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1 Introduction

The Malliavin calculus was originally designed as a tool to establish the regularity
of the solution of certain parabolic partial differential equations via probabilistic ar-
guments. Over the years, it has been developed into an indispensible tool in many
research areas such as anticipating stochastic calculus and stochastic calculus for frac-
tional Brownian motion, see for example [21]. Malliavin’s approach relies on a heavy
functional analytic apparatus, such as the Ornstein-Uhlenbeck operator and the defi-
nition of suitable Sobolev spaces, to which the diffusion processes belong.

A central tool for the unification of the Malliavin calculus in the Brownian and jump
cases is the use of chaos expansions based on multiple stochastic integrals. When
applied in the Poisson case, this approach is known to yield finite difference operators
instead of derivation operators, as was noted in [13] and [23]; there also exists an
alternative approaches to the Malliavin calculus for the standard Poisson process that
use derivation operators, for instance, see e.g. [10], [25]. In the case of jump processes,
the development of the stochastic calculus of variations was also initiated in [4], via
the use of the Girsanov theorem; this approach was further developed in [3] with
applications to the smoothness of the density of the solution to stochastic differential
equations with jumps. This approach relies on the differentiation of quasi-invariance
identities leading to integration by parts formulas for diffusion processes, which where
obtained by Malliavin in an alternative way.

Still based on integration by parts, in the seminal paper [28], Stein proposed an al-
ternative derivation of Berry-Essen’s bounds for the error incurred in normal approx-
imation, through the use of the Stein equation. This approach was further extended
and enhanced by Chen [5] to obtain similar results for Poisson approximation. More
recently, new developments combining the integration by parts in the Malliavin Cal-
culus and in the Chen-Stein method have appeared [18], [22], [30], together with a
growing number of applications in probability and statistics, including the discovery
of a universal normality result, called the fourth moment theorem, for sequences of
multiple stochastic integrals. Since then, popularity in combining the Malliavin calcu-

lus with Stein’s method has been widely observed, and this has provided asymptotic



statistical analysis tools for the normal approximation of Wiener chaoses, see [18],
and [6]. Furthermore, [19] studied the approximation of Gamma distribution by a
sequence of Wiener chaoses. [9] provided a technique to compare the tail of a given
random variable to that of Pearson distributions. [15] considered the measurement of
the distance between the law of a Malliavin differentiable random variable and a cer-
tain regular continuous probability distribution; however, the previous works did not
provide a systematic study on approximating the distributions of any general Wiener
functionals and by no means for the rates of these estimations. Our present work
aims to fill this gap in the very first time.

On the other hand the study of the convergence of the Poisson Malliavin structure and
operators to their Brownian counterparts has been left idle, though it seems quite nat-
ural question. See nevertheless the recent work [2] which considers the convergence of
discretized Malliavin gradient and divergence using rescaled Bernoulli random walks.
In this paper we address this issue under a suitable renormalization of the underlying
compensated Poisson process.

Let {NV;}i>0 be the standard Poisson process with a unit intensity. It is well known
that the distribution of Brownian motion can be approximated by that of a normalized
sequence of renormalized compensated Poisson processes N} := (Ny, — M)V, t € Ry,

with intensity A approaching infinity. In particular, we have
R(1py) == / T (s)AN} 5 By, as A — oo
0

where {B;}i>0 is the standard Brownian motion. In the case of higher order func-
tionals, the convergence in distribution of symmetric statistics to products of Hermite
polynomials in Gaussian random variables has been treated in [27]. Such results have
been extended to the convergence of symmetric statistics of series of multiple Wiener
integrals in [8], see also the survey [29].

In this paper we consider a different type of convergence for series of multiple stochas-
tic integrals. Namely, given a Wiener functional F' written in the form of its chaos

expansion:

F=E[F|+ 3" L(f).



where [,,(f,) is the multiple Wiener integral to be defined in (2.2) and the kernel
function f,(t1,...,t,) is a symmetric deterministic one in L?(dt; x --- x dt,). We

define the discretization FA of F' at the level A > 0 as

F*=E[F] + Y I)f.),

where I)(f,) is the multiple Poisson stochastic integral to be defined in (2.3). In
Theorem 3.2 and Proposition 4.2, we shall consider the convergence in distribution of
discretized Malliavin gradient and divergence operators. As a consequence we obtain
a discretization of integration by parts formulas on the Wiener space, by using Poisson
functionals, and the related sensitivity analysis, see (3.9) below.

Next, by combining the multivariate Stein method with the Malliavin Calculus on
the Poisson space, in Theorem 5.1 we establish the convergence in distribution of
the discretized Poisson approximation F to the Wiener functional F as A tends to
infinity, assuming summability and smoothness conditions on the symmetric kernel
functions f,,, n > 1, and we provide examples of Wiener functionals satisfying the
conditions of Theorem 5.1.

Furthermore, we identify the universal rate of convergence of F to F to be of order

O(A~Y%) in the Wasserstein-type distance d(-,-) to be defined in (5.1), i.e.
d(F',F) =0\, A= o).

Since the multiple stochastic integral I,,(f,) may not follow a normal distribution,
it could be challenging to derive its associated Stein equation. To circumvent this
difficulty we use an off-diagonal discretization f®* of f, as defined in (5.12), which
allows us to formulate a proxy multivariate Stein equation for I,,(fo*).

We illustrate the effectiveness of our approach via examples of error bounds obtained
for path-dependent Wiener functionals such as solutions of stochastic differential equa-
tions.

Despite several studies on the approximation of the solutions of SDEs, see e.g. [7],
[14] and [24], a systematic discretization for general Wiener functionals and the corre-
sponding universal convergence rate have long been absent in the literature, and the

goal of the present work is to fill this gap.
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This paper is organized as follows. In Section 2 we start with preliminaries on the uni-
fying framework used in this paper, namely the Wiener and Poisson multiple stochastic
integrals and polynomials, and the tools of the corresponding Malliavin calculi. In
Section 3 we deal with the weak convergence of Malliavin operators and we obtain a
discretization of the Malliavin integration by parts formulas using Poisson finite differ-
ence operators. In Section 4, we also consider the convergence of derivation operators
on the Poisson space. In Section 5 we deal with the rate of weak convergence from
Poisson discretized functionals to Wiener functionals; in addition, two applications on
the numerical approximation of path-dependent Wiener functionals are provided to il-
lustrate the effectiveness of our proposed method. The proof of the main Theorem 5.1

relies on a sequence of lemmas which are given in Section 6.

2 Preliminaries and notations

Consider a probability space (€2, F,IP) on which a standard Wiener process (B;):cr,
and a (not necessarily independent) standard Poisson process (NV)ier, with unit in-
tensity are defined. The renormalized compensated Poisson process with intensity

A > 0 is defined by N} = (N, — At)/V/A.

2.1 Normal martingales, chaos and orthogonal polynomials

More thorough introduction on the topic in this section can be found in [26]. A

real-valued square integrable martingale {M,;};>¢ such that
E[(M,— M) =t—s, forall0<s<t,

is called a normal martingale. Clearly, both Wiener process { B; }+>0 and renormalized
compensated Poisson process {NtA}tzo are representative examples of normal martin-
gales. For any (deterministic) symmetric function f, € L*(R") with n > 1, and a
normal martingale (M, );er, , the multiple Wiener-It6 integral of degree n with respect

to (My)ier, , denoted by IM(f,), is defined as:
(e%e] th—1 to
IT]QJ(fn) = n‘/ / / fn(tl,---,tn)thl"'thn,
o Jo 0
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satisfying the isometry property:

B (f))] = nll fullionys n> L. (2.1)

Furthermore, both the Wiener process {B:}:>o and the renormalized compensated
Poisson process {N{\}tzo have the chaos representation property, in the sense that
for any F' € L? it can be shown that there exists a sequence (f,)men of symmetric

functions f,,, € L*(R'}?) such that

F=E[F]+ Y 1Y(fn).

In particular, if M, = By, for simplicity, we denote

L.(f,) = IM(f, , 2.2

(F) = 18| 2.2
as a Wiener chaos of degree n. On the other hand, if M; = ]\7{\, we also denote

IMfo) = IM(f, 2.3

M= 1| (23)

as a Poisson chaos of degree n. For any n € N, define E,, := Z'} and let

E={(pe)k>1 : pr € Z4, k>1}

be the set of sequences in Z, in which each element has all components vanishing

except for finitely many of them. For p = (pr)i>1 € E, let

o0 [o.¢]
p| == sz- and  pl:= Hpﬂ-
=1 =1

Definition 2.1. For x € R* (resp. x € RY) and p € Ey (resp. p € E), the k-

dimensional (resp. generalized) Hermite polynomial Hy(z) is defined as

H,(z) ::HHpk(xk), resp. (HHpk(fEk)) ,

k=1
where

2 dn 2
H,(y) = (=1)"eY /2d—e*y 2 yeR, VYn>1, with Hy(y) =1 .
yn



Definition 2.2. The Charlier polynomial of degree n € N with parameter a > 0 is

defined via the following recursive relations:
Coti1(z,a) = (x —n—a)Cph(x,a) —naC,_y(z,a) ,
r€eR, ae Ry, n>1, with Co(x,a) =1 and Ci(x,a) = x — a.

We have the following relationship between Hermite (resp. Charlier) polynomials and
iterated Wiener (resp. Poisson) integrals, cf. Theorem 7.2 in [12] (resp. Proposition

6.2.9 in [26]).

Proposition 2.3. 1. Let h € L*(R.) such that ||h||2@,) = 1, and define h*™ as
the m-fold tensor product of h with itself, where m € N. Then we have

Hy, (1 (h) = Ln(R®™).

2. Let Ay, ..., Ag be mutually disjoint intervals in Ry and n = ki + -+ - + kg, then

d o0
DA% o ]@fd) = )\—n/QHC’ki (/ ]lAidNAt,)\u(Ai)) :
i=1

0

(1

where “o” denotes the symmetric tensor product defined by:

1
fl -0 fn = E Z fl(ta(l)) v 'fn(ta(n))u

G'Gzn

for fi,..., fn € L*(R,), and X, denotes the set of all permutations over {1,...,n}.

The following result states an asymptotic relation between Hermite and Charlier poly-

nomials which will be used in the proof of Lemma 3.1.
Lemma 2.4. For any n € N,
a 20, (a+ zv/a,a) = Hy(z) + O, (a™'?),

where the convergence rate O,, (a‘l/Q) holds uniformly for all x in an arbitrary compact

nterval in R.



Proof. By Theorem 1 in [17] we have
(2a)n/2 é[a+z\/%] (n7 Cl) = (—1)"F[n(x) + On (a71/2> )

for a > 0, where Cy,(z,a) := (—a) "Cy(x,a), Hu(z) := 2"?H,(v/2z), [a + 2v/2d]
denotes the smallest integer larger than a+x+/2a, and the convergence rate O, (a‘l/ 2)
holds uniformly for all z in any compact interval. Our result then follows from the

equation (10.25.7) in [11], which states that C,,(z,a) = Cy(n, a). O

2.2 Malliavin calculus for normal martingales

Again, more details on the material introduced in this section can be found in [26].

In the sequel, we denote CM to be the collection of cylindrical functionals:

M ._ _ M 14, M Ly, . TS
o fron (i () (2] - e wen

{A;}1<i<n are mutually disjoint intervals in ]R+},

where P(R"™) denotes the set of polynomial functions in n variables and p is the
Lebesgue measure on (R, , B(R,)). Let L?*(R,)°" denote the subspace of L*(R,)®" =

L*(R") made of symmetric functions in n variables. Define
UM .= {ngGk cgr€ LRy, GrelCM k=1,...,n, n GN}.
k=1

Note that, the spaces CM and UM are respectively dense in L?(Q) and L*(Q2 xR, ). In
addition, since the elements of CM and those of UM can be expressed as linear combi-

nations of multiple Wiener-Ito integrals, the operators D and 6 can be respectively

defined on CM and UM as follows.

Definition 2.5. a) The Malliavin derivative operator D™ : CM — L[?(Q x R,) is
defined as:

Dy[n]\;[(fm) = mjnyfl(fm(*at))? fm € LZ(R+)Om7 te RJru m € N.



b) The operator 6 : UM — L*(Q), the Skorokhod integral operator, is defined as:

M ([711\4 (fn+1(*u ))) = [r]L\il (fN?”L+1)7 fn+1 € L2(R+)On ® L2<R+)7

where an i1s the symmetrization of fn,11 in n+ 1 variables defined by:

n+1

. 1

fnJrl(tl, e ,tn+1) = n+ 1 Zf(tl, . 7tk71>tk+17 e ;thrl;tk)-
k=1

The Malliavin operators D™ and ™ are both closable, so that D™ can be extended

in such a way that:
Dom(DY) :=
{F:E[Fwif%(fn) & 12(Q), fu € I(R,)™ Znn'||fn||Lz<Rn <oo}
n=1
under the Sobolev norm || - || 2 defined by
[Fll2 = [ Fll2@) + 1D Fll2oxry),  F el

meanwhile 6™ can be extended to:

Dom {U = Z ] fn+1 E L2<Q X R+) fn+1 S L2<R+)On X L2(R+)

n=1

In addition, Dom(§*) contains the space IL; o of processes defined as
Lo = {u € QxR ¢ lullie = [lull oy + 1D ull 2oz < oo},

cf. e.g. § 1.3.2 of [21]. Since we are only dealing with normal martingales, we can call
back the duality (or integration by parts formula) relation of DM and ¢, where (-, -)

is the inner product in L*(R.) defined as (f, g) :== [;~ f t)dt, f,g € L*(R,).

Proposition 2.6. For any F € Dom(D™) and u € Dom(6™), we have
E [(DMF,u)] = E [F6" (u)] . (2.4)

9



Particularly, if M; = B; is the Wiener process, we denote

ci=C¥| o u=uM| D) =DY)| and 8()=d"0)|

M=B M=B

while if M, = Nt’\ is the renormalized compensated Poisson process, we denote

Ci=cM| o ut=uM| DN =DM and ()= 8V

M=N?*

M=NA M=N M=N*

The following proposition provides the probabilistic interpretation of D* as a differ-

ence operator, also see Proposition 6.4.7 in [26] for more details.

Proposition 2.7. For every F € Dom(D?), we have

D)F = VA(F(N. +1p00)() — F(N)),  teR,. (2.5)

3 Convergence of (annihilation) Malliavin opera-
tors

Given a square integrable Wiener functional F' with the chaos expansion
F:E[F]+§:In(fn), (3.1)
n=1
where f}, is in the space L?(R)°* of symmetric square-integable functions such that
inn!anH%?(Ri) < o0,
n=1
we define the Poisson discretization F of F at the level A > 0 as
F = E[F] +izg(fn). (3.2)
n=1
We note that the mapping F' — F is an isometry on L*(Q) as we have

—\ b
IF N3z = EIFD? + > ol falFomy) = 1F 1720, (3.3)
n=1

10



and we can further obtain

_)\ &
HDAF H%?(quh) = Znn!anH%?(Ri) = HDFH%2(Q><R+)7
k=1

from which it follows that
F e Dom(D*) <= F € Dom(D).

In this section, we shall establish the convergence in distribution of F and D?F/\

respectively to F' and D, F as X tends to infinity.
Lemma 3.1. a) For any F' € C with Poisson discretization Y and t € R, we have

F*YF and DXF S DF, A= ol

b) For any u € U with Poisson discretization ©® and a.e. t € Ry, we have
oL u and @) S6w), A= ool

Proof. Note that any function f,, € P(R") can be represented as
ngn
¢p(fn)
fn(l‘h oo ,I’n) = Z Z T Hsz(xZ)a

where {c,(f,)}per, are constants depending only on f,, and ¢, is the maximum power
index of f,(x1,...,2,) in (z1,29,...,2,). For any Wiener functional F,, € C, by

Proposition 2.3, F,, admits the following It6-Wiener chaotic decomposition:
ngn n
¢ (fn) ]lA'
F, = L H, |L|—

>3 = M ()
ngn n pi

>y eIy, ((

- pi
— . 1(As)

ngn
k=0
where
gi = Z MM<A )*pl/Q . (A )*pn/2]1®171 L. ]1®pn (3 5)
: | 1 M An A A, .
TZ
p|=k

11



cf. also Lemma 5.1.6 in [26]. From (3.4) and (3.5), we see that any I’ € C admits the

[to-Wiener chaos decomposition

for a given n > 1, where

Cp(fn) 2 —pn/27® ®pn
ge= D AN (A PR @ @ 15
ik

with u(A4;) > 0,7 =1,...,n. By the definition (3.2) of F and Proposition 2.3-(2),

we have

Tan
—A
F* =E[F]+> Lo
k=1
ngn f ) n o0
+ Z)\ k/2 Z p—n,U(Al)ipl/2 .. ',U(An>7p"/2 HC i (/ ]lAidN)\t, )\/L(AJ)
peEn ) i=1 0
|p|=
= NV,
where
< ol f2)
TN, 20 ZA N oA T (AT
Toick
x ] Cp. (A A7) (A - i, Mu(Ay))
=1
and

Similarly, we have

F o= E[FI+Y Lig)

12



_ — Cp(fn) - > ]lAi
2y Lt </ u<A¢>dBt>

k=0 pE€EEn
|pl=Fk
= J(V),
where
Sk ()
J(ZEh.. Z Z R ACALTA H (ZL‘Z),
k=0 I"EIEH i=1
and

V= ((u(A) ™ /Ooo L dBy .. (4(A,) 12 /OOO L4,dB,).

Since the sets {A;}1<i<, are disjoint, {fooo ]1AidN{\/~/u(A7;)} is a family of inde-
== 1<i<n

pendent random variables, hence by the Donsker theorem we have*

lim V* =V,
A—00
hence
JOVN L JV)=F,  [A— ol (3.6)
We next show that
VN —JvM So. (3.7)

By Chebyshev’s inequality and the fact that ||[V||? 1200) = = ||V 12(q) = 1, then for any
d >0 and K5 > y/n/d§ we have the bound
E[V*] _ E[V?]

P (VY > K;) < KSR <4,  A>0.

Accordingly, we see that J* converges locally uniformly to J as A — oo; indeed, for

any fixed € > 0, there exists a large enough constant Ay depending on ¢, such that for
all A > As,

P(|JMV?Y) = J(VY)] > ¢)

*Independence of { fo mdﬁ?} is required, because in general, given two weakly con-
1<i<n

vergent random sequences X* — X and Y» — Y we may not have X* +Y* — X + V.

13



<P([JAVY = J(VY] > e, [V < Ks) +P(JVA > Ks)

< lim sup (IP ( sup }J’\(x) - J(x)’ > 8) +P (V] > Ka))

A—00 |z|<Ks

<0+6=4

where we applied Lemma 2.4. Since § can be arbitrarily chosen, we can claim that

(3.7) holds. From the relation
F = (V) = V) = J(V) + J(V)
and (3.6)-(3.7) we conclude that P4 by Slutsky’s theorem. By using a similar

argument and the relations (D, F)* = D)F", and (6(u))* = 6*(u*), we also obtain

A 9y, D;\F/\ 4 D,F and Nut) 4 d(u) as A tends to infinity. O
Theorem 3.2. a) For any F' € Dom(D) and h € L*(R,), we have the weak conver-
gences

FYF and (h,D'F) % (h,DF),  [\— o0

b) For any u € Iy 5, we have the weak convergence
S S S(w), [\ — o).
Proof. For any F' € Dom(D), there exists a sequence (Fy),en € C such that

|F,— Fll12 — 0 and ||F2 _F/\HLQ — 0 as n tends to infinity, for any A > 0. By using

Lemma 3.1, for each F,, € C we have
F;\L 4 F, as A = oo.

Fix ¢ > 0, for any non-constant bounded and Lipschitz function f : R — R there

exists a large enough A € R, and ng(e) € N, such that

( £
F — Fo@llze < s (3.82)
| o()HL (V) 3] oo
N S — 9
F —TF ol < , (3.8b)
H 0( )”L (Q) 3”]””00
—\ 9
1 (o) - o] <. 059

14



where || f'||c = sup,egr |f'(2)|, and (3.8¢c) follows from the limit Fﬁ\o(e) 4 Frooe) as
guaranteed by Lemma 3.1. By using (3.8a), (3.8b) and (3.8¢), for large enough A, we

can deduce that
E [/ - )|
< [£[r) — )]+ [2 s

)\

Fru) = (Frot0)] | + [ELF (Fryco) = £

—=A —=A —=A
= (HF = Fuoto ] gy I = Foute L2<ﬂ>) 1£1ee + [B £ (Fruge) = £ ()|
21
Sgetge=e

which justifies 4P Similarly, for F € Dom(D) and h € L*(R,) there exists
a sequence (F},),en € C such that ||(h, DAF:» — (h, D)\F)\>||L2(Q) — 0 as n tends to
infinity, by the inequality

— —A —A
I{h, D) — (h, DXFo)ll 2y < Ihllz2@o IDYF = DFoll 2y,

and a similar argument can be applied to conclude that (h, D)‘F)‘> N (h, DF). In the
case of u € IL; 5 we choose a sequence (u,)neny € U such that |lu, — ulj12 — 0 and
|u) — |12 — 0 as n tends to infinity, for any A > 0, and we conclude similarly as

above, since 6 () 4 d(u,) as A tends to infinity. O

As an example, given (F¢),cr a family of regular enough random variables depending

on a parameter (, consider the classical Malliavin calculus argument

0 OF
SER) = B|f(R)5E

[(Df(F), u >3Fc]

= M oRw o

for the computation of the sensitivity OE[f(F¢)]/OC, where u = (uy)ier, is a pro-

cess suitably chosen so that u (DFC, u) belongs to Dom(¢§). This identity can be

discretized into its Poisson version

=AY e ﬂA (9FC *
Fre) ((DAF@,w(aC) )

15

0
aC

E[f(Fe)] ~E (3.9)




due to the weak convergences of 72, DA72 and 6*(u?) in Theorem 3.2. In addition,
the rate of convergence of (Fg) a0 to F¢ can be estimated using a Wasserstein-type

distance according to Theorem 5.1 below.

4 Convergence of damped gradient operators

There are actually two Malliavin derivative operators in the Poisson space, the first
one is the annihilation operator D}(-) introduced in the previous section, while another
one is the damped gradient operator [??(), which will be explained in this section;
also see [26]. In particular, the relationship between the damped operator D} defined
in the Poisson space and the Malliavin derivative operator D; defined in the Wiener
space is illustrated as follows.

Consider the set Sy of smooth Poisson functionals defined as
Syi={F=[,(T{,....T,) : fo€CZ(R"), neN},
where T} is the i jump time of (Ny;)ier, -

Definition 4.1. For every F € Sy, the damped operator D* : L*(Q) — L*(Q x R,)
15 defined as

- 1 <&
D)F := 5 > Mr(ODOfulT, .. TY), t €R,.
k=1

The operator D* is also closable and can be extended to its closed domain Dom(D?)

under the Sobolev norm || - [[; , defined by
1Nl 2 = [1F 2@ + [D*Fllr2exzy),  F € S

Consider the set O of functionals defined as

Q:= {F =E[F]+ > L)hi") : hn € Co(Ry),
n=1
S (55 + ) <
n=1

16



which is dense in the space of square-integrable Poisson functionals. In the next propo-
o0

sition, F* = ZI;} (h2™) denotes the Poisson discretization of F € Q of the form
n=0
[e.e]

F =E[F] + Z L,(hZ™). Recall that by Theorem 3.2 we have the weak convergence
n=1

FA — F.
Proposition 4.2. For any F € Q and t € Ry we have the weak convergence

D)4 D F, A= o).

Proof. By e.g. § 4.8 and § 7.7 in [26], the annihilation operator D* and the operator
D* satisfy the relation

DI (") = DY (i) = <=L (o) 0 1™ 7V) - ha € Gy (Ry).

\/_ TL

Hence by the definition of F* we have
D F* = D P — Z —F (1t ooy 0 RED),

Fix m € N, since ||l zqee) < | fullzzus) for any f, € LA(R?), we have

2
“on e 1 & 1) 112

n=1

3 Z”” 172, HL?(R+ 3 Zn n!||hy, HL?(R (4.1)

where (4.1) follows from Young’s inequality, so that the last term converges to zero

as A — oo since F* € Q. Together with Theorem 3.2 we deduce that
D)4 D, F, teR.,

as A tends to infinity. O

For example, for the single Poisson integral

FA = /OOO h(t)dN} = % kf; h(T}) — \/X/Ooo h(t)dt

17



where h € C§(R), we note that

. 1
DIPY = =5 D H(T)
>t
1 o ~ o0
= —— h'stg—/ W (s)ds
7, (s) t ()

Val

which converges weakly to h(t) = DyF as A tends to infinity since
(i /OO h/(s)dNA)2 _1 /OO W (s)2ds 222% 0
\/X t ° )\ t ‘

5 Convergence rate of discretized Wiener function-

= (1) W)

E

als

In this section we establish the convergence rate of the discretized Poisson functionals
=X . ) . ) e

F" to the Wiener functional F' when the intensity parameter A tends to infinity. For
measuring this closeness, we use the Wasserstein-type distance

d(F,G) = sup [E[g(F) — g(G)], (5.1)

geg

which is the distance dy, in [18] between two random variables F' and G in L?*(),

where

G:={geC*R) : max(lglloc: 9]l l9"lloc) < 1}. (5.2)

Although this distance differs from the common Wasserstein distance by the addi-
tional requirement that ||¢”||« < 1, it is clear that d(F),, G) — 0 implies F, 4 G as

n tends to infinity.

In the rest of this paper, we consider symmetric functions f, : [0,7]" — R with a
compact support in the hypercube [0,7]", n > 1, where 0 < T' < oo is fixed. Theo-
rem 5.1 below provides the convergence rate of O(A~'/4) from Poisson discretizations

to the corresponding Wiener functionals, up to a constant depending on the chaos

18



expansion of the functional F'. In the sequel, we let H; 5 denote the standard Sobolev

space on R” with the norm
10, e o= Il + VA ey € Hio(D),
where Vh denotes the weak gradient of h.

Theorem 5.1. Let F' be a Wiener functional with Wiener chaos expansion (3.1) such

that for alln > 1 the symmetric function f, belongs to Hy 2(R"), which also satisfies

n=1

and

/TIE [(D,D.F)*] dt = in(n — 1)n! /OO £ (- 2, t)||§2(Rn,2)dt < 0. (5.4)
0 0 +

n=2

Then we have the universal rate of convergence:
d(F F) =0\, A= od, (5.5)
for the Poisson discretization F to F.

Before proceeding to the proof of Theorem 5.1, we consider two examples of applica-

tion.

Example - Time average of geometric Brownian motion

Given o : R, — R a bounded deterministic function and b € C} such that
[1Bllsos 16" (#) oo llerlloes llo"lloe < C,

where C' > 0 is a finite constant, consider the geometric Brownian motion

X, = Xyexp (/Otb(s)ds—l—/ota(s)st—%/Otaz(s)ds)

[e.9]

¢
1

= Xpexp (/ b(s)ds) Z mfn(aon]l[o,t]n).
0 !

n=0

19



Given h a bounded deterministic function with |||l < C, the time integral F' :=

T
/ h(t)X;dt, admits the chaos expansion
0

F= E[F] + Zln(fn)a

with the kernels

1T . i
Mmuﬁwz—/h@%WWwILWJ 0<t; <ty <---<t,
n! J; pale
We have
1 T s T)ar -
O fu(ty, ... tn) = 1{1§i<n}mal(ti)/t h(s)elo M ds . HU@J')
n =1

it

n—1 T
1 . .
Hlimny [[o(t) <a’(tn) / h(s)elo 0 s — o (t,)h(t,)elo b<r>dr),
j=1

tn
1=1,2,...,n, and therefore
Cn-i-l Cn+1
\hmwwmﬂngﬁﬂ mdy%hmww%ﬂ§@+n17ﬁﬂ
1 =1,...,n, from which it follows that
22 22
an”%%[o,T]n) < T —=e*" and van”%?([QT]n;Rn) <n(T +1)° >

(n!)? (n!)?

On the other hand, we also check that

[ee]
> ||V fall3a g, < o0,
n=1

T 0
/ E[(DtDtF)Z]dt = Z n‘n(n — 1) / fg(tl, Ce ,tnfltnfl)dtl s dtn,1 < 00,
0 n—2 0,7

}nfl
which shows that the conditions of Theorem 5.1 are satisfied. In this case, the Poisson
T
discretization F of F = / h(t)X;dt is given by
0

N

= X, /OT h(#) exp (/Ot b(s)ds — /\/Ot 02(3)615) T[]+ o(To)t,

k=1

where (N}')icr, is a standard Poisson process with intensity A > 0, and sequence of

T
jump times (7j)r>1. The time average F := / h(t)X;dt can be used for e.g. the
0

pricing of Asian options.

20



Example - Stochastic differential equations

Counsider the SDE
dX; = b(X,)dt + odBy, (5.6)

where b € C*(R) with [[V/||e, [|b”]lsc < C' < o0, and ¢ is a positive constant.

We note that
Vi Vit
Dt1Xt = / b/(XS)DthSdS + g, atlDtht = / b,(Xs)atlDthst — Ub/(th),
t1 t1
0 < t; <t, which implies, by using Gronwall’s inequality:

sup | Dy, Xp| < oe“t,  sup |0, Dy, Xr| < CoeCT, (5.7)
t1€[0,7] t1€[0,T)

for some constant C' > 0. Furthermore we have

t t

b,(XS)DtlDt2Xsd8 +/ b”<XS)Dt1X5Dt2XSdS, 0 S tlth S t,

t1Vto

DtlthXt — /

t1Vito

hence

a) for 0 <t <ty <t,

t t
8t2Dt1Dt2Xt = —O'b,/(th)_DthtQ—'—/ b/(Xs)(ﬁtthlDt2Xs)ds+/ b"(Xs)(Dths)(3t2Dt2Xs)ds

to to

b) for 0 <t, <ty <t,

t t
3t2Dt1Dt2Xt :/ b,(XS)<at2Dt1Dt2XS)dS+/ b/,(XS)(DthS)(at2Dt2X5)dS.

t1 t1

By using (5.7) and Gronwall’s inequality, we find that

sup  E[|0, Dy, Dy, X7|?] < (Co?e" + C*T - 0%*")e“T < . (5.8)
t1,t2€[0,7]

Now, if
T
FZ: XT:XO—f-/ b(XS)dS—I—O'BT
0
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has the chaos expansion
XT = Z [n(fn>7
n=0

we have
o0

atzDthzXT = Zn(n - 1>In—2(at2fn(*7t17t2))7

n=2

hence by (5.8) we deduce that
> ||V fall 2 go27m :Znn!/ / IV folts, - sty to)||2ndty - - dt,
n=1 n=2 0 0
< QZ(n—l)n!/ / I Fultsn st t)|Bndlty -« - i
n=2 0 0
- 22”(”—1)71!/ / 10, f(ts, - - oy by tr, t2) [Pty - - - diy,
n=2 0 0

T T

— 2/ / E [|6;, Dy, Dy, X7 |*] dtadts
0 0

S 2(00260T+02T'0'2620T)€CTT2,

where we applied the symmetric property of f,, for the second equality, i.e.

atzf(t27t17 o 7tTL) - atzf(t17t27 L 7tn) _ = atzf(t17t37 s 7tn7t2>-

Similarly, by using Gronwall’s inequality, we find
E [|Dy, Dy, X7|?] < CTo?e*T < o0, 0<t <T,

hence -
/ E[(D:D;F)?*|dt < CT < o0,
0

showing that the conditions of Theorem 5.1 are satisfied. In this case, the Poisson

discretization of X, is given by solving the SDE

o
dX) = b(X))dt + ﬁ(dz\gA — Adt), for 0 < ¢ <T,

where (N})icr, is a standard Poisson process with intensity A > 0. Diffusion equa-

tions with non-constant diffusion coefficient dY; = ¢(Y;)dt+0(Y;)dB; such that 1/0(y)
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is locally integrable can also be considered by writing Y; as a deterministic function

Y: = o(t, X;) of X; by the Lamperti transformation, depending on the regularity of
o(t, ).

Proof of Theorem 5.1. For a given a € (0,1), let

M)\ = [)\a—l, T/\ = % = %, (59)

where [z] denotes the smallest integer greater than x, and
A=t 1), where t):=kTy, k=1,..., M,. (5.10)

Next, for n > 1, letting

1

C; ein fn t g oo ,tn dty - - dtn, 5.11
1 (T)\)” /A?IX~-~><A?R (1 ) 1 ( )

1 <iy,...,i, < M,, we define the off-diagonal discretization f®* of f, as

My
fTCLY,A(t17 e ,tn) = Z cil,mﬂ‘n]lA?‘ Koo X AN (tl, . e ,tn), (512)
) i1 in

where i1 # - -+ # 4, means i; # i, 1 <[ # k < n, so that

|’f§’>\||L2([O7T]n) S ||anL2([O’T}n) and )\h_g)lo ||f7?’>\ — fn“LQ([O’T]n) = O (513)

The multiple Wiener integral I,,(f*) of f®* can be written as the sum

My M)y n
L(fsN =) Cih---,in]n(]lAf‘l><-~~><Ajn) = Y aa]]n (]lAj‘k) (5.14)
z‘lll;.,i;l:: 1111,751;;1 k=1

of products of mutually independent first order Wiener integrals. Similarly, for the

multiple Poisson integral I}(f®*), we have

M My n
Ié\(fg’)\) = Z Cily.--yin]'f? (]lAiAlx~~~><Af‘n) = Z Cit\onin HIIA (]lAf‘k)' (5.15)
i15eenin=1 i1syin=1 k=1
i) F - Fin i1 FFin
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Letting, for any m > 1,

Fo = EF]+ ) L(fa), g = E[F]+ ) L(fi?) and F* = E[F]+ > L(f),
n=1 n=1 n=1

for any g € G, by a Taylor series expansion and the definition (5.2) of G, we have

E g (Fa?) — g (Fu)]

< z|ly (émm) nﬁj;unun)—zn(fs*))]

5 |l 3050 ~ 53 ]
< E nﬁ:jlun(fn) () i |
< \]E gln(fn— 3“)2 +%E éfn(fn—fﬁf“)Q

< Dol = S By + 5 Zn'ufn—fs*uimom
n=1

where ¢ lies on the line joining the random numbers F%* and F,,. Hence we have, by

considering a.s. convergent subsequences,

d(F** F) = sup|E[g(F*) —g(F)]|

g€g
_ 1 E FO¢7>\ _ Fm
sup lim[E [g (F%) — g (F)]]
o N 1 — a
<\ 2= B o + 5 2o = 2 o
n—1 n=1

and by Lemma 6.1 in Section 5, we get
d(F*F)=0(A"%), A= o

Similarly, we can also obtain:

FaX = B[F]+ Y D2, A>0,
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by using the isometry (3.3) and Lemma 6.1, we can show that

dFX Y =0(A2), [\ — o,
In addition, by Lemma 6.2 in Section 5, we have
d(FoX" Fo) = 0(A@D2) A5 o],
hence by the triangle inequality we find

A(F'F) < d(FFoX) +d(FoX F™Y) +d(F F)

= O(A*?) + oA,

We conclude by taking o = 1/2, which yields the optimal rate. 0

6 Key lemmas

In this section we prove the main Lemmas 6.1, 6.2, 6.3 and 6.4, which were used in
the proof of Theorem 5.1. In Lemma 6.1, we first start by showing the convergence

of F** to F (resp. Fax to F/\) with a rate O(A~*/?) under the L?(2) norm.

Lemma 6.1. Let a € (0,1) and consider F' a Wiener functional with Wiener chaos

expansion (3.1) satisfying the conditions (5.3)-(5.4) of Theorem 5.1. Then we have

el TA =X - a, —a
IF = FllF2) = IFY = F 172y = >_ nllfe? = fallf2qomy = O(A), (6.1)
m=1
as A\ tends to infinity.
Proof. Recall that
My
fTCLv,A(t17 e ,tn) = Z cil ,,,,, in]lAg\lexAl)\n (tl, e ,tn),
Lo
where
1 . .
Ci1 77777 in = n/ fn(tl,,tn)dtldtn, ]_Sll,...,’L,LSM,\.
(T)\) Ag\lx---fo‘n
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Let now
My

FoMty, . t,) = Z Cil,...,z‘n]lAjlx---xAjn(tlv-~-vtn)>

1 yenyin=1

with the triangle inequality

| fn — fr?7/\||%2([0,T]”) <2 fn— f7?7/\||%2([0,T]") +2|| ft — fS’AH%Q([O,T]n)-

By definition, we have

”fn —fg’AH%z([O,T]n) = / fo‘ /\) 1o dty,
AA X ><A>‘

i1, ’ln—l

/ fn tl,... )_Cil Zn)zdtl
AA>< S AN o

014yt =1 in

T
gn%/ IV fultys - )| 2ndty - - - dty,
T [07T]n

where the last inequality holds is due to the fact that the domain Af‘l X

convex with diameter y/nT), and

/ (fn(tlﬂ"'a ) Czl, o )dtl d :0
AN X x AN

(6.2)

Next, an application of the Poincaré inequality, cf. e.g. Theorem 3.2 of [1] shows the

upper bound

/A R (fult, - o tn) — Ciyoa, )2dty -+ - dty
AR XX A7

n-(Ty)?
S (2)\> / ||an(t17 .. ;tn)H]%gndtl * "dtn,
A ><---><A?\n

(e

1 <iy,...,1, < M,. For the second term in (6.2), we have

I =

(0,7]™)

N /A/\ AN cil""’i"dtl - dtn
XX

D] 5eens zn—l
iy=i}, for some i#k

M)

2
. 3 1
- ((TA)” /AA olfee bl dtn)

i1seerin=1
iy=1j, for some ik
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< / fA(ty, ... ty)dty - - - dt,,.
AA X ><AA

i = ’Lk for some 1#k

Therefore we deduce that

oo

Z n'||f_7?7>\ - [07T]n)
n=1
S n' / f2 tlv"'7tn)dtl"'dtn
; 11 ,,,,, in=1 A>\ X XA>‘

iy=1i}, for some i#£k

o) My
— ! 20ty 0t dty - - dt,_odt,_1dt,
Sofy) / g st

n=1 in—1=1 -1
oo

= Zn'() Z / n n latn)dtn—ldtna
n=1 AA_ XA>\ 1

where the first equality follows by symmetry of f,,, and
fulz,y) = / Aty tng, ,y)dty - dt,_o, z,y € R.
[0 T}n 2
By the fundamental theorem of calculus, we have

Fa(tn_,tn)dt,_1dt, (6.4)
A x AN

tn—1 ‘n—1

tn ~
= </ fn(tn—btn—l)dtn—l) dtn +/ (/ 83fn(tn_1, S)dS) dtn_ldtn
AN . AN ) A?n XA?nfl tn1

in ip— -1

:T,\'/ i (2 P TS R N 12 s A
0.7]7~2x A}

—|—2/ (/ / tl,...tn Q,tn 1,8)
tn—1 0Tn2

: asfn(tla s 7tn—27 n—1,9S )dtl dtn—QdS) dtn—ldtn-

Next, using Young’s inequality 2ab < a?/2 + 4b*, we can deduce that

ln
2/ (/ / fn(th"'atnf%tnfl,s)
Af\nfl XAZ?\.,L71 tn—1 [0,T}"*2

X agfn(tl, e ,tn_g, n—1,9 )dtl dtn_QdS) dtn_ldtn
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T ~
< _)\ fn( n— 17 )dtn 1dt

2 AN x A
tn—1 tn—1

+4TA/ 00, Fultrs ot b2y - -t ydlt,
[0,T]™ 2><A.A ><A)‘

n—1

Substituting the last inequality back into (6.4), after rearrangement, we further de-
duce that

/ f~n( n 1) )dt ldtn
AN x AN

‘n—1 in—1

S 2- TA : / fi(tlu s 7tn—27tn—17tn—1)dt1 e dtn—l
[0,T)*—2x A}

tn—1

+8-TA/ 10 faltrs bty b)) 2ty - - - iy dty.
[0,T]™ 2><AA ><A>‘

Then

My

> / Fo(tn1, tn)dt,_1dt,

. A A
in—1=1 Aznfl XAln—l

SQT,\/ F2(t, s tnay b1,y )dty - dt
[07T]n 1

T
+8f IV fu(ts, o ) ||Pdty - - dt,

(0, 7]"

where the last inequality follows from the symmetric property of f,. Now we can

obtain

S ol fer = feM 2o

n=1

S T)\ Z(n — 1)'77,2(71 — 1)/ fQ(tl, e n Q,tn 1, n— 1)dt1 dtn,1
n=1 [0, 7]t

+ 47 Z(n— 1) n'/ ”vfn(th"-atn)||2dt1'~-dtn

n=1 [OvT}n

< T / TIE[(DtDtF)Q]dt

+ATY Y n- n!/ IV fultss ..o t)||2dty - - - dt,. (6.5)
n=1

0,T]"
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Combining (6.2), (6.3) and (6.5), we conclude that

>l = £ g

S 2 T)‘ Zn n'/ van(th'”atn)||2dt1’--dtn

[0,T]"

T oo
+2TA/ E[(DtDtF)2]dt+8TAZn-n!/ IV fulty, .. tn)|2dty - - - dt, < CTy,
0 [0, 7)™

n=1
where .
= 9Zn n'/ IV £all? + 2/ E[(D;D,F)*dt < oo
is independent of A and partition, and it yields (6.1). O

The proof of Lemma 6.2 relies on the multivariate Stein method and the Malliavin

calculus on the Poisson space.
Lemma 6.2. For any o > 0 we have

AFX oY) = 0\ D) [\ = odl. (6.6)
Proof.  Let

VA= (Ve Vi) = (B (L) B (L) Ry, )

and
UM = (U2 U3) o= (L (L) (L) Dy, )

where A},..., A}, are defined in (5.10). We note that

My
A ra\y E ) 2
In(fn )_ clly-n,lnjn (]lAl?‘lmeAf‘n)
i15eeeyin=1
i1# - Fin
My, n
A
= > .. ith(]lAjk),
i15eeeyin=1 k=1
i1# - Fin
M)\ n n
_ I/\ 1 Zk:l ﬂ{ikzl} I)\ 1 Zk:l n{ik:]w)\}
= E Cit e (17 ( Af) ( A]Aw)
A
i15eeeyin=1
i1# - Fin
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= B,

where ¢;, 4, is defined in (5.11) and

..... in
A o k=1 Lip=1y 2ok=1 Lip=2) 2k=1 Lip=n1y}
a, . . . =1"0= =1"vE=2r =1 =My
hot (@1, ... xpr,) o= E Ciyoin L] x5 T, . (6.7)

.....

i15eenyin=1

i1 # - Fin

Similarly, we can also obtain:
L(f3) = hy N (U).

Hence, letting

— m m

P = E[F]+ SO0 and ot = EIF]+ 3 L(fe),
n=1 n=1
we have
aA)\ o\ a,\ A A A
‘E {g(Fm’ >—g(Fm’ )”: IE [¢°* (V) = ¢* (UM)]], (6.8)
where

9 Nz) =g (Z hﬁ’A(a:)) .z eRM,

n=1

We shall estimate (6.8) by the multiple Stein method combined with the Malliavin
calculus. We use the representation (5.14) of I,(f%*) as a series of products of mutu-
ally independent first order Wiener chaos random variables whose joint distribution
is multivariate Gaussian, which allows us to apply the multivariate Stein method in
order to quantify the Wasserstein-type distance between an’)‘ and F2A for all m > 1,

therefore allowing us to bound d(Fav’\A, FC“’A).

Given that U* ~ N (0,Ty14) is Gaussian with diagonal covariance matrix T)I,, where
I; denotes the identity matrix on RM» and My, is defined in (5.9), by Lemma 3.3 in
[20] the function

. 1t ds
gna(x) = 5/ E [g‘“ ($\/§+ U1 — s) — ga”\(U’\)] < 7 e RMx, (6.9)
0

satisfies the multivariate Stein equation
E [¢** (V*) — ¢** (UY)] = E [TZTr (Hess gpx(V?)) — (VY Vana(V?))poy |
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My

=E [T\Tr (HGSS gh,)\(v)\)) - Z <L>\(L)\) IV/\ 8{; Z; (V)\>>RM ]

J=1

~ Ign,
=K [TATr (Hess gna( ZE KDA LA VJ'A’DA < ax: (V)\)>>RM>\:| ’

(6.10)

where Vj’\ is the j** component of VA, L* := §* D* is the Ornstein-Uhlenbeck operator
on the Poisson space, and the last equality follows by the duality (2.4) between D*
and 0”.

Next, by the finite difference property (2.5) in Proposition 2.9 of the Poisson Malliavin

derivative operator and the mean value theorem we find that

D (agh:A (VA)) —Vx <‘9~"“ (VAN + L () — 2222 (V*))

Ox; Ox; éhc]
M/\ ~
82Qh/\ A\ AT 1 A NT O ;2 AT A
= (V™) DV, ——(D H 2 (W D
- Bz:0; ( ) PVt 2\/X( V) ( €ss 0; ( t)) PV

(6.11)

for every ¢ € [0,T], where ¥ lies on the line joining V*(NV.) and V* (N. + L 00)(+))-
Given that

()W) = B =V, =1, M, (6.12)
cf. also Section 4.4 in [26], applying (6.11) to (6.10) we get

E [¢>NV?A) — g UM)]
=E [T)\Tr (Hess gh,A(V)\»]

A NS x PThN 11\ oA
_ZZEKD (L' B (V)D.Vi>RMJ (6.13)

]111

ZE KDA (L) VA, (DAVY)T (Hess 85;; (@A)) D,AVA>RMA] (6.14)

flfaono (S,
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M), A 3 ~
1 k 0°Gh )\}

= —— E (W dt, 6.15
i [ B (6,15

where the second equality follows by (6.12), while (6.14) becomes the expression in

the next line by using (6.12) again, and (6.13) vanishes as

T\E [ Tr (Hess gh,)\(VA))}

A A (TA Aﬁzﬁhx A\ AT
EElrer e e,

Jj=1 =1
39m A A aQQhA A
- n 3w [ 2 ] - m (10, 28 1) 1,0 ]
i=1 j=1 i=1 Lt RMx
M), ~
9 Gn 3ghx
- TA;E{ - ] TAZE[ )}
= 0.

By applying Lemma 6.4 below to (6.15) we conclude that

)E {g(WA> —yg (Fg%)}
—4\/; ”HooZ/t Sl ot [

k—1 n=1
T A

=1 v”g”“ooanufn“%z([o,ﬂn)a gel,
n=1

= [E [g"* (V) — g0

from which (6.6) follows as

d(mA,FO")‘) = sup |E [g<mA> —g (FO“\)”
geg
= sup lim ‘E {g (Fﬁ’/\/\> —g (Fﬁ;’\)} ‘
geg m—0o0

T [ [AY] < 2

The proof of Lemma 6.4 below relies on the next Lemma 6.3. Define an i.i.d. copy of

VA as -
VA= (/ ]lAA(s)dNS)‘,...,/ DY (s)dfv;> :
0 ! 0 B
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where N := (N/, — As)/v/X is a renormalized compensated standard Poisson process

with intensity ), independent of both (B;)ier, and (N})ier., -

Lemma 6.3. Let \i!g\ denote an i.i.d. copy of U} as defined in the proof of Lemma
6.2, lying on the line joining V)‘(NA) to V> (NA + ]l[tm)). We have the relation

8h%’>‘ & ra— s «a
8—%(\1[)\\/5 + UA 1- S) = nlé,fl(fn’)\(Vt))? te Aza (616)

where I*() : L2(R)°™ — R is the operator defined as
(f,) = n!\/g/oo - / Fal(s1y- s 80)dND - dND (6.17)
0 0
+nlv1l — S/OO e /S2 fa(s1,. .., 80)dBg, -+ - dBs,,
0 0
with the isometry property

11 (F)ll 720y = 2l fallZ2(0.19m): fn € L*(R)™. (6.18)

Proof. Given that

VAN, + L0 (+))

o 1.0 oo Ly (D)
_ A A A M)
= (/0 Laa(s)dN + ¥ ,...,/0 ]IA% (s)dN7 + )

for any j = 1,..., My with j # k and ¢t € A} we have

R o0 - 1 a(t) & - N
vf(N. + Loy (1) = / 1 (s)dN} + —— = 145 (s)dN) = vj.
0 J \/X 0 J

Consequently, since W} lies on the line joining V*(N.) to V* (N. 4 L) (+)), we have

\ifgjz/ ]1A;(s)dN3, te A}, j=1,...,M\, j#k, (6.19)
0

for every component of ¥* = (¥7,..., ¥}, ). Given that the sum in (6.7) is over

distinct i;’s, the power Y, | 1g;,—py of 7, in h3*(x) is either 1 or 0, cf. (6.7). Therefore

we have
ORheH M n
3;k (z) = Z Cit yorrin Z L=y (6.20)
i1emyin=1 =1
i1 Fin



Doy Ly = Yo L —k—1y Doy Lpg=k S g, =
Xxlll{ll}”. =1 {7y 1} =1 {4 H}-'-J} ll{lIVI/\}'

L1 Lri My

By (6.19), (6.20), and the definition (6.17) of I>*(f,) we find

Oh2™ . Oho .
(N5 + UMNT —5) = =2 (VA5 + UM — s)
al’k aq;k
M n
A8 2= L= As R Fr
= Z Ciy,..., inz]l{iz=k}(l1 (]1A§)) 1=1 14 1}...([1 (]1’%71)) 1=1 L{s=k-13
W
5S Zn: ﬂi: S Zn: ]liz
X ([1)‘ (]lAkH)) 1=1 Ly k+1},..([{\ (]IA?\MA)) 1=1 L{g=n1y}
M n
_ A A,s (i —1y As 11
= Z Ciy,...in Z ]l{ilzk} (Il (]lAf‘l)) ce ([1 (]IAQ\H))
i1,¥”i;‘=1 =1
F o Fin
A,8 Lg; — A8 Ly, —
x (1 (1A¢1)) o (1 (ﬂA;\n)) fn=2

X (1 (1 ))ﬂﬁl:k*l} e (II\’S(]IAZ% ))ﬂ{i":kfl}
X (T2 (g )) M5 (B (1)) e

i1 in

M n
A,S 1y ) A8 ]lin
= Y i ) g (4 (L ) 7 (I (1)) O
L (=1
My
A8 A,8 A8
= Z Chyin..in ] (]lAjQ)Il (]lAjg)"'[l (ﬂAjn) (6.21)
o
My
A8 A8 A8
+ Z Cir yeonyin L1 (]lAiA 2NN PO RERY i <1Ajn)
i fi ;,;:1
+ ..
My
A, S A,
+ Z Ciryngin—1, k11 <]lA;.\1> I (]lA?nq)
15090 ripy_1=1
i1 A Fin
My
A8 A8
cn Y il (L) () (622



= L5 (f (1), e A

=0 if 4; = k for some j € {2,...,n}, and (6.22)

.....

Lemma 6.4. For alla € (0,1) and k =1,..., My, we have

i E 0 Gn. ()] d . | i
A . 8%3 t — 2 || ||002nn t)‘ an ) )||L2 R" 1

k—

where gy is defined in (6.9).
Proof. For any g € G, since ||¢"||c < 1 and U* ~ N (0, TrI4), we have

(@) = ;/E[“@¢iuﬁfcz> o) &

B / / ) ex Cleys = 2|\ deds
- 27TT,\ 2272 [ Jarsy 7 P\T 20— ) svi—>s

Iyl , ds
22T M,\/2/ /]RMA exp< o7, dy = (6.23)

By differentiation of (6.23) with respect to xy, we obtain

agh)\
D, (2)

1 ! " lovs — 27\ dzds
= 2(27TT)\)M)\/2 T /0 /]RLMA (xk\/5 - Zk)g (Z) exXp (_ 2(1 _ S)T)\ 51/2(1 _ 8)3/2
1 1 ) s Iyl dyds
= @ 1-— —
2(27Ty)MA/2 . T, /0 /Rm Ueg®Nas +y s) exp ( 2T S(1—s)

1! d
= [ E[¢™avs + UV = )U}] —
2T%\ Jo s(1 —s)

and

83§1h,A( )= 1 /IE d%g ‘“@\/—_i_U,\m)U
oc2 " T am J, | 0a? ¢
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x € RMY k=1,..., M,. Next, letting

heMa) =Y heNz),  xeRM™,
n=1
we have
890")‘ 8g(ha)‘) e ahaA
S (1) = T (@) = ¢ (@) (@),
and

829a,)\

@) = ) (e

ﬁxk

@) -+ ) @)

- o) (2 w) (6.29

since from (6.20) we have BZZZ’A () =0 as % does not depend on z. Substituting
k

(6.25) into (6.24) and using (6.16), we deduce that for all k =1,..., M, we have

& 3~
d°g
/tx IE[ 5 ’;A(\Iﬂ)} dt

k—

Oh* ?
< " \I’)\ A 1 _
_ﬂ,|@/ e (%%(<ME+U¢_?O

1 tk 1
< - 1 E
_ﬂﬂmkéll

swqwuzmjxmmmwu

k

o [ s
/0\ ﬂAé (S)dBS :| 1 — Sdsdt
00 2 3
IEH/O 1.4 (s)dB, },/1_Sdsdt

(6.26)

Dol ()

1
where we used (5.13) and the identity / ] * ds = 7, and the second inequal-
o V1—s

Oho* -
ity in (6.26) holds by recalling that A

5 7 (U (t)/s + U1 — s) is independent of

Ty

/ 14, (s)dB; since (6.22) contains no term in the form ]{\’S(]IAQ). O
0
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