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Abstract

This paper deals with optimal prediction in a regime-switching model driven
by a continuous-time Markov chain. We extend existing results for geometric
Brownian motion by deriving optimal stopping strategies that depend on the
current regime state, and prove a number of continuity properties relating to
optimal value and boundary functions. Our approach replaces the use of closed
form expressions, which are not available in our setting, with PDE arguments
that also simplify the approach of du Toit & Peskir (2009) in the classical
Brownian case.

Key words: Optimal stopping; ultimate maximum, regime-switching models; free

boundary problems; diffusion processes.
Mathematics Subject Classification (2010): 60G40; 35R35; 93E20; 60J28; 91G80.

1 Introduction

Regime-switching models have been introduced by Hamilton (1989) in discrete time
and are among the most popular and effective risky asset models. The regime-
switching property is reflected in the changes of states of a Markov chain (;, which

stands for the influence of external market factors.



European options have been priced in continuous-time regime-switching models by
Yao, Zhang & Zhou (2006) via a recursive algorithm, and in Liu, Zhang Yin (2006)
using the fast Fourier transform. Optimal stopping for option pricing in regime-
switching models has been considered in Guo (2001), Guo & Zhang (2005), Le &
Wang (2010), and in Ly Vath & H. Pham (2007) with optimal switching. Optimal
selling under threshold rules has been dealt with in Eloe, Liu, Yatsuki, Yin & Zhang
(2008) in an exponential Gaussian diffusion model with regime switching. We refer
to Shiryaev (1978) and Peskir & Shiryaev (2006) for related background on the char-

acterization of optimal stopping times and rewards.

The problem of selling a stock at the ultimate maximum has been considered by du
Toit & Peskir (2009) as an extension of the results of Shiryaev, Xu & Zhou (2008).
In this paper we extend the result of du Toit & Peskir (2009) to the framework of
Markovian regime switching. Some of our results are natural extensions of those of
du Toit & Peskir (2009) by averaging over the regime-switching component, however
the regime-switching case presents notable differences and additional difficulties com-
pared with the classical Brownian case. For example, the optimal boundary functions
depend on the regime state of the system, and they may not be monotone if the drift
coefficients have switching signs. In addition we can no longer rely on closed form
expressions as in du Toit & Peskir (2009) and instead we use PDE arguments, cf. e.g.

Lemma 4.3, that also simplify the original approach.

In Lemma 2.1 we write the optimal value of the problem as a function of time, the
regime state, and the relative maximum of the underlying asset. In the general case
of real-valued drifts u(i) € R, i € M, we identify the optimal stopping time 7p
in Proposition 3.1, and in Proposition 3.2 we determine the structure of the optimal
stopping set via its boundary functions b(¢, j) for ¢ in the state space M of the regime-

switching chain.

In Proposition 5.1 we show that immediate exercise is optimal when all drift param-

eters u(i) are negative, i € M, while exercise at maturity becomes optimal when



w(i) > o2(i) for all i € M, where (i) are the volatility parameters.

When the drift parameters (p(7));esm of the regime-switching chain are nonnegative
we prove the continuity and monotonicity of boundary functions b(¢,j) in Proposi-
tion 5.2, by extending arguments of du Toit & Peskir (2009) to the regime-switching
setting. Those results are illustrated in Figures 1 and 2 by the plotting of value func-

tions that yield the optimal stopping boundaries.

In Proposition 5.3 we derive a Volterra type integral equation (5.7) which is satisfied
by the boundary function b(¢, j) of the stopping set. Such an equation is difficult to
solve because, unlike in the classical setting du Toit & Peskir (2009), it also relies on
the knowledge of the optimal value function, c¢f. Remark 5.4. In addition the associ-
ated free boundary problem (5.12a)-(5.12b) consists in a system of interacting PDEs
that cannot be solved without additional assumptions, cf. e.g. Buffington & Elliott
(2002) for a solution under an ordering condition on boundary functions in the case

of American options.

A treatment of drifts coefficients (14(7));er with switching signs has been proposed in
of Liu & Privault (2017) via a recursive algorithm that does not rely on a Volterra
equation. In this case it turns out that the boundary functions b(¢,7) may not be

decreasing in t € [0, 7.

We proceed as follows. In Section 2 we formulate the optimal prediction problem
using optimal value functions. In Section 3 we derive the optimal stopping strategies
in terms of the hitting time of the boundary function of a stopping set. Section 4 is
devoted to continuity lemmas, which are used to prove the continuity of boundary
functions. In Section 5 we also derive the Volterra integral equation which is satisfied
by the boundary functions when the drift coefficients are nonnegative. Finally we
study particular exercise strategies and we present a numerical simulation of boundary

functions.



2 Problem formulation

Given a standard Brownian motion (B;).cr, independent of the Markov chain (8;)ier, ,

we consider an asset price (Y;)ier, modeled by a geometric Brownian motion
dY; = p(By)Yedt + o(5r)Yid By, 0<t<T, (2.1)

with regime switching driven by a time-homogeneous continuous-time Markov chain
(Bi)ier,, with state space M := {1,2,..., m} and infinitesimal generator Q = (¢ij)1<ij<m,
where 4 : M — R, and 0 : M — (0, 00) are deterministic functions. In the sequel
we let the filtration (F!)sep,r be defined for all ¢ € [0,T] by

Fli=0(B,— By, B, : t<r<s), s € [t,T). (2.2)

In particular, (F?)ier, is the filtration generated by (Bt)ier, and (B:)ier. -

In this paper we deal with the optimal prediction problem

Y,
Vi, = inf E{sup —

t<r<T 0<s<T Y7

7| (23)

introduced in du Toit & Peskir (2009) for geometric Brownian motion, in which the
infimum of expected values over all (F?)sep,r-stopping times 7 minimizes the “regret”

of the stopping decision.

The next Lemma 2.1 shows that the optimal value function V; in (2.3) can be written
as a function of (t, B, %775 / Y;), where }A/w is defined by
Yt,s := max Y, 0<t<s<T. (2.4)

t<r<s
Lemma 2.1 The optimal value function V; in (2.3) takes the form

Vi= V(ta%,t/}g?Bt)? (25)
where the function V : [0,T] x [1,400) x M — R is given by

t<r<T

1 ~
V(t,z,j)= inf E [? max (mY},Y}}T> ‘ B = j} , (2.6)

0<t<T,z>1,7€M.



Proof. Given t € [0,T], using the drifted Brownian motion

B! := B,y — B, + /tm (% — @) ds, u€l0,T—1], (2.7)

we rewrite the solution of (2.1) as

s—t
Ys; = Yiexp (/ O’(ﬁu+t)dBZ) , se[t,T], (2.8)
0
and define
Sti= sup / 0 (Bure)dB, s € 0,7 —t]. (2.9)
0<r<s Jo

By the definition of ¥;, in (2.4) and expression (2.8), and from the conditional inde-
pendence of ((BT t)re[tT (St )TetTO with F} given f; we have, for any (F!)sep1)-
stopping time 7 with values in [¢, T], letting a V b = max(a, b),

Y, Yoo Yir
E iy ot g 5 VAL ly o
o, 2] = v
= F & (§] fo (Bu+t)dB \/e T t f(;—7 Bu+t)dBt ‘Fto
Y,
_ g | [0t e |y oShfi T oBunaBl | g, YOt
}/; Ty
YoV Vir Yo
— E Pt A ‘ ’_’
v, 17y,

3 A
— B |- max (aV, Vir) | &

LT :| a=Y0,t/ Yz

where the last line follows from the conditional independence between }707,5 /Y, and

Y. Y, Tt - A T—t -,
(yt YTT) _ (exp (/0 0(5u+t)dBu> , exp (ST_t _/0 o(ﬁu+t)dBu>> (2.10)

given ;. Therefore by definition (2.3) and expression (2.6), we obtain

, Y| o
Vo = of B Li%:%i ff}
. 1 ¥
- t§17r—l£TE |:?.,. A (1‘1/;57 Y;’T> ) 6t:| z=Yo,:/ Vs

Yo
= V|2 .
V ( }/t 7ﬂt7> |:|



In the next lemma we rewrite the optimal stopping problem (2.3) in the standard

form (2.12) below, using the function
G(t,z,i) = E [max (a;,z,T/Yt) ‘@ :i] L tel0, T, ieM, z>1, (211
with G(T,x,i) =z, x > 1.

Lemma 2.2 The function V : [0,T] x [1,400) x M — R defined by (2.5) admits
the expression

V(t,z,j) = inf E[G (r, X" 8,) ’@:j}, (2.12)

t<r<T T

forte[0,T],j € M,x > 1, where

1 N
X0 = v, max <.9:Y},Y},T> , relt,T], x>1. (2.13)

r

Proof. By a conditional independence argument as in the proof of Lemma 2.1, for

any s € [t,T] we have

B YE)T‘F()] - E }/Os\/)/sT“/—_-o]
}A/Os\/f/sT Y/Os
— E 9y ) ) A
Ys Ys 7/8
[ Yir
— Elyviz ‘ )
A N
L y:YO,s/Ys
Yoo
= G|s -2 5) (2.14)

Next, we extend the above relation (2.14) to (F!)sep-stopping times 7 written as
the limit of a decreasing sequence of discrete stopping times by checking that for
any discrete (FY)sc,r-stopping time 7 = > | 5,113, 81,..., 8, € [t,T], n > 1, by
(2.14) we have

n

% v
E OT‘F’] = > B|§ - sl}‘f(’]
=1 L
- YOT
- E 1'rs ‘
3E e |7




Yor

= ZE 3 si] 1—
= ZG( Si, 081)5&) ]-{T si}

51

Yo.r
- G <7—7 YaﬁT) .

Taking the conditional expectation E[ - | 8 = j,Yy:/Y; = 2] on both sides of the

above equality, we obtain

YOT Yo,
.]7 =T

=F
Y,

(2.15)

Yb’r th_
G<7 757’)’615 j’Y;_

By (2.13) and the conditional independence between }A/O,t/Yt and (Yt/YT,Yt,T/YT>
given (; = j we find

1 - Y Ve
E {ymax (w75, Vi) lﬁtzj} o | =g = ]
i Yo.r , f/
=E G(n%@) =iy =e
[ xY; \/)A/T Y
=LK G<T7(15)Tm757) ‘ﬁt:jay%t:x]
—B[G (X8 | 6 =], (2.16)
which completes the proof by (2.6). O

3 Stopping set and boundary functions

In this section we apply Corollary 2.9 in Peskir & Shiryaev (2006) in the framework
of the regime-switching model (2.1) with u(i) € R, ¢ € M, in order to specify the
stopping set and optimal stopping time associated to the optimal stopping problem
(2.3), cf. Proposition 3.1 below. In order to deal with the existence of an optimal

stopping time for (2.3) rewritten as (2.12), we define the set
D :={(t,z,j) € [0,T] x [1,00) x M : V(t,2,j) = G(t,z,j)} . (3.1)

7



From the relation V(T z,j) = G(T,z,j) = =, 7 € M, © > 1, we check that {T} x
[1,00) x M C D, which is consistent with the fact that the infimum in (2.3) is over
(F?)sepm-stopping times 7 € [t, T).

Proposition 3.1 Let t € [0,T]. Given f, = j € M and Yy,/Y; = z € [1,00), the
(‘Fg)se[t,T] -stopping time

Tp(t,x,j) := inf {r et,T] : (r, %,@) € D} (3.2)

is an optimal stopping time for (2.3), or equivalently for (2.12), provided that it is

a.s. finite.

Proof. By Corollary 2.9 in Peskir & Shiryaev (2006) the optimal stopping time for
problem (2.12) exists and is equal to 7p (¢, x, ) in (3.2) provided that we check that
for all ¢t € [0, 7] we have:

a) G(t,x,7) is lower semicontinuous with respect to x, as follows directly from the

definition (2.11) of G(¢,x, j).

b) V(t,z,7) is upper semicontinuous with respect to z, as follows from the continuity

Lemma 4.5 below.

¢) We have E [sup,c,or |G(s, X!, B,)|] < co. Indeed, from (2.13) and (2.8) we have

1 A~
X};x = ? max (x}/;ﬁ }/tas)
— Y le Jo ™ o (Busn)dBY oy (ZUY;’ Y: egé_t>

= eme(osn )BT B e 221, (3.3)

where 5!, is defined in (2.9). Hence by (2.11) and the conditional independence
between X%* = max (:EYt/YS, SAQS/YS) and YST/Y; given [, we find that

Yor
Ry
° y=X3"

Y,
xtov 22| g, Xﬁ’f‘/‘]

G(s, X0 ;) =

=b




— B |: fos t o(Bu+t) dB <emax(logx,supt§T§S fOTit U(6u+t)dé )veSUPs<r<T fo o (Bu+t)d ) ﬁS’Xt $i|
- R |: max(logw, 5’51 t) fo o (Burt)dBl | ﬁs;Xt x] (34)
Letting
s—t
ot . : Ht
Sty =  inf i 0 (Bure)dB, (3.5)
s—t s—t
=t [ Bt [ i - 502
t<s<T 0 0

we conclude that

E {sup ‘G(S,X§v$765)|} — F {sup E [emax(logx, St )= Ji "t o(Buse)dBY,

t<s<T t<s<T

xte| ]

<zF | sup E[ 4= 5 T o (Bure)dBY, thH
N lt<s<T
< xzFE | sup E[ b —inficrer Jo T o (Bute)dBY ﬁs,Xt :v:|:|
- L t<s<T
=gk _egtT—t—inft@@ It U(ﬁqut)dBZ]
=xF _eSt St t]
<;1:\/E[25 z] [ —28h._ ]
eMaXiem |02 (3)—2u (i) |(T—t) \/ 25} z 25% t:|
< o F [ t:| eMaXie M |02 () —2u (i) |(T—t)
=00 (3.6)
O
Define
F(t,z,j) = V(t,z,j) = G(t,z,j) <0, (3.7)
which is nonpositive by (2.12), t € [0,T], j € M, z > 1, so that we have
D ={(t,x,5) € [0,T] x [1,00) x M : F(t,x,5) =0}, (3.8)

hence D is closed from the continuity of (¢, z) — V(¢,z,7) and (¢, z) — G(t,z,7) on

[0,7] x [1,00), cf. Lemmas 4.5 and Lemmas 4.6 below, respectively. The continuation

9



set C' = D¢ is an open set that can be written as
C={(t,r,7) €[0,T] x [1,00) x M : F(t,z,j) <0}. (3.9)

In the next Proposition 3.2 we characterize the shape of the stopping set D defined
in (3.1) in terms of the boundary function b(t, j) defined by

bt,j) == inf{z € [1,00) : (t,2,j) € D}, (3.10)

where we set b(t,j) := oo if {z € [1,00) : (¢t,z,5) € D} = (). From the relation
{T'} x[1,00) x M C D we deduce the terminal condition b(T,j) =1, j € M, cf. also

Proposition 5.2 for sufficient conditions for the finiteness of b(t, 7).

Proposition 3.2 For any (t,z,j) € [0,T] x [1,00) X M such that (t,x,j) € D we
have

(1) x [z,00) x {j} C D. (3.11)

and

D={(t,y,5) €[0,T] x [1,00) x M : y > b(t,j)}. (3.12)

Proof. Let y :=sup{z € [r,00) : {t} x [x,2] x {j} C D}. If y < oo then we have
(t,y,7) € D by the closedness of D, and from the monotonicity property of F (¢, x,j)
stated in Lemma 3.3, (¢,y,j) € D admits a right neighborhood of the form

{t} x [x,x+n] x{j} CD (3.13)

for some 1 > 0, which leads to a contradiction. Hence y = 400 and (3.11) holds.

Relation (3.12) follows from the equivalence
(t,z,j) € D <= {t} x [z,00) X {j} C D <=z > b(t,)) (3.14)

that follows from (3.10). O

The following lemma has been used in the proof of Proposition 3.2.

Lemma 3.3 For any (t,x,j) € D, we have

F(t ) — F(t,, ]
lim inf 20 £ 8 = FE2,J) (3.15)
eNo £

10



Proof. 'We split the proof into two parts.
(i) From (3.4) we have

G(s, X! B) = E | X" v 2|8, X7 | = E | Xb"v % Fy
_z |:emax(log:c, s;,t)—fg*towwadéz ;ﬂ} . seltT),
which extends to any (F!)secp,r-stopping time 7 € [t,T] as
Glr. Xt 3,) = [ max(log, S5, ) =~ #(Buse)aBY ]—“0] (3.16)

as in (2.14)-(2.15) above. For all # > 1 and ¢ > 0, consider the (F!).cp,r-stopping
time
T i=1p(t,x +e,j) €[t T) (3.17)
defined by (3.2), which solves the optimal stopping problem
Vitaate ) = inf B[G(r X278 | 6 =i] =BG (v X078, ) | 8= 1]
(3.18)
cf. (2.12). The following argument relies on the fact that for any (¢, z, j) € D we have

lim7p(t,z+e,j) =t, (3.19)
e—0

as will be shown in part (i7) below. Relations (2.11), (2.12), (3.16) and (3.19) imply

V(t,l"l’gaj) - V(t7$7])

lim inf
e\ 5
1 -
> liminf B |G, X255, 80) = G XI2.8.2) | 6= ]
NS | plog(z+e)Vs} i ' o0(Burt)dBt,  logzvSt Tstto(ﬁ YdBt | 0 .
= llm\‘lglng E |e°® T Jo® utt) B 08TVt o AR F L B =]
15 €
+ . . 4
= hm\%lf éE e10g($+€) ST —Jo® - (,Bqut)dBfL_elog:c\/SéLt 0¢ O’(ﬁu+t)dBt /Bt:]:|
€
]_ ot
— liminf -E log(z+e)VvSL,_, _ logavSh _, — i|
o e =
0 max(logw,gt ) .
= &Pl ) | 6i=]
oG
= —(t,z, ), (3.20)

11



hence we conclude to (3.15). Here we used the dominated convergence theorem with
the bound

1
£

+ . ~ +_ ~
log(@+e)VvSh_,— [ ' 0(Butr)dBY, _ logavSh_,— [ b o (Buye)dBY,

e~ mfo<s<r—s Jy o(Beyw)dBl _ e*StT,t
)

‘ plog(z+e) _ glogz
3

where S%._, is defined in (3.5) and the righthand side is integrable as in the derivation

of (3.6).

(#7) We turn to the proof of (3.19). From the expression (2.6) in Lemma 2.1, we have

V(t,z,7) = inf E

:ththT 6= ]
Y t )

t<r<T
— — J7 7 o (Bure)dBY 8 ‘ _ 0]
e ) [y o
From (3.21) and
Xﬁ,x'i‘é‘ e fo U(ﬁuth dB (l» + g \/ egf"ft) (322)

cf. (3.3), we obtain

V(r, X;f,w—l—a’BT) — inf E [ —Jo " o(Busr)dB (y\/e ., ‘ ]_—0]

TSTST Xt x+e
— inf B e i et (e y oS ) | FO) L (3.23)
r<r<T

Next, from the definition (3.2) of 7p(t,z + €,7) and (3.23) we have, on the event
{5t = ]}7

o(t,x+e,j) =inf{r € [t,T] : (r, X", B3,) € D} (3.24)

— inf {r c [t’ T] - inf F _e_ foT_T 0(5u+r)dé£ (Xi,:r:-&-& vV eg%fr) ‘ JT-'S] = F [X;E,x-i—a v eﬁ%fr

r<r<T

< inf {7" E[,T] ¢ it B eI oWl (xtey oSir ) | FO] 2 B [xpr v oS

r<r<T

r<r<T

<inf {7’ €ft,T] : infFE (o= Jo 7 o(Busr)dB; (Xﬁx Vv egg’—r) ‘ .7:?] >e" K [X;f"“" V 65t

where we applied the inequality

7| }
b }
7]}

Xbrte — oo "o(Bure)dB, (el"g(”” Vet ) <e” Jg ™" o Bur)aBive (elog(””) Vet ) =e" X7,

(3.25)

12



x>1,e>0,r € [t,T]. This implies

ll_l}é Tp(t,x +¢€,j) (3.26)

< lim inf {7’ et T] : inf E [e_ Jo " o Busn)dBy (X 1wy @57 ) ‘ J-ﬂ > e F [X:@ V et

e—0 r<r<T
7]}

7

7| }

r<r<T T

— inf {r et,T] : infE [e* Jo " o(Butr)dB], (Xt v eé‘;,r) ‘ J‘cﬂ} > B [X;Ex v eSF_r

— inf {r et,T] : inf E [e’foT_TU(ﬁuw)dBZ (Xt v &St ) ‘ ;ﬂ} B [X;m v eShor

r<r<T T

=inf {r € [t,T] : (r, X", 5,) € D}
=t, (3.27)

since (t,z,7) € D, f, = j and X} = x. Since 7p(t,x+¢,j) > t we conclude to (3.19).
0

4 Continuity lemmas

The following property of smooth fit, namely the continuity of the function y ——

ov
a—y(t, y,7) over the optimal stopping boundary 0C, will be needed in the proof of

Proposition 5.3 below.

Lemma 4.1 For any (t,y,7) € 0C, y > 1, we have

By ko) = 5 d). (4.1
Proof.  For any ¢ € (0,y — 1), let 77 = 7p(t,y —¢,j) € [t,T], cf. (3.2). Since
(t,y,7) € OC and D is closed we have (t,y,7) € D. Similarly to (3.24) to (3.26), 7
converges to t a.s. when ¢ tends to 0. By the same approach as in (3.20), replacing

y + € with y — ¢ shows that

oG . .. V(t,y—&j)_v(t7yaj)
5, (b-d) < liminf ’ (4.2)

On the other hand, since (¢,y,j) € 0C C D, we have

ty—ej)—V(ty,j ty—ej)—Gty,j
lim sup Vty—ej) - Vty)) o Gly—ej)-Gltyj) _ 3_G(t’y’j>,
e\0 € N0 € dy

<l

13



hence

oV oG
—(t,y—,7) = —(t,y,7). 4.4
8y< Y= ) ay( Y, J) (4.4)
Finally the fact that V' = G on the closed set D implies
ov ov oG
ay(,y ) ay(ﬂﬂ—,]) 8y(,y,J) (4.5)

O

In the next proposition, which will be used in the proof of Proposition 5.3, we show the
normal reflection of the free boundary problem by proving that the right derivative of

the value function V'(¢,vy, j) vanishes at y = 1, cf. also page 264 of Peskir & Shiryaev
(2006) without regime switching.

Lemma 4.2 For any t € [0,T] and j € M we have

% .
a—y(t, 14,j) = 0. (4.6)

Proof.  For convenience of notation we set 7o = 7p(t, 1, j), and note that

V(tvl +57]) _V(taL])

lim sup
e\0 €
. 1 .
< lim sup _E[G(T()u X7t-61+€7 ﬁ’ro) - G(7-07 Xf-z)la BTO) | ﬁt = ]]
e\o0 €
= lim sup EE [elog(lJrE)VStT—ffJOit"(ﬁt“)déﬁ — St o BBy Br = ‘7}
e\o0 €
. L/ tog(iae)vst_,— 70 o (Buir)dBE _ 8~ [T o(Byyr)dBL ;
~ e s [2 (¢ o e S BN 1y gy =
) elog(1+5)vg%7t—f0707t U(Bt+r)dB$ _ eg%ft_fo‘r()it U(5t+T)dB£ )
=F 111?\s.(1)1p - 1{Sg_t<1og(1+s)} Pe=1J
= 07

since ll{l(l) 1 (8t <log(1+e)} — 0, where we applied the dominated convergence theorem

as in the proof of Lemma 3.3 with the same dominating function as in (3.21). Since
V(t,y,j) is nondecreasing in y € [1,00), we have

lim inf V(tv 1 +€aj) - V(t> 17]) Z
e\0 IS

0, (4.7)

14



which shows that

t1+eg)—V(t1,j
WV 4 14 f) = tim L1 E0I) Z VL)
8y e\0

’ = 0. (4.8)

0

Next, we note that (s, X, fs)scpr) is @ Markov process, cf. Lemma 1 of Yao, Zhang

& Zhou (2006), and we consider its infinitesimal generator

. 9 2 N YN N .
Lf(0.2.3) = (G +0%0) ~ MO g + 50O ) o) + 320,
(4.9)
where Q = (gij)1<ij<m is the infinitesimal matrix generator of the Markov chain

(Bt)ecio,m), for f a sufficiently differentiable function of (s,y,7) € [0,7] x [1,00) x M,

cf. Lemma 4.7 below.

The following lemmas will be used in the proof of Proposition 5.1 below. In Lemma 4.3
we replace the use of closed form expressions for LG(t,x,j), which are no longer

available in our setting, with the differential expression (4.11).

Lemma 4.3 We have

0G .
%(7@ 1+7]) =0, te [07T]’ (410)
and
. 5, L OG , . 4
LG(t,l‘,j) =0 (])%(ta‘%]) - M(])G(t,l‘,]), te [OvT]’ (4'11)

with LG(T,z,j) = —p(j)x, j € M, x € [1,00). In particular, for any (t,x,j) €
[0,T) x [1,00) x M we have
LG(t,2.) > 0, when ju(j) < 0.
(4.12)
LG(t,z,5) <0, when u(j) > o(j).

In addition, LG(t,x,j) is nondecreasing and continuous in t for all x > 1 when

n(j) = 0.
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Proof. For all j € M we let

. VAR
fty,z7) =yG (72;,]) =F

Y,

max (z,y%T) ‘@:j] . te[0,T], y,z>0.
t

(4.13)

By (2.1) and the It6 formula we have

of
ot

+o(B)Yi5-

of
3y

0
= (4,Y0, You, B)dt + p(B)Ys f(t Y, You, i) dt
of L O f
9z K
t? Y;h Yb,ta /Bt)dyb,t + f(ta Y;fv Y()7ta Bt) - f(ta Y%a }A/O,ta ﬁt*)v

df (£, You, B) =
1Yo Voo BB, + S0P (VP (4., Yo 60)

+
and given that

f<t7n7%,t7/8t) = E[%,T ’ 5157 5/;57 %,t] = E[}/}O,T | 'F.to ]7 te [07T]7 (414)

is a martingale and (Yo,t) rel0.T] has finite variation, we find
of of 1 ’f e ,
a (t yaZ])+N(J)y@ (t y72])+ 50 (])y a_(t7y727])+Zq],zf(t7yazal>207

i=1

(4.15)
0
and a—f(t,x,y,j)z:y = (0. Substituting (4.13) into (4.15) shows that
Y

aGt'Z + u(j) a2 ) 2029 (125 (-2
v \ B )+ uliy ol ) T By "
+1%)2Q§ti- 2 +i%itz.+£§§tz-
+ Zijin (t, §,Z> =0

=1

which shows that the function G(t, z, j) satisfies the PDE

: L 0G : . 0G 1y L 0%G
pG(E @, )+ (e, )= pfaz(t 2, j)+50 (j)a? gz (LT +; q;:G(t, w,i) =0,
(4.16)
and we conclude to (4.11) by (4.9). Next we note that (4.10) follows from
Y,
gG(t x,j) =P (tTT <x ’ B :j> <1, (t,x,j)€l[0,T] x[l,00) x M, (4.17)
¢
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cf. the definition (2.11) of G. Next, by (2.11) and Lemma 4.3, for any (¢,z,j) €
[0,7] x [1,00) x M, we find

~

LG(t,z,j) = zo? ()P (Y?t <z ’ By = j) — () E [max (w,?t,T/Yt> ‘ B = j]

=F

xgz(j)l{?w/yt@} —u(4) (x v —) ’ By = j] (4.18)

. Yir .
1(5) (37 \ }t/—t> L9, 2/vize) ’ B = J] ;

which shows (4.12), and implies by (4.18) that LG(¢, z, j) is nondecreasing and con-
tinuous in ¢ € [0,7] when pu(j) > 0. O

—F [m(UQ(j) - M(j))l{?t,T/Yt@} ’ B = ‘7} -

The proof of the next lemma, which will be used in Proposition 5.1 below, extends

the argument of du Toit & Peskir (2009) page 993 to the regime-switching setting.

Lemma 4.4 We have
{(t,z,7) € [0,T) x [1,00) x M : LG(t,z,7) <0} C C, (4.19)

where C = D¢ is the continuation set.

Proof. By Lemma 4.7 below and Lemma 1 in Yao, Zhang & Zhou (2006) we have

BIG(. X120 | 6 =il = Gtnd) + | [ 160n X2 3ir [ 5,=5) . (420

s € [t,T]. Assume now that (¢,x,7) € [0,7) x [1,00) x M is such that LG(¢,z,j) <
0. By the continuity of LG(¢,x,j) with respect to ¢, which follows from (3.4), the
time homogeneity of (5;)icr, and the path continuity of (Y;)co,7], there exists an
open neighbourhood U C [0,T) x [1,00) of (¢,z), depending on U and such that
LG(s,y,7) < 0 for all (s,y) € U. Substituting the variable s in (4.20) with the first
exist time 7 of U when (X5, fy)sep 1 is started at (z,7) at time ¢, Relation (4.20)

above shows by optional sampling that

E[G(TU,Xf_;,BTU) | i =7 =G(t,x,j)+ FE {/ U}LG(r, Xt B)dr | B = j} .
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Since 7y > t a.s. and LG(r, Xt*, 3,) < 0 when r € (¢,7y), the right hand side is

strictly smaller than G(t, z, 7), while we have
E[G(TU7X7?E—;C7BTU) ‘ 515 :j] Z V<t7$7j)7 (421)

showing that V(¢,z,j) < G(t,x,7), which implies that (¢,x,j) € C. O

Next we derive the following continuity result wich has been used in the proof of

Proposition 3.1.

Lemma 4.5 For any j € M, the mapping (t,z) — V(t,x,7) is jointly continuous
on [0,T] x [1,00).

Proof. We proceed in two steps. (i) We show that the mapping ¢t — V (¢, z,7) is
continuous on [0, 7] for every fixed # > 1 and any j € M. By (2.6) we have

N (@Y)VYir|,
V(t,z,j) = tglgiTE Ty Br=17
I P L N
- oglIglfotE e(u(Br)—02(8:)/2)7+0(8r) By Bo=J
= B\ UET) 5():]}, te0,7], jeM, z € [1,00),
where

o ot (=0 (B 25 B

(u(B)—02(B2)/2)7+0(Bs) B ’

Ult,s) = s,t € 0,77 (4.22)

For any (F!)se,r-stopping time 7 € [0, 7 — t] we have

0<FE [U(t,T) —U(t+s,7)| B :j}
<.|E (60<Ifl<a~fr(_t((u(ﬂr)—02(5r)/2)r+0(l3r)3r) _ eoq?%it_s((u(m)—a?(ﬁr)ﬂ)w(mmr)>2 Gy = j]
% \/ E {G—Q(M(&)—tﬂ(/37)/2)T—20(6T)BT By = ]}
<.|E (60533%(_t((u(ﬂr)—02(50/2)?4—0(&)30 _ eoq?%it_s((u(m)—a?(m)m)rwwrmr)>2 gy = j]
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y ¢6(Tt) {2% |30 (4)—2u(7) | E —202(/37')7_ 20(Br)B 50 - ]:|

2
< |5 (eosrglg;c_t((u(ﬁr)—tf?(ﬁr)/2)r+0(5r)3r) - eogrglgft_s((u(ﬂr)—02(/3r)/2)r+0(5r)3r)> _ j]
T B 2u02 (423

where we applied the optional sampling theorem. Letting s tend to 0 on both sides

of (4.23), we get
tim E[U(t+5,7) | fo =] = B[U(7) | fo =], (1.24)

and since the convergence is uniform on all (F?)ejo,rj-stopping times 7 € 0,77, we

obtain

liminf inf  E[U({t+s,7)| B =j] > lim\‘iglf inf  E[U(t+s,7) | Bo=j]

s\O0 0<7<T—t—s 0<r<T—t
= o SB[V ) | fo=j] = _inf BUE) | 6=7]. (425)

Next, according to Proposition 3.1 there exists an optimal (.7-— )86[0 7)-stopping time

* € (0,7 — t] such that

inf  BU(L7) | fo= 4] = E[UWLT) | Ao =], (4.26)

0<r<T—t

hence we have

inf  E[Ut+s,7)|bo=7j] < inf  E[U®,7)|Bo=]] (4.27)

0<7<T—t—s 0<7<T—t—s

< BUG AT —t—-5)| =],
Since U(t, s) is nonnegative for any s,t € [0, 7], we have

Ut,; N(T—-t—ys) < Ult,7)+UET—1t—s)

xV eO<r<T t((“(ﬂr)_‘72(5r)/2)r+a(5r)3r)

e(y’(ﬁT—t—s)_UQ(ﬁT—t—s)/2)(T_t_s)"l‘o'(BT—t—s)BT—t—s
max  ((u(Br)—0®(Br)/2)r+0o(Br)Br)

T\ eO<r<T—t

W-2@/Dr+ __ mf (0B,

inf
EieM,TE[0,T—t] ieM,rel0,T—t]

= U(t, T:) +

< Ut 7))+
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which is integrable by (4.26). By the reverse Fatou Lemma we have

limsupE[U(t,Tt*/\(T—t—s)) | Bo :j] < E[limsupU(t,Tt* ANT—t—5s))|Po :j}
sN\O0 EAN)

= E[U(7) | 6o =] (4.28)

Combining (4.26), (4.27), (4.28) and (4.25) we find

151{% ogfg%’f—t—sE _U(t +5,7)| B = ]_ = oging—tE _U(t,T) Bo = ]_ : (4.29)
Similarly we have
il\r‘% OST%I%f—H—sE U(t -5 T) ﬂo = J_ = Ogilglg“—tE _U(ta T) ﬂo = j_ ) (430)

hence t — V/(t,z, j) is continuous on [0, 7.

(1) We show that = —— V/(¢,z,7) is continuous on [1,00), uniformly in ¢ € [0, 7],
extending the argument of du Toit & Peskir (2009) page 995 to the regime-switching
setting. By Relation (4.17) and the mean value theorem, for all y € [x, 00) there exists

a (random) 7 € [X[7,, X;¥.] such that for any (F?)c(.r)-stopping time 7 € [0, T — ]

we have
ty t.x _ aG ty t.x
G(t + T, Xt+‘r7 ﬁt-&-T) - G<t + T, Xt+T7 ﬁt—i—T) - ax (t + T, 77) (Xt+7' - Xt+7'7 6t+7')
Y,
< (y—a2)——, 4.31
< (v >Yt+f (4.31)

since XY, — X[T < (y — 2)Y;/Yipr by (2.13). Let now (¢, z,5) € [0,7] x [1,00) x M
and consider 7, := 7(¢,z,j) given by (3.2). By Lemma 2.2 we have

V(t,y,5) = V(t,2,5) < E (Gt + 7a, X{i, Brir,) = G+ 7, X0 Brin) | B = 5]

(4.32)
Since E[Y;/Y;ir | By = j] is uniformly bounded as in (3.6), taking expectation on
both sides of (4.31) yields

lim E [G(t + 7, X, Brer) = Gt +7, X005, Bys) | B = 4] =0, (4.33)

y—x
uniformly in ¢ € [0,7] and in the (F?)secpo,r-stopping times 7 € [0,7 — ¢]. Since
V(t,z,j) is increasing in = € [1,00), (4.32) and (4.33) yield

0 <lim(V(t,y,j) —V(t,z,j)) <0, (4.34)

Yy—x
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which shows the continuity of x — V (¢, x, j), uniformly in ¢ € [0, 7], for all j € M.

From (i) and (i7) we conclude to the joint continuity of (¢,z) — V (¢, z,j) on [0,T] X

[1,00) by classical arguments. O

Lemma 4.6 The mapping (t,z) — G(t,x,7) is jointly continuous on [0,T] % [1,00).

Proof. By Relation (4.17) and the mean value theorem, for all y € [z, 00) there exists

an 1) € [z,y] such that for any ¢t € [0, T] we have

. . oG .
0< Gty ) =Gt w,j) =y —2)5-(tnj) <y—uz (4.35)

which shows the continuity of x — G(t, x, ), uniformly in ¢ € [0, 7]. On the other
hand, we have by (2.11) that t — G(¢,, j) is continuous on [0, 7] for every = > 1.
We conclude to the joint continuity of (¢,z) — G(t,z,j) on [0,7] x [1,00) by a

classical argument. 0

We close this section with the following three lemmas.

Lemma 4.7 The Markov process (s, X", Bs)sepr) has the infinitesimal generator

) o 1 92 “
L N “ 2/ - . Ny Y - 2/ - 2_ . - .
f(5,9,7) (as +y(o™(4) M(J))ay +50°0)y 8y2> f(s,9,7) +;qj,zf(s,y,2),
(4.36)
s €[0,T], j € M, y € [1,00), for f € Dom (L) satisfying (s, 1+, j) = 0.
Proof. Letting
s—t
Zb =logaz Vv St — / 0(Buse)dBE, (4.37)
0

s € [t,T], > 1, from (3.3) we have X"* = exp (ZL*), s € [t,T], * > 1. Since

(S‘ﬁ)re[g,T_t] is nondecreasing it has finite variation, hence
A Zy", 27y = a*(B)(dB)_y, dB_) = o*(B,)d(B,, B,) = o*(B,)dr,  (4.38)
which shows that
AXY = XAz Xl 7L
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1
= XM*dZM + 502(55)Xﬁ’“’ds
1

= X'd(logz v St ,) — o(B) X®dBt_, + 502(58))(5%3. (4.39)

Given that g—g(s, 14,7) =0 for (s,y,7) € [0,T] x [1,00) x M, we have

0 A 9, .
8_£<S’ X4 B,) d(logz v St,) = 8_5(57 X Bs)Lixtespyd(logz Vv St
af t,x Ot
— a—y(s, X% Bs)1 grasgyd(logz V S,y
= 0,

since d(logz vV S%_,) = 0 when Z%* > 0, s € [t,T]. From (4.39) this shows that

A 1
a—f(s,X;f””,ﬁs) dXH* = g(s,Xﬁ””, Bo) | —o(B) XE"dBE_, + ~o*(B,) X dr | |
Ay oy 2
(4.40)
and we conclude the proof by 1t0’s calculus. O
The next two lemmas will be used in the proof of Proposition 5.2 below.
Lemma 4.8 Let j € M such that u(j) > 0. The function h(t,j) defined by
h(t,j) :==inf{z € [1,00) : LG(t,y,j) >0, Vyé€ [zr,00)}, (4.41)

is nonincreasing and continuous in t € [0,T| and satisfies h(T,j) = 1, for all j € M.

Proof. By Lemma 4.3 the function LG(¢,z, j) is nondecreasing in ¢ for all x > 1
since p(j) > 0 and it follows from the definition (4.41) of h(t,j) that ¢t — h(t, )
is nonincreasing in t € [0,7]. For any ¢y € [0,7") and decreasing sequence (t,),>1 C
(to, T'] converging to to from the right hand side we have nh_g)lo h(tn,7) < h(to,j) and
lim A(t,,j) > h(tg,7) for any £ > 1, hence lim h(t,,j) > h(to, ) as by the continuity
g?;oﬁ LG(t, z,j) we have o

LG(to, lim h(tn, §),7) = lim LG(ty, lim A(t, 1), 5) > 0, (4.42)
n—00 k—o00 n—00

and this proves that th\r? h(t,j) = h(to,j). On the other hand we have h(ty—,j) :=
0
&iTrtnh(t,j) > h(to,j) for any ty € [0,T], j € M. In case h(to—,j) > h(to,7) we
0
have LG(tg,x,j) > 0 for all x € [h(to,j),00]. In addition, for any t € [0,t) and
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x € [h(to,]), h(to—,j)) we have LG(t,z,j) < 0 since h(t,j) > h(to—,j), hence
LG(tg,x,7) = 0 for all x € [h(to,7),h(to—,J)) by the continuity of ¢t — LG(¢, x, j).

By Lemma 4.3 we would have

L 0G 4 . 4 : ,

$02(j)%(t0,x7]) :ﬂ(]>G<t0’x7J)> S [h(t(b])’h(t()_aj))v (443)
which shows that G(to, x, j) = C(to, j)z#9/7*0) where C(ty, j) depends only on ¢, and
j € M. This is a contradiction since a%G(to,x,j) =P <3A/7507T/Yto < x| By = j> =
Clto, Hu(i)a="01*G 1o2(j) for & € [h(to, J), hlto—, )) canmot hold when u(f) <
o2(j), and more generally Y;, /Y;, cannot have a power law, even locally. O
Similarly to (3.22)-(3.23) in du Toit & Peskir (2009), we now show that F(t,z,j)
defined by (3.7) is nondecreasing in ¢t € [0, 7] for all j € M and z € [1,00), as in the

following Lemma 4.9 which will be used for Proposition 5.2, and whose proof follows

the lines of du Toit & Peskir (2009) page 994.

Lemma 4.9 Under the condition u(j) > 0 for all j € M, the function
t— F(t,z,5) =V(tzj) - Gt z,j) (4.44)

is nondecreasing in t € [0,T], for any (j,z) € M x [1,00).

Proof. For any r,s € [0,T —t] with r < s, let 75 := 7p(s,z,j) —s € [0,T — s] by
the definition (3.2) of 7p. Replacing s with 74 and ¢ with r in the formula (4.20) and

using optional sampling, we have
F(T,l’,j) = V(T,l’,j)—G(T,x,j) (445)
E[G(T + Ts, X:frsa BT—FTS) | 67" = j] - G(Tv ZL’,])

r rr+7s
E / LG (v, X", By)dv | B, = j:|

IA

B| [ Lo n Xz o] 5= ]
0

v

= F / LG(U—FT,XO’x,ﬂv)d’U’ﬁo:j], 0<r<s<T-—t.
LJo
Combining (4.45) with

F(S,.flf,j) = V(waa.j) - G(S,Z’,j) = E[G<S+TS7X§fTS758+Ts) | 67" :j] - G(Sax7j>
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= FE {/T LG (v + s, X2, B,)dv ‘ Bo = J} ;
we have 0
F(s,2,5) — F(r,z,§) (4.46)
> B [ / Lo + 5, X0, B)dv | o = y} —E [ /0 LG+, X0%,B)dv | By = J}

:E[

Since by (4.18) the function t — LG(t,x,7) is nondecreasing in ¢t when u(i) > 0, we

[en]

Ts

v v

LG(U + S:X07x7 Bv) - LG(U +, X07I7 Bv)d?) ) BO = ]:| :

S—

find that the right hand side of (4.46) is nonnegative, thereby F'(t,z, j) is nondecreas-
ing in ¢t € [0, 7. O

5 Solution of the free boundary problem
In this section we turn to the solution of the free boundary problem (2.6). First, we
note that the stopping set D has a simple form in two special situations.
Proposition 5.1 We have the following special cases of optimal stopping sets D.
i) Immediate exercise. Under the condition p(j) < 0 for all j € M, we have
D =10,T] x [1,00) x M.
i) Ezercise at maturity. Under the condition u(j) > o(j) for all j € M, we have
D ={T} x[1,00) x M.

Proof. Replacing s in (4.20) with 7p defined in (3.2) and using optional sampling,
we find

TD(t,x,5)
V(t,z,7) =G(t,z,j)+E [/ LG (r, X', B, )dr
t

ﬂt:.]:|7 te[OaT]a JGM,
(5.1)
where (X!*),epm is defined in (2.13).

i) In case p(j) < 0 for all j € M, by Lemma 4.3, we have LG(t,z,7) > 0 for all
(t,z,i) € [0,T) x [1,00) x M, hence (5.1) implies 7p(t,x,7) = 0 a.s., otherwise
it contradicts the fact that V (¢, x,7) < G(t,x,i) because of (5.1). This implies
[0,7T] x [1,00) x M C D.
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ii) In case p(j) > o2(j) for all j € M, by Lemma 4.3 we have LG(t,z,i) < 0
for all (¢,z,i) € [0,T) x [1,00) x M, and applying Lemma 4.4, we see that
[0,7) x [1,00) x M C C, which means D = {T'} x [1,00) x M.

U

Next, we provide sufficient conditions on the drift coefficients (44(7)) e for the bound-

ary function b(¢, 7) defined by (3.10) to be nonincreasing and continuous in ¢ € [0, 7.

Proposition 5.2 Assume that p(j) > 0 for all j € M. Then the boundary function
b(t,7) defined by (3.10) is nonincreasing in t € [0,T]. If in addition u(j) € (0,02(5))
for all j € M, then b(t, j) is finite and continuous in t € [0,T].

Proof. (i) Monotonicity. Let (t,z,j) € D and s € [t,T]. We have F(t,x,j) = 0 and

F(s,x,7) = 0 since F(t, z,j) is nondecreasing in ¢ by Lemma 4.9, hence
7] x {2} x {j} € D, (5.2)

showing that (¢,z,j) € D <= [t,T] x {z} x {j} C D. Then for any s € (¢t,T], we
have (s,b(t,j),j) € D since (t,b(t,5),7) € D. By Proposition 3.2 and noting that
(s,0(s,7),7) € D, we conclude that b(s,j) < b(t, j).

(77) Finiteness. Since the function h(t,j) defined in Lemma 4.8 is nonincreasing and
continuous in t € [0, 7] with h(T,j) = 1, we can repeat the argument on pages 994-
995 of du Toit & Peskir (2009) as by (4.18) and the condition pu(j) € (0,0%(j)) for all
Jj € M, the function LG(t,x, j) satisfies lim, ,., LG(t,x,j) = oo, t € [0,T], j € M,
and

inf {LG(t,z,5) : (t,z,j) € [0,T] x [1,00) x M} > —o0. (5.3)

(77i) Right continuity. Given (t,b(t,7),7) € D, consider a strictly decreasing sequence
(t;)n>1 such that lim ¢, =t. By part (i) above we know that b(¢,,j) < b(t,7), n > 1,
- n—oo
and lim b(t,,j) < b(t,j). Next, by Proposition 3.2 we have
n—oo

[t,T] x [b(t,7),00) x {j} C D, (5.4)

and since (t,,7,b(t,,j)) € D, n > 1, and D is closed, we have (t, lim b(tn,j),j> €D,
n—oo
hence lim b(t,,7) > b(t, j).
n—oo
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(7v) Left continuity. Similarly to point (ii) above we can apply the argument of du
Toit & Peskir (2009) page 998 based on the fact that from Lemma 4.8 the function
h(t, j) is nonincreasing and continuous in ¢ € [0, 7] for all j € M. O

Figure 1 illustrates the result of Proposition 5.2 by applying the recursive algorithm
of Liu & Privault (2017) in order to plot the value functions V (¢, a, j) and G(¢,a, j) in
the case u(j) € (0,02(5)), 7 € M. In Figure 1 we take the positive drifts p(1) = 0.15,
1(2) = 0.05, with (1) = 0.5, 0(2) = 0.3, T = 0.5, n = 100, 6, = T/n = 0.05, and

—25 2.5
=3 %]

V(t,a,2) m—

(a) Value functions from state 1. (b) Value functions from state 2.

Figure 1: Value functions in the two-state case as functions of time and the underlying.

Figure 1 also allows us to visualize the stopping set D and the continuation set
C={(ta,j) € 0,T] x [1,oc) x M : V(t,a,j) < Glt,a,)}.  (55)

The numerical instabilities observed are due to the necessity to check the equality

V(t,a,7) = G(t,a,j) when V(t,a,j) and G(t,a,j) are very close to each other.

The boundary functions are plotted in Figure 2 based on Figure 1, with spline smooth-
ing. We observe that starting from state 1 it is better to exercise earlier than if we
start from state 2 which has a lower drift. This is due to the possibility to switch
from state 1 to state 2 after the average time 1/¢;; = 0.4 and to stay at state 2 for
the remaining time 7' — ¢ < 1/¢2» = 0.5, in which case the drift takes the lower value

1(2) = 0.05. The opposite occurs if we start from state 2, for which the boundary
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graph is higher than if we start from state 1.

b(t,1)
b(t,2)

L L L L
o 0.1 0.2 0.3 0.4 0.5

t
Figure 2: Boundary curves as functions of time in the two-state case.

We note that without the condition u(z) > 0 for all i € M, the function F(t,x, )
in Lemma 4.9 may not be nondecreasing in ¢ € [0, 7], in which case the equivalence
(t,x,7) € D <= [t,T] x{z} x {j} C D in the proof of Proposition 5.2 does not hold,
and in this situation the boundary function ¢t —— b(t, j) may not be decreasing in

t €0,7], cf. e.g. Figure 4 in Liu & Privault (2017).

Next, we derive a Volterra type equation (5.7) below satisfied by the function b(t, j)
defined in (3.10), for the boundary curves

{(to) € 0.7 x [1,00) o = b{t, )} (5.6)
of the optimal stopping set D in (3.1), for any j € M.

Proposition 5.3 Assume that u(j) € (0,02(5)) for all j € M. Then the boundary
function b(t, j) satisfies the Volterra type equation

Gt b(t, ), 5) = J(t, bk, J), / K(t,r,b(t, 7), j)dr, (5.7)
0 <t <T, with terminal condition b(T,j) =1, j € M, where
(@, j) = BT | B = jl, (5:8)
and
K (t,r,2,) = B [LV (5, X2, B) L xtesiosy | 6= 1] (5.9)

for0<t<r<T andzxz > 1.
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Proof. Noting that V(t,z,7) < G(t,xz,7) for all (t,z,7) € [0,T] x [1,00) X M by
(2.12), the continuation set C':= D¢ is given by

C=D={(t,x,j) € [0,T] x [1,00) x M : V(t,x,5) < G(t,z,j)}. (5.10)
According to Proposition 3.1, for any (¢, x,j) € C, we have

Vite,5) = B |G (ro, X5 Brp) | 8= ] (5.11)

where 7p = 7p(t, x, ) is defined by (3.2). Given that %—Z(t, 1+,7) = 0 by Lemma 4.2,
by the application of Peskir & Shiryaev (2006), Chapter III, § 7.1.1, § 7.4.1 as in du
Toit & Peskir (2009) § 3.5, page 996, the function V in (5.11) is C'? in the continuation
set C'in (5.10) and it solves the Cauchy-Dirichlet free boundary problem

LV(t,y,j) =0, (t,y,4) € C, (5.12a)

V(t.y.j) = Gty j), (t,y,4) € OC, (5.12b)

hence 0C' C D, where OC' denotes the boundary of the open set C. By the local
time change of variable formula of Peskir (2005), and by Lemma 4.7 below with the

property %—Z(t, 14, 7) = 0 shown in Lemma 4.2 above, we have

E[Xy" | B = j] = BIV(T, X5, Br) | B = J]

T
_ V(t,x,j)+E[/ ]LV(r,Xﬁ?x,5r)1{Xﬁ,x#b(nBT>}dr‘@:j} (5.13)
t

1 T rov . oV N ) |
g8 [ (Gt = G Xm0 ) Lot | 53],

where we applied the equality V (T, X;*, 8r) = X3, and (£2(X**)),cf.1) denotes the
local time of X** on the (piecewise continuous and nonincreasing by Proposition 5.2)
curve r — b(r, 8,). By the smooth fit property shown in Lemma 4.1 above, the last
term in (5.13) vanishes. By Proposition 3.2 above and the definition (3.10) of b(¢, j),

Relation (5.12a) can be rewritten as

]LV(Tay7j>1{y<b(r,j)} - Oa re [07T]7 ] € Ma Yy > 17 (514)
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which implies

-
(5.15)

T T
B| [ Wit s 6=i) = £ | [ Lo, 500 e
t

t
Hence, combining (5.13) and (5.15), we obtain
T
E[XY | B = j] = V(t,:z:,j)+/ E [LV(T, X5, Bty ‘ B, :j] dr, (5.16)
t
and substituting = with b(¢, 7) in (5.16) above we find that

G(t,b(t,5),7) = V(t,b(t, ), )

' T
= E[XY (t4) | By =j]—F {/ LV (r, X069 B xtasyi 5y dr | Be —j:|
= J(t,b(t,7), /Ktrbt] J)dr,
where the functions J, K are defined by (5.8)-(5.9). O

Remark 5.4 Note that the equation (5.7) also involves the optimal value function
V(r,y,j) and not only the function G(r,y,j). Indeed, when m > 2 the equality
V(r,y,j7) = G(r,y,j) in (5.15) for a given (r,y,j) = (r, X}*, 5,) € D does not imply

LV(r,y,j) = LG(r,y,]) (5.17)

as in du Toit & Peskir (2009) because we may not have V(r,y,i) = G(r,y,i) for all
i=1,...,m in the summation over the states of (B¢)icpo,r in the definition (4.9) of L.
In Buffington € Elliott (2002), this issue is dealt with via an ordering assumption on
the boundary functions (b(t, j))tcjo,r in the two-state case j = 1,2, see Assumption 3.1
therein, however this method applies specifically to American options and not to ul-
timate maximum problems, which have a more complex payoff structure. Moreover,

such an ordering condition may not be satisfied in our current setting, cf. Figure 4 of

Liu & Privault (2017).

In the absence of regime switching with Y; = Yjel#=o°/2t+oB:  Relation (3.10) is
replaced by
b(t) = inf{z € R, : (t,x) € D}, t€[0,7], (5.18)
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and the boundary equation (5.7) becomes

T
G(t,b(t)) = E[X:") - E [ / LG(r, X?®)1 {x0 5T (5.19)

t

which recovers (3.50) in du Toit & Peskir (2009), with

) o 1., ,0°

LG(r,z) = (§+x(02 —p)=— + =o°x Eye

%3 > G(r,z), rel0,T], x € Ry. (5.20)

Since the Volterra type equation (5.7) cannot be solved by standard methods under
regime switching, we have applied the recursive algorithm of Liu & Privault (2017) in

order to plot Figures 1 and 2.
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