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Abstract

We derive sufficient conditions for the mixing of all orders of interacting
transformations of a spatial Poisson point process, under a zero-type condition
in probability and a generalized adaptedness condition. This extends a clas-
sical result in the case of deterministic transformations of Poisson measures.
The approach relies on moment and covariance identities for Poisson stochastic
integrals with random integrands.
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1 Introduction

The ergodicity and mixing properties of Poisson random measures under deterministic
transformations have been considered by several authors, cf. e.g. [7], [5], [14]. This
paper investigates mixing beyond the deterministic case by considering interacting,

i.e. configuration dependent, transformations of Poisson samples.
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Consider a o-compact metric space X with Borel g-algebra B(X) and let Q denote
the configuration space on (X, B(X)), i.e.

Q:{w:(xi)i]LCX, x; # x; Vi # 7, NG]NU{OO}},

is the space of at most countable subsets of X, whose elements w € ) are identified

to the point measures

w(dy) = da(dy), (1.1)

rTEW

where ¢, denotes the Dirac measure at x € X. The space () is endowed with the
Poisson probability measure 7, with o-finite diffuse intensity o(dz) on X and its as-
sociated o-algebra F generated by w +— w(A) for A € B(X) such that o(A) < co. In
particular, 7, (dw)-almost surely, w € € is locally finite on compact sets and (1.1) is

a Radon measure.

Given a measurable random transformation
T: X xQ— X,

of X and an element w of Q of the form (1.1), let 7.(w) denote the transformation of

weNby 7(w): X — X, ie.

T*(w) = 257(95’@, w € €, (1.2)

rTEW
is the image measure of w(dy) by 7(,w) : X — X. In other words, the transforma-
tion

T 1 Q0 — Q (1.3)

shifts every configuration point = € w according to x — 7(x,w), and in the deter-

ministic case 7, is also called the Poisson suspension over 7 : X — X, cf. § 9.1 of

2].

In Theorem 4.8 of [14] it is shown, using the moment generating function of Poisson

random measures, that a conservative deterministic dynamical system (2,7, 0, 7)



where 7 : X — X leaves o invariant is mixing of all orders if and only if 7 : X — X
is of zero type, i.e.

lim <h,ho Tn>Lg(X) = O,

n—oo

for all h € L2(X), cf. also § 14.2 of [2] for the Gaussian case.

In Theorem 3.1 below we show that an interacting transformation 7(-,w) : X — X
leaving o invariant 7, (dw)-a.s. is mixing of all orders provided the family of transfor-

mations 7™ : X x Q — Q, n € N, inductively defined by 7 (z,w) := x and
7™ (z,w) = 1V (7 (z,w), "w), n>1, (1.4)
w € ), x € X, satisfies the zero-type condition

lim (g, ho7™) 12 (x) =0 (1.5)

n—oo

in probability for all g,h € C.(X), as well as the vanishing gradient condition (3.1)

below that plays the role of an adaptedness condition in the absence of time ordering.

When 7 : X — X is deterministic, Condition (3.1) below is always satisfied and we
have

7 (2, w) = T"(x), we, zeX, n>1,
hence Theorem 3.1 recovers the classical mixing conditions on the Poisson space as it
suffices to state Condition (1.5) for g = h, in which case it becomes equivalent to the
deterministic zero-type condition

lim <h,hOTn>Lg(X) :O, hGCC(X)

n—o0

Our proof uses joint moments identities for Poisson stochastic integrals with random

integrands, cf. [13], and [4] for an extension to point processes.

Related arguments have been previously applied on the Wiener space using the Sko-

rohod integral, cf. [10], [15], [16].



This paper is organized as follows. In Section 2 we state and recall some preliminary
results on invariance of Poisson random measures and joint moment identities for
Poisson stochastic integrals. In Section 3 we present and prove our main result on the
mixing property of interacting transformations. In Section 4 we consider a family of
examples based on transformations conditioned by the random boundary of a convex
Poisson hull. The invariance of such transformations with respect to the Poisson
measure is consistent with the intuitive fact that the distribution of the inside points
remains Poisson when they are shifted within its convex hull according to the data of

the vertices, cf. [3].

2 Invariance and joint moment identities

In this section we recall some preliminary results on invariance of Poisson random
measures under interacting transformations, and we derive joint moment identities for
the Poisson stochastic integral [, u(z,w)w(dz) of a random integrand u : X x Q —

R.

Invariance of Poisson random measures

Let now D,, v € X, denote the finite difference gradient defined for all w € Q and
r € X as
Dy F(w) = F(wU{z}) - F(w),

for any random variable F' :  — R, cf. e.g. Theorem 6.5 page 21 of [6]. Given
© = {xp, ...,z C {x1,...,2,} and u : X" x Q@ — R, we define the iterated

gradient

Dou(xq,...,x,,w) =D Dy u(zn, .. @, w), xi,..., 0, € X. (2.1)

Tk, ..

Recall that by Theorem 3.3 of [12] or [11], or Theorem 5.2 of [1], 7. : Q@ — Q leaves 7,
invariant, i.e. 7,7, = m,, provided that for 7m,-a.s. w € € the random transformation

T(-,w) : X — X leaves o(dz) invariant and satisfies the vanishing condition

De,7(x1,w) -+ De, T(xm,w) =0, (2.2)



for every family {©;,...,0,,} of (non empty) subsets such that ©; U---U O, =

{z1,..., 2}, forall 1, ..., 2, € X, m,(dw) — a.s., m > 1.

Condition (2.2) is interpreted by saying that for w € Q and zy,...,z, € X there
exists [ € {1,...,m} such that

D:L‘lT(x(lJrl) mod m> w) = 07 i.e. T(x(lJrl) mod m, W U {xl}) = T(x(l+1) mod m;w)> (23)

where (I mod m)=10,1<1<m, and (m+ 1 mod m) =1, i.e. the m-tuples

(T(z2,wUA{x1}), 7(x3,wU{z2}), .., T(Tm, w U{xp—1}), 7(21,w U{z1}))

and (7(z2,w), 7(x3,w), ..., 7(Tm,w), 7(x1,w)) coincide on at least one component in
X, cf. page 1074 of [9]. When m = 1, Condition (2.2) reads D,7(z,w) = 0, i.e.
T(x,wU{z}) =7(z,w), v € X, my(dw)-a.s.

Condition (2.2) is known to hold when 7 : X x Q@ — X is predictable with respect
to a total binary relation < on X, which is the case in particular when X is of the
form X =R, x Z and 7 : X x ) — X is predictable with respect to the canonical
filtration (F)ier, generated on X =Ry x Z, cf. Section 4 of [12].

Joint moment identities

For any random variable F' : Q@ — R, we let ¢f ~denote the addition operator
defined as

et F(w) = FlwU{xy,...,11}), weQN, x1,....11 € X.

L1y Tk

Next, given u : X x {0 — X a measurable process, we define the Poisson stochastic

integral of u as

[ wtehatdn) = 3 uw, ),

TEW

provided the sum converges absolutely, 7, (dw)-a.s. In the next proposition we extend

Proposition 3.1 of [13] to a joint moment identity using an induction argument.



Proposition 2.1 Letu: X xQ — X be a measurable process and n = ni+---+n,,
p>1. We have

E K /X ul(a:,w)w(dx))m . ( /X up(x,w)w(dx))np} (2.4)
| e (HHu ) o(d) <dmk>],

where the sum runs over all partitions P, ..., PP of {1,...,n} and the power li; s

the cardinal
lJ:|PJ"ﬂ(n1—|——i—nl_l,nl—i——i—nz“, izl,...7k, j:]_,...7p,

for any n > 1 such that all terms in the right hand side of (2.4) are integrable.

Proof. We will show the modified identity

E {F (/Xul(x,w)w(dx))m--- (/Xup(g;,w)w(dx)>np] (2.5)
Z Z /6I ..... " (Fﬁlf{ul (), w >O(dx1)---a(dxk)],

1
for F' a sufficiently integrable random variable, where n = ny +--- 4+ mn,. Forp =1

the identity is Proposition 3.1 of [13]. Next we assume that the identity holds at the
rank p > 1. Replacing F with F ([} tp+1 (2, w)w(dz))™" in (2.5) we get

. [F ( /X m(gg?w)w(d@)m . ( /X upﬂ(x,w)w(d:v))nul}

= Z Z / (dzy) - - - o(dxy)

npy1 ko P
l'VL
E el (F (/ up+1($,w)w(dx)) Hulw(xj,w)>]
X 7j=111=1
n k Np+1
-3 5 [ | (f et + 3 o)
k=1 pp,..pp 7 X" X i1
k p n
vt (FHHqu], ))] (day) -+~ ()
j=1i=1
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q=k+1 j=1
n+np41 k pt+l n+np+1
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= g g E / o FHHU (x,w) | o(dxy) - o(dxy) |,
e I =i
. oy n—+n n—+n.
where the summation over the partitions P, 7', ..., P. """ of {1,...,n 4 ny1},

is obtained by combining the partitions of {1,...,n} with the partitions Q5°, ..., Q°
of {1,...,a0} and a4, ..., aj elements of {1,...,n,1} which are counted according to

np+1!/(a0! s CLk!), with
Dot =1 ta, 1<j<k L =1L+]Q, k+1<j<k+a,.

Note that when n = 1, (2.4) coincides with the classical Mecke [8] identity

E [ /X u(x,w)w(dx)} :E[ /X g;;u(x,w)a(dx)}. (2.6)

3 Mixing of interacting transformations

Theorem 3.1 is the main result of this paper. The vanishing condition (3.1) below is

stated in the sense of (2.3) above.

Theorem 3.1 Assume that 7(-,w) : X — X leaves o(dx) invariant for m,-a.s.
w € ), and
Do, 7" (z1,w) - - Do, 7™ (2,,,, w) = 0, (3.1)

for every family {©1,...,0,,} of (non empty) subsets such that ©1 U --- U O, =
{z1,.. . 20}, x1,..., 2 € X and dall 7,(dw)-a.s., ki,...,kyn > 1, m > 1. Then

7



the measure-preserving transformation 7, : @ — € is mizing of all orders m > 1

provided the zero-type condition

lim (g, ho7™) =0 (3.2)

n—oo

is satisfied in probability for all g,h € C.(X).

Proof. Let kip :==pin+ -+ Pin, @ = 1,...,m, where (p1,)n>1-- -, (Pmn)n>1 1S a
family of m strictly increasing sequences of integers. In order to prove mixing of order
m we need to show that for all hy, ..., h,, € CS(X) nonnegative continuous functions

bounded by 1 with compact support and all [y, ...,l, > 1, the joint moments

( /X hl(a:)w(dx))ll o rhin ... ( /X hm(a:)w(dfﬂ))lm o Tfmln] (3.3)
hn (7 (2, w) Jw(dix) o hon (7 (2, 00) Y (diz) " 7
o[/ (I )

( /X hy (:c)w(d:r;))ll ( /X hm(x)w(dx))lm]

as n goes to infinity.

converge to

E B

By Proposition 2.1 and the relation
€y (U (w1, 0) - up(wp,w)) = (I 4 Day) -+ (I + Dy, )(un (w1, w) - - up (25, w))
= ) Do(ur(1,w) - ug(wy,w)), (3.4)

where Dg = D,, ---D,, when © = {z1,...,2;}, we can express the joint moment

(3.3) as a finite sum of terms of the form

/ (H hl” Fivn) (21, w) H h]”’c Rign) (g3, w ))) J(dxl)---a(dxk)] )

11€Q1 1€QK
(3.5)
Where,withN:ll—i—---—i-lm,l;Vz; |PJNﬂ(l1+'--+li_1,l1—|—---—i—li]|and
={ie{l,....m} : i >1}, j=1,...,k, (3.6)



and © C {z1,...,2,}. Note that when © = {z1,..., 2}, Condition (3.1) shows the
vanishing of (3.5) due to the relation

D, ---D,, (ul(:vl,w)~--uk(xk,w)) = Z De,ui(z1,w) - - - Do, ug(vg, w),
@1U---U@k={1 ..... k}
(3.7)
where the above sum includes all (possibly empty) sets Oy, ..., O, whose union is
{z1,...,x}. Hence in the sequel we can assume that © = {xy,..., 2} C {x1,..., 251},

The proof is split in four steps that are based on the evaluation of (3.5).

Step 1. The term (3.5) vanishes as n tends to infinity if |Qx| > 2.

If Q) contains at least two distinct indexes a,b with 1 < a < b < m and [ < k, we

have

/XH By (r*in) (1., w)) o (day) §/Xha(T(k”’")(a:k,w))hb(T(k”’")(xk,w))a(da:k)

JEQK

- / ha(r®en D (7 (24, w), 7)) (F80 D (7 (g, ), 7o) o ()
X

— /ha(T(k“’n_l)(:Ek,T*w))hb(T(kb’”_l)(l'k,T*w))O'(de‘k)
X

= /ha(l'k)hb(T(kb’"ka’")<$k,7'fa‘"w>>0(d$k), (38)
X

w € Q, where used the invariance of ¢ under 7(-,w) : X — X. By (3.8), this shows

that for all p > 1 we have

(/X 11 hj(T(kj‘”)(fckvw))U(diﬂk)> ]

JEQk

B[ ([ hatwm(e oo e o rem o) ) |
= E B () by (7F0nRen) (24 w)) o (dvy,) : ;
v )]

E

IN

while

/Xha(xk)hb(T(kbv"_k“’”)(xk,w))a(dazk)

9



is a.s. bounded by [y he(xr)o(dzy) and tends to zero in probability by (3.2) as n goes
to infinity since h, has compact support and lim,,_,o kp,, — ko = +00. Hence

Jinolo/ TT (7% ()0 () = 0 (3.9)

JEQr
in LP(Q), p > 1.

From (3.9) and the fact that © = {xy,..., 2} C {z1,..., 241} it is apparent that
(3.5) will tend to zero as n tends to infinity, however to conclude Step 1 we need to

an integrability argument.

For this, using the relation

De = Z( 1)+t &,

nco
where € is defined as in (2.1), we rewrite (3.5) as a linear combination of terms of

the form

/ (H h“1 Fivn) (21, w) H h’”’“ Kij.in) xk,w))> a(dxl)--~0(dxk)] :

11€Q1 1, €Qg

with n = {z1,..., 2} C {x1,...,2x_1}. Applying the first moment Mecke identity
(2.6) to the variable z;, we get

k
/Xk €:7LH H h“ ; xj,w)) o(dxy) - o(dxy)

i €Q;

1 E€Q;

[ k
- F /)(k_1/)(€;\{x1} Jl_[1 Hh“ gl x],w)) w(dzy)o(dxs) - - - o(dxy,)

= | [ e /XH T+ wy.) | wldn) | ofdas)--- o)

J=1 \4;€Q;

! k

_ZE /)\(k_l 6;\{331} H hlll 11'” (xlyw))H H hjz rL TL) (L’]7W)) O'(dx2>..o'<dxk) ,

r=2 i1€Q1 =2 \i;€Q;
where we used the relation

82“2-~~5;/v(xl,w)w(dxl):/5j2~~6;rlv(x1, w(dxy) + Z er v(zy, w).
X X

ren\{z1}

10



After inductively exhausting all elements of n by repeating the above argument we

find that (3.5) rewrites as a linear combination of terms of the form

p H/ TT 5 () ) o) H/Hh“ (a5, ))o(dr;)

j=1 Xz €R; j=l'+1 XzJGR

(3.10)
1 < I'" < kK, where {Ry,..., Ry} is another family of subsets of {1,...,m} with
Ry = Q.

Denoting by K C X a compact set containing the supports of hq, ..., h,,, all [ terms
in the left product in (3.10) are a.s. bounded by the random variable

/X 1 (7% (25, w))w(dz;) = /X 1 (7% (7 (25, w), Tw) )w(de)
= /X e (r*i5m D (), rw)) mw(d),  (3.11)

which has the same distribution as / 1 (7% (2, w))w(dz) since 7, : Q — Q
X
leaves the Poisson measures 7, invariant by Theorem 3.3 of [12] or [11]. By de-

creasing induction on Ky, n, ki;n — 1,...,1, this shows that (3.11) has the Poisson
distribution of/ 1g(x)w(dr) = w(K) with parameter o(K) < oo, in particular it

X
has finite moments of all orders.

On the other hand, the terms of index j = [+ 1,...,k" — 1 in the right product
(3.10) are uniformly bounded in n by ¢(K) as in (3.8), and the last term of index &’
converges to 0 in LP(Q) for all p > 1 by (3.9) since Q) is not a singleton. Hence by
Holder’s inequality, (3.5) tends to 0 as n goes to infinity.

Step 2. As a consequence of Step 1 we only need to consider terms (3.5) of the form

N N
E |:/ De (hll Vi1 (T(kil,n)(xl’ (A))) . hiia% (T(k‘lk’n)(xk,UJ))) U(d.’])l) ce O'(dxk):|
Xk
l{\rz (kiym) lljcv g1 (ks )
= F kD@ by (T (g w)) by, (R (g, w))
X
Wi (ki )
Xy, (T (g, w))o (day) - - - o (day)

11



where Qr = {ix} is a singleton. By invariance of 7(-,@) : X — X for any @ C
wU{zy,...,x} € Q, we have
/ hlllcvzzc (T(kik,n)(aj @))o(dxy,) :/ hlll“v’k (T(kikv"_l)(T(a: O)Tw))o (dxy)

i ks k i ey W) T k

X
N

IV IV o
_ /X B (WD) (. 7,65) o () = / B (r (g, 7 ) ) o ()

X

_ /X B () (da), (3.12)

where the step before last is reached by induction on 1,...,k;, , — 1. Since (3.12) is
deterministic, the integral in o(dzy) can then be factored out of Dg in (3.5) and we

can reconsider (3.5) at the order k& — 1 instead of k.

Step 3. Decreasing induction on k.
After implementing Step 2, from (3.7) and Condition (3.1) we can again assume that
© ={xy,...,2} C{x1,..., 252}, and repeating Step 2 above by further decrement-

ing k£ we find that (3.5) vanishes as n tends to infinity unless @); is a singleton for all

7=1,...,k=m and © is empty, in which case we have
- Wy ((hkiy ) Wi (ki )
lim E | [ (b S (@y,w) b () (@, 0)) ) o(day) - - o(da)
n—oo Xk

i, N
= / hy 't (x)o(dx) - / h (x)o(dx).
X x "
Step 4. To conclude, taking again N =1 + --- +[,,, we let
U =P N4+l 4+ 1, i=1,....m, j=1,...,k,

and note that from (3.6) and Step 3, (3.5) vanishes as n tends to infinity, unless © = ()

and the cardinal
D= (U = [PY V(o4 iy 4+ 1)

is either O or 1 for all j =1,...,kand i € {1,...,m}.

12



Hence we only need to consider partitions of {1,...,k} of the form
{Uf,....0,,....0", ..U}
such that for alli =1,... m,
{U,....U.}

is a partition of {ly +---+ {1+ 1,...,l; +---1;} made of (say) k; non empty sets,
ki € {1,...,1;}, after a suitable re-indexing of the lower index j in U

Then by (3.4) we have

(/X ha (700 (a w))w(d@)h...( /X hm<f““’"’”>(x,w))w(dm))lm]

- JLH;O; NZ - (HHhEWT(’W(@,w))) o(dxoma(dxk)]
— T}LHSOZ Z Z Z

ki=1 km=1U{U..0U} ={1,...11} Uru..uup ={li++Hm—1+1,. 4+ }

/ . (HHh W) (kb >>> a(dx1>--~a<dxkl+...+km>]

=1 q;=1

wEE oy oy 5

k1=1 km=1U{U...uU} ={1 ..... I} Urru..uU ={li++lm—1+1, ol } ©C{L,. k4 +hm }

‘qu| zn
/k ok De <| | | | h; ) xk1+"-+ki1+q¢7w>>> o(dxy)-- 'U(dxk1+---+km>]
k1t tkm

=1 q;=1

— lzlzmj )RS 3

M=l km=1U0.OUL ={1,.h}  UPUO00 =1l

| wf@ota-- [ mh @atan) o [ @0t [ mE @t

(f m(x)w(dx))h (/ hm<x>w<dm>)lm] ,

showing that 7, is mixing of all orders n > 1, by density in L*(£2, 7, ) of the polynomials
in [, h , h € C(X). O

lim F

n—oo

E

= E . E
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4 Examples

We consider a family of examples satisfying the hypotheses of Theorem 3.1, based
on transformations conditioned by a random boundary. We let X = R? with norm
| - || and for all w € 2 we denote by w. C w denote the extremal vertices of the con-

vex hull of wNB(0,1). We also denote by C(w) the convex hull of w, with interior C(w).

Consider a mapping 7 : X x Q@ — X such that for all w € €,
T(hw): X — X
leaves X \ C(w,) invariant (including the extremal vertices w, of C(w,)) while
71 C(we) X O — Clw,)

shifts the points inside C (we) depending on the data of we, i.e. we have

7w, we), € C(we),
T(z,w) = (4.1)
x, r € X\ Clwe).
As shown in Proposition 4.1 below, such a transformation 7 satisfies the vanishing
condition (2.2) hence by Theorem 3.3 of [12] or [11] the mapping 7. :  — Q leaves
7, invariant. The next figure shows an example of behaviour such a transformation,

with a finite set of points for simplicity of illustration.

Using the mapping 7 : X x @ — X, we will build examples of interacting transfor-
mations 7 : X x 2 — X that satisfy Conditions (3.1) and (3.2).

14



Vanishing condition (3.1)

Proposition 4.1 Let7: X xQ — X satisfy (4.1) and let f : X — X be a bijective

deterministic mapping that preserves set convezity. Then the transformation

T X XxQ — Q
(w,z) +— 7(z,w) = f(T(z,w)) (4.2)

satisfies the vanishing condition (3.1).

Proof.  In order to check that (3.1) holds for all m > 1, we note that by induction
on k > 1 we have
78 (2, w) =7 (2, w,), re X, (4.3)

i.e. 7™ (2, w) depends only on x and on the points in w,. Indeed, Relation (4.3) is

satisfied for k =1 by (4.1) and we have
T(k+1)(l‘, w) = T(k)(7($, W), Thw) = (k) (T(x, we), (Taw)e),

while the positions of the points in (7.w). themselves depend only on w, through the

function f, showing that 7**1(z,w) depends only on w, and z.

On the other hand we can also show by induction that
78 (z,w) = fH(z), re X\ Clw), (4.4)

Indeed this condition is satisfied for £k = 1 by (4.1) and (4.2). Now since f: X — X

preserves set convexity we have
C((rw)e) = C(f(we)) C F(Clwr),
because f(C(w,)) is convex and contains f(w.), hence since f is bijective we get
7(2,w) € C(rw)e) = 7(2,w) € F(C(w,)) = F(w,w) € Clw) = o € Cw,),

1.e.

€ X\ C(we) = 7(z,w) = f(x) € X\ C((Tew)e), reX. (4.5)

15



Therefore, assuming that (4.4) holds at the rank n > 1, for every = € X \ C(w,) we
get, by (4.5),

P (1, 0) = 78 (2, 0), rw) = (7 (,0)) = F1 (@),

which is (4.4) at the rank £+ 1. In the remainder of this proof we will conclude from
(4.3) and (4.4) as in Proposition 3.3 of [1] and [12] that the vanishing Condition (3.1)

is satisfied, i.e. we show that

D®1T(k1)($1,w) T D@mT(km)({L‘m,u}) =0, (4.6)
for every family {©;,...,0,,} of (non empty) subsets such that ©; U---U 6,, =
{z1,...,2n}, x1,.. ., 2y € X and all 7, (dw)-a.s., ky,... .k, > 1, m>1.
Note that whenever z; lies inside of C(w) = C(w,) then by (4.3) we have

D, ™ (zj,w) = W (zj,wU{z}) — 70 (z;,w) = W (25, (w U {z:})e) — 7P (25, we)

= 7®(z;,w.) — 7®(z5,w,) =0

for all i,j = 1,...,m and k > 1, hence D,7®(z;,w) = 0 provided {z;} C n C

{.fL'l, . ,xm}.

Consequently it suffices to consider the case where C(w U {z1,...,z,}) has (at least)
one extremal point denoted z, within {x1,...,z,,}.

Now, for all n C {z1,...,z,,} we have

70 (ze,wUn) = 70(e,w) = f*(xe)
by (4.4), hence
Dom® (2,,w) = 0,

for all © C {x1,..., 2}, due to the relation

Do (2., w) = Z(—l)'GHI_'”'T(k)(xe,wUn)
nco
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= fMx) Z(_l)l@lﬂf\nl

nce
= FHa)(1 - 1)

= 0,

where the summation above holds over all (possibly empty) subset 7 of ©. As a

consequence, a factor in (4.6) has to vanish. O

Zero-type condition (3.2)

In order for the zero-type condition (3.2) to hold it suffices that

lim ||[7™ (z,w)| = oo, weQ, zeR%

n—oo
For this we can assume for example that 7 : X x 2 — X satisfies a random dilation

property
|7 (z,w)|| > C(w)]||z]|s, weQ, zeRY, (4.7)

for a random variable

C:Q— (1,00).

In this case, for any g, h € C.(X) with support in B(0,7) for some r > 0, we have

lim <g,hOT(n)>Lg(X) :07 w GQ,

n—o0

because the support of x — k(7™ (z,w)) is in B(0,rC~"(w)) by construction, for
all w e Q.

Condition (4.7) holds in particular when f : R — R? in (4.2) satisfies the dilation

property
If @) = rlz],  zeR

for some r > 1, and 7 : X x Q — X satisfies
[7(@,w)l| > c)lzl, we, zeR

for some r > 1 and ¢: Q@ — (0, 1] such that inf,cq c(w) > 1/7.
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For example in case f(z) = rUzx, + € R? where r > 1 and U : R* — R" is
a linear isometry of RY, the intensity measure o(dx) := ||z||~%dz is invariant by
f:RY — R and if ¢(w) = 1, the measure-preserving mapping 7(-,w,) : X — X
can be built from any isometric transformations of C(w,). This includes for example

any random rotation within a (random) disk contained in C(w,).
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