
where we used (3.6) for the former equality and (3.4) for the latter. Let us now further assume that

(3.5) holds. By arguments identical to those used in the beginning of the proof, we have P(€)y) = 1.
Therefore, for any A € F, by Lemma 3.1 and (3.4), we deduce

E[L1,] - / L(w)14(w) P(dw) = / L(n)La(m) P(dn)
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= Y LnP({n})

neQpNA

- Z L(n)l{znzoZi;ﬁiopg)(ﬁ)<oo}ﬁb({n})

neQoNA

- Z 1{2"20Ziy&iop%i)(n)<oo}]P({n}>

neQoNA

= > P{np

neQoNA

P(A).

The proof is completed. [

4 Upper bound on the total variation distance

Let P and P be two probability measures on (2, F) and consider the families

pE((pg))ne{o ..... N})ogigd and ]’55((15%)%6{0 ..... N})Ogigd

of (0,1)-valued predictable processes defined in (1.2). We recall that the total variation distance

between the probability measures P and P is defined as

drv(P,P):= sup |E[F] - E[F]|.
F:Q—10,1],
F measurable

Theorem 4.1 below provides an upper bound on drv (P, IF’) In the following, for a vector v € R?, we

set

o] := (o', 7)),
and, for a family of vectors (v;);e; C R? indexed by a finite set I C N, we define

maxuv; ‘= (maxvil, .. ,maxvf).
il icl el

4.1 A general upper bound

The following theorem is our most general upper bound.

Theorem 4.1. Ifﬁ’ & P then for any orthogonal matriz O € Oy such that

N ~
Y E
n=0

d
max p\|Ov}) §j“<i>0<i>> 0 4.1
a | OV, |, , | OV, < 00, .
<i€{0 ,,,,, d}p | | i:Op ’ | Rd] ( )
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we have

N d
dry(P,P) <d) E <,€?3axd}pg>|ovg>|7 S (3 — p0) Ol > ] , (4.2)
n=0 EE i=0 R

Remark 2. (i) Note that if p is equal to p, i.e. P = I?P/’, then the upper bound in (4.2) is zero.

(ii) Theorem 4.1 provides an upper bound on the distance between the laws under P, respectively

P, of a finite-dimensional random vector (X1, ..., X,,) defined on the sequence space. Indeed,
letting Lp((X1, ..., X)), respectively Ls((X1, ..., X)), denote the law of (X1, ..., X,,) under

P, respectively P, we have

dry (Le((X1, ..., X)), Le((X1, ..., X))
= sup ‘E[f(X1,7Xm)]_E[f<X1=7Xm)”
L ol

:§:5i§%;}é /Qf(X1(w)a...,Xm(w))P(dW)—/Qf(Xl(w),...,Xm(w))IP(dw)

< sup / F(w)P(dw) — / F(w) P(dw)
F:Q-[0,1], |Ja Q
F measurable

= dTV (P7 ]P)

..........

sequence space and respective laws P and P such that P < P, then the right-hand side of (4.2)

yields an upper bound on the finite-dimensional distributions of the processes.

If additionally X, ..., X,, are F,-measurable for somen € {0,..., N}, then the summation in
(4.2) is truncated at n due to the equality dpy(P,P) = dpv(P|x,,P|z,) on the restricted laws

The next lemma, whose proof is postponed to the end of the section, is used in the proof of

Theorem 4.1.

Lemma 4.1. Let m > 2 be a fized integer, (o )gp=1

—1..m C R be a sequence which is not of constant
sign, and (Bk)k=1,..m C [0,1]. Then,

77777

=1,...,




Proof of Theorem 4.1. Let O € O,4 be an orthogonal matrix satisfying (4.1), and let F': Q — [0, 1] be

a measurable function. By Proposition 2.2 (with Ovﬁf) in place of v{ in the deﬁnitions of D, F and

----------

i €{0,...,d}, we have

d

OWIE [F] | Fuor] @) (000 (@), Ya(w)) e,

I
=
=)

_l’_
M=
]
=

for P-almost all w € Q, where F! is the random variable defined by Fi(w) := F(w'). Since P < P,
the previous equality holds P-almost surely. So, integrating with respect to P yields

=3 [ SRR Find] @) (00, Yol Plde).

Here the exchange between the sum and the integral is justified by Fubini’s theorem. Indeed, as shall

be checked later on, we have
d
(n,w) — Z]E [F} | Foi] ()P (W) (OvD (W), Yy (w))pa € L'({0,....N} x Qr® I?P/’) (4.3)
i=0

(where k denotes the counting measure). For fixedn € {0,..., N}, w € Qand j € {1,...,d}, by the
first relation in (2.1) (p% (w)(Ovy (w)) To<i<a is not of constant sign, and E[F} | F,_1] (w) € [0,1].

Therefore by Lemma 4.1 we have

() 3 B[ Fu] @O0 Voo Bl
- B[] ] ()0 Vo) B

< 2> o | Fat] @) (@) (00 (@)Y | [E [Yi | Foea] (@) P(dw)
< dzz / (?x PO @) B[] F1mt] ()] Blde)

- dfjﬁ: (o, OB, | 7)) |

= dgﬁ -<ier{%§§d}pg)|OUS)l7 sz;ﬁff)OvS) >Rd] :
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By (2.1) and Proposition 2.1 we have that ZZ Opn)Ovn = 0, and the claim (4.2) thus follows by
taking the supremum over all the functions F. Recalling that here Y,, is defined with Ov” in place
of vl ), the last equality above follows noticing that

d
EY, | Fac] =E [0 | For] = D 0000,

1=0

It remains to check (4.3). By similar computations, by (4.1) we deduce

>/

S E[F | Fat] @) (@O0 ), Yaleo))ra| Bldw)

IN

WERISERGE
S~
MQ“

ZE [F5 | Faea] )9 (@) (O (@) | [Ya (@)’ B(dw)

d

S~
B

<.
Il
—

E [F} | Faoa] @)p (@) (00 (@) | E(Y] | Fooi] (@) P(dw)

j=1 | i=0
< E max Ov® @] (Z < 00.
<38 |{ o, 10013 AO) | <o
n=0
]
Proof of Lemma 4.1. Without loss of generality, assume that aq,...,a, > 0 and a,4q,...,Q, <0
for some n € {1,...,m — 1}. We have
Zakﬂk < max (Z P, — Z akﬁk)
k=1 k=1 k=n+1
< —
max (n max ag, (m —n) k*}}—il—eltxm( ozk;))
< -1
< (m—1) max oy
]

4.2 Operative upper bounds

In this section, we provide corollaries of Theorem 4.1 which can be directly applied to the Markov
chains and random walks considered in the next section. The first two corollaries are specializations
of Theorem 4.1 to the cases d = 1 and d = 2 under a minor strengthening of the assumptions. More
specifically, in the first corollary we consider d = 1, in which case there exists a unique orthogonal

matrix and the bound given by (4.2) is computed explicitly. In the second corollary, we consider
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d = 2 and for a particular orthogonal matrix we compute explicitly the upper bound in Theorem 4.1.
Our last corollary provides a more tractable upper bound for the right-hand side of (4.2) which is
valid for any d.

Corollary 4.1. Let d =1 and assume either N < oo, or

N =00 and ZIE[]B%) +pW] < 00, for some i€ {0,1}. (4.4)
n>0
Then
N
drv(P,P) < ) K[ . (4.5)
n=0

Proof. In order to simplify the notation, for n € {0,..., N}, define p, = pEP), Gn = pg) =1-—p,,

5o =) and G, = po) =1 —p,. Let ((Uy(f))ne{o ~})i=0,1 be the stochastic processes defined in

Remark 1. It is readily checked that

1
(l § 5 |, (@)
ma U (Y

1=0

N

Y E
n=0

Il
WE
=

('L
(g&ﬁ o ) Z ]

el

Epngn + Gnpnl-

3
I
o

I
WE
=

V/PnGn |D

3
I
o

WE

3
I
o

This latter quantity is clearly finite if either N < oo or condition (4.4) holds. Proposition 3.1 along
with the assumptions ensure that P < P. The claim thus follows by Theorem 4.1 noticing that

N 1 N r 1
IE max v, ) Py | = IE (max (i) 1)o@ ) 0 (—1)p®
S| (o171 ) (S0 | = S |y -0 ) [0 0
T [q p
= ZE vV Pndn ﬁn _n_an _n:|
— | Pn Tn

E[’ﬁnQn - anan

NE

i
o

INE Hpn - ﬁnH :

] =

i
o



Remark 3. By a close inspection of the proof one may easily realize that condition (4.4) can be
replaced by the slightly weaker condition:
N = oo, ZE ”(0) 511) + “(l)p(o)] < 00,
n>0

as well as
Z]E[ﬂnl)] < oo and prf) <oo, P—as., forsomeie {0,1}.

n>0 n>0
The next corollary provides an upper bound on the total variation distance when d = 2. We
mention that the upper bound corresponds to the choice of the orthogonal matrix O = I, in (4.2).
Clearly, different upper bounds may be obtained by considering other orthogonal matrices in the

statement of Theorem 4.1.

Corollary 4.2. Let d = 2 and assume either N < oo or

N = o0, ZE ] <oo and ZE )+ @] < 0. (4.6)
n>0 n>0
Then N (1), (2) _ ~(2) (1)
1 2) (1
Pn'Pn” — Pn’'Pn
dry (P, P) < 2 Z P p® — p 5@ e ] (4.7)
n=0 Pn Pn

Proof. The assumptions easily imply that P < P by Proposition 3.1 (take ip = O therein). In order
to simplify the notation, for n € {0,..., N}, define p, := p§f’>, Gn = p%l), Ty = p,(f) =1—pn— qn,

D 1= ;3‘,?), Gn = ﬁLl) and 1, := 13{”2) = 1—pn — qu. It is readily checked that, for fixed n € {0,..., N},

_ _ [/ Pn_ _ [ Pn_
ﬂ 1=pn 1—pn
Pn

Tn _ Adn
qn(1—pn) mn(1=pn)

is an obtuse system of R? verifying the structure equations (2.1). We first check that (4.1) holds
with the identity matrix O = I,. Indeed, we have

N
E max p®|Ovl’ 0y >
S8 |( s, o) \;p\ rw]
_ o
< pn<1_pn) p +Qn“ —’—Tqﬂ/l —— >
) q R

N o~
=) E ure o
n=0 1=pn Qn(l_pn) + rn Tn(l_pn)
N T ~ ~
=D E (Pu(l = pn) + Gupn + T + 1ann L }
L — DPn 1— DPn

i
o
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N
< Elgn + rn 4 2(Gn + )] < 00
n=0

Hence by (4.2) in Theorem 4.1 and similar computations, we have

N - -
™ = ||~ ~ ~ qnTn T'ndn
d P,P) <2 E nl_ n) — YnPn = 'ntn -
v (P,P) < ; {p( Pu) = Gnbo = T+ T 1_pn]
Al qnTn — Tng
ZQ;E[%—%—F%—%-{-W]»
which is precisely (4.7). O

Remark 4. We limit ourselves to remark that the assumptions of Corollary 4.2 can be weakened.
Indeed, the choice of ic = 0 in the proof is clearly arbitrary and, in view of Proposition 3.1, condi-

tion (4.6) is not the minimal one to guarantee P < P.

Corollary 4.3. Assume that either N < oo or N = oo and there exists iy € {0,...,d} such that

{Z NW} <oo, Vie{0,....d}\ {io}, (4.8)

n>0

Zpg) <o0o, P-as, Vi€ {0,...,d}\ {io}, (4.9)

n>0

and

(1) (@) (4)
~(5) (1 —=pn")(A = pi’) —
E E p,;]\/ 5 < oo, Vi,jeA{0,...,d}.

n>0

Then we have

- ‘ 50
drv (P, B) <dZE Z\/p (1) Y- |1 - B
i=0 DPn
dVd+ 1 o= = [ By
STX%E Z; 1_p§f) (4.10)

Proof. For ease of notation, in this proof we set qq(f) =1- p,(1 ,nef{0,...,N},ied{0,...,d}. For

any orthogonal matrix O € Oy, we have

N
E max p Ov,, (@) 13“) Ov >
> | g, 100 S RI0T)

15



IN

IN

N

E E H max  pl¥|Ovl?]| PO 0vD)] ]
i€{0,...,d}

n=0 | Rd

n=0

N N d d

B zpmvmwzmwswmd]
=0 1=0

N N r d . . d (3)
SE (Y Ve 50 [ | <,
n=0 i=0 i=0 Pn

r d
3 zps?ummwzpwuo@swm]
0 1=0

(4.11)

where in the last equality we have used (2.2). The quantity appearing in (4.11) is finite when N = oo

by assumption, and it is finite when N < oo since by a conditioning argument each of the addends

is finite. Next, by Theorem 4.1 and again (2.2) we have

dry(P,P) <

IN

IN

5 Applications

N d

d IE max OU() ”’S) _ S) Ovr(zi) >
nZ:% < ie{0,..., p | k ZZ_;( py) y
N T d

d> E ||| max Ovl 50 YOy
; i€{0,..., d}p"| ‘ 2 ;(pn Py )Ovy, N

d
IS °E ngpno@,sﬂnw >t —p&f’lllOvﬁf)lle]
n=0 3 3
N o~
I3 E Zp g HRdZ| — ot HRd]

] |

p(l)

n

ISR S S el
L :=0 1=0

In the next subsections we provide upper bounds on the total variation distance between the laws

of two discrete-time Markov chains with finite state space on the one hand, and between those of two

16



random walks on Z on the other hand. Without loss of generality, we shall assume that the above
stochastic processes are defined on a same probability space (A, A, P), denoting by E the expectation
under P.

5.1 Markov chains

In this section, we use Corollary 4.3 to bound the total variation distance between two Markov

chains. We start by constructing a finite state space Markov chain in our framework.

Py = P(Xo =) € (0,1),
i €{0,...,d}, and for each n € {1,..., N},

agk,i) =P(X,=1|X,.1=k) € (0,1), ke{0,...,d}.

%@@y:¢phq 1<n<N,

Py (@) =t

-----

77777777
.....

)= P(Xo=1) € (0,1),

i €{0,...,d}, and for each n € {1,..., N},

akd) .= P(X, =i| Xp_1=k) € (0,1), ke{0,...,d},

.....

..........

equality (5.4) below is an immediate consequence of Corollary 4.3, and (5.5) follows by a simple

conditioning argument.

17



Corollary 5.1. Assume either that N < oo or that N = oo and that there exists iy € {0,...,d}
such that

ZE[ "1’}<oo, Vi€ {0,...,d}\ {io}, (5.1)

n>1

ST alfri) < oo, Peas., Vie{0,...,d}\ {io), (5.2)

n>1

and

ZE Xn_1,3)

n>1

< oo, Vi, je{0,...,d} (5.3)

Oér(an_l’i)(l _ a;Xn—l,i))(l _ a’glxn—lyj))
a%)?n—lrj)

Then we have

L. L § : 1— 1-— . ,
dTv( ,E) <d ( Do ( po(j))( Do ) ‘péj) _%j)

i.j=0 Po
N ()Z—nfl,i) ()Zvn—lﬂz) ()‘anl’j)
o (1—an (1 — o ) N
E _ ‘ (Xn—lvj) —_ (Xn—lvj) 4
+> Ford) “n n (5:4)
n=1 (677
d () (4) ()
po (L =py ) (L —pg") | (s :
<d Z ( 0 = 0 pgj) o ﬁgj)
i,j=0 Po
N d (ki) (k.9)
ZZ (- )A=an™) | 4 )
i \/ ) o) —at o] . (5.5)
n=1 k=0 n

For Markov chains with two and three states, we remark that the bound provided by Corollary 5.1
can be slightly improved by a direct application of Corollaries 4.1 and 4.2, respectively. Taking a
depending on a parameter § € O, one can minimize the right-hand side of (5.5) to obtain the optimal
estimation of (X,,) in a parametrized class of Markov chains (X?).

In the following example we apply Corollary 5.1 to estimate the total variation distance between

two particular finite state space Markov chains.

Example 1. We consider two finite state space Markov chains and compute an upper bound to their
total variation distance by applying Corollary 5.1. Here, ()Zn) is the Markov chain obtained via a
multiplicative perturbation of the transition matrix and the initial law of (X,). More specifically,
for e € (0,1) we set

By = (1=,

A = (1= )il

18



and . .
A0 =1 (1-2)) ok B =1 (1-e) ) .
i=1 i=1
For k€ {0,...,d} and n € {1,..., N} we have
6! = B5| = ept’, [alt) — )| =calt, e {1, d},

and

[p” — 56"] = (1~ "),

alh0 _ GO — o(1 = afh0),

We assume that
d all <o, VEke€{0,....d}, Vie{l,... d},
n>1

and either N < co or N = oo and

\/(;“ — oMol (1 = olFD) < 0o, Vi, j k€ {0,...,d}
n>1

as well as

g \/a ( an ) o) < oo, Vi,ke{0,...,d}.
n>1

In this case, for any i,k € {0,...,d} we have

n>1 On n>1

for any j € {1,...,d}, and

k, ki k,0
ZMOJ ol (1 = aff ) (1 - alt)
a0

n>1
(ki) (ki) (k,0)
an'(1—an )1 —an’)
= E (a0 41— Ozfzk’o)))\/ o0

n>1
k") 1 (k,l) 1 _ (kvo) 3
= Sl el ol —alf ) Y [t )
n>1 n>1 Qn
< 00,

and so (5.3) holds. By Corollary 5.1, (5.6) and (5.7), we have

d (@) N d alFD) (i) (k,0)
(L —p)(1 — (I—an )d —an )
onvie. ) <aey || OSI IR 57 et ek
- Do n=1 k=0 Qn
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(5.7)

(5.8)

(5.9)

(5.10)

)(1_&( ))(1—04(’”) .
n kz k, k,
Za’”\/ ) (1-e Z\/ ( N (1= ol < o0,



d

d N
3 (VAT + 33—l k) )

j=1 n=1 k=0

< (e,

where C' > 0 is an explicit constant which does not depend on «.

As an example of sequence satisfying conditions (5.8), (5.9) and (5.10), one can take alf = q,,

for any i € {1,...,d}, k €{0,...,d} and n € {1,2,...}. Here, a, is a deterministic sequence with

values in (0, 1/d) which is assumed to satisfy > -, a, < oo.

5.2 Random walks

In this section, we use Corollaries 4.1 and 4.2 to bound the total variation distance between two
different random walks on Z. As will be made precise in Remark 5 below, the processes considered
here are not in general Markov chains. Thus, the results of this section do not follow from those one

in Section 5.1.

5.2.1 Nearest neighbor random walks

.....

defined on (A, A, P) and characterized by
po = P(Xo=+1) € (0, 1),
and, for each n € {0,..., N — 1},

ns1(20, .., 20) = P(Xpp1 = +1 | Xo=20,..., Xp =2,) € (0,1), {mo,...,2,} € {~1,+1}"",
(5.11)
We define the associated random walk by

Spi=Y_ X;, ne{0,...,N}.
=0

-----

,,,,,

pg)(W) =y, ((—1)1+W0(w), cee (—1)1+7T"*1(“’)) ., n>1, pél)(w) = Do.
..... ~ny by pgo) =1 p7(1,1). A straightfor-

-----

20



{-1,41} on (A, A, P). We put
Do := P(Xo = +1) € (0,1),

and for each n € {1,..., N},

Qi1 (20, . ) = P(Xpp1 = +1 | Xo =20,.... Xp =x2) € (0,1), {xo,..., x5} € {—1,+1}"",

-----

..........

bound on the total variation distance between the (laws of the) two nearest neighbor random walks

is an immediate consequence of the above construction and Corollary 4.1.

Corollary 5.2. If either N < oo, or N = 00 and

max {Z Elon(Xo, .- Xuo1)], Y El6n(Xo, .. ,Xn_l)]} < o0,

n>1 n>1

then

N
dry(L, L) < |po = Pol + > Eflon(Xo, .., Xoo1) = @n(Xo, ..., Xoo1)[]. (5.12)

n=1

-----

p(Sn:Sn ‘ Snflzsnflw"aSO:SO)
:P(ansn_snfl ‘ Xno1 = Sp—1 _3n727'-'7X1 :51_807X0:50)

= fn(snfl — Sn—2,---,51 — S0, 50)7

where f, = ay if S, = Sp_1 + 1 and f, = 1 — «,, otherwise. The above is in general not equal to

P(Sn = Sp | Sn—l == Sn—l)-

Example 2. We apply Corollary 5.2 to elephant random walks (see [12]; see also [4]). Given the
parameters p,r € (0, 1), the elephant random walks is defined as follows. At time zero, the probability
that the random walk goes to the right is r, i.e. pg = r. At the time step n > 0, one draws an integer
k € {0,...,n—1} with uniform probability. Then random walk makes an increment X,, € {—1,+1}
equal to X} with probability p, and equal to — X} with probability 1 — p (note that if p = 1/2, then
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the elephant random walk corresponds to the simple and symmetric random walk on Z). It is readily

checked that the transition probabilities v, defined in (5.11) are given by

—_

3

1
an(To, .. Tp1) = o (1+@2p—1Dazy), n>0, zo,..., 251 € {—1,+1}.
0

i

Let £ denote the law of (X, )o<n<ny and £ the law of another elephant random walk (X, )ocn<ny

characterized by the parameters 7, p € (0,1). If N < oo, then by Corollary 5.2 we have
_ N 1 n—1 "
dov(L, L) < ]r—?|+|p—ﬁ]ZEUEZXk”. (5.13)
n=1 k=0

Due to recent results in [7], we remark that E[|n ™! S X k|| is asymptotically equivalent to (24 —

DI(2p)'n?P~Y as n goes to infinity, where I is the Euler gamma function.

5.2.2 Lazy nearest neighbor random walks

.....

defined on (A, A, P) and characterized by
bo ‘= P(XO = 1) € (07 1)7 qo ‘= P(XO = 0) € (07 1)7
and, for each n € {0,..., N — 1} and =y, ..., z, € {—1,0,+1},

Api1(Toy .y 1y) = P(Xpy1 =1 | Xo=x0,..., X, =1,) € (0,1), (5.14)

671—}—1(1:07 .. ,ZEn) = P(Xn+1 =0 | Xo=2axp,...,X, = ZL’n) € (0, ].), (515)

We define the associated random walk by

So=Y_ Xi, nef{0,....N}
=0

-----

P () = an (1= mo(@)(=1) ), (1= (@) (=) ) - p (@) = po,

PO (W) = By (1= mo(w)) (=1)F™ (1= 7m0y (W) (1)1 @) P (w) = g,
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77777

-----

..........

.....

ﬁo = P(Xo = 1) S (0, 1), ao = P(X() = 0) S (0, 1),
and for each n € {1,..., N}, we define
Qi1 (20, .. ) = P(Xppy = 41| Xo = z0,..., X, = 2,,) € (0,1),

and

Bri1(Tos - 1) = P(Xpi1 =0 | Xo = 20,..., Xp = 2,) € (0,1),

-----

..........

bound on the total variation distance between the (laws of the) two lazy nearest neighbor random

walks is an immediate consequence of the above construction and Corollary 4.2.

Corollary 5.3. If either N < oo, or N = 00 and

ZE[an<5€Oa <. 7)?nfl> + Bn(jz(); s aj(:nfl) + &n(jzm s aanl) + En()?Oa <. 7Xn71)] < oo,

n>1
then
dTV(La E)
~ ~ P0go — GoPo
<2potq—PpPo—q@o+——
Po + qo

N
+ 22E[ n(Xoy -y X)) + Ba(Xos -+ Xo1) = Gn(Xos - -+ Xo1) = Bu(Xoy -, X1

n=1

Ko X )Xoy K1) = BuKor s K )an (Ko, Xna)
an(Xov o Xooa) + Bu(Xo, o, Xaa)

}. (5.16)

Note that as in Remark 5, one can easily check that the lazy nearest neighbor random walks

considered above are in general not Markov chains.
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Example 3. A generalization of the elephant random walk considered in Example 2 has been pro-
posed in [9]. Specifically, the random walk is parametrized by p, ¢, € (0,1) and, at time zero, py = r
and go = 0. At the time step n > 0, one draws an integer k € {0, ...,n— 1} with uniform probability.
Then the random walk makes an increment makes X,, € {—1,0,+1} equal to X} with probability p,
equal to — X}, with probability ¢, and stays put, i.e. X,, = 0, otherwise. The transition probabilities
defined in (5.14) and (5.15) are given by

3
—_

1

an (T, ... Tpq) = o (xz(p +q) + xp(p — q)), n>0, zg,...,0p1 € {—1,0,+1},
k=0
and
n—1
BTy .. Ty1) = n>0, xo,...,rn1 € {—1,0,+1},
k=0

see [9]. Let £ denote the law of (X,)o<n<ny and L the law of another random walk (Xn)ognSN of this
kind characterized by the parameters p, ¢,7 € (0,1). Under the assumption N < oo, by Corollary 5.3

we have
drv (L, L)
< 2‘7‘ — ?}
N 1 n—1
+ 2%]3[ 5

n— 1

Z(}? p—a-F-3)—Xip+a—F+7))
o (X

=T (p— )+ XPF+T— (p+a) +n2(pd — Ba) Xy X7
1+ (2')1)*1 Z;é ()A(ik(p — q) — )?13(19 + Q))
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