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Abstract

We derive normal approximation bounds in the Kolmogorov distance for sums of
discrete multiple integrals and weighted U-statistics made of independent Bernoulli
random variables. Such bounds are applied to normal approximation for the renor-
malized subgraph counts in the Erdoés-Rényi random graph. This approach completely
solves a long-standing conjecture in the general setting of arbitrary graph counting,
while recovering recent results obtained for triangles and improving other bounds in
the Wasserstein distance.
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1 Introduction

The Mallavin approach to the Stein method introduced in [NP09] for general functionals
of Gaussian random fields has recently been extended to functionals of discrete Bernoulli
sequences. In [NPR10], normal approximation Stein bounds have been obtained in the
Wassertein distance for functionals of symmetric Bernoulli sequences, and such results have

been extended in particular to the Kolmogorov distance in [KRT16].

In [PT15], Stein bounds in the Wasserstein distance have been obtained for functionals

of not necessarily symmetric Bernoulli sequences, and bounds in the total variation distance

*School of Physical and Mathematical Sciences, Nanyang Technological University, SPMS-MAS-05-43,
21 Nanyang Link, Singapore 637371. e-mail: nprivault@ntu.edu.sg.

TFaculty of Pure and Applied Mathematics, Wroctaw University of Science and Technology, Ul. Wybrzeze
Wyspianskiego 27, Wroclaw, Poland. e-mail: grzegorz.serafin@pwr.edu.pl.



have been derived for the Poisson approximation in [Krol7]. See also [DK19] for recent

results on the fourth moment in the non-symmetric discrete setting.

Still in the discrete not necessarily symmetric Bernoulli setting, Kolmogorov distance
bounds have been proved in [KRT17] using second order Poincaré inequalities for discrete
Bernoulli sequences, with application to the normal approximation of the renormalized count

of the subgraphs which are isomorphic to triangles in the Erdés-Rényi random graph.

In this paper we consider sums of weighted U-statistics (or discrete multiple stochastic
integrals) of the form

n

> filiv, .. ig)Ys, -+ Y, (1.1)
k=1 01,50 EN
irFis, I<r#s<k

where (Yj)ren is a normalized sequence of Bernoulli random variables. By the Malliavin ap-
proach to the Stein and Stein-Chen methods we derive new Kolmogorov distance bounds to
the normal distribution for the distribution of functionals of the form (1.1), see Theorem 3.1.
Our approach is based on results of [KRT16] and [KRT'17] for general functionals of discrete

i.i.d. renormalized Bernoulli sequences (Y},),en.

Normal approximation in the Kolmogorov distance has been studied in various special
cases of (1.1). In Theorem 3.1 of [CS07], bounds were obtained for non weighted U-statistics,
and in [KRT16] the authors dealt with weighted first order U-statistics in the symmetric case
p = 1/2. See also [LRP13a]-[LRP13b] for the normal approximation of U-statistics written
as multiple Poisson stochastic integrals, with applications provided to subgraph counting

and boolean models.

Our second goal is to apply Theorem 3.1 to the normal approximation of the renormal-
ized count of the subgraphs which are isomorphic to an arbitrary graph in the Erdés-Rényi
random graph G, (p) constructed by independently retaining any edge in the complete graph
K, on n vertices with probability p € (0,1). The random graph G, (p) was introduced by
Gilbert [Gil59] in 1959 and popularized by Erdés and Rényi in [ER59], it has been intensively
studied and has become a classical model in discrete probability, see [JLROO] and references

therein.



Necessary and sufficient conditions for the asymptotic normality of the renormalization

mo . Vi —E[NG]
" Var[NC]

where N¢ is the number of graphs in G,,(p,) that are isomorphic to a fixed graph G, have

been obtained in [Ruc88] where it is shown that
N¢ LN iff npl — oo and n?(1 — p,) — oo,
as n tends to infinity, where A/ denotes the standard normal distribution,
f:=max{ey /vy : H C G},

and ey, vy respectively denote the numbers of edges and vertices in the graph H. Those
results have been made more precise in [BKR89] by the derivation of explicit convergence
rates in the Wasserstein distance

dw (F,G) := sup [E[h(F)] = E[R(G)]],

heLip(1)

between the laws of random variables F', GG, where Lip(1) denotes the class of real-valued
Lipschitz functions with Lipschitz constant less than or equal to 1. Bounds on the total
variation distance of subgraph counts to the Poisson distribution have also been derived in

Theorem 5.A of [BHJ92].

In the particular case where the graph G is a triangle, such bounds have been recently
strengthened in [R6117] using the Kolmogorov distance

Ak (F,G) = sup |P(F < x) — P(G < x)],

zeR

which satisfies the bound dg (F, N') < \/dw (F, N). Still in the case of triangles, Kolmogorov
distance bounds had also been obtained by second order Poincaré inequalities for discrete
Bernoulli sequences in [KRT17] when p, takes the form p, = n™, a € [0,1). Kolmogorov
bounds have also been obtained for triangles in § 3.2.1 of [Rosl1], however such bounds

«

apply only in the range o € [0,2/9) when p,, takes the form p, = n=°.



In this paper we refine the results of [BKR89] by using the Kolmogorov distance instead of
the Wasserstein distance. As in [BKR89] we are able to consider any graph G, and therefore
our results extend those of both [KRT17] and [R6117] which only cover the case where G is a
triangle. Instead of using second order Poincaré inequalities [KRT17], [LPS16], our method
relies on an application of Kolmogorov distance bounds of Proposition 4.1 in [KRT17], see
also Theorem 3.1 in [KRT16], to derive Stein approximation bounds for sums of multiple

stochastic integrals.

Furthermore, we note that various random functionals on the Erd6s-Rényi random graph
G, (p) admit representations as sums of multiple integrals (1.1). This includes the number
of vertices of a given degree, and the count of subgraphs that are isomorphic to an arbitrary

graph.

Our second main result Theorem 4.2 is a bound for the Kolmogorov distance between
the normal distribution and the renormalized graph count Nf . Namely, we show that when

G is a graph without isolated vertices it holds that

—1/2
di(Ne, N) < C ((1 — pp) Min n”prlH> , (1.2)
HCG
eg>1
where Cgz > 0 is a constant depending only on eg, which improves on the Wasserstein
estimates of [BKR89], see Theorem 2 therein. This result relies on the representation of
combined subgraph counts as finite sums of multiple stochastic integrals, see Lemma 4.1,
together with the application of Theorem 3.1 on Kolmogorov distance bounds for sums of

multiple stochastic integrals.

In the sequel, given two positive sequences (x,,)nen and (Y, )nen We write x,, & y,, whenever
¢1 < Tp/yn < o for some c1,ca > 0 and all n € N, and for f and g two positive functions we
also write f < g whenever f < Cgg for some constant C¢ > 0 depending only on G. Using

the equivalence

Gl ~ o VG —VH 2eqc—en
Var[N7]| ~ (1 — py) %léiéjn D (1.3)
en>

as n tends to infinity, see Lemma 3.5 in [JLROO], the bound (1.2) can be rewritten in terms



of the variance Var[NS] as

~ < Var [Ng]
A (N N) 2 (1 = pn)nvops®

Note that when p,, is bounded away from 0, the bound (1.2) takes the simpler form

~ 1
G <
dK(Nn>N) ~ n\/li —pn.

Next, in Corollary 4.6 we show that the bound (1.4) can be specialized as

di(NE N) < ((1 — p) min{n?p,, n"¢pc )_1/2

1
= if ple=2)/(leal) D,
n V pn(l - pn)
1 . —(we—2)/(eg—1
- - if 0<p, <n @We2/lea=)
nvG/QpZG/Q o

for any graph G with at least three vertices, under the balance condition

GH—l GG—l
max =

HCG vy — 2 ve — 2
vSs H G

(1.6)

see also [ER61, RV86] for related conditions and their use in subgraph counting. Finally,

we note that (1.6) is satisfied by important examples of subgraphs such as complete graphs,

cycles and trees, with at least 3 vertices, which are dealt with in Corollaries 4.8, 4.9 and 4.10.

In the particular case where the graph G is a triangle, the next consequence of (1.2) and

(1.5) recovers the main result of [R6117], see Theorem 1.1 therein.

Corollary 1.1 For any ¢ € (0,1), the normalized number NS of the subgraphs in G, (p,)

that are isomorphic to a triangle satisfies

( 1
_— < pp <1,
ny1—p, if e<p
- 1
de(NJN) S Q ~ y if n7'?<p, <c,
L if 0<p,<n /2
\ (npn)3/2 P




When p,, takes the form p, = n~*, a € [0, 1), Corollary 1.1 similarly improves on the con-

vergence rates obtained in Theorem 1.1 of [KRT17] using second order Poincaré inequalities.

This paper is organized as follows. In Section 2 we recall the construction of random function-
als of Bernoulli variables, together with the construction of the associated finite difference
operator and their application to Kolmogorov distance bounds obtained in [KRT16]. In
Section 3 we derive general Kolmogorov distance bounds for sums of multiple stochastic
integrals. In Section 4 we show that graph counts can be represented as sums of multiple
stochastic integrals, and we derive Kolmogorov distance bounds for the renormalized count

of subgraphs in G, (p,) that are isomorphic to a fixed graph.

2 Notation and preliminaries

In this section we recall some background notation and results on the stochastic analysis
of Bernoulli processes, see [Pri08] for details. Consider a sequence (X, )en of independent
identically distributed Bernoulli random variables with P(X,, = 1) = pand P(X,, = —1) =g,
n € N, built as the sequence of canonical projections on Q := {—1,1}. For any F :
Q — R we consider the L?(Q2 x N)-valued finite difference operator D defined for any w =
(wo, w1, ...) € Q by

DyF(w) = /pg(F(W*) — F(WF)), keN, (2.1)
where we let
wi = (woy -+ oy Wr—1, +1, Wet1, .- )
and
Wk = (wo, ... wee1, =1, Wiy, ..,

k €N, and DF := (D} F)gen. The L? domain of D is given by
Dom(D) = {F € L*(Q) : E[||DF|[%qy] < o0}

We let (Y},),>0 denote the sequence of centered and normalized random variables defined by

2,/pq

Given n > 1, we denote by ¢?(N)®" = (?(N") the class of square-summable functions on N",

Y, : , n € N.

we denote by ¢?(N)°" the subspace of ¢2(N)®" formed by functions that are symmetric in n



variables. We let

In(fn): Z fn(zlv7zn)Y;1Y2n

denote the discrete multiple stochastic integral of order n of f, in the subspace ¢2(A,) of

(*(N)°" composed of symmetric kernels that vanish on diagonals, i.e. on the complement of
An:{(k’l,,k’n)ENnk’Z%k’j,1§Z<]§n}, n>1.
The multiple stochastic integrals satisfy the isometry and orthogonality relation

E[L,(fu)Im(gm)] = ]l{n:m}n!<fm gm>€§(An)u (2.2)

fn € 2(A,), gm € 2(A,,), cf. e.g. Proposition 1.3.2 of [Pri09]. The finite difference operator

D acts on multiple stochastic integrals as follows:
DI (fn) = nlna (fa(, k) 1A, (%, k) = nly1(fu(x, k),
k€N, f, € (2(A,), and it satisfies the finite difference product rule

X
Dp(FG) = FD,G + GD,F — \/—piquFDkG, keN. (2.3)

for F,G : Q@ — R, see Propositions 7.3 and 7.8 of [Pri08g].

Due to the chaos representation property of Bernoulli random walks, any square inte-

grable F' may be represented as F' =Y _ L,(fs), fu € (2(A,), and the L? domain of D can

n>0

be rewritten as

Dom(D) = {F =D L)+ Y nnlllfallgyen < oo} .

n>0 n>1

The Ornstein-Uhlenbeck operator L is defined on the domain

Dom(L) := {F = Zln(fn) : Zn2 n!||fn||§2(N)®n < oo}

n>0 n>1

by
LF ==Y nl(f.).

The inverse of L, denoted by L™!, is defined on the subspace of L?(Q2) composed of centered

random variables by
oo

R v

n=1

7



with the convention L™'F = L™!(F —E[F]) in case F is not centered. Using this convention,

the duality relation (2.5) shows that for any F, G € Dom(D) we have the covariance identity
Cov(F,G) = E[G(F — E[F])] = E[(DG, =DL™ "' F) )] - (2.4)
The divergence operator 0 is the linear mapping defined as
0(u) = 6(Ln(forr (%)) = Lota(farr)s farr € Go(An) © C(N),

for (ug)ken of the form

Uk = In(fn-i-l(*v ]{?)), k€N,

in the space
U= {Z L(fr1(%,9),  forr € (M) @ A(N), 0<k<n,ne N} C L*(Q2 x N)
k=0

of finite sums of multiple integral processes, where an denotes the symmetrization of f,, 1

in n + 1 variables, i.e.

N 1 n+1
e e I ATET (TR Ry NETSY  ))
i=1

The operators D and § are closable with respective domains Dom(D) and Dom(4), built as

the completions of S and U, and they satisfy the duality relation
E[(DF,u)pmw)] = E[Fi(u)], F € Dom(D), u € Dom(), (2.5)

see e.g. Proposition 9.2 in [Pri08], and the isometry property

E[lo)’] = Effulfm]+E ZDkUzDzUk—Z(Dkuk)2]
_k’,gl;lo k=0

< E[HUH??(N)] +E E DkulDlUk] ; uel, (2.6)
[ k,1=0
kAl

cf. Proposition 9.3 of [Pri08] and Satz 6.7 in [Manl15]. Letting (F)ier, = (€"“)icr, denote
the Orsntein-Uhlenbeck semi-group defined as

PF =Y e™L(f), teR,,

n=0



on random variables F' € L*(Q) of the form F = Z I,,(fs), the Mehler’s formula states that
n=0

PF=E[F(X(t) ] X(0)], teR,, (2.7)

where (X (t))¢cr, is the Ornstein-Uhlenbeck process associated to the semi-group (F;)icr, ;
cf. Proposition 10.8 of [Pri08]. As a consequence of the representation (2.7) of P, we can
deduce the bound

E[|DeL~'FI°] < B[ DyFI°], (2.5)
for every F' € Dom(D) and « > 1, see Proposition 3.3 of [KRT17]. The following Proposi-
tion 2.1 is a consequence of Proposition 4.1 in [KRT17], see also Theorem 3.1 in [KRT16].

Proposition 2.1 For F' € Dom(D) with E[F] = 0 we have

A (F,N) < |1 = E[F?]| + | /Var[(DF, ~DL~'F)

1 = 4 9 - —1 72
T ;E[(Dk}?)] JVE[F?] + ];E[(FDkL F)?]

1
+ N sup E[(D1{pszy, DFIDL™F|) 2.

Proof. By Proposition 4.1 in [KRT17] we have

dK(FaN) < EHl - <DF, _DL_1F>€2(N)|]

V2T _ _

+T(PQ) VEE(|DF, | DL F|) )] (2.9)
1

+§(pQ)_1/2E[<|DF|27 |FDL™'F|) )] (2.10)

+(pq)~Y/? suﬂgE[(Dl{FM}, DF|DL7'F|) ).
TE

On the other hand, it follows from the covariance identity (2.4) that it holds VarF =
E[[(DF,—DL™'F);2|], hence by the Cauchy-Schwarz and triangular inequalities we get

E[|1—(DF,~DL'Flag|| < |1 = (DF, - DL F)ag)

L2(@)
< D= IFla@l+ {DF, =DL™ F)ag) — | Flli2@llre

= |1 = Var[F]| + /Var[(DF, = DL~'F) pasy ).

Next, we have

E[IDL™ L(fa) 2] ZE n-1(falk,)))?]



n — 1 Z ||fn ||52 N)@(n 1)
=(n— 1)!||an€2(N)®

< n!anH??(N)@’”

=E U]n(fn)|2] )
and consequently, by the orthogonality relation (2.2) we have
E[IDL™ Flpaw) < E[F?]

for every F € L*(Q), hence (2.9) is bounded by

DL FLIDAPheun] SB |\ 5 1DuL7H 3104

[e.9]

E | (DyF)*

k=0

o0

< \|E | |DLFP
L&=0

[e.o]

E | (DyF)*

k=0

VE[IDLF %]

o0

E | (DyF)*

k=0

Eventually, regarding the third term (2.10), by the Cauchy-Schwarz inequality we find

E[{(DF)* |[FDL™'Fl)eq)] < | Y _E[(DyF)*], | Y E[(FD.L-'F)?.

k=0
0J
Finally, given f, € (2(A,) and g,, € £2(A,,) we have the multiplication formula
2 min(n,m)
Lo (fa) I (9m) = Z Lym—s (P m.s), (2.11)

see Proposition 5.1 of [PT15], provided that the functions

e E ) () e

$<2i<2min(s,n,m

10



belong to £2(Ayim—s), 0 < s < 2min(n, m), where f,%. g, is defined as the symmetrization

in n 4+ m — k — [ variables of the contraction f, x} g,, defined as

! _
Jo % Gm(@isrs - @ny bpgers oo ) = a0 (@igns ooy Gy bty -5 by)

Z fn(ab"'7an)gm(a17"'7a'k7bk+17"‘7bm)7

at,...,a; €N

0 <1 <k, and the symbol > 9,9 nin(sn m) means that the sum is taken over all the integers

i in the interval [s/2, min(s,n,m)]. We close this section with the following Proposition 2.2.

Proposition 2.2 Let f, € (2(A,) and g,, € (2(A,,) be symmetric functions. For 0 <1 <

k < min(n,m) we have

l+m k

an *k gmHEQ(N @(mtn—k— l) =5 ||fn ijn kf”HEQ Y@ (k=1) +35 Hgm gmH;(N)Q@(k—l)’ <2'12>

and

[k g gm0 52k Sl + 5 lom =k Fnll e (2.13)

Ty Z ( ) ”fn n fn||€2(N)®i + 1| gm *mii meg?(N)@i) .

Proof. Holder’s inequality applied twice gives us

H fn *gg Im Hj2(N)®(m+n—k—l)

- Z Z Z lAn+nL—k—l<y7 21 Z2) (Z fn<x> Y, Zl)gm(z7 Y, ZQ))

21ENN—k zoeNm—k ycNk—! reN!

Z ]lAk_z(y) Z Z (Z fr%(x7y7 Zl) Zgﬁm(x7yu ZQ))

yENk—L 21EN"—F zoeNm—k \zeN! zeN!

Dolas | D D fwya) | D Ian | D D gmlayz)

yENk—L z1ENn—k zeN! yENk—L z1ENm—k zeN!

IN

2

IN

l+m—k

= an Lk f’an(N)@(k 1) Hgm gme(N)@(k—l)

| /\

”fn A kf”Hj2(N)®(k 1) Hgm e kgmHZ(N)wkfz)'

To derive the second assertion, we proceed as follows:

an *IIZ Im H?2(N)®(m+n—2k)

11

1/2



= 3 Y a0 XY falw g 2) ful2. ) g (02, 2)

yENn—k zcNm—k 21 EAL T2EA,

< Z Z Z fn(xby)fn(x%y) ( Z gm(xbz)gm(x??'z))
T1€EAL T2€A) \ yeNn—Fk zeNm—Fk
2
S % Z Z fn(xlvy)fn(x%y)

x1,02€A, \ yeNn—k

+% Z ( Z gm(xhz)gm(m%z)) ’

1,22€A, \zeNm—k

where we have used the inequality ab < a® + b%. Finally we get

2

oSS fleny)fuleny)

T1€AL T2€AE \ yeNn—Fk

() S M @) | D falw,d y) fulw, 2" y)

€A o/ ey yENn—k

I
-
~ ||M»
o

k
(5) 1wt Al

7=0
< a2 Follecn w>+2( ) 1 Fullene

by (2.12), which ends the proof. O

3 Kolmogorov bounds for sums of multiple stochastic
integrals

Wasserstein bounds have been obtained for discrete multiple stochastic integrals in Theo-
rem 4.1 of [NPR10] in the symmetric case p = ¢ and in Theorems 5.3-5.5 of [PT15] in the
possibly nonsymmetric case, and have been extended to the Kolmogorov distance in the sym-
metric case p = ¢ in Theorem 4.2 of [KRT16]. The following consequence of Proposition 2.1
provides a Kolmogorov distance bound which further extends Theorem 4.2 of [KRT16] from
multiple stochastic integrals to sums of multiple stochastic integrals in the nonsymmetric

case.

12



Theorem 3.1 For any finite sum

F =Y I(f)

of discrete multiple stochastic integrals with fi, € (2(Ay), k= 1,...,m, we have
di(F,N) <Cy, (|1 — Var[F]| + \/Rr),
for some constant C,, > 0 depending only on m, where

RF = Z (pQ)l_i Hfz *ﬁ‘ fiHZZ(N)MFl) (3'1)

0<i<i<m

+ Z (Hfl *é fiHZ(N)GZJ(i—l) + Hfl *; fiHi(N)@z(i_z)) .

1<I<i<m

Proof. We introduce

i k
Z Z Z 1{i:j:k:l}C (pQ)lik ”fz *ic fj ||j2(N)®(i+jfkfl) :

1<i<j<m k=1 1=0

Since it holds that R% < Rp, it is enough to prove the required inequality with R} instead
of Rp. Indeed, by the inequality (2.12), all the components of R} for 0 < | < k < 4,7,
are dominated by those for 0 < [ < k =i = j, and also, by the inequality (2.13), the ones
where 1 < k =1 < ¢ < j, are dominated by the components where 1 <[ =k < i = j or
1 <l < k=1i=j. Finally, the components for 1 < k =1[=1¢ < j remain unchanged.

We will estimate components in the inequality from Proposition 2.1. We have

D,F = i(z + 1)1 (fiya(r,7)) and D,L7'F = i Li (fin(r,0)), 1 €N,
i=0 =0

hence by the multiplication formula (2.11) we find

(D, F)? = Z ZZCUM (q p) _ Lij——i (fi+1(7"»‘);§cfj+1(7“a')) (3.2)

0<i<j<m—1 k=0 [=0

and

k-1
D.FD,L'F= Y} chzmk(q z ) Lt (fon (r )5 fia(r, ) . (3.3)

0<i<j<m—1 k=0 1=0

13



for some ¢; j 1, dijix > 0. Applying the isometry relation (2.2) to (3.2) and using the bound
| fnllzayen < | fnllemyen, fm € C(N)®™ we get, writing f < g whenever f < C,,g for some
constant C),, > 0 depending only on m,

PAN
]~
(]

N
lw)
%“|
SUES
N——
[\
El
8
—

t

>(-
ol
S
Jr
._.
eﬁ:
*ﬁ
3
??‘

Furthermore, by (3.3) it follows that

(DF,DL™'F) —E [(DF,DL™'F)]

o0 ik k1
= Z Z Z Z Ci gk L{i=j=k=1}c (u)

=0 0<i<j<m—1 k=0 [=0 VP4
X Tijoit (fira(r, )% fia(r, )

k—I1
- ¥ S et (1)
0<i<j<m—1 k=0 [=0 \/_
X Jij—r— l(Z foa (rs )% fia (r, ))

7 k k—l
= > 2. gl (q p) Tijonet (Firi®ii fivn)

0<i<j<m—1 k=0 1=0 vPd

thus we get
Var [(DF, —DL™'F)]

S Y 3yl

0<i<j<m—1 k=0 [=0

1
Z Zzl{’ =j=k= l} (pq)F~ z”fZ ka“eZ (N)®(i+i—k—1)

1<i<j<m k=1 I=1

< R..

2
fz—i—l *k+1 fj+1 Hg2(N)®(i+J’—k—l)

14



Next, we have

iE[(FDkLlF)Q} =E FQi(DkLlF)2

<VE[FY |E (i(DkLlFP)

and (2.11) and (2.2) show that

2
[z—i-j—k:—l (fi%fj))

1<i<5<m k=0 (=0

Z”fz*f%Hﬂ(Nm‘i‘ Z ||f2*0fj||42 ) (i+9)

1<i<j<m

—RHZHﬁHme > fillE e

1<i<j<m

fJHEQ (N)®31
S Rp + (Var[F]) )

while as in (3.2) and (3.3) we have

E < (DkL‘lF)2>

(> ¥ yyan(t)

k=0 0<i<j<m—1 k=0 1=0

X Jigj—k— (fi—i—l(kv VL (ks ))) ]

k
Z Z pq l k”sz *k+1 fj+1”§2(N)®<i+j—k—l)

0<i<j<m—1 k=0 =0
7 k

NE

=K

AN

(pa)' ™" (| fi % fJ“@(N)@(zﬂ k=)

1<i<j<m k=1 =1

< R + Z £ %8 Fillzgen + D 1F:%6 Fillayern
1<i<j<m
P+ Z Ifillzgye + D Wil fillees
1<i<j<m

15



S Ry + (Var[F])?,

hence we get

f:E[(FDkL‘lF)2} < Ry + (Var[F])2. (3.5)

We now deal with the last component in Proposition 2.1 similarly as it is done in proof
of Theorem 4.2 in [KRT16]. Precisely, by the integration by parts formula (2.5) and the
Cauchy-Schwarz inequality we have

supE [(D1{psuy, DF|IDL™'F)pq] = supE [1(r>030 (DF|DL7'F])]
S

z€R

< \JE[(6(DFIDL-F)))’]. (3.6)

Then, by the bound (2.6), the Cauchy-Schwarz inequality and the consequence (2.8) of
Mehler’s formula (2.7), we have

E[ (5 (DF|IDLF]))*]

> | Dk (DiFIDLT'F|) Dy (DeFIDRL™'F) |
k,l=0

< E[|DF|DL™"F||%q)] +E

< E[IDF Il JE[IDL Fllfi ] +E

S (D (DiFIDLTF))?
k,1=0

[e.9]

<E[|DFlfi] + Y E[ (D (DiFIDLTF]))"].
k,1=0

The first term in the last expression in bounded by pgR. as shown in (3.4), and it remains

to estimate the last expectation. By the product rule (2.3) and the bound |Dy|F|| < |DpF|
obtained from the definition (2.1) of D and the triangle inequality, we get

E[ (D, (D,F|D,L7'F|))*]

=K

X 2
D,D,F|D.,L-'F|) + (D,FD,|D,L 'F|) = —= (D, D,FD,|D,L™'F )
((D,D.F] )+ (D.FD/ )= | )

SE|(D.D,F) (D,L7F)* + (D,F) (D,D,L'F)" + L (p,0.F? (0,017 F)? |

pq
(3.7)
r,s € N. By the Cauchy-Schwarz inequality we get
S E[(D.D,F)* (D.L7'F)*] =E |>_(D,L7'F)* Y (D,D,F)’
r,s=0 s=0 r=0
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[o¢] (o) oo 2
< |E ZO(DSL LAY E Z;(E;(DTDst)

The term E[ Y27 (DSL‘lF)4] can be bounded by pgR’% as in (3.4). To estimate the other

term we use the multiplication formula (2.11) as in (3.2) to obtain

E i (f: (DTDSF)2>

s=0 r=0

00 ik k-1 2
ZE (Z Z Z q—pf Iiﬂem (fi+2(37r,');ggfj+2(577na'))> ]
s=0 r=0 0<i<j<m—2 k=0 [=0
o) 7 k q—7p k—I1 2
=cY E ( Z Z W Tigjk- l(fz+2( )*k+1fj+2( ))> ]
s=0 0<i<j<m—2 k=0 1=0

[e'¢) k
52 ZZ(M)Z "Il fivals, )*?fl fia(s, )||ez )& (i+i—k=1)

= Z (pQ)l_kai+2 *?-112 fj+2“§2(N)®(i+j—k—l+1)

|
(]

(pQ)Hlikai *2 fj H§2(N)®(i+jfkfl)
2<i<j<m k=2 I=1

< pqR%.

The term Y- _(E[(D.F)*(D, DL~ F)?] from (3.7) is similarly bounded by pgR}. Regard-

ing the last term, we have

i E[(D,D,F)*(D,D,L'F)?] < Z E [(D,D,F)* Z E[(D,D,L-1F)4].

r,s=0 r,5=0 r,5=0

Using the multiplication formula (2.11), both sums inside the above square root can be

k—I1

estimated as
ik
> 12
v/ Pq

0o

>_E

r,s=0 0<i<j<m—2 k=0 (=0
7

<y Y Yy

7,5=00<i<j<m—2 k=0 [=
k

2
Liyj—k-t (fi+2(37 T, -);ijw(s, " ')) > ]

(pQ)likaiJrQ(Sa T, ) *gc fj+2(57 r, ')H?Q(N)(@(i-‘r]’—k—l)
0

i

= Z Z Z pa)"" | fira *k+2 fj+2Hz2(N B (i+j—k—1+2)

0<i<j<m—2 k=0 =

17



i k=2

Z Z (pq) l+2 k”fz % fJHez ®(i+i—k—1)

2<i g k=2 1=0

<j
< (pg)’R
Combining this together we get

i E[(D,(DyF|D,L'F|))*] < pgR.

r,s=0
and consequently, by (3.6) we find
supE [(D1ipsey, DF|DL'F|) )] < paRip (3.8)

z€R

Applying (3.4)-(3.5) and (3.8) to Proposition 2.1, we get
dr(F\N) S |1 = Var[F]| + /R (1 + Var[F] + \/Var[F] + \/R}).

If R, > 1, orif R, < 1and Var[F] > 2, it is clear that dg (F,N) < |1—Var[F]|+ /R since
dg(F,N') < 1 by definition. If R}, < 1 and Var[F] < 2, we estimate Var[F]+/Var|[F]+/R
by a constant and also get the required bound. 0

4 Application to random graphs

4.1 General result

In the sequel fix a numbering (1,...,eq) of the edges in G and we denote by EY C
{1, ..., (g) }e¢ the set of sequences of (distinct) edges of a complete graph K, that create
a graph isomorphic to G, i.e. a sequence (eg,,...,ex, ) belongs to E¢ if and only if the
graph created by edges ey, ..., ey, s isomorphic to G. The next lemma allows us to rep-
resent the number of subgraphs as a sum of multiple stochastic integrals, using the notation

Lemma 4.1 We have the identity

-« NS —-E[NS &
N = ———12 =% Li(fr), 4.1
n Var[NC] ; k(fr) (4.1)
where
fre(br, ..., br)
k/2 ec—k/2
= 1, ., Qe —ksb1yeesb ) EES
(e — k)!k!\/Var] NG 77777 %02,; Neo—k ( ' Ve



Proof. We have

1
Ne = eql2¢c Z L., bEG)GEG(Xbl +1)-- (Xbec +1)

b1y EN

- eG!lzec mi:o (2) Zm: (Z) (="

> grlbr, ) (X +q—p) - (X, +q—p)

b1,...,bpEN
- ea!lzeo mZ @f) i (?) Li(gr) (2v/pP0)" (p — )"
- eG!lzeG ’; (ekc (2\/M)k1k(gk)§ (enfj::) (p— g™ *
= 2% 2 (;j_—%[k(gk)ﬂ +p— q)ec—k
- g %[k(%),

where g is the function defined as

gr(by, ... bg) = > Lo (@, .y egopybry ooy bi),  (bry...,by) € N, (4.2)

(a1,..., aEG,k)ENeGik
which shows (4.1) with
g 12peahi2

fubr, .. by) = (eq — k)k!\/Var[NC]

gk(bh ey bk)

Next is the second main result of this paper.

Theorem 4.2 Let G be a graph without isolated vertices. Then we have

> —1/2 Var [Ng}
T

~G < _ . VH ,~€EH -
de,N)N(u p) i "y T g

eg>1

Proof. By (4.1) and Theorem 3.1 we have

e ’/RG
dK(Nn 7N) Sj Var[NGv]?

n
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where, taking g as in (4.2), by (3.1) we have

deq—3k+1 I+k l 2
> p ¢ gk 5 el gy
0<i<k<eg

+ Z p4eci2kq2k Hgk *é ng;(N)@mk—z)

Ra =

1<l<k<eg

n Z pleeT R | g+ ngZ(N)W*”

I<i<k<eg

<a( X P guh gkl gy

= (1—p)(51+52+53)

0<i<k<eg

+ Z p4eailik Hgl *ﬁ gk||j2(N)®(kfl)

1<i<k<eg

+ Z p4eci2k ||gk *ﬁ ngjz(N)sz(k—Z) )

1<l<k<eg

It is now sufficient to show that

S; + Sy 4 S3 < max ntve v pleaien
~ Hca

ep>1

Indeed, applying (1.3) and (4.4) to (4.3) we get

VERc

\/1Tp\/

HCG
e>1

maxn

dvg—3vy ,deg—3eqy

p

<
Var[N&] ~

Thus
- VRc
dw (N < V&

HCG
ep>1

(1 _ p) max n2’l}c—UHp2€G—eH

—3/2
min n" pH
HCG
eg>1

m(

ep>1

)
min n”HpeH)
HCG

—1/2
_ _ : VH ,€H
—((1 p) min n**p > :

In order to estimate Sy, let us observe that

Hgk *2 ng?z(N)ég(k—z) = Z

a'' eNk—1

erp>1

D

a’ €Nt

20

—1/2
< — 1 VH  ¢H
((1 p) min n**p ) :
eg>1

Z 1gc (a,d’,a")

aeNeG—Fk

(4.4)



Hence we have

S1 S

AN

For a fixed p, let Hy C G,

Then it is clear that

2\ 2

~> X | X!

ACKn ACBCKn BCG/'CKn

e =k—1 ep=k G ~G

2

~ VK VH—VK vg—vpr) 2

KCG KCHCG

ep=k—1 e=k

dvg—2vg—v

= max noGTYHTUK

KCHCG
eg=k—l, egg=k

g p4eG_3k+l max n4’UG—2UH—’UK
KCHCG
0<l<k<eg e =k—l, eg=k
E max n4vg—2vH—va4eG—26H—eK
KCHCG

0<i<k<eqg ex=k—l, eg=k

4UG72UH7’UKP4€G726H7€K

max mn
KCHCG
eg>1

en, > 1, be the subgraph of G such that

n"Hop®Ho = min n"HpH.
HCGeg>1

S < max n4UG*20H*UK deqg—2epg—ex
L~ KCHCG p
eg>1

— n4v(; —3’UH0 p4eG —3eHO

deq—3eq

p )

— max n4vg—3vH
HCG
ep>1

as required. We proceed similarly with the sum S5. For 1 <1 < k < n we have

Hgl *f 9k H?Q(N)®2(k—l)

ACKn
ep=k—1

S DD 1w (@) Do 1 (dbo)

bENl CLENEG?Z aleNerk
2

DD I

ACBCK, \ B\ACG'"CK, BCGCK,
eg=k leldNTe! G'~G

21

(4.5)



< Z n'x Z ntH VK (n”G_”H’n”G_”H) (4.7)

Kflf . KCHCG, H'cG
CKTET eg=k, egr=l
< max  pleTmUR (4.8)
K,H'CG

ex=k—l, eg/=l
where H' in (4.7) stands for B\ A in (4.6), whereas in (4.8) the sum over H' extends to all
H' C G such that e = [. It follows that

K,H'CcG

1<I<k<Leg ex=k—l, egr=l

_ Z max n4vc—2vH/ —'UKp4€G —2vg—eK
K,H'CG

1<i<k<eqg ex=k—1, egr=l

S max n4vG—2UH/ —UK/p4€G_2UH’ ek’
K' H'cG
eK/,eH/ZI

_ n4vg 731}]—10 p4eg fSeHO

deq—3eqy

p )

= max nive3vH
HCG

eg>1

where Hy is defined in (4.5). Finally, we pass to estimates of S3. For 1 <[ < k < n we have

gk gk”Z(N)@(k—z)

< Z Z Z 1 (a,b,c) Z 1 (a',b,¢)

C,C/ENk_l bENl aeNeG—k a/eNeG—k

2

2

~ D ) > 1 > 1
AA'CK, BCKy, AUBCG'CKy A'UBCG"CKy
ea=e, r=k—l ep=l, eanp=e€ /=0 G'~G G"'~G

2
~ D > | X > 1 > !
K,K',HCG AA'CKy, BCKy, AUBCG'CKy, A'UBCG"CK,
ex=egr=k—l, eg=l A~K Amg:II}IHH G'~G G ~G
exnn=eginu=0 A~EKT N\ GOETRIAH
2
~ E § E (nUG—UAuB> (nUG_”A’uB)
K,K'.HCG AA'CKy BCKy,
eK:eK/:k—l, eH:l A/NK/ Aﬁg:{—([ﬂH
exnu=exing=0  A~KT A GORT RO

22



Next, we note that given A, A’ C K, it takes

UB — VAnB — VA'nB T VAnA'nB = VH — VknH — VKk'nH + V4AnA'nB

vertices to create any subgraph B ~ H such that AN B~ KNH and ANB~ K' NH,

with the bound

1 1 1
VAnAnB < §UAmA' + §UA’OB = §<UAOA’ + Vginm)-

Hence we have

Hgk; *ﬁ ngZ(N)@(k—Z)

2
§ E VH—V —v +(v +v 2/ ve—v Ve
5 (n H—VKNH Vgt 0anar+Vgram)/ (TL G KUH) (n G K/UH) ) '

K K' HCG AACK,
ex=epr=k—l, eg=l A~K
eKﬂHZEK/mH:O A~K!

In order to estimate the above sum using powers of n, we need to consider the possible

intersections AN A’ for A, A’ C K, as follows:

E E n4’L)G+2'UH—2’vaH—UK/mH-‘r’l)AmA/—QUKuH—2UKruH
K,K' HCG AACK,
ex=epr=k—1l, eg=l A~K
eKﬁH:eK/ﬁHZO A'~K!
VK
< E E nUK+UK/_in4UG+2'UH_QUKHH_UK/mH+i_2vKUH_2UK/LJH
~Y
K,K' HCG 1=0

ex=epr=k—l, eg=l
exknH=¢€r/~Ag=0

VKV HAvg+20g — 20K A —V gt —20KUH —2V 1
S E n K K'NH K'UH (4.9)

K,K' . HCG
ex=epr=k—1l, eg=l
EKQH:eK/mHZO

Furthermore we have

Vg + Vg + 4UG + 2’UH — ZUKQH — VK'nH — 2UKUH — QUKqu

= 4dvg — vx — vy — VkIUH,

so the sum (4.9) can be estimated as

E n4UG_UK_UH_UK’uH < max n4vg—vK—vH—vL’
~ K,H,LCG
K,K' HCG ex=k—I, eg=l, e =k

EK:(EK/:]{)—I, eH:l
exnH=C€p/g=0
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from which it follows

513 S E p4€G—2k max n4UG_'UK_'UH_UL
K,H,LCG
1<l<k<eg ex=k—l,eg=l, e, =k
_ Z max n4'UG7vK7’UH7ULp4eG76K76H7€L
K,H,LCG

1<i<k<eq ex=k—l, eg=l, e, =k
< max n4vG—vK—vH—va4eg—eK—eH—eL
~ K,H,LCG

ex,eH.er>1
S n4vg—3vH0p4eg—3eHO

deq—3epn

b )

= max n*ve v

HCG
eg>1

which ends the proof. 0

4.2 Special cases

In the next corollary we note that Theorem 4.2 simplifies if we narrow our attention to p,

depending of the complete graph size n and close to 0 or to 1.

Corollary 4.3 Let G be a graph without separated vertices. Forp, < c <1, n > 1, we have

—1/2
G < in mUH peH
di (NS, N) S (;Inclgn jos > .
eg>1
On the other hand, for p, >c¢ >0, n > 1, it holds
~ 1
dg (NS N) < ———.
K( n ) ~ nm

As a consequence of Corollary 4.3 it follows that if
np? — oo and n?(1 — p,) — oo,

where = max {e g/vg - HCG }, then we have the convergence of the renormalized
subgraph count (Nf )n>1 to N in distribution as n tends to infinity, which recovers the

sufficient condition in [Ruc88]. When p ~ n~*, a > 0, Corollary 4.3 also shows that

~1/2
TG < : vg—Qey
dx (NS, N) S <}{nC1rGln ) : (4.10)
6H21
and in order for the above bound (4.10) to tend to zero as n goes to infinity, we should have
1
a < min 2 = _. (4.11)

HcGey  f3

Next, we specialize our results to the following class of graphs.
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Definition 4.4 Let B denote the set of graphs G with at least three vertices, and such that

€H—1 ec;—l
max = .
HCG vy — 2 vg — 2
vy >3

We note that the set B is contained in the class of balanced graphs which satisfy

€H €a
max — = —,
HCG vy (Ze}

as well as in the class of strongly balanced graphs which satisfy

€H ec
max = .
HCG vy — 1 vg — 1

Both classes have been used in the framework of subraph counting, see e.g. [ER61, RV86],

however the authors have not found the class B in the literature.

Lemma 4.5 Let G be a graph with vy > 3 and ey > 1. Then G belongs to the class B if
and only if for any p € (0,1) and n > vg we have
min n"#p®" = min{np, n"cp°c}.

HCG
6H21

Proof. (=) If G € B, then for any H C G such that vy > 3 we have

ep—1\ VH—2 eq—1\ VH—2
n*p = n’p (np”H*) > n’p (np”G”) : (4.12)
ex—1
If n?p < n'Gp°G . then it holds npvg*2 > 1 and we get
ntipt > np,
eqg—1

vg—2
as required. If n?p > nvép°  then (np”G*Q) < 1, and consequently, using vy < vg, we

obtain

9 eg—1 'UG*2
nUHptH > pp (nva&) = n'Gp°c

from (4.12), which ends this part the proof.

(«<=) Proof by contradiction. Assume that the right-hand side of the equivalence in the thesis

1 e

is true and that there exists Hy C G, vy, > 3, such that ZZO—: > Ug:;. Then, for p, :=n"¢
0

2

VHy—2 vg—2
Py <a< oo we get

where « is such that

o CHo L PHo 2
€H - =
nHop, ° = n2pn n YHo 2 < n2p.
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eg—1
. —2 .
Furthermore, since np,®"~ > 1 and vy, < vg, we obtain

eHO—; VHy—2 eqg—1\ VHy—2
v €H, 2 YHy— 2 v —2
0", = n?p, | npa™ < n?p, (”pn )

eqg—1 UG—2
2 vg—2 VG €
<71pn(npn ) =np,°.

This means that
. CH ]
min n"pii < n"Hop," < min{n’p,, n"pic},

HCG
eg>1

which contradicts the main assumption. The proof is complete. 0

By virtue of Lemma 4.5, the bound in Theorem 4.2 simplifies significantly for graphs G in
the class B.

Corollary 4.6 For any G in the class B we have

A (NS N) S (1= pa) min{n?p,, n*opie})
1
: —(vg—2)/(eg—1)
——— if n < Pn,s
n V pn(l - pn)
1 if 0<p,<n e2/lec=1)
nvG/QpZG/Q "= )

Next, we note that B is quite a rich class as it contains other important classes of graphs.

Proposition 4.7 All complete graphs, cycles, and trees with at least 3 vertices belong to the

class B.

Proof.  First, consider a complete graph K, with r = vk, > 3. For a subgraph H C K,

with vy < r the maximal number of edges is (”5 ) in the case of a clique, thus we have

eH—1<(?)—1:vH+1<T+1:e&—1

vg—2 " r—2 2 2 Vi, — 2
In case of a cycle graph C,., r = v¢, > 3 the maximal number of edges of a subgraph H C C.

with vy < r vertices is realized for a linear subgraph having vy — 1 edges, which yields
€H—1 S (UH—l)—l :1<7’—1:€CT—1.
UH—2 UH—2 r—2 UCT_Z

Finally, for a tree T with r > 3 vertices, the maximal number of edges of a subgraph H C T,
vy < vr is realized for a subtree with vy — 1 edges, which gives

eg — 1 1 er —1

vy — 2 v — 2
This ends the proof. O

26



Corollaries 4.8-4.10 follow directly form Corollary 4.6 and Proposition 4.7. Since the triangle
is a cycle as well as a complete graph, both of Corollaries 4.8 and 4.9 recover the Kolmogorov

bounds of [R6117] as in Corollary 1.1 above.

Corollary 4.8 Let C,. be a cycle graph with r vertices, r > 3. We have

)
1
o (r2)/(-1)
——— i n < Pn,
~ ny/Pn(l = py)
di (NS . N) <
1
- if 0<p,< n—(r=2)/(r=1)
\ (npn)T/Q
In case p, &~ n~® we should have a € (0,1) by (4.11), and Corollary 4.8 also shows that
'n**a/?%L if0<a<g,
_ /D, —r—1
di (NS, N) <%
1 r—2
r(1=0)/2 if <a<l.
\ " (npn)"/? SR

when C). is a cycle graph with r vertices, » > 3. In the particular case r = 3 where Cj is a

triangle, this improves on the Kolmogorov bounds in Theorem 1.1 of [KRT17].

Corollary 4.9 Let K, be a complete graph with r > 3 vertices, r > 3. We have

1 if n20H) <
~ n pn(l - pn)
dK (NS,./\/—) 5
1 : —2/(r+1)
/2 DA f 0<pns<n '
When p, ~n~® with « € (0,2/(r — 1)) by (4.11), Corollary 4.9 shows that
noite? 1 if 0<a< L,
B N\/Dn r+1
dic (N7, N) S
1
—r/24r(r—1)a/4 ~ if < < )
" /2O N =S T

Finally, the next corollary deals with the important class of graphs which have a tree struc-

ture.

Corollary 4.10 Let T' be any tree (a connected graph without cycles) with r edges, and

c € (0,1). We have
1

1
———=if — <Dy,
n pn(l_pn) n

di (N1, N) <

1 1

_ f 0<p, <-—.
n(T+1)/2p1T;/2 Zf Pn > n
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In case p, =~ n~® with a € (0,14 1/r), we get

1

\/Pn

nite/2 o

if 0<a<l,

ﬂ

dK(NfaN) S

1 1
p~(rH1=re)/2 — if 1<a<1l+ -.
n(r+1)/2pz/ r
References
[BHJ92] A.D. Barbour, L. Holst, and S. Janson. Poisson approzimation, volume 2 of Ozford Studies in

[BKRSY]
[CS07]
[DK19)]

[ER59]
[ER61]

Gil59]
[JLROO]

[Krol7]

[KRT16]

[KRT17]

[LPS16]

[LRP13a]

[LRP13b]

[Man15]
INPO9)]

[NPR10]

Probability. The Clarendon Press, Oxford University Press, New York, 1992. Oxford Science
Publications.

A.D. Barbour, M. Karonski, and A. Ruciniski. A central limit theorem for decomposable random
variables with applications to random graphs. J. Combin. Theory Ser. B, 47(2):125-145, 1989.

L.H.Y. Chen and Q.M. Shao. Normal approximation for nonlinear statistics using a concentration
inequality approach. Bernoulli, 13(2):581-599, 2007.

C. Dobler and K. Krokowski. On the fourth moment condition for rademacher chaos. Ann. Inst.
Henri Poincaré Probab. Stat., 55(1):61-97, 2019.

P. Erdds and A. Rényi. On random graphs. 1. Publ. Math. Debrecen, 6:290-297, 1959.

P. Erdés and A. Rényi. On the evolution of random graphs. Bull. Inst. Internat. Statist., 38:343—
347, 1961.

E.N. Gilbert. Random graphs. Ann. Math. Statist, 30(4):1141-1144, 1959.

S. Janson, T. Luczak, and A. Rucinski. Random graphs. Wiley-Interscience Series in Discrete
Mathematics and Optimization. Wiley-Interscience, New York, 2000.

K. Krokowski. Poisson approximation of Rademacher functionals by the Chen-Stein method and
Malliavin calculus. Commun. Stoch. Anal., 11(2):195-222, 2017.

K. Krokowski, A. Reichenbachs, and C. Thile. Berry-Esseen bounds and multivariate limit
theorems for functionals of Rademacher sequences. Ann. Inst. Henri Poincaré Probab. Stat.,
52(2):763-803, 2016.

K. Krokowski, A. Reichenbachs, and C. Théle. Discrete Malliavin-Stein method: Berry-Esseen
bounds for random graphs and percolation. Ann. Probab., 45(2):1071-1109, 2017.

G. Last, G. Peccati, and M. Schulte. Normal approximation on Poisson spaces: Mehler’s formula,
second order Poincaré inequality and stabilization. Probab. Theory Related Fields, 165(3-4):667—
723, 2016.

R. Lachieze-Rey and G. Peccati. Fine Gaussian fluctuations on the Poisson space, I: contractions,
cumulants and geometric random graphs. FElectron. J. Probab., 18:no. 32, 32, 2013.

R. Lachiéze-Rey and G. Peccati. Fine Gaussian fluctuations on the Poisson space II: rescaled
kernels, marked processes and geometric U-statistics. Stochastic Process. Appl., 123(12):4186—
4218, 2013.

A. Mantei. Stochastisches Kalkiil in diskreter Zeit. Masterarbeit, Institut fiir Mathematik, Uni-
versitat Potsdam, 2015.

I. Nourdin and G. Peccati. Stein’s method on Wiener chaos. Probab. Theory Related Fields,
145(1-2):75-118, 20009.

I. Nourdin, G. Peccati, and G. Reinert. Stein’s method and stochastic analysis of Rademacher
functionals. FElectron. J. Probab., 15(55):1703-1742, 2010.

28



[Pri0g]
[Pri09]
[PT15]
[R6117]

[Ros11]
[Rucss]

[RVS6]

N. Privault. Stochastic analysis of Bernoulli processes. Probab. Surv., 5:435-483 (electronic),
2008. arXiv:0809.3168v3.

N. Privault. Stochastic analysis in discrete and continuous settings with normal martingales,
volume 1982 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 2009.

N. Privault and G.L. Torrisi. The Stein and Chen-Stein methods for functionals of non-symmetric
Bernoulli processes. ALEA Lat. Am. J. Probab. Math. Stat., 12:309-356, 2015.

A. Réllin. Kolmogorov bounds for the normal approximation of the number of triangles in the
Erdés-Rényi random graph. Preprint arXiv:1704.00410, 2017.

N. Ross. Fundamentals of Stein’s method. Probab. Surv., 8:201-293 (electronic), 2011.

A. Ruciniski. When are small subgraphs of a random graph normally distributed? Probab. Theory
Related Fields, 78:1-10, 1988.

A. Rucinski and A. Vince. Strongly balanced graphs and random graphs. Graph Theory,
10(2):251-264, 1986.

29



	Introduction
	Notation and preliminaries
	Kolmogorov bounds for sums of multiple stochastic integrals
	Application to random graphs
	General result
	Special cases


