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Abstract

We derive quantitative bounds in the Wasserstein distance for the approxi-
mation of stochastic integrals with respect to Hawkes processes by a normally
distributed random variable. In the case of deterministic and non-negative in-
tegrands, our estimates involve only the third moment of integrand in addition
to a variance term using a square norm of the integrand. As a consequence,
we are able to observe a “third moment phenomenon” in which the vanishing
of the first cumulant can lead to faster convergence rates. Our results are also
applied to compound Hawkes processes, and improve on the current literature
where estimates may not converge to zero in large time, or have been obtained
only for specific kernels such as the exponential or Erlang kernels.
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1 Introduction

Nourdin and Peccati [NP09| opened the way to a new methodology mixing Stein’s
method and the Malliavin calculus, to provide bounds on the distance between the dis-

tribution of a functional of a Gaussian field and a target Gaussian distribution. This
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analysis, which relies on a specific Gaussian structure, has been successfully trans-
ferred to the Gaussian approximation of Poisson functionals in [PSTU10]. Since then,
several developments of the initial result of [PSTU10] have been obtained, for instance,
Stein Gaussian approximation bounds have been obtained in [Pril8] in terms of the
third cumulants for Poisson functionals expressed as the divergence of an adapted pro-
cess with respect to an homogeneous Poisson process. Another development important
for our analysis has been presented in [Tor16] for counting processes with stochastic
intensity (including the Hawkes process) using the so-called Poisson imbedding rep-
resentation, see’ [BM96]. This technique, also known as the “Thinning Algorithm”,
allows one to represent a counting process and its intensity process as a solution to
an SDE driven by an auxiliary Poisson random measure, and to adapted the general
methodology of [PSTU10] to this framework. Following here the path of [Torl6]| in
the case of a linear Hawkes process H, i.e. a counting process with intensity process

A= (A)>0 given as

(0,t)

with p > 0, ¢ : R, — R, and ||¢]|y < 1, a specific Malliavin calculus for Hawkes
processes have been developed in [HRR20, HHKR21]|, based on Relation (2.8) below
on the simplification of the Malliavin integration by parts. As a consequence, a new
bound has been obtained in [HHKR21]| for the Gaussian approximation of Hawkes

functionals.
In [BDHM13], a functional convergence result has been obtained for linear Hawkes

processes, implying the (non-quantitative) convergence in distribution

Hr — [ M\ds . ,
\/T Tjoo N(07 a )7

see Lemma 7 therein, with o2 := p/(1 — ||6]]1).

FT =

In this paper, we propose to quantify this convergence in the Wasserstein distance.
In Theorem 3.1 of [Torl6], see also Relations (5.2) and (5.4) therein, the estimates

Hy — [} A\d
dw (%,N(o,gz)) < B(T), with B(T \/1|¢|h ::2”1

IThe term used in this reference is indeed "Poisson imbedding" whereas "Poisson embedding"
refers to a specific technique in analysis based on Poisson-type PDEs.




have been derived, however they do not converge to 0 as 71" tends to +o0o, see Re-
mark 3.5 below. Related bounds have been derived independently in [HHKR21, The-

orem 3.4| for Hawkes processes, with in particular

Hyp — [T \ds C
dy | ——2 7 N(0,07) | < 222 4 Ry,
W( \/T ( 0)>_\/T T

see Theorems 3.10 and 3.12 therein, where Ry is an additional term involving the

Malliavin derivative of F7r, see also Proposition 2.10 below.

In case ¢ is the exponential kernel ¢(z) := ae™?*, o < 3, or the Erlang kernel
#(x) := are P a < B% the remainder term Ry can be bounded to obtain more

accurate bounds of the form

Hy — [ Ads ) Cuo

In this paper, we extend those results by deriving bounds of the form (1.1) for Hawkes
processes with general kernel ¢ satisfying the condition ||¢||; < 1, see Theorem 3.4,

where C), 5 > 0 is a constant and o® an explicit asymptotic variance depending on
s @

For this, in Theorem 3.1 we improve the bounds of [Torl6| and [HHKR21]| for
Hawkes functionals of the form [;° z(t)(dH, — A\dt), where z(t) is a deterministic
function. In particular, in Theorem 3.1-(i7) we provide an estimate involving only
the third moment of [;* z(t)(dH; — \dt) when z(t) is deterministic and non-negative,
and an estimate on a modified second moment of z(¢) where the Malliavin derivative
is not involved, see (3.3) and the discussion in Remark 3.2. A discussion on the
comparison of results and methods with the papers [Tor16| and [HHKR21] is presented
in Remark 3.5.

In addition, these results are presented for a generalization of the Hawkes process,

that is the compound Hawkes process S given by
Hy
St = Z XZ', t 2 O,
i=1

where the random variables (X;); are independent and identically distributed (i.i.d.)

square integrable random variables independent of H. Furthermore, in the spirit of
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Theorem 3.7 in [CGS11], in Theorem 3.7 we obtain faster rates of convergence for the
compound Hawkes process S when the third cumulant of the jump sizes on the random
variables (X;); vanishes in the framework of the “third moment phenomenon”, see
Section 4.8 of [CGS11]. Finally, we provide an alternative version of our quantitative

limit theorems as Theorem 3.8.

We proceed as follows. First, in Section 2 we present the main elements of
stochastic analysis on the Poisson space and we recall the approach developed in
[HRR20, HHKR21] regarding the linear Hawkes process. Main results are collected

in Section 3. Proofs and technical lemmata are collected in Section 4.

2 Notations and preliminaries

For E a topological space, we set B(E) the o-algebra of Borel sets. We denote by dt
the Lebesgue measure on (R, B(R)).
2.1 Stochastic analysis on the Poisson space

The notation and definitions stated in this section can be found for instance in [Pic96]
or [Pri09]. Let v be a Borel measure on R with v(R) = 1 and v({0}) = 0, and consider

the space of configurations
QN = {WN = Zé(ti,ei,xi% 0= tO < tl < < tna (0171"7,) € R-‘r X R) neNU {+OO}} .
i=1

Each path of a counting process is represented as an element w” in QY which is a
N-valued measure on R2 x R. Let FX be the o-field associated to the vague topology

on 2V, and PV the Poisson measure under which the counting process N defined as
N([07t] X [079] X (—oo,y])(w) = w<[07t] X [079] X <_OO7$]>7 (t707x) € Ri X R?

is an homogeneous Poisson process with intensity measure dt ® df @ v, that is, for any
(t,0,z) € [0,T] x Ry x R, N([0,¢] x [0,0] x (—o0,x]) is a Poisson random variable
with intensity 6 ¢ v((—oo,z]). We also let FV := (F});>o denote the natural history
of N, that is

FN = o(N(T x B), T Cc B([0,t]), B € B(R; x R)), t >0,
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hence }"g coincides with lim;_, | o EN . The expectation with respect to PV is denoted

by E[-], and the conditional expectation knowing F7 is denoted by Eq[-].

We also write L° (Q, FN IP’) for the space of F¥-measurable random variables, and
for any p > 1 we let L? (Q, FN. IP’) the subspace made of F € L (Q, FO]X,IP’) such that
E[|F|P] < 4oc.

Next, we introduce the stochastic integral with respect to the Poisson point process
N, which will be related to the gradient operator D defined below.

Definition 2.1. We set

PV = {P = (P(t.0)) omyers (F7 )ez0-pr edicmbl@} :

For p := (P(t,e,x))(t,e,m)eRi € PY we define its divergence
N (p) = / P02 (N(dt,df,dx) — dtdov(dx)),
R3 xR

which belongs to L*(Q, FX,P) if E [fR3 |p(t0,0)|*dtdOv (dz) | < +o0.
T

Next, we introduce the Malliavin derivative, first with respect to the Poisson point
process NV, using the adding point operator defined below. For any A € B(R; x R, x
R), we let
1, if(t,0,2) € A,
La(t,0,2) = { 0, otherwise.
Definition 2.2 (Adding point operator). We define for (t,0,x) in R, x Ry x R the

measurable maps
+ . ON N
o) Q —>+Q
W €0 (@),

where we let

(5?;7971:)((,0))(14) =w(A\ (t,0,2)) 4+ 14(t,0,2), A€ B[R, xR, xR).

We note that for any F;¥-measurable random variable F', t > 0, we have

Foel

(00.2) = F, P—a.s.,

for all v >t and (0,2) € R, x R.



Definition 2.3 (Malliavin derivative). For F in L° (Q,Fg,]?), we define the Malli-

avin deriwative DF of F' as
D(tﬁvx)F . F © EE:,@,x) - F? (t7 97 x) e Ra— X R

We conclude this section with the integration by parts formula on the Poisson space,
see e.g. [Pic96] or [Pri09).

Proposition 2.4. Let F be in L°(Q, FY,P) and p be in PN. We have

E[Fo"(p)] =E : (2.1)

/ Pt,0,2)Dit,0,2)Fdtdiv(dz)
R3 xR

provided that F6~ (p) € LP(Q, FX,P) and E [fRfo]R p(tﬁ’m)D(t,97x)thd9y(dx)] < +00.

Remark 2.5. Let F in L°(Q, FX,P). The definition of the Malliavin derivative
together with the the relation

a’> — b = (a —b)*> +2b(a —b), V(a,b) € R?
entail that DF? rewrites as

Do) F? = F2ocly = F? = Doy FI*? +2F Dy F,  (t,0,2) € RE xR, (2.2)

2.2 Stochastic analysis for the compound Hawkes process
We first recall the definition of a Hawkes process.

Definition 2.6 (Standard Hawkes process, [Haw71]). Let yp > 0 and ¢ : Ry — R, be
a bounded non-negative function with |||, :== [;° ¢(u)du < 1. The standard Hawkes

process H := (Hy)i>o with parameters p and ¢ is the counting process such that
(i) Hy =0, P-a.s.,
(ii) its (FN-predictable) intensity process is given by
A=+ o(t — s)dHs, t >0, (2.3)

(0,)

that is for any 0 < s <t and A € FV,
E[IA(Ht—HS)}:E[/ IA)\rdT:|.
(5.4
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Note that the stochastic integral in (2.3) is defined pathwise, i.e.

Ot — s)dH, == Y ot — 5)1ga, -1y,

(0,t) 0<s<t

where the sum is well defined and finite P-a.s. for every ¢, where we used the notation
A H := H, — H,_. This definition can be generalized as follows.

Definition 2.7 (Compound Hawkes process). Consider a Hawkes process H with pa-
rameters p > 0 and ¢ : Ry — Ry bounded non-negative with ||¢||1 < 1. Given (X;)i>1
an i.1.d sequence of random variables, independent of H, with common distribution v,

the process

Hy
Sp=> Xi, t>0, (2.4)
i=1
18 called a compound Hawkes process.

Our approach uses the now classical construction of the Hawkes process by “thinning”
or “Poisson embedding” as the unique solution to an SDE with respect to a Poisson
random measure N, see e.g. [Oga81, DVJ88, BM96, CGMT20| and references therein.
We refer to [HRR20, Theorem 3.3| for a precise statement on the uniqueness of so-
lutions to the SDE (2.5). Here, we set F¥ := (F);>¢ (respectively F° = (F);>0)

the natural filtration of H (respectively of S) and FZ := FIT (respectively

lim
t——+o0
F3 = tliin F7), and we have FH C F° C FN as H is completely determined by

—+00
the jump times of H, which coincide with those of S.

Theorem 2.8 (See Theorem 3.3 of [HRR20]). Let > 0 and ¢ : Ry — R, such that
|lolls < 1. The system of stochastic differential equations

)
S = / r1gg<ryN(ds,df,dx), t>0,
(0,t] xR xR B

H, - / Lipery N(ds, 6, dz), 1> 0, (2.5)
(0,t] xRy xR B

A=+ o(t —u)dH,, t>0.
\ (O’t)

admits a unique solution (X, H, \) with H (resp. \) FN -adapted (resp. FN -predictable),
where (H, \) is a Hawkes process in the sense of Definition 2.6, and S is a compound

Hawkes process in the sense of Definition 2.7.
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We note that when v(dz) = §;(dx) equals the Dirac measure concentrated at x = 1,
ie. X;=11n (24), then S = H.

Notation 2.9. We let Z := (Z(w))(t’@)eﬂgi denote the stochastic process defined as
Z(t,@) = I{QS/\t}, (t,&) € Ri (26)
In this paper we consider stochastic integrals

F=6N(22)
= / Z(tyx)Z(tyg) (N(dt, d@, dI) — dtd@y(dl‘))
R2 xR

_ / Ziomy (dH, — Ndtv(dz))
R+XR

against the (compensated) Hawkes process, with Z := (Zuz))tz)cr, xr an element of

PN. Most of our analysis will be carried out for a deterministic Z .

We now specify the Malliavin derivative and the integration by parts formula (2.1)
for functionals of the Hawkes process (the Hawkes itself H or the compound Hawkes
process X ). For this, we note that by definition of H, any jump of N at an atom
(t,0,x) turns out to be a jump of H if and only if § € [0, \;], as stated in the next

proposition.

Proposition 2.10 (Proposition 2.16 [HHKR21]). For any FX-measurable random

variable F' we have
Dwoo)F' = DuonyF, 0€[0,N], t>0, z€R, P—a.s..
In view of Proposition 2.10, for any FZ-measurable random variable F, we set
Doy F' == DyonF, t>0, z€R. (2.7)

Next, we state an integration by part formula for functionals of Hawkes processes.
We recall below the integration by parts formula obtained in a particular case of
[HHKR21| for the Hawkes process.

Theorem 2.11. (Theorem 2.20 in [HHKR21]) Let Z := (Z,9)) (1.0)er2 be the stochas-
tic process defined in (2.6) and Z = (Zuu)@tx)er, xr be a FN-predictable process
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satisfying

E {/ |Z(t,x)|2)\tdtu(dx)] <oo and E
R+XR

2
(/ Z(t,x))\tdty(dx)) < 0.
R+ xR

Then, for any F € L? (QN,.FOJX,IP’) we have

E I:F(SN(ZI{QSA_})] =E |:/ )\tZ(t@)D(t’z)thV(dx)] . (28)
R

+><R

We conclude this section with a commutation property for the operators D and 6% .

Lemma 2.12. Let z := (2(t,2))¢per, xr € L*(Ry X R,dt ® v) and consider Z :=
(Zt.0) (0)erz given in (2.6). We have

D0 (22) = 2(t,x) + 0V (22"), t>0, 220, (2.9)

where

Zgrﬂ) = 1{T>t}1{)\r<9§>\7"05$’071)}7 re [t, +OO), 0 Z 0.
Proof. The commutation relation (2.9) can be derived in the ramework of the Malli-
avin calculus with respect to N. In particular, according to [Pri09, Proposition 4.1.4],

for any (¢,0,2) € R: x R we have
Ditoryd™ (22) = 2(t,2) Z1.9) + " (Di1.9.0) (2 2)).
By the definition (2.7) of D, and the fact that z is deterministic, we obtain
Do)0" (22) = z(t,x) + 6" (2D(1.0.0) 2).
In addition, as v does not appear in the expression of (H, \) (see (2.5)), we have

D(t,O,m)Z(r,G) = (Z o 8(t,0,x)+})(r,9) — Z(T’g)
= 1{T>t}(1{9§)\ros+ } Lip<r})

(t,0,z)

= Lol cocnect 0

= Lol cocnoet 1

where for the last equality, as remarked in the proof of Lemma 4.2, see also (4.3),

Ar osz; 0.2) does not depend on the value x which thus can be taken equal toz = 1. [
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3 Main results

3.1 A general estimate

In Theorem 3.1 we present our main estimate for functionals of the form

F=6V(z2)

/ 2(t, ) 2,0y (N(dt,d0, dr) — dtdov(dx))
R3 xR

/ 2(t, @) (dH, — Mdtv(dz)) ,

where

Zuo) = Lip<ny,  (1,0) € RY,

and z(t,z) is a deterministic square-integrable function.

Theorem 3.1. Let z := (2(t,2))tmer, xr € L*(Ry x R, dt ® v), F := N (zZ) and
N2 ~ N(0,9%) with v* > 0. It holds that:

+E {/ |z(t,x)||D(t7x)F|2)\tdtV(dx)} . (3.1)
R+XR

(i) dw (F.N.2) <E [

)2 / 12t 2) [PAedtv(dz)
Ry xR

(ii) If in addition, E[|F|?] < 400 and z(t,z) satisfies
z(t,x) > 0, for dt @ v almost every (t,x), (3.2)

then
dw (F.N,2) <E {

72— / |2(t, z) 2\ dtv(dr)
R+ xR

} +E[F°].  (3.3)

Remark 3.2. We note that the term E[F?] in (3.3) is also the third cumulant of
the centered random variable F, see Section 4.8 of [CGS11] on the “third moment
phenomenon”. In particular, the vanishing of the first cumulant can lead to faster

convergence rates, see, e.g. [Pril8, Pril9], [Dun21], and Theorem 3.7 below.
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3.2 Quantitative limit theorem for compound Hawkes pro-
cesses

Throughout this section we consider
Hy
Si=> Xi, t>0,
i=1

defined through the system (2.5), where (X;); is a sequence of independent and iden-
tically distributed random variables with common distribution v, independent of the
Hawkes process H with intensity A given by (2.3). We will assume in addition that

the kernel ¢ satisfies the following condition.

Assumption 3.3. The function ¢ : R, — R, s such that

ol = /000 d(u)du < 1, and /000 up(u)du < +00.

Assumption 3.3 allows us to define

=) ¢t (3.4)
n>1
where ¢*™) is the n-th convolution of ¢ with itself, with
> > *M > *N n ¢
| vtwa= [T o@an=3 [T o @ =3 ol = A
! ) 2 2~ J, 2 Il
In the remainder of this paper, C' denotes a positive constant that depends only on

1, »,9 and v, and may change from place to place.

Theorem 3.4 (Quantitative limit theorem for the Hawkes process). Assume that
E[X?] < 400 and that Assumption 3.3 holds, and set

92 St — E[X/] fT Aedt
2 0
N = and Fr .= ,
"T=Tolh ’ JT

Then, there ezists C > 0 depending only on p, ||é||1,9, such that

T > 0.

dw(Fr,N(0,7%) < —, T >0.

gl



Remark 3.5. As noted in its proof, the above bound relies on the approach of [Tor16,
HHKR21] to bound the Wasserstein distance between the distribution of F := 6™ (22)
and N2 ~ N(0,~%). However, [Tor16, Theorem 3.1] only implies

dw (Fr. N(0,0%)) < B(T), with B(T \f Il Hi”

which does not converge to zero as T tends to +oo when ¢ only satisfies Assump-
tion 3.3. The situation is similar in [HHKR21] which derives the bound

dyw (Fpr, N'(0,0%)) < % + Ry, (3.5)

where Ry may not converge to 0 as T' goes to +00, except when ¢ is an exponential
or Erlang kernel, in which case we have Ry = O(T_1/2), see Theorems 3.10 and 3.12
therein. Here, in the case of a deterministic integrand z we are able to remove Ry in

(3.5) via a better estimate of

|E [2*f/(F) - f(F)F]| < ‘E [f’(F) (vz - /R o BT D dt”(d”s))} ‘

1

+ = ']E {/ 2(t, x))\tf"(Ft’z)|D(t7x)F|2dtu(dx)] ‘
2 Ry xR

n (4.11), uniformly in f € Fy. While in [HHKR21] the first term is controlled only
for specific kernels ¢ with z a predictable process, in this paper, when z is deterministic

we write

‘E [ F(P) (72 _ /R . z(t,a:))\tD(t,x)thu(dx)ﬂ ‘
<[elre (- [ (o)) )|

gﬂ«:[y?—/ |z(t,x)|2)\tdty(dx)},
Ry xR

see Lemma 4.1 and (4.12), and as a consequence we derive explicit convergence rates

for compound Hawkes processes with general kernels ¢. In addition, this approach
yields third order cumulant-type estimates when z s deterministic, see Theorem 3.1-
(17), that were not obtained in [HHKR21].

In Theorem 3.7 we provide a faster rate of convergence by considering a set of smoother

test functions in the definition of the distance dy » (see Notation A.1 in Appendix A)
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under additional conditions on the moments of the random variables X;, as in the

following quantitative central limit theorem given of [CGS11].

Proposition 3.6. ([CGS11, Corollary 4.4 in Section 4.8]) Assume that

EX,]=E[X}] =0, E[X7]=1 and E[X]]= /Oo 2ty (dz) < 4o0.

Then, letting W,, = n~1/? Sor o, Xi, n>1, we have

11+ E[X7{]
oo (Wn, N(0,1)) < —(———.
dioo (W, N(0,1)) € — -

The next result improves the rate of convergence T~'/2 of Theorem 3.4 to T~ under

additional assumptions on the random sequence (Xj;);.

Theorem 3.7. Assume that Assumption 3.3 holds, that pn > 0, and that

E[X,) = E[X}] =0, E[X}]= / " #h(de) < +oo,

[e.9]

and let 92
2 2 2
Y= pu———— and v :=E[X]].
T el i)

Then, there ezists C > 0 depending only on p, ||é||1,9, such that

S VTNOA) < 2 T>0

Finally, as [HHKR21|, we provide an alternative quantitative limit theorem by re-
placing the intensity process in the renormalisation with its asymptotic expectation.
This result extends the Wasserstein bound of [HHKR21, Theorem 3.13] from simple

Hawkes processes to compound Hawkes processes.

Theorem 3.8. Assume that E[X?] < +o0o and that Assumption 3.3 holds, and let

E[Xl] ST —wTl
wi=p——-— and lI'p:=—— T >0.
1— o] VT
Then, there ezists C > 0 depending only on p, ||é|1,7, such that
C
dW(FT7N<07C2)) < — T > 07

Vs

9% + |6l (0% — EX2)*)(Iglh — 2)
(1 —llell2)? '

13
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4 Proofs

4.1 Technical lemmata

Lemma 4.1. Let z := (2(t, 7)) t.0)er, xr € L*(Ry xR, dt @ v) and consider Z defined
n (2.6). Then for anyt > 0 and ¢ : R — R such that (6" (2Z)) belongs to
L2(QN,P), we have B, [o(6V (22)) 6 (zé’\t)} =0.

Proof. Letting F := §V(2Z), we have
E[ ( )51\7 zZt / /R i s Y 1{>\ <0<A. Oa(to )}D(Sgy (F)}d@l/(dy)ds,
+ X

with, by definition,
1{)\3<0}D(s,0,y)()0<F> = 1{>\s<9} [90 ((/2 Z(ta l’)th(N(dt, dp7 dQJ) - dtdpy(dl’))) © 6?;,0,”)
R+XR

—p / 2t 2) 2 (N(dL, dp, d) — dtdpu(dz)) (41)
R% xR
=0,
as 1yx,<932(s,0) = 0. More precisely, let
F, = / 2(s,2)2Zs,(N(ds, dp,dx) — dsdpv(dz)), t>0,
[0,t]xR4 xR

so that
F :/ 2(s,2)2Zs,(N(ds,dp,dx) — dsdpv(dz)),
R2 xR

and (F}, \¢)ier is solution to the SDE
F, = / 2(s,2)1g,<n .y (N(ds, dp, dx) — dsdpv(dx)), t>0,
(0,t] xRy xR

\o=p+ o(t —u)dH,, t>0.
(0,1)

Next, fix (s,0,y) € ]RfL X R. As 14y, <0y Z(s,9) = 0, we have
Ft o 5?‘;,972/) = Ft7 )\t o 8(89y) /\t7 0 S t < S,

and

1n,<o1Fso 5@79@) =1p,<orFs,  1pn<opAst © 6( 0.) = <o Ast-
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As the process A+ o 5?; 01) triggers the jumps of F' o z—:zr 0.) and since it coincides

87 y

with A on [0, s], the pair (F oel, ,Aoel, ) solves the same SDE as (F,\) and
thus coincides with it by uniqueness of the solution?; which yields the last equality
in (4.1). m

Lemma 4.2. For all (t,n,z) € R% x R, it holds that:
D(t,n,z))\s >0, ds®v— a.e.

Proof. The main proof idea relies on a comparison principle for the specific SDE
involved, assessing that if intensity processes are ordered over the whole past (and
not at some given time only), then this ordering between counting processes and
intensities is preserved at future times. We recall that D, . As = A, 0 ez;w) — s
The conclusion follows from the definition of the intensity process A which is the

unique solution to an SDE with respect to N derived from (2.5):
)‘s = U+ / ¢(S — U,)l{gg/\u}N(du, d@, dI)
(0,s) xRy xR
Note that we can write for s > t,

As = [t + / P(s —u)lig<r,y N (du, db, dx)
(0,6) xRy xR

+ / P(s — u)lig<r,yN(du, do, dx), (4.2)
(t,s) xRy xR
Similarly, for s >t > 0 we have
As © f&m =pu+ / é(s — u)Lig<r 3N (du, df, dx)
(0,t) xRy xR

+gb(t—s)+/

(t,8) xRy xR

(s — u)l{egxuoea )}N(du, df,dx),  (4.3)
and )\, o ez;’w) =X forall0 < s <t neR, and x € R. In addition, \;+ o 62;77736) =
A+ + ¢(0) > A+. Note that A o e(tm’z) does not depend on x in Equation (4.3). Let

now

T = inf{s >t ASHOEE;JW) #+ O} /\inf{s >t AgH # 0},

2As F is a counting process and ) is deterministic between two jumps times of F', the uniqueness
property is proved pathwise by considering the jump times of F which are completely determined
by the Poisson point process N and the intensity process A. We provide the details on the method
of proof in the proof of Lemma 4.2 below where a comparison principle is derived.
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where we use the notation A;H := Hg+ — H,. So 7q is the first jump of the Hawkes

process H or of the shifted Hawkes process H o e?;n 2 after t. Hence, from (4.2)-(4.3)

)

we have

Ag O eaw) >N, s€[0,7).

Thus, at time 77 (note that since N is a Poisson point process we have 7 < +o00, P-

+
(t,n,x)

and H, or a jump

a.s.), N jumps at an atom (71, 01, 1) which, by the previous ordering between Aoe

+
(tn,x)

) only, but it cannot be a jump time for H and not for H o ¢

and A, imposes that 7y is either a common jump time of H o€

: + +
time of H o€}, (t.n.z)’
In both situations (common jump or only a jump for the shifted Hawkes process) we
have

Ag © Ez;n,z) >N, s€0,m),

where

Ty = inf {s >7 : AjHo ez;w) =+ 0} A inf {s >t AgH # O}

is the next possible candidate jump time of H and H o ez; )" Defining

Tna1 = inf {s >71, AdHo e(tm’w) =+ 0} A inf {s >t AH # 0}, n >0,

and letting n go to 400 concludes the proof. ]
In what follows, for ease of notation we recall the notation E,[-] := E[-|FN], t € Ry,
and recall that by (4.3) we have Aoe;, = Aoel ) forany (t,z) € Ry x R.
Lemma 4.3. For fived any 0 <t < s <T, let \L := )\, 0 5?;,071) — X, and
H = DynyH,—1= / 1is coeroct, N (dr dd, da). (4.4)
(t,5]xR 4 xR 0

Then (ﬁt,Xt) is a generalized Hawkes process (with a baseline intensity ¢(- —t)) in
the sense that H' is a counting process starting at time t with stochastic intensity
process \t. In addition, \' satisfies

No=g(s—t) + (s —w)dH., s>t N =0, (4.5)

’ (t,5)

and the following relations hold true:

(i) for anyp >0
T/\ P
sSSP0 (E { / Azds]) < (IOl + [0l P—as.  (46)
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T T
(i1) / (AL=E [X])ds = / Y(T —s)Mids, s € (t,T], where Mt = H — [* Xdr.
t t

(i1i) For any p > 0, there ezists C, > 0 depending on p only and such that

T/\
/ )\st
t

Proof. We note that (]:T t,Xt) is a generalized Hawkes process (with baseline inten-

2

essSuP,e(o 7yt < Gllv|l < +oo. (4.7)

sity 0) in the sense that Htis a counting process starting at time ¢ with stochastic

intensity process A'. Indeed, the process M defined as

Mi = 5N(1{t<r§s}]—{)\r<6§)\roe+ })

(t,0,1)

Loy, <osnoct ) (N (dr; db, dz) — drdfv(dz))
(t,s] xRy xR rSYSATEE(10,1)

=2—/%m
t
is a (FN

V)s>r-martingale by (4.4)-(4.5). We refer to [HHKR21, Proposition 2.19] for
more details regarding the link between (PAI t Xt) and the Malliavin derivative of (H, \).
(1) A direct computation leads to (see [HHKR21, Proof of Lemma 4.2])

E, UtTngs} :/tngS(s—t)ds—i—/tT/uT@b(T—u)dsgb(u—t)du,

and in turns to (see [HHKR21, Lemma 4.2])

T/\
E, [ / Azds] < 6@+ ), P—a.s.,

which gives (4.6).

(72) This result is similar to the one for a Hawkes process with constant baseline
intensity pu. However, to make this paper self-contained we present the proof below.
Recall first that from [BDHM13, Lemma 3|, given a locally bounded map h : R, — R,

the unique solution to equation

is given by
f(s) =h(s)+ (s — u)h(u)du. (4.8)



As Mt = H! — N Adr, we have

~

No=¢(s—t)+ /8 o(s — u)dﬂ/l\z + /S o(s — u)/):ftdu
t t
Taking the conditional expectation E;|- |, we get
E, [/):ﬁ =¢(s—1)+ /ts (s — u)E, [XZ} du,
which leads to
R-B A = [ ot - b+ [ ol - ) (R - B[R] du
¢ t
This expression is true for any s > ¢, and can be extended to any s > 0 as follows:
Loa (R -E) = 1o [ (s —u) AN+ 1 gy /0 (s )1 sy (A, —E[AL] )

Letting fi(s) := losn (/):'; — E; [/):ﬂ) being defined for any s > 0, and vanishing if
0 < s <t and hy(s) == Lyspy [ O(s — u)dﬂtu, the above previous relation rewrites

as

Fi(8) = hu(s) + Lo / (s — u) fu(uw)du

As {s < t} implies {u < t} and so fi(u) = 0, the indicator function can be removed
and thus .
s +/ o(s —u) fr(u)du

Applying (4.8) we thus get f,(s) = hy(s) + [ ¥(s — u)hy(u)du, which means

| P (XZ —E, [Xﬂ) = 1(0) / b(s — u)dﬂz + / (s —u)lysy / d(u — 'U)d/af,du.
¢ 0 ¢

Next, using Fubini’s theorem, the fact that the stochastic integrals are defined path-
wise, and the definition (3.4) of ¥, we have

/t =B )ds — / ' / " 6(s — u)d ML ds
L /tT /O O(s — ) Loy /tu (1 — v)dM: duds
= /tT /ts (s — u)d/(/l\zds + /tT /ts /tsz/J(s — ) Lpysosnp @(u — v)dﬂiduds



-/ ' [ ot —wpikias + / [ [ ot = ot = vyuaricas
:/tT/t ¢(s—ud/\4tds+/ / </ ws—v—z)é(z)dz)d/\?ids
:/tT/t ¢(s—u)thds+/ / (1 % ) (5 — v)d M ds
:/T/Sqﬁ(s—u)d/\/ltds—i—/ / <Z¢*n*¢> (s — v)d M ds

n>1

:/ /gbs—ud/\/ltds—i—/ / (Zw) (s — v)d M ds

n>2

- / [ ots — waiiias + / [ wls =) = ofs — ) dRs
:/tT/tsw(s—v)dM\ids
:/tT/va(s_wdsdﬂg

T —~
- / (T — o) ML,

where we applied again Fubini’s theorem, and integration by parts over [t, T.

(737) By the Burkholder-Davis-Gundy inequality, we have

T
—_~ 2 ~ ~
eSSSUP{ (4 ) - OStSSST}Et[‘M§’ | < Cesssup,cpo ) Et [HY| = Cesssup,cpo ) Et [/ /\gds]
t

leading to
—_~ 2
esSSUD{ (4 ) - ogtgng}EtHMi‘ | <+o00, P—as.

This relation shows that (iii) is a consequence of (i7). Indeed, if (ii) is satisfied, then

< / - 5>/\7gd5)2

T T
= 2/ / Y(T — $)P(T — u)Ey [./T/I\Z.K/l\ududs
< Cllvll-

Cauchy-Schwarz’s inequality implies

([ 6-me)

2
E
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Combining this estimate with (4.6) we get immediately that for any p > 0,

T 27\ *
/ N.ds ]) < C < +oo,
t

which proves (iii). O

€SSSUP,¢ (0,7 (Et

Lemma 4.4. Letting
= / Y1, cozneet g (N(dr,df, dy) — drdfv(dy)), 0<t<T,
(t,T)xR4 xR = (t,0,1)

we have

esssuP;e (o, e [|Ri7r]’] <00, P—a.s.

Proof. Throughout this proof, C' > 0 denotes a positive constant that may change

Davis-Gundy inequality, and the Jensen inequality we have

E. [|Rir|’] < CE,

from line to line, and is independent of ¢ and T considered below. By the Burkholder-
‘/ y21{>\r<9§)\roa+ IV (dr, do, dy)
(¢, T]xR4+ xR (¢,0,1)

3/2]
[ 27\ 374
C | E, / y21{)\7‘<9<)‘r05+ }N(d’f’adeydy)
1 (6 7)xRy xR SArO (0,1

- o7\ 3/4
C (]Et / y21{/\r<9§/\w€+ y(N(dr,db, dy) — drdfv(dy)) ] )
(t,TIxR4 xR

(t,(),l)
oo 3/2 2 3/4
e ( / y%(dy)) (E ] )

IN

IN

T/\
/ Adr
¢
0 3/4 T _ 3/4 oo 3/2 T
=C (/ y41/(dy)) (Et {/ )\idr]) +C (/ yQV(dy)> (Et / M dr
—00 t —00 t

and the conclusion follows from (4.6)-(4.7). O

2

)3/4

Lemma 4.5. For T > 0, set

Hp — foTE[)‘s]dS My /T
= — , and Mg .= Hp — Audu.
VT VT(1 = |6]) R

Under the assumptions of Theorem 3.8, there exists a constant C' > 0 such that

¢
=

iRT:

E[R7] <
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Proof. Using [BDHM13, Lemma 4|, we have

1
Yr = ﬁ (HT - E[HTD

_ % (HT _ /OTIE[)\t]dt)
S )
hence
Y- ﬁ(lﬂﬁwno -7 ( 1 —1||¢|rl> 7 AT = M
1 [t

-— w()MTder—/w — 5)Mds,

because f0+°° W(s)ds = ||o||1/(1 — ||¢||1). Thus, if we set

+oo
Rr = </ Y(s)(Mp_y — Mrp)ds — My w(s)ds) :

(/ " (s (Mo~ M- ) D

Using the fact that the expected value of the square of a martingale is the expected

We have that

“+oo

E[RZ] < 2 ( E[M7] ( w(s)ds)2 + %]E

T

value of its quadratic variation which in this case is the process jumps we have, using
Assumption 3.3, that

2
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as in the proof of [BDHM13, Lemma 5|. By expanding the square, the second term

([ v - M“wsﬂ

_Zg { /O ' /0 () (Mo — Ma )9(r) (Me — Mo, )drds

yields

1
A2:TE

2 (T ¢
= T / / ¢(S)¢(T)E [(M% — MTMT_S — MTMT_T + MT—rMT—s)} drds.
0 0

Since for any a < b, ElM M| = E[MZ] = E[H,], we have that

/ / Y(s Hr] —E[Hr_,) — E[Hr_,] + E[Hr_,])drds

/ / V()Y (r)E[Hy — Hp_,|drds.

In order to bound the integral, we use once again [BDHM13, Lemma 4| to obtain

T—r T
Bt~ tir-] =t (v [ vtdus [ o - o) s
OT—r Tﬁ:
= pr+ pr (u)du + u/ V(T — u)udu
0 0

< pr 4 urllélly + / B(T — wyrdu
0
<C'r,

for some C' > 0, and since ¢/ is nonnegative,

A, < _/ / D(s)0(r)rdrds
< Sl / $(r)dr,

which yields the desired result. O

4.2 Proof of Theorem 3.1

According to Stein’s method, see Appendix A, the Wasserstein distance between F
and N,z can be bounded by

dw (F,N.z2) < Sup [E[y*f'(F) — Ff(F)]|,
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see (A.1), where
Fw:={f:R—R, twice differentiable with [|f|loc <1, [|f"]lec < 2}.

In addition, the right hand side is equal to 0 if and only if F' ~ A(0,~2).

(1) We follow the beginning the Nourdin-Peccati’s methodology (see e.g. [PSTU10]|)and
apply the integration by parts formula to E[F f(F)] for f in Fy. More precisely,
according to [HHKR21, Proof of Theorem 3.4|, and using the integration by parts

formula for the Hawkes process, see (2.8), we have
E[f(F)F] =E[f(F)5"(z2)]
_E [ / 2(t,2)\Dem f(F)dtu(dx)}
Ry xR

=E [/ z(t, x) N (f(F o 5(?0@)) - f(F)) dtu(dx)] :
R+X
By Taylor expansion, we have

1 —
f(Fochyy) — F(F)=f(F)DyunF + 3 " (F**)| Do FI?, (4.9)

where F»* denotes a random element between F o 522 ) and F. Hence we have

70»'%

E [\’ f(F) — f(F)F] =E [f’(F) (%- /R z(t,x)xtp(t,w)my(d@)}

+xR

—%E { / z(t,x)Atf”(Ffvff)\D(t,$)F|2dw(da¢)1. (4.10)

At this stage, we provide a different treatment of the first time by expanding D ) F
according to (2.9). Thus

E [f’(F) <72 — /RMR z(t,x)AtD(t,x)thu(dx)ﬂ
_E [ff(F) (72 _ /R » |z(t,:c)|2)\tdty(d:c))1 _E {f’(F) /R +X]Rz:(t,:C)At(sN(zzAt)dty(dx)] |
so that

B[ ) - 100F] <2 |10 (2= [ eaaantan)] @

+><R

1 —
—-E [/ 2(t, )M\ f" (FP7) ’D(t@)F‘2dtV(d£L’):|
2 Ry xR
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- / 2t VE[NE [/ (F)6Y (229)]] dtw(dx).
Ry xR
We now compute the last term in (4.11). By Lemma 4.1, we get
E.[f(F)d~ (221)] =0,

and the estimate (4.11) reads

B[ (F) - SE)F] < | £(6) (= [ loPadias))]

+XR

1 —
- §E |:/ Z(t, [L’))\tf//(Ft’x) |D(t7I)F|2dtl/(d$):| s (4.12)
R+XR

which in turn implies
Bl ) - 1oF)| < [B[10) (2= [ ReaoPad@)]
Ry xR
1 I Tt,x 2
+3 ’E [ /R AN (F) D dtu(dm)”

< | fIE {

"
7 —/ \z(t,x)\Q)\tdtl/(dx)H + mE [/ 12(t, 2)|| Do) F P Mdtv (dz) |
R+XR 2 R+XR

which leads to (3.1) as f belongs to Fy.
(77) Using once again the integration by parts formula (2.8) for the Hawkes process and
the fact that (by an elementary algebraic computation) that D(F?) = |DF|>+2FDF
(see Remark 2.5 and Relation (2.2)), we have
E[F?] = E[6"(22)F?
_ / E [2(t, 2)A Doy (F?)] div(de)
Ry xR

— / 2(t, 2)E [| Dy FI?Ae] dtv(da) + 2 / 2(t, 2)E [\ FDy ) F| dtv(dz)
R+XR

]R+ xR
_.T, 42T, (4.13)

Note that T} is exactly the second term in the right-hand side of (3.1), and thus the
result follows if we show that 7, > 0. To this end we compute this term. Using

Relation (2.9) and integration by parts, we can expand this term as follows:
T, — / +(t,2)E [\ F Dy F] di(da)
R+ xR
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= / |z(t, 2)|°E [\ F] dtv(dz) + 2(t, x)E[\ F&N (zé\t)} dtv(dz)

R+ xR
= / |z(t, 2)PE [\ F] dtv(dz) +/ 2(t, 2)E [N\ Ey [F6Y (zgt)]]dtu(dx)
R+ xR R+ xR
_ / \2(t, 2) PE[N, Fldtv(dz),
R+ xR
where we applied Lemma 4.1. By definition of F', we get that
T, — / 12(t, 2) PE[ ), Fldtv(dz)
R+><R
_ / (2t 2) PR, 6 (2 2)]dbv (de)
R+><R
:/ |z(t, 2)|*E [/ 2(8,Y)AsDs gy edsv(dy) | dtv(dx)
R+><R [O,t)XR
_ / / 2(s, )] 2(t, 2)PE [\eDoy ] dsv(dy)dtv(de)
Ry xR J[0,6) xR

>0, P—-a.s.,

where for the last inequality we used Lemma 4.2 and the Assumption (3.2) on z(¢, x).

To summarize, we have shown that

E[F] > E { /R R|z(t,x)||D(t7x)F|2)\tdty(dx)} | (4.14)

4.3 Proof of Theorem 3.4

Let T > 0, and note that we have Fr = §¥(22) with z(t,z) := lycomz/VT,
(t,z) € Ry x R. By Relation (3.1) in Theorem 3.1 we have

) 192 T 1 T )
e Aedt —EK Do Fr|*\dtv(dz) | .
v [ x| m | [ eloe Fnant)
(4.15)

On the other hand, by [HHKR21, Estimates on Term Ay-Proof of Theorem 3.10| we

have .
1
—F z|| Doy Fr*Mdtv(dz) | = O(TY?),
| [ [ ellDen Faxaan)| = o

for any ¢ satisfying Assumption 3.3. Regarding the first term in the right hand-side

of (4.15), we have
E [ S %Q/OT AtdtH < /OT(/\t - E[At])dtu

dw (FLN2) <E [

192 T 192
2 _—— JE—
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=0T ),

since

02 T

V- =

T Jo /OT()‘t - E[/\t])dtu = O(T'?),

E[At]dt’ =0(T™), %QE {

by [HHKR21, Lemma 4.1] and [HHKR21, Estimate on Term A; 5 - Proof of Theo-
rem 3.10]. O
As z(t,x) is non-negative, instead of (3.1) we could also have applied (3.3) which
involves the quantity E[F}], with

1 T
EF3>—E//xDxF2/\dtudx7
78] 2 =8| [ [ leliDn Fradivta

by (4.14), which recovers the convergence with decay rate 7'~

sition (4.13), in which the first term coincides with the bound in (3.1) and the second
term is proved to decay as T~/? using [HHKR21, Lemma 4.2].

1/2 ysing the decompo-

4.4 Proof of Theorem 3.7

Let T > 0. Asm = [7 av(dz) = E[Xi] = 0, Sp = 6V(22) with z(t,z) =
xl{te[O’T]}/\/T, using (A.1) in Appendix A it holds that :

157 — N(0,7%) 4,00 < fSleIi |E[*f'(Sr) — Sr.f(St)]

Y

with v* = 9%u/(1 — ||¢||1), where ¥? = E[X?]. Following the lines of the proof of
Theorem 3.1 and using a Taylor expansion of order 3 for D ;) f(Sr), we have

/ ]- / 1 at,x
f(Srocl o) —f(Sr) = f (ST)D(t,x>ST+§f/ (ST)|D(t,w>ST’2+gf(3) (5")(Dt,2)St)?,

where S“* denotes a random element between Sp and St o Ezr Relation (4.12)

t,0,x)"
then becomes

E [’Yzf/(ST) _ f(ST)ST] —F |:f/(ST) (72 — /R Z(t,l')D(t,x)ST)\tdtV(dx))}

+><R

1
_iE [/ 2(t, a:)/\tf"(ST)|D(t7x)ST|2dtV(dx)}
R+XR

_lg l / 2(t, )M fP (S5 (D(t,x)ST)?’dtu(d:c)}
6 Ry xR
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- &lren (7= [ s(t.a) ndv(ae) )|

1 1

—§E {/ z2(t, x) A\ f (ST)\D(t7x)ST|2dtu(dzv)}
R+XR

1

——E { / 2(t, )M f P (S5 (D(m)ST)?’dty(dx)} :
6 R4 xR

where we used Relation (2.9) for the Malliavin derivative of S, i.e.
Dty Sr = 2(t,x) + 6V (22), (4.16)

and Lemma 4.1. It is important to notice that the quantity 6V (zé\t) is independent

of z as A\, o 5(“] 2 15 (see 4.3), and thus we have

= 1
) =7 — drdfu(d
) (ZZ ) ﬁ (TR xR yl{/\ <0<\ oa(to )}(N(d?”7 d@)dy) r l/( y))
1
L y1 . dr, df, dy) — drdov(dy)).
\/T (th]XR+><R {>\r<9<)\r (tOl)}( ( ) ( ))

Using the definition of z(¢, x), we get

E [v*f'(Sr) = (57)Sr] = O°E {f’(Sﬂ (W = /0 T wt)]

——IE V / oy "(ST)|DMST|2dt1/(da:)}

——IE [ / / oA SO (5) ((t,x)sT)i*dw(dx)}

- VE {f o) (=g - %/ )| o [y [/OTM”STW}
® rulde)

L mvldn) d E{ /0 Af(S1) }6N(zZt)|dt]—%E { /OTAtlEt[f’%ST)éN(zZ”)}dt}

——E [ / / wA fP (507) ((t,x)ST)?’y(dx)dt}
- el (=t )

——E [ / / ZAf® ((t,x)ST)Su(dx)dt},
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where we used once again Lemma 4.1 and the fact that [~ zv(dz) = [7 a3v(dz) =

0. Hence, we have

£ [ /(50) — (r18)| < #1e [ = 1 [ Bpu
e ’JE |:f/(ST) /OT(At - E[)\t])dt] ‘ LA ”“’?{Tf} () g UOT Atdt}

201f Do Joo lvlde) T T v gy
T EUO A |6 (22Y)| dt]

_ 192Hf’||oo’ “ l/OTE[At]dt'+l‘E [ff(ST)/OT@t—E[At])dtH

T=llgll T T
2/ P oo 2 atv(dr) [ (7 201f oo J7 llvlda) [T
+ 7o E { /0 )\tdt} + 7 E { /D |Re.r] /\tdt]
= A1 + A2 + Ag + A4, (417)

where we set

(¢,0,1)

Ryp = VTN (zZAt) = / YLy conoet 3 (N(dr,df,dy) — drdfv(dy)) .
(t,T]xR4+ xR N

We now treat the above three terms separately.

First, note that by [HHKR21, Lemma 4.1] we have A; = O(T!). In addition, as
E [ fOT )\tdt] = O(T) and since E; [|R;7|?] is bounded uniformly in ¢,7 by Lemma 4.4,
we have Az + Ay = O(T™1). Tt remains to deal with the term A,. Using [BDHM13,
Relation (14)] and [HHKR21, Proof of Theorem 3.10, Term A, 5|, we get that

[ v Bndas= [ ur - s
where M, = H, — [ \du. Hence, using (4.9), we have
e [rs0 [ 0] 2 [ [Cor-omal
= [ e ol Mas
= / LT — SR [0 (21 2] ds
= [ow—9 [ [ D 60] vaanas
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_ /0 LT s) /O s /R E [M\uf"(S7)Diun) Sr] v(dx)duds
% /O Tw(T—s) /0 S /R E [\ f® (5% |Duay ] v(der)duds
= [t [ o= [ B0 dus
+/OT¢(T—5) /OS/RE[AuEu[f”(ST)csN(ZEU)]]y(dg;)duds
% /0 T - s) /0 s /R E [A,f® (57)| Dy Sr|?] v(da) duds
_ % /0 T =) /O 8 /R E [Af® (59%) | Dy Sr|?] v(de) duds,

as [pav(dz) = E[X;] = 0 and E, [f"(S )5N(ZZ“)] = 0 by Lemma 4.1, where S*?

denotes a random element between Sr and St o 6( 0.0)- Hence, by (4.16) we have

T

E {f’(ST) / (/\t—IE[/\t])dt}
0

e ; _
= _/ ¢(T_5)/ /E )\uf(g) S| D,y St|?] v (dz)duds
< —Hf Hoo/ Y(T — s / / [Nal Dy St|*| v (dz) duds
Ol [ avtan) [ Epan

+uﬁwmA MT—Q[JED&@WNgﬁﬂﬂMWm

Next, by the Itd isometry, see e.g., |[Pri09, Proposition 6.5.4| and (4.6), for some
constant C' > 0 it holds that

~ 1 +°°
E,[|6Y (Z4)]*] = T/x v(dz) / / |14, <0<A0ct )}\ |dbds

:_/xwm/ [N ds

< € [0,77].

'ﬂIQ

Thus, for some constant C' > 0 we have

e [#s0) [ Ou-BpDat]| < CUrOatvlh [ avtde) ooy [ 2oL

esssuPps
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as (E [Au])uer, is continuous by [BDHM13, Lemma 3| and limy_, o, 771 fOT E [A\,] du =
w/(1—1|¢|l1), which shows that Ay = O(T~!) and concludes the proof.

4.5 Proof of Theorem 3.8

We start by proving the upper bound on the Wasserstein distance between the distri-

bution of

Sy —m [ E[\]ds
a VT

and N(0,¢?). For this, we consider the normalized martingale

VTZ

Sy —m f; Aqds
Vit

associated to the compound process S, we write

1 T
FT:ﬁ(ST—m/ )\sds)
0
1 M
— —— (Sr — mHy) + m>==~,
7 (O —mHr) m

where My = Hp — fOT Audu. Similarly, we have

vg:j%(&_wnATw&ug

1
= ﬁ (St — mHr) +mYr,

with Yy := (Hr — [, E[\,]ds)/V/T. Thus,

F =

- mHT

(1= [[6])Va — Fr = —||é], T 2L (1= o),

where we let

My

%T =X — .
. TR

Next, we note that

T
5N«@—mﬂgﬂm%mwﬁzy:/ / (2 — m)Lgpery (N(dt, dB, d) — didfv(dz))
0o JRoxR

T T
= / / (x —m) Ly N(dt,do, dx) — / / 11 {g<r,ydtdov(dx)
0 JRyxR B 0 JRixR a
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T
+m/ / 1{9<>\t}dtd61/(dﬂ7)
0 JRyxR

=St —mHr.

Hence, using the fact that F' is also written as a divergence, we have
(1= 6l)Ve = 8 ((2( 2)) ety 2 Z) + (1 = 6],

where

s(t.0) = g

We now proceed in the same manner as the proof of Theorem 3.4, only by replacing
z by (1 —||¢[l1)z + ||¢|lim. This proves that 6" ((2(¢,2))@z)e®, xr)Z) converges to a

centered Gaussian random variable of variance

||¢|| [ @ =lolh)e+ elm)vido)

= —1 ~1olh /R((l —[18l10)%2% + 2(1 — [|o|l)|olam + ||o|[3m?)v(d)
W (@ =2loll + lolD)9* + 21 = @ l)lI¢llhm* + ol im?)

= 7= 7+ 10l = m?) (ol ~ 2)

where the Wasserstein distance between the two variables is bounded by O(T~/2).
By proceeding as in the proof of Theorem 3.13 in [HHKR21] it is enough to show that
E[R2] = O(T~1), which is done in Lemma 4.5, to obtain
dw (Vr, N(0,¢%)) < .
VT
Finally, by [BDHM13, Lemma 5|, we have

T T
Vp —T'r = % (/0 E[\]dt — %) — O(T‘l/Q),

which yields the desired result.

A  Elements of Stein’s method

In this section we describe elements of Stein’s method, which was has been introduced
by C.M. Stein in [Ste72|, that are relevant to our analysis and to the derivation of
bounds of the form (A.1). We let A, i > 1, denotes the ith derivative of h.
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Definition A.1. In what follows H denotes one of the following Hilbert spaces :
1. Hw = {h: R — R differentiable a.e. with ||I'||« <1},
2. Haoo :={h:R =R four times differentiable a.e. with max 1900 < 1}.
Given F and G two random variables on a probability space (2, FX,P), we let

dy(F, G) = sup [E[A(F) = h(G)]]

denote the distance (with respect to the class of test functions H) between the laws Lp

and L of F' and G. In addition,
1. if H = Hw we write dy for dy,, and corresponds to the Wasserstein distance;
2. if H = Hypoo we write dy o for dy, . .
We also set
1. Fw :={f : R = R twice differentiable map , ||f'[|oc <1, | f"]lc <2},
2. Faoo :={f R =R four times differentiable map , ||f@ || < 1/i,i=1,2,3,4},

and

Fw if H =Hw,
e f4,oo ZfH = H4,oo-

Let M,z ~ N(0,0%), let H be one of the spaces in 1.-2. above, and let h in H.
C.M. Stein proved in [Ste72] (see also [CGS11, Lemma 2.6 and Section 4.8] for the
H4 o distance), that there exists a function f, in Fyy solution to the functional Stein

equation
h(z) — E[h(N,2)] = o*fi(z) — 2 fu(x), x€R.

For F' a centered random variable, plugging F' in this equation and taking expecta-
tions, we get

[E[A(F) = h(No2)]| = [E[0® fo(F) = Ffu(F)]]

which yields

(P N2) < sup (Lo (F) = F(F)] (A1)

In addition, the right hand side is equal to 0 if and only if F' ~ A(0, c?).
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