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Abstract

Based on a new multiplication formula for discrete multiple stochastic integrals
with respect to non-symmetric Bernoulli random walks, we extend the results of [14]
on the Gaussian approximation of symmetric Rademacher sequences to the setting of
possibly non-identically distributed independent Bernoulli sequences. We also provide
Poisson approximation results for these sequences, by following the method of [15].
Our arguments use covariance identities obtained from the Clark-Ocone representation
formula in addition to those usually based on the inverse of the Ornstein-Uhlenbeck
operator.
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1 Introduction

Malliavin calculus and the Stein method were combined for the first time for Gaussian fields
in the seminal paper [13], whose results have later been extended to other settings, includ-
ing Poisson processes [15], [16]. In particular, the Stein method has been applied in [14] to
Rademacher sequences (X,,),en of independent and identically distributed Bernoulli random
variables with P(X; = 1) = P(X; = —1) = 1/2, in order to derive bounds on distances
between the probability laws of functionals of (X,,)n,en and the law N(0,1) of a standard
N(0,1) normal random variable Z. Those approaches exploit a covariance representation

based on the number (or Ornstein-Uhlenbeck) operator L and its inverse L'
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From here onwards, we denote by €7 the set of all real-valued bounded functions with
bounded derivatives up to the second order. In particular, for A € €2, using a chain rule

proved in the symmetric case, the bound
[E[R(F)] = E[M(Z)]] < Av min{d[[h]|s, [ ||} + [|2” |0 Az, (1.1)

has been derived in [14] (see Theorem 3.1 therein) for centered functionals F' of a symmet-
ric Bernoulli random walk (X,,),en. Here, (X,,)qen is built as the sequence of canonical

projections on  := {—1,1}" and

20
A =F H1 — (DF, —DL‘lF)gg(N)H . Ay=ZE[(DLTFLIDFP)aw),

where (-, -),2y) is the usual inner product on ¢*(N), and D is the symmetric gradient defined
as

DiF(w) = %(F@ﬁ) _F@Wh)), keN,

thS? gl CT (:'07("'17 ) 6 ?
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and

WP = (wo, .. wr_1, =1, Wpt, -+ ).

The above bound (1.1) can be used to control the Wasserstein distance between N(0, 1) and
the law of F' as in Corollary 3.6 in [14]. In addition, the right-hand side of (1.1) yields
explicit bounds in the case where F' is a single discrete stochastic integral (see Corollary 3.3
in [14]) or a multiple discrete stochastic integral (see Section 4 in [14]). In this latter case the
derivation of explicit bounds is based on a multiplication formula proved in the symmetric

case (see Proposition 2.9 in [14]).

In this paper we provide Gaussian and Poisson approximations for functionals of not-
necessarily symmetric Bernoulli sequences via the Stein and Chen-Stein methods, respec-
tively. See [11] for recent related results on Gaussian approximation, without relying on a

multiplication formula for discrete multiple stochastic integrals.

The normal and Poisson approximations are based on suitable chain rules in Propositions

2.1 and 2.2 and on an extension to the non-symmetric case of the multiplication formula
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for discrete multiple stochastic integrals (see Proposition 5.1 and Section 9 for its proof).
In addition to using the Ornstein-Uhlenbeck operator L for covariance representations, we
also derive error bounds for the normal and Poisson approximations using covariance repre-
sentations based on the Clark-Ocone formula, following the argument implemented in [20].
Indeed the operator L is of a more delicate use in applications to functionals whose multiple
stochastic integral expansion is not explicitly known. In contrast with covariance identities
based on the number operator, which rely on the divergence-gradient composition, the Clark-

Ocone formula only requires the computation of a gradient and a conditional expectation.

A bound for the Wasserstein distance between a standard Gaussian random variable and
a (standardized) function of a finite sequence of independent random variables has been
obtained in [4], via the construction of an auxiliary random variable which allows one to
approximate the Stein equation. Although the results in our paper are restricted to the
Bernoulli case, they may be applied to functionals of an infinite sequence of Bernoulli dis-
tributed random variables. A comparison between a bound in our paper and that one in [4]

is given at the end of the first example of Section 4.

As far as the Gaussian approximation is concerned, using a covariance representation
based on the Clark-Ocone formula, in Theorem 3.2 below we find sufficient conditions on

centered functionals F' of a not necessarily symmetric Bernoulli random walk so that
[E[R(F)] — E[R(Z)]| < Bimin{4||Ale, [[1"]|} + |1 [lec B2 + |h" [l Bs (1.2)

for any h € €%, and for some positive constants By, By, Bs > 0; similarly, using a covari-
ance representation based on the Ornstein-Uhlenbeck operator, in Theorem 3.4 below we
provide alternate sufficient conditions on centered functionals F' of a not necessarily sym-
metric Bernoulli random walk so that the bound (1.2) holds for different positive constants
C1,C5,C3 > 0, in place of By, By, Bs respectively. In Theorem 3.6 below we show that the
bound (1.2) can be used to control the Fortet-Mourier distance dpy; between F' and the

standard N(0, 1) normal random variable Z, i.e. we prove

deni(F, Z) < \/2(By + Bs)(5 + E[|F|]) + Bs.

A similar bound holds, under alternate conditions on F', with the constant B; replaced by C}

(1 =1,2,3). Replacing the Stein method by the Chen-Stein method, we also show that this
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approach applies to the Poisson approximation in addition to the Gaussian approximation,

and treat discrete multiple stochastic integrals as examples in both cases.

This paper is organized as follows. In Section 2 we recall some elements of stochastic
analysis of Bernoulli processes, including chain rules for finite difference operators. In Sec-
tion 3 we present the two different upper bounds for the quantity |E[h(F)]—E[h(Z)]|, h € CZ,
described above and the related application to the Fortet-Mourier distance. Section 4 con-
tains explicit first chaos bounds with application to determinantal processes, while Section 5
is concerned with bounds for the nth chaoses. The important case of quadratic functionals
(second chaoses) is treated in a separate paragraph. In Section 6 we apply our arguments
to the Poisson approximation and in Sections 7 and 8 we investigate the case of single and
multiple discrete stochastic integrals. Finally, Section 9 deals with the new multiplication
formula for discrete multiple stochastic integrals in the non-symmetric case, whose proof is

modeled on normal martingales that are solution of a deterministic structure equation.

2 Stochastic analysis of Bernoulli processes

In this section we provide some preliminaries. The reader is directed to [18] and references

therein for more insight into the stochastic analysis of Bernoulli processes.

From now on we assume that the canonical projections X, : Q — {—1,1}, Q = {—1, 1}V,

are considered under the not necessarily symmetric measure P given on cylinder sets by
P({eo,...,en} x {—1,1}1) = Hp](flﬁk)/?ql(:*sk)/a e € {-1,1}, k=0,...,n.
k=0

Given w = (wg,w1,...) € 2 and wﬁ, w” defined as above, for any F : © — R we consider

the finite difference operator

DiF(w) = Vird(F(Wh) = P(h)), k€N

and, denoting by x the counting measure on N, we consider the L?*(QxN) = L*(Q2x N, PQk)-
valued operator D defined for any F': Q@ — R, by DF = (DyF)gen. Given n > 1 we denote
by (2(N)®" = 2(N") the class of functions on N" that are square integrable with respect to

k®" we denote by ¢*(N)°" the subspace of £*(N)®" formed by functions that are symmetric



in n variables. The L? domain of D is given by
Dom(D) ={F € L*(Q): DF € L*(QxN)} ={F € L*(Q) : E[HDFH?Q(N)] < 00}

We let (Y,,)n>0 denote the sequence of centered and normalized random variables defined by
Gn — Pn + Xn
2\/Pndn

which satisfies the discrete structure equation

Y, =

dn — Pn
2/Pnn

Given f; € *(N) we define the first order discrete stochastic integral of f; as

Ji(f) =Y fi(k)Ys,

k>0

Vi=1+ Y,. (2.1)

and we let

T(f) = Y falin,. .o in)Vi .Y,

(Zl ~~~~~ 'Ln)eAn
denote the discrete multiple stochastic integral of order n of f, in the subspace (2(A,) of

(*(N)°" composed of symmetric kernels that vanish on diagonals, i.e. on the complement of
An:{Uﬁ,,]{Zn)Eanﬁ%kﬂ,1§Z<]§n}, n > 1.

As a convention we identify ¢2(N%) to R and let Jo(fo) = fo, fo € R. Hereafter, we shall refer
to the set of functionals of the form J,(f) as the n-chaos. The multiple stochastic integrals

satisfy the isometry formula

E[‘]n(fn)‘]m(gm)} = ]l{n:m}n‘ <fm gm>€§(An)>

fn € L2(AL), gm € 2(A), cf. e.g. Proposition 1.3.2 of [19].

The finite difference operator acts on multiple stochastic integrals as follows:

Dy dy(fn) = ndp_1(fu(x, K)1a, (%, k) = ndp_1(fu(x, k)), (2.2)
k € N, f, € (2(A,). Due to the chaos representation property any square integrable F'
may be represented as F' =} o Ju(fn), fn € (2(A,), and so the L? domain of D may be
rewritten as

Dom(D) = {F = Ju(fa) 1 Yo nnl|fullZmen < oo}.

n>0 n>1



Next we present a chain rule for the finite difference operator that extends Proposition 2.14
in [14] from the symmetric to the non-symmetric case. This chain rule will be used later on

for the normal approximation. In the following we write F= in place of F(wk).

Proposition 2.1 Let F' € Dom(D) and f : R — R be thrice differentiable with bounded
third derivative. Assume moreover that f(F) € Dom(D). Then, for any integer k > 0 there

exists a random variable R} such that

2
Dyf(F) = f'(F)DyF — f/%(f (ED + f"(F7)X,+ RE,  as. (2.3)
where ,
RE < 2 P 2.4)

Proof. By a standard Taylor expansion we have

Dpf(F) = peae(f(ES) — F(F)) = Vot (f(F) — f(F)) — oreae (f(Fy ) — f(F))
= Vo f (F)(FF - F)+ Y% pp) (R — F)? 4 Ry

2
—Voraf (F)(Fy = F) = Y22 f(F)(Fy = F)? + Ry
= FF)DF + YR (P (B = F) = (Fy —FP)+ Rf + Ry, (25)
where
BE| < YR 1 ol B FI (2.6

By the mean value theorem we find

F(F) = FED + [(E) [UF) = D) + f1(F) = f"(F7)

2 2
" F+ " F— ,
ISR g
where y
4 f [e%¢] _
7y < e p g - .

Substituting this into (2.5) we get

Dif(F) = f(F)DLF + Y228 (f/(50) + fUEO)N(F = F)? = (Fy = F)) + Bf + By + R,
(2.7)

where

% 1/pqu " _ _
Bil < = Moo F = P+ [Fe = FDE = FIP = [Fy = FI°)



\/kak 1 _
I/ e (|F = F 4+ |Fy = FDIES = FI*. (2.8)
Note that

F,:F—F: (F;F—F)I{Xk:_l}—l—(F F)]l{Xk 1}—(F F)]l{ka_l}
= (B = F)lxe=—1y, (2.9)

and similarly,
Fy = F=—(F = F)lx,-y. (2.10)

Therefore we have |Fy — F| < |DyF|/\/Pxar, and combining this with (2.6) and (2.8) we
find

i

I/ ||c>o
3ok

By (2.9) and (2.10) we also have

1"

1f 1o
2Dk

Ry | < D FI*, Ry < | DrF*. (2.11)

(B = F) = (Ff = F )’ Lix,=——1y and (Fy = F)* = (F — F7) L=,

therefore

(Ff = F)? = (F, —F) = (F — F,)’(Lxe=—13 — Lix=13)
D,.F|?
| Dy F| x

—(FF — F)?* Xy = —
(k k) : PrArk

The claim follows substituting this expression into (2.7) and by using (2.11) to estimate the

remainder. 0

Now we present a chain rule for the finite difference operator, which is suitable for integer-
valued functionals. This chain rule will be used later on for the Poisson approximation.

Given a function f: N — R we define the operators

Af(k) = fk+1) = f(k), A’f = A(Af).

Proposition 2.2 Let F' € Dom(D) be an N-valued random variable. Then, for any f : N —
R so that f(F') € Dom(D), we have

Dyf(F) = Af(F)DyF + Ry, (2.12)
where
A2 fllo D.F D F D.F D F
Ry | < 1277 ‘ - 1{Xk:1}( — - 1) ’+‘ “x,o (LH) ‘ .
2 Pk Pk NG N
(2.13)



Proof.  As shown in the proof of Theorem 3.1 in [15], for any f: N — R and any k,a € N,

£0) ~ £a) — ()~ a)] < 12Ty —a - ) (2.14)

Therefore, taking first k = F}", a = F and then k = F,_, a = F, we deduce

Dif(F) = ora (f(F) = f(F) = Vorae(f(F) = f(F))
= VoG A (F)(FF = F) + RY + /e A f (F)(F, — F) + RY,

where by (2.14), setting RF := R\"” + R” we have

1A% flo - .
R < T ((F = F)(F = F =D+ |(Fy = F)(Fy = F=1)]).
The claim follows from (2.9) and (2.10). O

Next we give two alternative covariance representation formulas. Let (F,),>_1 be the filtra-
tion defined by
F 1 ={0,9Q}, Fn=0{Xo,..., X}, n>0.

By Proposition 1.10.1 of [19], for any F,G € Dom(D) with F' centered we have the Clark-

Ocone covariance representation formula

Cov(F,G) = E[FG] = E [Z E[DiF | Fea] DG - (2.15)

k>0

The second covariance representation formula involves the inverse of the Ornstein-Uhlenbeck
operator. The domain Dom(L) of the Ornstein-Uhlenbeck operator L : L*(Q) — L3(f),
where L2(£2) denotes the subspace of L?(2) composed of centered random variables, is given

by

Dom(L) = {F = ZJn(fn) ; Zn2 n!||fn||§2(N)®n < oo}

n>0 n>1
and, for any F' € Dom(L),
LF ==Y nJu(fa).
n=1

The inverse of L, denoted by L™} is defined on L2(Q) by
. — 1
L'F=-)" ~Julfa);
n=1
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with the convention L™'F = L™Y(F — E[F]) in case F is not centered, as in e.g. [15]. Using
this convention, for any F,G € Dom(D) we have

Cov(F,G) = E[G(F — E[F))] = E[(DG,—~DL™'F) )] , (2.16)

cf. Lemma 2.12 of [14] in the symmetric case. For the sake of completeness, we provide an
alternative expression for the covariance representation formula (2.16). Let (P;);>o be the
semigroup associated to the Ornstein-Uhlenbeck operator L (we refer the reader to Section 10

of [18] for the details). Then
F)tt]n(fn> = eintJn(fn% n > 1;

and so for any F = > ' .J,,(f,) € Dom(D) one has

3

n

e "Pidu 1 (fulx, k) dt

WE

/ e 'P,D,Fdt =
0

8

e_te_(n_l)tjn—l (fn<*7 k)) de

Il
]

i
S— S—

3
V
—_

|
Mgw

In-1(fn(*, k)

L'F.

3
Il
—_

I
|
5

Consequently, the covariance representation (2.16) may be rewritten as

)

Cov(F,G) = BE[G(F — B[F])] = B [i /0 et DG DF dt

for any F,G € Dom(D), cf. Proposition 1.10.2 of [19].

3 Normal approximation of Bernoulli functionals

In this section we present two different upper bounds for the quantity |E[h(F)] — E[h(Z)]],
h € @2. The first one is obtained by using the covariance representation formula (2.15),
while the second one, obtained by using the covariance representation formula (2.16), is a

strict extension of the bound given in Theorem 3.1 of [14].

Before proceeding further we recall some necessary background on the Stein method for
the normal approximation and refer to [1], [10], [24], [25] and to [14] for more insight into
this technique.



Stein’s method for normal approximation

Let Z be a standard N(0,1) normal random variable and consider the so-called Stein’s

equation associated with A : R — R:
h(z) — E[R(Z)] = f'(z) —xf(z), z€R

We refer to part (i) of Lemma 2.15 in [14] for the following lemma. More precisely, the
estimates on the first and second derivative are proved in Lemma I1.3 of [25], the estimate
of the third derivative is proved in Theorem 1.1 of [6] and the alternative estimate on the

first derivative may be found in [1] and [10].

Lemma 3.1 Ifh € C2, then the Stein equation has a solution fi, which is thrice differentiable
and such that ||fille < 4l|hlloos | fille < 2||W |l and || f7|lce < 2||h" |l We also have

[ F7lleo < (15" [loo-

Combining the Stein equation with this lemma, for a generic square integrable and centered

random variable [’ we have
[E[A(F)] = E[AM(Z)]| = [E[f,(F) = Ffu(F)]|. (3.1)
Let (F,)n>1 be a sequence of square integrable and centered random variables. If
[E[h(F,)] —E[R(Z)]| =0,  heC

then (F,),>1 converges to Z in distribution as n tends to infinity, and so an upper bound

for the right-hand side of (3.1) may provide informations about this normal approximation.

The results of Sections 3.1 and 3.2 below are given in terms of bounds for |E[h(F)] —E[h(Z)]],
for test functions in €2, and they are applied in Section 3.3 to derive bounds for the Fortet-
Mourier distance between the laws of two random variables X and Y, which is defined by

dpy(X,Y) = sup [E[R(X)] = E[n(Y)]], (3.2)

heIM

where FM is the class of functions h such that ||h||sr = [|h]|L + [|F]lec < 1, where || - ||
denotes the standard Lipschitz semi-norm. Clearly, any h € FM is Lipschitz with Lipschitz
constant less than or equal to 1 and so it is Lebesgue a.e. differentiable and ||A/[|o < 1. One

can also shows that dpy metrizes the convergence in distribution, see e.g. Chapter 11 in [7].
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3.1 Clark-Ocone bound

Theorem 3.2 Let F' € Dom(D) be a centered random variable and assume that

B;: = E [‘1 — ZE[DkF | f_fk—l]DkF‘
k>0
By: = Y 1 2], E[|[E[DyF | Fx1]l|DeF I, (3.3)
>0 VPrIk
By = 23 —BIEIDF | T )IDFP) 54
>0 Prdk

are finite. Then we have
[E[A(F)] = E[R(Z)]] < Bimin{4|[hllo, 2"} + [17'lloc B2 + [|P"]] o0 Bs (3.5)

for all h € C3.

Proof.  Since the first derivative of f, is bounded we have that f;, is Lipschitz. So f,(F) €
L?*(Q) and

| Difu(F)| = v/Petel fa(FF) = fu(EO)] < | fulloc DiF.
Consequently we have
E[ D fu(F)[Z20] < I il EUDF (72 )]

and f,(F) € Dom(D). Since F' is centered, by the covariance representation (2.15) and the

chain rule of Proposition 2.1 we have

E[Ffu(F)] = E [Z E[DyF | Fya] Dy fu(F)

k>0

E ZE[DkF | Foe1] DiF fr,(F)

k>0

-~k [ZE[DkF’?k 1]!1?/I€F—‘(fh< )+ f}/zl(Fk))Xk]

+BE (3.6)

ZE[DkF | Fra] Ry (h)

k>0

Note that the three expectations in (3.6) are finite. The first one since DF € L*(Q2 x N) and
f7, is bounded, indeed by Jensen’s inequality

< 4||h]|E [Z E[|DyF| | Fyo1]| DiF|

k>0

E [’ ZE[DkF | fk—l]Dka;{L(F)‘

k>0
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= 4|[h)|<E | Y E[E[DyF| | For]| DeF| | Foi]

| k>0

= 4|[l|<E | Y E[E[DLF| | Fia]?)

| k>0

< 4|h]lE | Y E[E[DyFI* | Fii]
Lk>0
= 4|[hllse Y B[ DiF?) < o0

k>0

the second relation follows from the boundedness of f; and (3.3), while the third one follows
from (2.4) and (3.4). The random variables E[D,F | F;_1], DiF, F;© are independent
of X (the first one because it is F;_j-measurable and the random variables (Xj)gen are

independent, the others by their definition). Therefore, the equality (3.6) reduces to

E[Ffu(F)] =E | fi(F) Y E[DiF | Fy]DiF (3.7)
k>0
1 — 2p/€ 2 " " _
+ Y T ——EBEDF | Fu | DR FP(f (D) + £ ()]
=0 4VPrk
+E Y E[DF | iR (R) (3:8)
k>0
Inserting this expression into the right-hand side of (3.1) we deduce
[E[R(F)] = E[R(Z)]] < Bimin{d|[hllsc, [2"[lsc} + [|B]|oc B2 (3.9)
+E Z [E[DyF | Fxa]l|RE (W) (3.10)
k>0

where to get the term (3.9) we used the inequalities ||f/ | < min{4|/h| ., |h"||-} and
1 f oo < 2||A'[|oo (see Lemma 3.1). Using (2.4) one may easily see that the term in (3.10) is
bounded above by ||h”||oBs. The proof is complete. O

Corollary 3.3 Let F' € Dom(D) be a centered random variable and assume that

Bi: = [1-|Fljzql+ IKD.FE[D.F | Fa])ew) — E(D.FE[D.F | F_1))ee)l 2@,

Z |1 — 2py| o T
k>0 v/ Pk Ak

12



5 1
By: = — —E[|D.F|*
S

are finite. Then (3.5) holds for all h € C3.

Proof. By the Cauchy-Schwarz and the triangular inequalities we have

E [‘1 ~ S ED,F| ?k,l]DkF(
k>0

<|i=S"ED.F| T, DFH

<[r-EDer 1 5iDr|
k>0

< 1= |Fllizl + {D.FED.F | F_1])em — 1 F 72022

By the Clark-Ocone formula (2.15) we have

> DyFE[DF | Fii]

k=0
= HFH%%Q)-

E[(D.F,E[D.F | F_1])ep)] = E

Therefore

E < Bj.

}1 ~ S ED,F | sfk_l]DkF)

k>0

By the Cauchy-Schwarz and Jensen inequalities we have

B[|E[DeF | Fooa|DeF?) < VE[E[DiF | Fya]P]VE[ D FJY]
< VEE[DyF? | Fer]]VE[ Dr F|*]
= VE[DyF2\/E[ Dy F],

and

E(|E[DiF | Fi-i]|| DiF)?) VE[E[DF | Fio1]?|DiF[?]\/E[| D F|4]

IN

VE[E[|DyF|2 | Fy_1]| Dy F|2]/E[| Dy F|4]
VE[DyF "] x \/E[|DyF|*] = E[|DyF|"].

IN

The claim follows from Theorem 3.2.

3.2 Semigroup bound

Theorem 3.4 Let F' € Dom(D) be a centered random variable and let
Cri = B[[L=(DF,~DLF)aw||.
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|1 — 2py| -1 2
Cy: = Y ———E[| DL 'F||D.FP, (3.12)
k>0 vV Prqk

Cs: = —Zk—qu | DeL ™ F|| Dy F ] (3.13)

k>0

be finite. Then for all h € C; we have

[E[R(F)] = E[(2)]] < Crmin{4]|Aloc, [|h"[loc} + 11 locC2 + 1A ]| Cs. (3.14)

Proof. Although the proof is similar to that of Theorem 3.2, we give the details since some
points need a different justification. As in the proof of Theorem 3.2 one has f,(F') € Dom(D).
Since F' is centered, by the covariance representation (2.16) and the chain rule of Proposition

2.1 we have

E[F fu(F

ZDkfh

k>0

= —E|>_ DFf(F)DL™'F

LE>0

Zxk“j“F_'m( ) f(F) DL F

+EB

—E |)  DyL7'FR{ (h)

Lk>0

(3.15)

Note that the three expectations in (3.15) are finite. The first one since DF € L?(Q2 x N)
and f; is bounded, indeed

E [’ S —DkL‘lFDka;L(F)‘

k>0

< Al B [Z | Dy L™ F|| Dy F|

k>0

1/2 1/2
< 4||h]|s (EZ |DkL—1F|2> (EZ |DkF|2)

k>0 k>0
. 1/2 ) 1/2
— 4llhlloe (BIDLT Fli2)  (BIDF )
< 4”hHOOE[HDFH?2(N)] < o9,

where for the latter inequality we used the relation
E[|DL™Fllpg) < E[IDF(% )]

(see Lemma 2.13(3) in [14]); the second one due to the boundedness of f; and (3.12); the
third one due to (2.4) and (3.13). By Lemma 2.13 in [14] we have that the random variables
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DyL™'F, DiF and Fj are independent of X}. Therefore, the equality (3.15) reduces to

E[Ffy(F)] = -E Lzm Jn(F)DyFDL7'F| + ; \/%E[\Dkﬂz( F'(F5) + f'(F ) Dy L™ F)
E > R{(WDL'F (3.16)
k>0

Inserting this expression into the right-hand side of (3.1) we deduce
[E[R(F)] = E[L(2)]] < Crmin{4{|Alloc, |2 [loc} + 11l C2 (3.17)
B| S ID FIREM) | (3.13)
k>0

where to get the term (3.17) we used the inequalities ||f} | < min{4|A|w, [|7"||o} and
| fillloo < 2||A'||oo (see Lemma 3.1). Using (2.4) one may easily see that the term in (3.18) is
bounded above by ||h"||sCs. The proof is complete. 0O

Note that, formally, the upper bound (3.5) may be obtained by (3.14) substituting the term
—DyL7'F in the definitions of C}, Cy, C3, with E[DF | F_;], and vice versa.

Corollary 3.5 Let F' € Dom(D) be a centered random variable and let

Cr: = [1=|IF|i2@yl + I{D.F,—=D.L™'F)pq — E(D.F,=D.L F)p ][l 2

Cy: = By, where By is defined by (3.11)

and Cs defined by (3.13) be finite. Then (3.14) holds for all h € C3.

Proof. By the Cauchy-Schwarz and the triangular inequalities we have

E[|[1=(DF-DL ' Fag|| <|[L = (DF,-D.L Fiag

L2(Q)
< 1= |F|72) + (D.F,=D.L7 F)pqy — | Fll72oll2@

By the covariance representation formula (2.16) we have
E(D.F,=D.L7' F)pw] = [|F |72

Therefore

E[[1=(DF-DL ' Fag|| < 1.

15



Let F' € Dom(D) be of the form
n>0

Then
—DyL7'F =) Jusa(fu(e k) and DyF =Y ndi(fulx, k).

n>1 n>1

So, by the isometry formula, we have

E[|Dy L™ FI7] [‘ZJn 1l 0)
= ZE[|Jn_1(fn(*»k))|2]

n>1
= Z(n = DY fulx, k)”?z(N)@(n—n
n>1
and
B[|DF | [’Zan (fal, B)) ]
n>1
= 0Bl o (fal*, k)]
n>1
= Zn2(n — D[ fu(*, k)”??(N)@(n—l)-
n>1
So
B[ DL~ FI?) < Bl DF (3.19)

and by the Cauchy-Schwarz inequality, we deduce

EID.L FIIDFP) < E[DL FEVEDLE
< VE[DFPIVEDF

The claim follows from Theorem 3.4. [l

3.3 Fortet-Mourier distance

In this section we provide bounds in the Fortet-Mourier distance (3.2).
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Theorem 3.6 Let F' € Dom(D) be centered. We have:
(i) If (3.5) holds for any h € C} and By + B3 < (5 + E[|F|])/4, then

deni(F, Z) < \/2(B1 + B3)(5 + E[|F|]) + Bs. (3.20)

(ii) If (3.14) holds for any h € €% and Cy + Cs < (5 + E[|F|])/4, then

dev(F, Z) < \/2(Ch + C3) (5 + E[|F|]) + Cs. (3.21)

Proof. We only give the details for the proof of (3.20). The inequality (3.21) can be proved
similarly. Take h € FM and define

ht(x):/Rh(\/gynL\/l—tx)gzb(y)dy, te o],

where ¢ is the density of the standard N(0, 1) normal random variable Z. As in the proof
of Corollary 3.6 in [14], for 0 < ¢ < 1/2, one has h; € €7 and the bounds

15 [loo < 1/, (3.22)
and
() - Bl < VE (14 250 ) B - B2 < 3E
So
ElA(F)] - [(Z)]I (EIA(F)] ~ Elh(F))) + (BlAu(F)] ~ E[b(2)]) + (E[h(2)] ~ E[B(2)])
S ) — ) + () = 2] E0(2) )

+ Bymin{4{|hy oo, 1] oo} + 1 l|oo Ba + 138 [l o Bs + 5 \f
\/Z< ];[ ) + BI\ZB?’ + B, (3.23)
where in the latter inequality we used (3.22) and that ||hi||oe < 1, for all £. Minimizing
in t € (0,1/2] the term in (3.23), we have that the optimal is attained at t* = 2(B; +
Bs)/(5+ E|[|F|]) € (0,1/2]. The conclusion follows substituting ¢* in (3.23) and then taking
the supremum over all the h € FM. O

IN
/‘\/\

IN

4  First chaos bound for the normal approximation

In this section we specialize the results of Section 3 to first order discrete stochastic integrals.
As we shall see, the bounds (3.5) and (3.14) (and the corresponding assumptions) coincide
on the first chaos, although they differ on n-chaoses, n > 2.

17



Corollary 4.1 Assume that o = (o )r>0 15 in (2(N),

|1 — 2py| 3 1 4
E —— | < oo and E —|ayg|” < 0. 4.1
k>0 v Prdk | ‘ k>0 pqu‘ | ( )

Then for the first chaos
F=Ji(a)=) aY

k>0

the bound (3.5) (which in this case coincides with the bound (3.14)) holds with

|1 _ka| 3
31:01:]1_§:\@k\2, By=Cy=Y = _PHqp,
>0 k>0 v Prqk

and

) 1
E% ::C%::E§j£:-———|Qkﬁ.

Proof. Since a € (*(N) we have that F' € L*(Q). Moreover F is centered, and since

qr —pr+1 Qk_pk_1>
Dy F = ay/ — = oy,
. v Piede ( 2/ Pk 2./Drqxk g

we have F' € Dom(D). The finiteness of the corresponding quantities By, By and Bj is
guaranteed by o € £*(N) and (4.1). The claim follows from e.g. Theorem 3.2. O

Example

Consider the sequence of functionals (F,),>; defined by

Setting

g = k=0,....n—1,and a, =0, k>n,

1
v

we have B; = 0 and

n—1 n—1
1221 2 5 1
B, — and By— — S —
n3/2 kzg v/ Pk 3n? = prr

In the symmetric case p, = gx = 1/2 we find By = 0 and the bound is of order 1/n, implying
a faster rate than in the classical Berry-Esséen estimate (however here we are using €7 test

functions; cf. the comment after Corollary 3.3 in [14]).

18



—-1/2

In the non-symmetric case p, = p and g, = ¢q, p # ¢, the bound is of order n as in the

classical Berry-Esséen estimate. Indeed we have
5 1

L |12 and By =B = =

Vi /p(1—p) > 3np(l-p)

hence the inequality By + Bs < (5 + E[|F,,|])/4 of Theorem 3.6 reads

By = B{" =

%T \/_+4 1E[‘ (2 1p_2p >+ZX]€‘]

which holds if e.g. n >

. Consequently, by (3.20) it follows that for any n >

( (1 D)

we have

doni(F, Z) < /2B (5 + BJ|F,[)) + BY”

50 1 10 1
_ L R ‘
\ 3p(l—=p)n  3p(l—p)n

— 1—2p—i—Xk 1—2p| 1
z ()| S
1/2
50 1 10 1|1 1—2p—|—Xk -2 1
= \3p(1—p)n+3p(1—p)nE ‘ﬁz —p) ‘] V(L =p)vn

§\~

A straightforward computation gives

S (i) ]

hence
1 4
d F%7Z' < —=K ) > 4.2
where Y
20+ |1 —=2p
Ki(p) :== | |
p(1—p)
In the general case, if
n—1
1 |1 — 2pg| 1 1
Qp = — 0 and b, — — 0, asn — oo, 4.3
n3/2 % v/ Prdk T2 ; Prdk (4:3)

then F,, — Z in distribution, and the rate depends on the rate of convergence to zero of the
sequences (a,),>1 and (b,)n,>1. For instance, if pp = (k+2)7%, 0 < a < 1, kK > 0, we have
prgr > (n+1)"*(1 —(1/2)*), k=0,...,n — 1. Consequently we have

n—1
1= 2p] _ ay—1/2 (N + 1)/
2 2 gy S g
k=0 k=0

19



127D (4 1)/2
S =2y e

and

181 -
;Zﬁﬁ(l—(lm) (n+1)%,

which yields a bound of order n~(1=®)/2,

Finally we note that the bound (4.2) in the non-symmetric case pr = p and ¢, = ¢, p # q, is
consistent with the bound on the Wasserstein distance between F,, and Z provided by The-
orem 2.2 in [4]. Indeed, letting dy denote the Wasserstein distance and Y] an independent

copy of Y7, a simple computation shows that

dFM(Fm Z) S d (Fna Z) (4‘4>
77(¢Em, T - B[V — YiP])2 + B[V )
(¢EDG =4+ E[vif)
:%mm (4.5)
where
1 1L 142012
=5\ = T ahaon
since we have
nelt2l—2p oy L
E“YI‘ ] < 9 p(l _p) d EH}/I }/1| ] p2(1 _p)'

We note that when e.g. p is small it holds Ks(p) > Ki(p).

Application to determinantal processes

Let E be a locally compact Hausdorff space with countable basis and B(FE) the Borel o-field.
We fix a Radon measure A on (E, B(E)). The configuration space I'g is the family of non-
negative N-valued Radon measures on E. We equip ' with the topology which is generated
by the functions I'g 3 £ — (A) € N, A € B(F), where {(A) denotes the number of points
of £ in A. The existence and uniqueness of a determinantal process with Hermitian kernel
K is due to Macchi [12] and Soshnikov [22] and can be summarized as follows (we refer the

reader to [3] for notions of functional analysis).
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Theorem 4.2 Let X be a self-adjoint integral operator on L*(E, \) with kernel K. Suppose
that the spectrum of X is contained in [0, 1] and that X is locally of trace-class, i.e. for any
relatively compact A C E, Ky = PA\X P, is of trace-class (here Pyf = f1, is the orthogonal
projection.) Then there exists a unique probability measure i on I'g with n-th correlation

measure

An(dxl, . ,d$n> = det(K(xZ, xj>>1§i7anA(d$1) e )\(dl’n),

where det(K (x;, x;))1<i j<n 1S the determinant of the n x n matriz with ij-entry K(z;, x;).

The probability measure py is called determinantal process with kernel K.
Given a relatively compact set A C E, we focus on the random variable £(A) and recall

the following basic result (see e.g. Proposition 2.2 in [21]).

Theorem 4.3 Let X be as in the statement of Theorem 4.2 and denote by ki € [0,1], k > 0,
the eigenvalues of Ky. Under ux the random wvariable £(A) has the same distribution of
Zkzo Zi, where Zy, Zy, . .. are independent random variables such that Zy, obeys the Bernoulli

distribution with mean Ky, i.e.

X, +1
7 - ; €{0,1}, neN

where the X ’s take values on {—1,1} and are independent with P(X,, = 1) = k.

The central limit theorem for the number of points on a relatively compact set of a determi-
nantal process may be obtained in different manners, see [5], [21] and [23]. In the following

we provide an alternate derivation which gives the rate of the normal approximation.

Corollary 4.4 Let X be as in the statement of Theorem 4.2 and (A,)ns>0 C E be an in-

creasing sequence of relatively compact sets such that
Var,,, (§(An)) = Z /fén)(l — Hén)) — 00, asn — o0
k>0

where /fé") € [0,1], k >0, are the eigenvalues of Ky, , n > 0. Setting

_ E(A) ~ By [E(A)
Va, (€(A0)

n Y

for any h € C2, we have
By [R(F,)] = E[R(2)]] < W |l BS” + |1l BSY, n>0
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where

and

So we have a bound of order [Var,, ((A,))]~Y/2.

Proof. Forn >0, let (Z ,5")) k>0 be a sequence of independent {0, 1}-valued random variables
with Z\" ~ Be(r\™) and (¥, )30 defined by

v _ 4w
) — .

m (1= k)

By Theorem 4.3 we have

d n n n n n
Eh) =Y 27 =3 VR - s+ YR,

k>0 k>0 k>0
where £ denotes the equality in distribution. Then

Var, (§(An)) k>0

n

where

M (n) (n)

\/Zkzo Ky (1 —rp")

We are going to apply Corollary 4.1. Clearly, for any n > 0, the sequence (oz,(:’))kzo is in
(*(N). Moreover, for any n > 0,

o 1
< 00
k>0 /{’(Cn)(l /{,(Cn)) Var,,, (§(An))

and

3 o) 1 <

= 00

>0 (1= kM) Var, (§(An))
So condition (4.1) is satisfied. Moreover, a straightforward computation gives By = B%n) =0,
By = Bén) and B3y = Bén), and the proof is completed. U
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Example
Let £ = C and A the standard complex Gaussian measure on C, i.e.
1
Adz) = —e ¥ dz,

™
where dz is the Lebesgue measure on C. The Ginibre process fiex, is the determinantal
process with exponential kernel K (z,w) = e *"  where Z is the complex conjugate of z € C.
Let b(O,n) be the complex ball centered at the origin with radius n. By Theorem 1.3 in [21]
we have

Ve, (€000, ) = 2 [ (1= a/(an)) V202w da

7

n
~ —= as n — .

N

So for the Ginibre process Corollary 4.4 provides a bound of order n~'/2.

5 nth chaos bounds for the normal approximation

In this section we give explicit upper bounds for the constants B; and C;, i = 1,2, 3, in-
volved in (3.5) and (3.14), when F = J,(f,), fn € £2(A,). Our approach is based on the
multiplication formula (5.3) below, which extends formula (2.11) in [14] (see the discussion
after Proposition 5.1).

Given f, € 2(A,) and g,, € (2(A,,), the contraction f, ®! g,,, 0 <1 <k, is defined to

be the function of n +m — k — [ variables

fn ®§€ gm(alﬂ, ey Qp, bk+1’ C ,bm) = gp(alﬂ) v go(ak)fn *gg gm(alﬂ, ey Ay, bk+1, . ,bm),

where

Gn — Pn
n) = , neN 5.1
o) = 5t (5.1)

(cf. the structure equation (2.1)) and

Foxt Gm(@ists s @y bty b)) = Z folar, ... an)gm(ar, ..., ak, bgs1, ..., b))

is the contraction considered in [14] for the symmetric case, see p. 1707 therein. By con-

—_~—

vention, we define p(a;41) - ¢(ax) = 1 if I = k (even when ¢ = 0). Denote by f,, @ gy,

0 < < k, the symmetrization of f,, ®L g,,. Then, we shall consider the contraction

fn of,C Gm(@rs1s oy bprty oy b)) =
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—_——

= 1An+m,k71(al+17 ey Oy, bk+17 Ce 7bm)fn ®§€ gm(alﬂ, vy Oy, bk+1, e ;bm) (52)

Note that in the symmetric case p, = ¢, = 1/2 we have f, @ g = fn ¥ gm. However,
fo @ gm = 0if I < k and 50 fp %}, gm # fo @), gm for I < k. The following multiplication

formula holds.

Proposition 5.1 We have the chaos expansion

2(nAm)

‘]( Z Jn—l—m s nms) (53)

provided the functions

n\ /m 7 )
. E N s—1%
hn,m,s L ' 1 (Z> ( Z > (S 2) n OZ 9m

$<21<2(sAnAM)

belong to (2(Apim-—s), 0 < s < 2(n Am). Here the symbol > s<ai<a(snnam) Means that the

sum is taken over all the integers i in the interval [s/2,s A n A m)].

Since it is not obvious that formula (5.3) extends the product formula (2.11) in [14], it is
worthwhile to explain this point in detail. In the symmetric case p, = ¢, = 1/2, for any
fu € 2(A,), gm € 2(A), we have f, 057" g, = 0if s < 2, 0 < s < 2(n Am). Therefore,
for any fixed 0 < s < 2(n A m) we have h,, ,, s = 0 if s/2 is not an integer and

e = 620 [,) ()i

if s/2 is an integer. Note that if s/2 is an integer, we have

2
an 3/2 gmH@(AHm,S =[fa® i;g gm\lez (Antm—s)

< an QQMHEQ n+m s)

where we used the straightforward relation

I fllemer < ([ fllemen, (5.4)

being f the symmetrization of f. Therefore, by Lemma 2.4(1) in [14] we have f, o° /2 gm €
C(Apim—s), and S0 Iy ms € C2(Ayim_s), for any 0 < s < 2(n Am). By (5.3) we have

2(nAm)

J( Z Jn—i—m S nms)
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= 3 (5/2)! (372) (3772) nsm-s(fn 023 Gm)

nAm
n m
= T!< ) ( )J"er—?T(f" o gm);
r=0 " "

which is exactly formula (2.11) in [14].

We conclude this part with the following lemma.

Lemma 5.2 For any f, € (2(A,), gm € (2(A,,), we have

N a6 0) @ g(5.0) = fu @5 g

q>0

Proof. Note that

fn<*7 Q) ®§{) g’m(*7 Q)(al—H, ey p—1, bk—i—la ey bm—l)

:go(alﬂ)...go(ak) Z fn(aly"'aan—laq)gm(ab'"7akabk+17"'abm—17Q)a
A7 yeeny a;eN
and so summing up over ¢ € N we deduce
Z fn(*7 q) ®§§ gm(*> Q)(al+17 . bk+17 cety bm—l)
q>0
= o(a41) - .- plax) Z falar, ..o an_1, @) gmlar, s ag, bty oo b1, q)
A1 ,e.ey ar,qeN
= (1) - plar) fr i gm(@ist, -, ooty bests - - - bm1)
- fn ®§:;11 gm(al-i-la coey Qp—1, bk+17 ey bm—l)-
O
5.1 Clark-Ocone bound
By e.g. Lemma 4.6 in [18], for the nth-chaos J,,(f,), n > 2, f, € £2(A,), we have
Therefore
E[DkJN(fn) | ?k—l] = nE[‘]n—l(fn(*ak)) | ?k—l] = an—l(fn]k)v (5-5)
where
fn]k(*) = fn(*, kl)]l-[o,k‘—l}”*l (*) (56)
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So by the isometric properties of discrete multiple stochastic integrals we have that the

constants B; of Corollary 3.3 are equal, respectively, to

By = |1 = nlll full s + 11 (Fa(, ), Jnoa (fu ()
— E[(Jn1(fa(*:))s Joca (fr- ) D)ol 20y, (5.7)

sy L2
B = o= 2 D, o VISR (58)

k>0

5, = s L !
Boi = 3 g Pt DY (5.9)

In the proof of the next theorem we show that these constants can be bounded above by

computable quantities.

Theorem 5.3 Let n > 2 be fived and let f, € (2(A,). Assume that for any k € N the

functions
h(k)l L= § 4! n—1 : ’ fn(* k;) oSt fn]k(*) (5.10)
e <2i<2(sA(n—1)) ! s 1 | Z

and

2 .
CUTETE DD ﬂ(”;l) (Sl_i)fn(*,k)Of‘ifn(*yk) (5.11)

5<2i<2(sA(n—1))

belong to (2(Agy o), 0 < s < 2n—2, and that

=1 = nlllfullZ2a,)]

Bll
nd n—1\2/n—-1\%/ i i
2 o —2 — 5! il [ B ! 2
o (;(n S) . Z ))2”2 1 19 5—1 5 — 19

s<{241, 2i2}<2(sA(n—1

1/2
Dl k) @57 Fap Gl 2oy Y 1l k) @57 Frgn(x )||e2(A2n25>) )

k>0 k>0

|1 2pk| 2n—2
By: = n*/(n =1 = ful, B)llea, (2n—2—3s)!

k>0

i w(”;)("”) (25

$<{2i1,2i2}<2(sA(n—1))

s=0

1/2
1fnGes k) @57 fuCos )220 o ) | (6 B) @572 Gk B2 (8o g) 7
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(5.12)

Z n—1\>/n—-1\" 1 1
) ) 11 19 S — 11 S — 19
$<{2i1,2i2}<2(sA(n—1))

1
ST (e B) @27 FaCs B2t (5 ) @572 e ) le2ran o

>0 Prqk

(5.13)

are finite. Then for all h € € we have

[E[R(Jn(fa))] = E[R(Z2)]] < Bymin{4|[hl|so, [} + [P [l B2 + [|h"[|oc Bs.-

Proof.  The claim follows from Corollary 3.3 if we show that the constants B; defined
by (5.7), (5.8) and (5.9) are bounded above by the constants B; defined in the statement,
respectively.

Step 1: Proof of B; < B;. By the hypotheses on the functions R and the multiplica-

nlnls

tion formula (5.3), we deduce
Jn—l(fn(*a k))Jn—1<fn}k‘)

S5 SHD SRR (s N (R PRSIy e

s=0 $<2i<2(sA(n—1))

= (n =Dl k) op71 fan(*)

3D )i!(”;1>2(Sii)J2n_z_s(fn(*,k)Of‘ifn}k(*))-

s=0 $<2i<2(sA(n—1)

(5.14)

Since the constant B; in the statement is finite, we have
Z an(*: k) ®z§_i fn]k’(*)Hﬁ(A%&ﬂ) < 00,
k>0

0<s<2n-3,5<2i<2(sA(n—1)). By (5.4) this in turn implies
Zﬂfn %, k) 07" fupe(x Mezas, oy < 00,

k>0

0<s<2n-3,5<2i<2(sA(n—1)), and so

Z fn(*7 k) Ofii fn]k(*) S €§(A2n—2—8)7

k>0
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0<s<2n-3,s<2i <2(sA(n—1)) (it is worthwhile to note that one can not use Lemma
5.2 to express the infinite sum . fo(*, k) of™" fu(x) since the function of n variables

fn)-(%) is not symmetric). Therefore, summing up over k > 0 in the equality (5.14), we get

<Jn71(fn(*,~)),Jn71(f }-(*))M( N)
an Opn— 1 nk(*)

k>0
2n—3 n—1 2 i A
YT z!( Z_ ) (S ! 2) Jon s s (Z fule k) 02 fn}k<*>> .
s=0 $<2i<2(sA(n—1)) k>0
Taking the mean and noticing that discrete multiple stochastic integrals are centered, we
have
Bl 1(Fat )y Ja G (D] = (0= DS Fules k) 020 fup(s),
k>0

and so
o (foa(, ), Jn71(fn]~<*>)>52(N) — E[(Jn-1(fu(*,-)), Jnfl(fn]'(*)»ﬁ(N)
B 2n—3 Z . (n — 1)2< 'L_ > Jon_o_4 (Z fn(*, /{3) Ofii fn]k(*)) :
) ! o

s=0 $<2i<2(sA(n—1 k>0

By means of the orthogonality and isometric properties of discrete multiple stochastic inte-

grals, we have

’ %Zg 2 ) ! (n i 1) | (S ' Z> S (Z P e fn]k(*>>

5=0 5<2i<2(sA(n—1 k>0

2

2

$<2¢<2(sA(n—1 k>0

+ZE[( s (") e (an<*,k>ofl—"fn1k<*>>)

s17£82 51<2i<2(s1A(n—1)) k>0

n—=1\"( i s
X < Z'( . ) < o ) J2n—2—52 (Z fn(*ak) Oi2 fn]k(*)))]
52<2i<2(s2A(n—1)) L S2 0 k>0

B Qn;_jE > ))i!(n ; 1)2<S Z— Z> S (Z P er fn]k(*>> |

$<2¢<2(sA(n—1 k>0

B E )

s=0 s<{2i1,2i2}<2(sA(n—1

(]



J2n2s<2fn*k S“ ( )J2n25<2fn*k swf”]k( ))]

k>0 >0
2n—3 1 9 _1 ) » .
= ) (2n—-2-3) 3 mw(n_ ) (n ) ( “,)( 22.>
s=0 s<{2i1, 2i2}<2(sA(n—1)) 1 12 §—1 S — 19
an *, k‘ s—i1 fn]k an *, k o 12 fn]k( )> 2(Agp_9_4)" (515)
k>0 k>0

By the above relations and (5.7), we deduce

By =|1- n!“an?E(An)‘
play n—1\"(n—1\*( i i
+n2<2(2n—2—5)! > il!i2!< _ ) ( . ) ( 1)( 2,)
s—0 s<{2i1, 2i2}<2(sA(n—1)) “ b2 ST/ NS T

1/2
an *, k s fn]k an *, k i 12 fn]k( )> 2(Agp_o— s)) . (5'16>

k>0 k>0

Now, note that by the Cauchy-Schwarz inequality

(f, eaen| < Iflemenllgllemen,  for any f,g € Z(N)*". (5.17)
By this relation, (5.4) and (5.16) we easily get B, < B.

Step 2: Proof of B; < B;, i = 2,3. By the hypotheses on the functions R and the

nlnls

multiplication formula (5.3), we deduce

Jo1(fu(*, k))?

2n—2

= > ) ))¢!<n21> (Sii)JQngs(fn(*,k) o3 £ (%, k).

s=0 $<2i<2(sA(n—1

By a similar computation as for (5.15), we have

HJn 1 fn
2” z n—1\>/ i ;

= Z'( i ) (S_Z.)JZn—Q—S (fn(*ak) Of_l fn(*7k))
s= 0 s<22<2 sA(n—1))

= n—1\>(n—-1\*( i i
= n—Q—S) Z 21'Z2< i )( . )< 1>( 2.)
s=0 s<{2i1, 2i2}<2(sA(n—1)) “ b2 ST/ \S TR
(fu(x, k) oi~ “ fu(x, k), fru(x, k) of 22 Jn(6B))2(Agn 525 (5.18)
and so by (5.8) and (5.9) we deduce

2

2n—2
D 1— 2p
B, = Z| k|an )”52 nl(g (271—2—8)!
k>0 s=0
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3 n—1\*n—1\?( i i
L 11 19 S —1 S — 19
§<{2i1, 2i2}<2(sA(n—1))

1/2
<fn<*7 k) Ofl_il fn(*a k)a fn(*a k) on—iz fn<*7 k>>€§(A2n—2—s)>

(5.19)

and

3 n—1\?n—-1\?( i i
L 11 12 S— 1 S — 19
$<{2i1,2i2}<2(sA(n—1))

S Ll k) O Ful ), k) 05 Ful W) ians e (5:20)

>0 Prqk

The claim follows from the above equalities and relations (5.17) and (5.4).

O
5.2 Semigroup bound
For the nth-chaos J,(f,), n > 2, f, € £2(A,), we have
—Dp L™ Jn(fn) = 07 Didn(fn) = Juea(fu(5, k) (5.21)

and the constants C; of Corollary 3.5 are equal, respectively, to

Cy:=[1—=n!|fn

2] Tl Tno1(fal ) Jnma (fa)Dexy
= E[(Jna(fu(5: )5 Tnca (Fn D) el 2@, (5:22)

Cy: = By, where B, is defined by (5.8)
- By 5
C3: = — where Bj is defined by (5.9).

In the next theorem we show that these constants can be bounded above by computable

quantities.
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Theorem 5. 4 Let n > 2 be fived and let f, € (2(A,). Assume that for any k € N the

functions h* defined by (5.11) belong to (2(Ag, o), 0 < s < 2n — 2, and that

nlnls

SR I DL G AN e

s<{2i1, 2i2}<2(sA(n—1))
1/2
H fn ®fl_—ﬁzll+l fn HEQ(AQn—2—s) an ®fz_-i?[+1 fTL HEQ(AQn—2—S)> )

Cy := By, where By is defined by (5.12), and Cs := Bs/n where Bs is defined by (5.13), are
finite. Then for all h € C? we have

[E[R((fa))] = E[R(Z)]] < Crmin{4|[hloc, [|"]loc} + [|F[lscC2 + [[A"[|ocCs.

Proof. The claim follows from Corollary 3.5 if we show that the constant C; defined by
(5.22) is bounded above by the constant C; defined in the statement (for the bounds C;, <,
i = 2,3, see Step 2 of the proof of Theorem 5.3). Along a similar computation as in the Step
1 of the proof of Theorem 5.3, we have

<Jn—1(fn(*>'))aJn—l(fn(* ))> 2(N)
DY ful k) 03t fuls, k)

k>0

CE e (s

s=0 5<2i<2(sA(n—1)) k>0

= (n—D!fnoy fa

2n—3 2 .
oy 2 () (e e, (529
)

s=0 $<2i<2(sA(n—1

where the latter equality follows from Lemma 5.2. By a similar computation as for (5.15),

we have

N Tt (e M2y = Bl a1 (o G D o220

2n 3 n 1 2 i
= A B Tor o o5~ i+1
1 ( i ) (8—Z> 2n—2 s( n z+1 fn)
s=0 s<27,<2 s/\( 1))

2n—3 n—]_QTL—l 2
= (2n—2-—s 11135! ) )
oot

5=0 s<{241, 2i2}<2(sA(n—
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! i s—i s—i
( 1 ) <S ig) (o 05 3™ Fos Fo 053 Fad2(2anae ) (5.24)

8-7;1

By this relation and (5.22) we deduce

Cr =1 = nlllfalliza]

+n<2§(2n—2—s)! > )“”2!<nz’:1>2(n;1>2<sfil> (532)

s<{2i1, 2i2}<2(sA(n—1)
1/2
<fn Ofl_ji+1 fna fn Ofg_JPl—H fn)éi(A2n25)> .
By this equality and (5.17) and (5.4) we finally have C} < C}. O

Connection with Theorem 4.1 in [14]

In this subsection we refine a little the bound given by Theorem 5.4 in order to strictly extend
the bound provided by Theorem 4.1 in [14]. For the nth chaos J,(f,), n > 2, f. € (2(A,),

we have that the constants C; of Theorem 3.4 are equal, respectively, to
Cr = B[|1 = nllJus (fuls DIl (5.25)

N2 |1 — 2py « 3
02 T kzzo \/m E[‘Jn—l(fn( >k>)’ ]7 (5'26)

and

3 B 3
Cy:= =2, where By is defined by (5.9)
n

In the next theorem we show that these constants can be bounded above by computable

quantities.

Theorem 5.5 Let n > 2 be fived and let f, € (2(A,). Assume that for any k € N the
functions b defined by (5.11) belong to (2(Ag, o), 0 < s < 2n — 2, and that

n—1n—1,s

o <|1 — By

+n22nz_3(2n—2—3)' Z 11115! n—1\"(n—1\*( i t2
—0 . ) L ?:1 ig S—il S—’iQ

5<{2i1, 2i2}<2(sA(n—1

1/2
||fn ®Zsliii+l fn||£2(A2n7275) f?’l ®2527-i321+1 fn||€2(A2n25)> ?

32



Cy := By/n, where By is defined by (5.12) and Cs := Bs/n, where Bs is defined by (5.13)
are finite. Then for all h € € we have
[E[R(Ja(fa))] = E[R(Z)]] < Crmin{4|[h]|oc, [[B"]|loc} + [|B [l C2 + [[1"[| o Cs.

Proof.  The claim follows from Theorem 3.4 if we show that the constants C;, i = 1,2,
defined by (5.25) and (5.26) are bounded above by the constants C;, i = 1,2, defined in the
statement, respectively (for the bound C5 < Cj see Step 2 of the proof of Theorem 5.3).
Step 1: Proof of Cy < Cy. By the Cauchy-Schwarz inequality, (5.23) and (5.24) we have

~ 9 9 1/2
Cv < B [t = nllJucs (e, Dl ]

< <|1 — | fall 2ol

2

2n—3 n—1\2 ; 1/2
+ TLQE Z Z 7! ( . ) ( _ ) J2n72fs<fn Of;{+1 fn) )
) 1 S (3

s=0 $<2i<2(sA(n—1)

= <\1 — 1l fallzan

2n—3

—1\*(n—-1\*( i '
+n2 3 (20 -2~ s)! 3 iﬂig!(n‘ ) <” ) ( “.)( 22.)
L 11 19 S —1 S — 19
s=0 s<{2i1, 2i2}<2(sA(n—1))

1/2
—i1+1 —io+1
(fn OfﬁfT_ Jns fn Ofgfﬁ fn> 2(Agp—2— g)> .

The claim follows from Relations (5.17) and (5.4).
Step 2: Proof of Cy < Cy. By the Cauchy-Schwarz inequality we have

EllJam1 (fa e, K] < (Bl Tamr (fulr, KD PDY2 (B Jumr (Ful, KD,

By the isometry for discrete multiple stochastic integrals we have

[ Tn—1 (fuCx, ) 22 (@) = v/ (0 = DU fu (s B) 2o,

By the above relations and (5.18) we have Cy < By/n, where B, is defined by (5.19). The
claim follows from (5.17) and (5.4). O

Since it is not obvious that the above theorem extends Theorem 4.1 in [14], it is worthwhile
to explain this point in detail. Take f, € (2(A,), n > 2, and let A be defined by

(5.11). In the symmetric case pp = qr = 1/2, by the same arguments as those one after

nln 1,s
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the statement of Proposition 5.1 we have that, for any fixed 0 < s < 2(n — 1) and k € N,
i, ()

wo1n1s = 01if s/2 is not an integer and

n—1

7,8
s/2

® = <s/2>!( ) Ful ) 022 e, B)

otherwise. If s/2 is an integer we also have

1F (e ) 025 FuC B lezqag oy < (e ) @25 ful k) 200
= ||fn(*7 k) *zg fn(*7 k)HfQ(Aznfzfs)

< a2,y < 00
where the latter relation follows from Lemma 2.4(1) in [14]. So
7 (k
hq(m—)l,n—l,s € EE(AQn—Q—s)-

In the symmetric case, by the definition of the contraction, for 0 < s <2n—3 and s < 2i <
2(s A (n—1)), we have

and
“fn ®f;{+1 an@z(Amﬁzfs) - an *zii fn||€2(A2n—2—2i)

< alla,y if s =2

where the latter relation follows from Lemma 2.4(1) in [14]. Consequently, the constant C4

in the statement of Theorem 5.5 is finite and reduces to

2(n—2) 4
_ 2 2 2 Sy (o
“ (’1 =l fallfza, P+ 0" D 1{s/2 € N}2n —2—s)! (§!> ( 5/2 )

s=0

1/2
s/2+1
T fn||zz(Am)> |

2
n — 1 2 S
(8 — 1)' <3 . 1> ] ||fn *s fn||§2(A2n—2s)>

As far as the constant C5 in the statement of Theorem 5.5 is concerned, in the symmetric

1/2

n—1
= (u — !l fallfaan* + 77 ) (20 — 25)!

s=1

case one clearly has
Cy=0.
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Finally, consider the constant C3 in the statement of Theorem 5.5. The following bound

holds:

2n—2

20
gn?’ ;(271 —2—3)!

y 3 (= =1\ @ i
11:19:
))12 le iQ S—il S—iz

s<{2i1, 2i2}<2(sA(n—1
D Nl k) @57 fules )l qyorn—a—s || fu(, k) @557 fu(, k)| e2pn-2-s

k>0

— 203n3 2”2_2 1{s/2 e N}(2n — 2 — s)! (§!>2 (2;;)4

Cs

IN

s=0
s/2
D AR A CN [ —
k>0
2013 & [ n—1\?]" - )
= 3 > (@2n—29)!|(s—1)! s 1 D Ml k) %371 Fal, k) o yozn-2s
s=1 L k>0
2013 & A n-1\Z"
= 3 2(27?/ - 28) (S - ].)' s — 1 ||fn *S fn||£2(N)®2n—25+1;
s=1 L J

where the latter equality follows from Lemma 2.4(2) (relation (2.4)) in [14] and the constant
C} is finite again by Lemma 2.4(1) in in [14]. We recovered the bound provided by Theorem
4.1 in [14].

5.3 Convergence to the normal distribution

The next theorems follow by Theorems 5.3 and 5.4, respectively.

Theorem 5.6 Let n > 2 be fived and let F,, = Jo(fm), m > 1, be a sequence of discrete

multiple stochastic integrals such that fn,, € (2(A,), for any k € N the functions hﬁlkf)mq,s
and Bff_)l,n_m defined by (5.10) and (5.11) with f,, in place of f, belong to (2(Ag, o),
0<s<2n -2,

| fim

tany =L asm— oo (5.27)

D W k) @57 fr ()2 (2000 = 0,

k>0
as m — 0o, for any 0 < s <2n—3 and s <2i <2(s A (n—1)) (5.28)

11— 2py|
——— (%, ) 2,
kzzo o o G B) ez a1
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\/Hfm(*a k) ®fl_i1 fm(*v k)||€2(A2n—2—s) fm(*’ k) ®;;92_i2 fm(*’ k)|’K2(A2n—2—s) — 0,
as m — 00, for any 0 < s <2n—2 and s < {2i1,2is} <2(s A\ (n—1)) (5.29)

and

1 s—1
S (5, B) @57 fon k) e

>0 Pk
asm — 00, for any 0 < s <2n—2 and s < {2i1,2is} <2(sA(n—1)). (5.30)

fm(*7 k) ®1$2_i2 fm(*> k)HZZ(A%f%s) — 0,

Then
Fo ™ N(0, 1).

Theorem 5.7 Let n > 2 be fized and let F,, = J,(fm), m > 1, be a sequence of discrete
(k)

n—1n—1,s

multiple stochastic integrals such that f,, € (2(A,), for any k € N the functions h
defined by (5.11) with f,, in place of f, belong to (2(Agp_5_), 0 < s < 2n —2,

||fm ®f;i+1 fm||£2(A2n7273) — O’

asm — oo, forany 0 < s <2n—3 and s <2i < 2(sA\(n—1)) (5.31)

and (5.27), (5.29) and (5.30) hold. Then

Law

F,, = N(0,1).
Connection with Proposition 4.3 in [14]

In this paragraph we explain the connection between Theorem 5.7, specialized in the symmet-
ric case, and Proposition 4.3 in [14]. Take f,, € (2(A,), m > 1, n > 2, and let Fvangf)LnfLs be
defined by (5.11) with f,, in place of f,,. We already checked (after the proof of Theorem 5.5)
that, in the symmetric case, one has B;k—)m—l,s € (2(Ngy95), k€N, 0<s<2n—2. Note
that assumption (5.27) is explicitly required in Proposition 4.3 of [14] and, for py = qr = 1/2,
assumption (5.29) is automatically satisfied. In the symmetric case, conditions (5.30) and

(5.31) read

Z | fon (%, k) *ﬁ Jn (%, k)||?2(A2n7272i) —0, asm — oo, forany 0 <i<n-—1 (5.32)
k>0

and
| frn %53 frnlle2(ann 5 00) = 0, asm — oo, for any 0 < i <n—2 (5.33)
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respectively. We are going to check that assumption (4.44) of Proposition 4.3 in [14], i.e.
| frn %y finllz@y@zn—2r = 0, asm — oo, forany 1 <r <n —1 (5.34)

implies (5.32) and (5.33). Clearly, (5.34) is equivalent to (5.33). Moreover, for any 0 < i <
n — 1, by Lemma 2.4(2) (relation (2.4)) and Lemma 2.4(3) in [14], we have

D G k) % fon G B ooy S D oK) 5 o (o, ) [ y-aa

k>0 h20
< xt meﬁ(N)Hme?g(An)

< 1fmn 1 fulle@veell fnlliza,)-

So combining (5.27) and condition (5.34) with r = n — 1 we have (5.32).

Quadratic functionals

In the next proposition we apply Theorem 5.7 with n = 2. In comparison with Proposi-

tion 4.3 of [14] we require an additional ¢* condition in the non-symmetric case.
Proposition 5.8 Assume that there exists some € > 0 such that

O<e<pr<l-—eg, k€N, (5.35)
and consider a sequence f,, € (2(Ay) such that
a) lim, o0 Hfml‘gg(AQ) =1/2,
b) iy so0 || frn 1 frnllzuye2 = 0,
¢) limy, oo || finlles(ay) — 0.

Then Jo( fim) Lag N(0,1) as m — oo.

Proof.  We need to satisfy Conditions (5.27), (5.29), (5.30) and (5.31), in addition to an
integrability check which is postponed to the end of this proof. First we note that (5.27) is
Condition a) above. Next we note that under (5.35), Conditions (5.29), (5.30) and (5.31)

read

D (k)

k>0

Z | fon G5 B) 22y | fim (3, ) ®Y fn (¥, E)llezany — 0,

k>0

e[ fm( k) @0 fn(x, k)2 — 0,
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D G Rz Lo (s k) @1 Fin () li2ag) = O

k>0

D e k) @5 fin (5, B[ 0,y — 0,

k>0

Z [ (5, k) ©F fin (4, k)”?g(m) — 0,

k>0

D k) @1 fin (e, R ag) = O

k>0

and

||fm ®% meZZ(AQ)’ ||fm ®% fm”€2(A1) — 0,

as m — oo. Using again (5.35), we have that the above conditions are implied by

S G R lezan L fm (5, &) %0 fin (6 )220y — O, (5.36)
k>0
D G ) lezan Lfm (6, ) %9 fin (6, )220y — O, (5.37)
£>0
D G ) lezan (6, ) %1 fin (6 ) 2ag) = O, (5.38)
k>0
D e k) 50 fon G, )2y = O, (5.39)
k>0
D G B+ fon G B[,y — O, (5.40)
k>0
D (e k) * fin (G, ) 1) — O, (5.41)
£>0
and
||fm *% meP(Az)v Hfm *; fm||€2(A1) — 0, (5'42>

as m — 00. Now by Lemma 2.4(3) of [14] we have

Hfm *% meEQ(AQ < Hfm *% meEQ(N)W?

hence (5.42) is implied by Condition b) above. Next, by Lemma 2.4(2)-(3) in [14] we have
D e B) 50 G, B2y < i 52 fnlleao L ol oo

k>0
< |l fn 1 Fnllezgose || fnll22 2, (5.43)
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hence Condition (5.39) is implied by Conditions a) and b) above. Similarly, by Lemma 2.4(2)-
(3) in [14] we have

2 I fm (e k) 51 Fon W)y < 1l 52 Fllell flz e

k>0

< |lfn 1 Fnllezgose || fnll22 a2, (5.44)

hence Condition (5.41) is also implied by Conditions a) and b) above. Now, we have

Z | fon (%, k)”eg(m)Hfm(*a k) *8 S (%, k)”zg(m)

k>0
1/2 1/2
< DI, k)”?ﬂAg) (Z [ fon (6, ) %3 fon (5, k>r\§g<A2>> (5.45)
k>0 k>0
1/2
< Zufm@,k)\!?g(m)) 1fm 1 Fonllhiygyoe | fonll ez (5.46)
E>0
1/2
= me<*,k>*ifm<*,k>> 1 fm % Fmlldeyse | fon 2o (5.47)
E>0
1/2
= (Frn 2 ) " o %% Fonll ey | fon ez (5.48)
Hmee2(A2)Hfm 1 fm”é2/2N)®2, (5.49)

where in (5.45) we used the Cauchy-Schwartz inequality, in (5.46) we used (5.43), in (5.47)
we used the identity

frng=(f,9emen, fgelN)" (5.50)
in (5.48) we used the equality
> funCe k) # fn( B) = fon %3 o,
k>0

and in (5.49) we used (5.50). Similarly, using (5.44) we have

Yl W) lezcan L G ) 51 fonCs )l 280) < W imllZ2 g Lo %4 Sl e (551)

k>0

So Conditions (5.36) and (5.38) are also implied by Conditions a) and b) above. By similar

arguments as above, we have

Z | fon (%, k)”eg(Al)Hfm(*a k) *[1) S (%, k)”ég(m)

k>0
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1/2
< [ fmllez(as) (Zl‘fm<*7k> 1 fm(*,k)!|?g<A1)> : (5.52)
£>0
We note that
> (e k) 5 fin (5, F) 72 0a,) < SN filak) = el as): (5.53)
k>0 £>0 a>0

and so Condition ¢) above implies (5.37) and (5.40). Finally we note that for any & € N the
functions ngl)s, 0 < s < 2, defined by (5.11) with f,, in place of f,, i.e.

Bilo = fnle, k) oF fin(x, )

iLZ(Ll,Cl)J = fm(*a k) 0(1) fM(*v k)
and

Pido = fml k) of fin(x, )
belong to (2(Ay), (2(A1) and (2(A,), respectively. Indeed, this easily follows from (5.4),
(5.35) and Lemma 2.4(1) of [14]. O

Example
A straightforward computation shows that examples of function sequences that satisfy the

hypotheses of Proposition 5.8 include

S (k1 k2) =

mlﬂng(/ﬁ, k), m> L.

Note that the above example will also satisfy the hypotheses of Theorem 5.6 as well. More
generally, any sequence of non-negative kernels satisfying the hypotheses of Proposition 5.8
will satisfy the hypotheses of Theorem 5.6. Indeed, under Condition (5.35), for non-negative
kernels, Condition (5.28) is implied by (5.39), (5.40) and (5.41) which, as showed in the proof
of Proposition 5.8, are in turn implied by Conditions a), b) and ¢). However, elementary
computations have shown that, in general, it is difficult to compare the second addends of

the constants B; and C of Theorems 5.3 and 5.4, respectively. Consequently, in general, it

is difficult to compare Conditions (5.28) and (5.31) of Theorems 5.6 and 5.7, respectively.

6 Poisson approximation of Bernoulli functionals

We recall that the total variation distance between the laws of two N-valued random variables

Y;, 1 =1,2, is given by

dry(Y1,Ys) == jlé% |P(Y, € A) — P(Y, € A)|.
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Of course, the topology induced by d7y on the class of all probability laws on N is strictly
stronger than the topology induced by the convergence in distribution.

In this section we present two different upper bounds for dry (F, Po())), where Po(A) is
a Poisson random variable with mean A > 0. The first one is obtained by using the covari-
ance representation formula (2.15), while the second one is obtained by using the covariance

representation formula (2.16).

Before proceeding further we recall some necessary background on the Chen-Stein method

for the Poisson approximation and refer to [2] for more insight into this technique.

Chen-Stein’s method for Poisson approximation

Given A C N, it turns out that there exists a unique function f, : N — R such that
1a(k) — P(Po(A) € A) = Afa(k+1) —kfa(k), keN (6.1)

verifying the boundary condition A2f(0) = 0. The above equation is called Chen-Stein’s
equation. Combining e.g. Theorem 2.3 in [9] and Theorem 1.3 in [6], we deduce that the

function f, has the following properties:

) 2 1—e? 2 — 2 A
[ falloo < min (1, \/%> ;A falle < T 1A% falloo < e (6.2)

6.1 Clark-Ocone bound

Theorem 6.1 Let F' € Dom(D) be an N-valued random variable with mean A\ and assume
that
by = E[(EID.F | F_1], D.F) sy — Al

. [<| ID.F|F._, |\[DF(—‘1)‘>MN)]
v |(ED.F |5 IWﬁDFC—‘+QDMJ

1—e? 1—e?
dTv(F, PO(/\)) S /\ b1 + )\2

and

are finite. Then we have

bo. (6.3)
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Proof. We start by checking the domain condition fa(F) € Dom(D). Assume F” > F .
We note that

+ _
Fk - Fk:

Dy fa(F) = /Pe@e(fa(F) = fa(FY)) = /Prdx (fa(Ef —h+1) = fa(Ff = h)),

h=1
and s0 | Dy fa(F)| < [|Afallsoy/Prar(Fy — Fy). Similarly, if Fi7 < F~ then |Dyfa(F)| <
|A falloon/Prax(F, — F;"). Consequently,

< [Afal%E

> IDeF?

k>0

E[|D fa(F)|Zm) [Z |Difa(F)[? = E[|DF| ),

k>0

and this latter quantity is finite since F' € Dom(D). The claimed domain condition follows.
By the Chen-Stein equation (6.1), the covariance representation (2.15) and Proposition 2.2,

we have

P(Po(\) € A) = P(F € A) = E[(F = N)fa(F) = M(fa(F +1) = fa(F))
= B Y EIDiF [T a]Difa(F) — AAfa(F)

Lk>0

= E Y E[DiF | Fxa)(Afa(F)DeF + Ri (fa)) = MAfa(F)

LE>0

= E[AfA(F)(EID.F| 5], D.F) ey — M) +E[EID.F | F_1), RP(f) ).

The desired result follows by taking absolute values on both sides, as well as by applying the
estimates (6.2) and (2.13), and noticing that the random variables Dy F' and E[DyF | Fy_1]
are independent of Xj,. O

Corollary 6.2 Let F' € Dom(D) be an N-valued random variable with mean A and assume

that

A = Var(E)| + [(D.F,E[D.F[F ])em) — EDF E[D.F T a))em]llz @),

and
1 1
by = E[|D.F|?] + — || Dy F|| 2 E[|D,F|4 6.4
2 ,;M” %] ;pk%n | 22 VE[] 4] (6.4)

are finite. Then we have

1—e? 1—e?
dTv(F, PO(/\)) S /\ b1 + )\2

bs.
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Proof. We preliminary note that by the Clark-Ocone representation formula (2.15) one has

Var(F) = E[(D.F,E[D.F |F_1)) e ). (6.5)
By the Cauchy-Schwarz inequality and (6.5), we have
E[[A = (E[D.F[F._1], DF) )]
<A = (E[D.F|F._1], DF) 2| 22(0)
< |\ = Var(F)| + [(D.F,E[D.F | F 1]}y — E{D.F,E[D.F | F 1]yl 20
Moreover,
E [<|EDF|3r 1], “/ DF(——l) ‘> ]
£2(N)
+E <|EDF\3r 1, ’,/ DF(—+1) (> ]
£2(N)
DF D F
< E <|EDF|3r R ’(1+|—|)>
X N
D.F ] [ D.FP2\ ]
< E <]EDF|3" R ’> +E <\E[D.Fy$_1]y,‘ | >
VPG g | I () |
DF D.F|?
< E < [|D.F||F._4 | |> +E <\E[D.F]3".1H,‘ | >
b T o] L Pa /e,
< S ——BIDFP + Y ——E[EDLF | Tl [ DLFP)
k=0 VPrdk k>0
1 1
< E[|DyF)P ]+ Y ——||E[DyF | Ty E[|D,F|*
kzzo\/m [|1DkF[7] kzzo quH [DiF' | Fr-a]ll20) V E[| Di F[*]
1 1
< ) EIDyFP)+ > ——| DiF |l 2@ VEI DiF|Y).
k>0 v/ Prdk >0
The claim follows from Theorem 6.1. [

6.2 Semigroup bound

The next result is formally similar to Theorem 3.1 of [15]. More precisely, the first addend
in the right-hand side of (6.6) coincides with the term in the right-hand side of relation
(3.5) in [15] when replacing the finite difference operator on the Bernoulli space with the

finite difference operator on the Poisson space. As for the second addend in the right-hand

43



side of (6.6), although it has some similarities with the corresponding term in (3.6) of [15]
(the expectations have the same multiplicative constant), the two terms remain different
when replacing the finite difference operator on the Bernoulli space with the finite difference

operator on the Poisson space.

Theorem 6.3 Let F' € Dom(D) be an N-valued random variable with mean A and assume
that
¢; :=E[X = (DF,—=DL™"F) |,

e |(|/Zor (22— 1) |ios- 1F|>MN)]
(e (G o) |

1—e? 1—e?
dTv(F, PO()\)) S \ c + )\2 Co, (66)

Proof.  Although the proof is similar to that one of Theorem 6.1, we give the details

and

+E

are finite. Then we have

since some points need a different justification. As in the proof of Theorem 6.1 one has
fa(F) € Dom(D). By the Chen-Stein equation (6.1), the covariance representation (2.16)

and Proposition 2.2, we have

P(Po(A) € A) — P(F € A) = E[(F = M fa(F) = A(fa(F +1) = fa(F))]

= E[(Dfa(F),=DL7'F)pm) — AAfa(F)]
= E[(Afa(F DF+RF(fA) —DL7'F)ppy — M fa(F)]
= E[Afa(F)(~=DL™'F,DF) ) — \)]

+E[<—DL‘1F, RF(fA)ﬂ?(N)]‘

The desired result follows by taking absolute values on both sides, as well as by applying
the estimates (6.2) and (2.13), and noticing that the random variables Dy F and DL 'F
are independent of X} (see Lemma 2.13 (1) in [14]). O

Note that, formally, the upper bound (6.3) may be obtained by (6.6) substituting the term
—Dy L' F in the definitions of ¢; and ¢, with E[DyF' | F;_1], and vice versa.
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Corollary 6.4 Let F' € Dom(D) be an N-valued random variable with mean A and assume

that
cT = |)\ — Var(F)\ + H<DF, —D.L71F>52(N) — E[<DF, —D.L71F>g2(N)] HL2(Q)7

and co := by, where by is defined by (6.4), are finite. Then we have

1 —e A +1—e_)‘
C
A 22

Proof. 'We preliminary note that by the covariance representation (2.16) it follows

ClTv(F, PO()\)) S Cy.

Var(F) = E[(DF, —DL™"F)g ). (6.7)
By the Cauchy-Schwarz inequality and (6.7), we have
E[|A — (=DL™'F, DF) ]
<A = <—DL71F, DF>£2(N)HL2(Q)

< |)\ — Var(F)\ + H<DF, —DL71F>52(N) — EKDF, _DL71F>22(N)]HL2(Q)-

Moreover, using the inequality (3.19) we deduce
. D F

JEDF (— - 1)

p. N
JEDF (ﬂ + 1>

q. NGXT

D F D.F

E [(\DL‘lF], ID-F] (1 + u)ﬂ%m}

DF _
| ‘>z2(N)] +E {<|DL 'F,
VP-4

E [<\DL—1F|,

>z2(N)}
>e2(N)1

+E {(\DLIF],

IN

D.F|

IN

E [(|DL‘1F|, >42(N)}

1
E[| Dy L7 FI[Dp ]+ - E[| DL~ 'F||DyF|?
kYk

k>0

1
k — [ Dkl " F|L2(0) k
E[| Dy F[*] + DL L7 F E[| Dy F|]

k>0

1
Prqk

k>0

2

>0

1 1
> E[|DiF ")+ - —— | DiF || 20 VE[ D F ).
>0 VPrAk >0 Prdk

.
:

IN

;

Prqrk

=

IN

.

o

The claim follows from Theorem 6.3. O
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7 First chaos bound for the Poisson approximation

In this section we specialize the results of Section 6 to (shifted) first order discrete stochastic
integrals. As we shall see, the bounds (6.3) and (6.6) (and the corresponding assumptions)
coincide on functionals of the form F = X + Ji(f1), fi € (*(N), although they differ for
F =X+ J,(fn), fn € C2(A,), n > 2.

Corollary 7.1 Assume that o = (o, )i>0 15 in €*(N) and such that

is N-valued. Assuming

Z Qk‘

k>0

and
Dk ‘ Qg )
— + 1] < o0,
; Pl vV Prqk
we have that the bound (6.3) (which in this case coincides with the bound (6.6)) holds for F

with
-

k>0

and

by = Z le ‘ Z pk:
k>0

Proof.  As in the proof of Corollary 4.1 we have F' € Dom(D) with DyF' = aj. The claim

Prqk )

pkq

follows from e.g. Theorem 6.1. U

Example
Let (Zk)k>0 be a sequence of independent and {0, 1}-valued random variables with E[Z;] = py

and define the random variables

- - X
Y, — k— Pk _ Gk Pr + X

VPkGk 2./Drqk

where (Xg)r>o0 is a sequence of independent and {—1,1}-valued random variables with

P(Xp =1) = pg. Let (Br)r>0 C N, assume

A= Zpkﬁk < 00, Zpquﬁ}f < 00

k>0 k>0
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> aeVIaBi1Be — 1] <00, Y piy/BraBi(Br + 1) < o0

k>0 k>0

and define ay, := \/prqrBr. We clearly have o = (ay)x>0 € (*(N) and

k>0 k>0

Note that, obviously, F' takes values in N. Note also that

4k 9| Ok 2
— |ou| ‘——1‘ = qu/DPraeB;| B — 1,
,Z% Pk v Pr4k ; F

and

+ 1‘ = pey/PraeBr(Be + 1),

ol
qk Prark >0

k>0

So (with A as above) by Corollary 7.1 we have

A e
! )\e )Zpkﬁk(l_ﬁk(%)“"l )\26 (Z\/kakﬁlz(lﬁk_1‘Qk+(6k+1)pk))'

k>0 k>0
(7.1)
We note that by the classical bound for independent Bernoulli random variables (see e.g.

[2]) we have

dTv<F, PO()\)) S

drv (Z L, POO‘)) < ! —)\e_)‘ ZP% (7.2)

k>0 k>0
Although the inequality (7.1) with 8 = 1 does not coincide with (7.2) (producing indeed
a bigger upper bound), the bound in (7.1) holds, more generally, for sums of ”weighted”

Bernoulli random variables.

8 nth chaos bounds for the Poisson approximation

Throughout this section, for a fixed positive constant A > 0, we consider an N-valued (shifted)
nth chaos F = XA+ J,(fn), fu € 2(A,), n > 2.

8.1 Clark-Ocone bound

By (5.5) and the isometric properties of discrete multiple stochastic integrals we have that

the constants b; of Corollary 6.2 are equal to

b= (A = 2 fullEgan | + 221 Tama (fas ), Tnt (F-(6))) 2y
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- E[(‘]nfl(fn(*a ))7 Jn*l(fn]-(*)»fz(N)]HLZ(Q)a
by = n2(n— 1S ﬁnfn@,mni%_l)
N CE)Y ]qunfn(*,mnmnNEHJn_l(fn(*, D (81

k>0

The next theorem follows from the computations in the proof of Theorem 5.3.

Theorem 8.1 Let n > 2 be fived and let f, € (2(A,). Assume that for any k € N the
functions h® and h*) defined by (5.10) and (5.11) belong to (2(Ag,_o_s), 0 <

n—1n—1,s n—1,n—1,s

s < 2n — 2, and that

by = (A = nll| fullZza,)]

4 2 27123(2 9 )' Z ) n—1 2 n—1 2 il 7/-2
n n—2-—s)! 1125!
5=0 n i1 19 s—11) \s— iy

s<{2i1, 2i2}<2(sA(n—1))

1/2
D 1l k) @57 fu ()l (ann o) D 1fal k) @5 fn]k(*)\lez(mn_z_g) :

k>0 k>0
and

1 1
by :=n(n—1)1) m”h(& W%, ) +n°V(n—1) > ZT%M(*? F)llea,_

k>0 k>0

(S Z O (R0

5<{2i1, 22} <2(sA(n—1

1/2
1 ) @57 (s B)le2(agn 2o | (s K) @577 fu(, k)HeZ(AQnQS)) (8.2)
are finite. Then we have
1—e? 1—e?
dTv(F, PO()\)) S \ bl + 22 bg.

8.2 Semigroup bound

By (5.21) and the isometric properties of discrete multiple stochastic integrals we have that

the constants ¢; of Corollary 6.4 are equal to

&= A = nlll fallz ]+ 2ll{Tnma (fa e, ), Jaca (fa () ey
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— E[(Jn-1(fu(%, ), Jnc1 (fu (%, ) 2wl 22(0)»

Gy := by, where by is defined by (8.1).
Next theorem follows from the computations in the proof of Theorem 5.4.

Theorem 8.2 Let n > 2 be fized. Assume that f, € (2(A,), that the functions iln—l,n—l,s
defined by (5.11) belong to (2(Ag, o), 0 < s < 2n — 2, and that

cr = A= nll| fulfan]
= n—1\"(n—-1\?( i i
+n<z<2n_z_s>! T ..( _ ) ( . )< )( )
. 31 12 S—1 S — 19
s=0 s<q{2i1, 2i2}<2(sA(n—1))
1/2
1 @53 falle(aon—a o I fo @55 aneQ(AQHS)> :

and ¢y := by, where by is defined by (8.2), are finite. Then we have

1—e? 1—e?
A 22

dry (F,Po(\)) <

Co.

Quadratic functionals

In the next proposition, we provide an explicit bound for dry (A + J2(f), Po(A)), A > 0. The
proof is omitted since it is a simple consequence of Theorem 8.2 with n = 2, Condition (5.35)
and (5.49), (5.51), (5.52) and (5.53). We also note that the integrability condition required
in Theorem 8.2 can be checked as in the proof of Proposition 5.8 from Lemma 2.4(1) in [14].

Proposition 8.3 Assume (5.35), f, f? € (2(As) and suppose that the shifted second chaos
A+ Jo(f) is N-valued. Then we have

1—e? 1—e?
dry (A + 1o(f),Po(V) € ——di + —5—db,
where
) \/_ L 1—2¢ 1
dy = I\ = 20 | + 2V 4 Flles + = 11f 4% Flleao,
and
4 8 1/2 4(1 —2¢)
da = — | f ez + 5 (V2+ DI a1 % Fldgne: + =5 I/ la@all I
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Example

Let m > 2 be a fixed integer, and suppose that p, = 1/m, for any & € N. Define the function

m—1 1

m J—
f(ki k) = Lk, =0y Ly (R2) + Tl{kzzo}l[l,m](kl)7 ki,ky € N

m
and let A be an integer bigger than or equal to 4m. We are going to check that all the
conditions of Proposition 8.3 are satisfied. Since (5.35) and the integrability of f and f? are
obvious, we only check that A+ J,(f) is N-valued. Let (Zx)r>0 be a sequence of independent

and {0, 1}-valued random variables with E[Z}] = p, = 1/m. We have

L) =Y [k ko) Vi Vi,

(k1,k2)€A2

So Ja(f) is a Z-valued random variable bounded below by —4m. Therefore, by the choice of
A, the shifted second chaos is N-valued.

Again, the above example will also satisfy the hypotheses of Theorem 8.1 with n = 2, while

it is difficult in general to compare the constants in Theorems 8.1 and 8.2.

9 Proof of the multiplication formula

In this section we prove the multiplication formula (5.3) for (possibly non-symmetric) discrete
multiple stochastic integrals. In order to explain and prove such a formula we shall use the

notion of continuous-time normal martingale.

Continuous-time normal martingales
Given ¢ : R — R a deterministic function, let
ir = Lige)=01, Jie=1—1 = L0y, teRy,

50



and consider the martingale (M;);cr, represented as
th = itdBt —|— @(t)(dNt - )\tdt), t S R+, MO = 0, (91)

with A, = (1—4,)/$%(t), t € Ry, where (By)ser, is a standard Brownian motion, and (NV;)ier,
is a Poisson process independent of (B;);cr, , with intensity A;. Then the martingale (M;)cr,

has deterministic angle bracket (M, M); =t and it solves the structure equation

cf. §2.10 of [19]. Here ([M, M];)scr, denotes the quadratic variation of (M;);cr, . Note that
the continuous part of (M;)icr, is given by dMf = i,dM, and the eventual jump of (M;)cr,
at time t € Ry is given by AM; = ¢(t) on {AM,; # 0}, t € Ry, see [8], p. 70.

In the following, we denote by L?(RS") the subspace of L?*(R7) made of symmetric

functions in n variables. The multiple stochastic integral I,(f,) is defined by

o) tn ty
I(fn) = n!/ / / Falty, ... tp)dM,, - dM, fo € LXRT), n>1
0 0 0

and the following isometry formula holds

[ (fn> (gm)] = n']l{n m}<fmgm>L2(R°") (9.3)

where the symbol (-, ) r2(rery denotes the usual inner product on L*(RY"). For any fa €
L*(RY") and g, € L*(RY™) the contraction fnaégm, 0 < <k, is defined to be the sym-

metrization of the function

(9.4)

(T1t1y ooy Ty Yhtds - - - s

ym
@(xl_t,_l I’k / fn xh“"xn)gm(xlu"'7xk7yk+17”'7ym)dx1"'dxl

in n +m — k — [ real variables. We recall the multiplication formula in the general context

of normal martingales
n/\m

In( Z In—i—m s nms) (95)

cf. Proposition 2 of [17] or Proposition 4.5.6 of [19], provided the functions

A (n\ [m 1 Y sin
e 3 (1)) ) e
$<21<2(sAnAMm)
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belong to L2(RY™7*), 0 < s < 2(n A m), and we remark that (9.5) is of the same form as
(5.3).
For later purposes, we provide the relation between the contraction fnééﬁm and the one

defined by (5.2). Given f, € (2(A,) and g,, € (2(A,,), we let

falwrmn) = > falar, @) Ly (@1) - Loy ann) (Tn), (9.6)

a1,..,an €N
r1,...,T, € Ry and
G Um) = > Gm(01s b)) Ly (W1) - L bty (U, (9.7)
by ,bmEN
Yi,---,Ym € R-‘m and
= e lkrn(),  yER, (9.8)
keN

where ¢ is defined in (5.1). Then

fn O;C gm(al, Ce ,a/ner,k,l) = ]]‘Anerfkfl(al? Ce ,aner,k,l)fnéigm(al, R 7an+m,k,l). (99)
Proof of Proposition 5.1

By the definition of the multiple stochastic integral, the contraction and the structure equa-

tion (2.1), for any f, € £2(A,) and g € (*(N), we deduce

Ju(fa) () = Z Yo falin . in)gline)Yi - Vi Y,

In1=0 41007 Fin

= Z fn(ib R 7in)g(in+1)Y21 s }/;;n}/;;n+l
il#i27é"'7éin?éin+l

o > falin, o in)g(i)Y:, Y, Y
i1F£d0FFin
= S falin o in)gling)Y Y3 Y
i1 G F FinFint1
Hn Y (in) falin, - in)g(in)Yi, . Y,
i1F£i0 7 Fin
tn Y fulin o ia)g (@)Y Y
i1F£i0FFin
= S falin o in)gling)Y Y Y
i1A92F  FinFEint1

> (i) fali, )9 (i)Y - Y,
i17ia 7 Fin
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o > Y falin o dn)g(in)Y, Y

i1 i Fin_1 in=0
= JnJrl(fn 08 g) + an(fn 0(1] g) + njnfl(fn O% g)v (9'1())

which is exactly (5.3) with g, = g1 = g.
Next, consider h;(k) = Lggy(k), i = 1,....m, d; # d;, 1 < i # j < m, and let g,, =
hy of - 0) hyp, 1.6 Jp(gm) = Ji(hy) -+ Ji(hy). We shall show (5.3) by induction on

m = 1,...,n. We already proved that (5.3) holds for m = 1. Next, assuming that (5.3)
holds at the rank m € {2,...,n — 1} we have

Jn(fn)Jm-i-l(gm—i-l) = Jn(fn>Jm(9m)Jl(hm+l>

2m
= ZJn+mfs<hn,m,s)Jl(hm+1)
s=0
2m 2m
- Z Jn—f—m—s—l—l(hn,m,s 08 hm—i—l) + Z(n +m — S)Jn—l—m—s(hn,m,s 0(1) hm+1)
s=0 s=0
2m
+ Z(n +m — S)Jnerfsfl(hn,m,s O} hm+1)
s=0
2m 1+2m
- Z Jn—f—m—s—i—l(hn,m,s 08 hm—i—l) + Z (TL +m+ 1— S)Jn+m+1—s(hn,m,s—1 0[1) hm—i—l)
s=0 s=1
242m
+ Z (TL +m + 2 - S)Jn+m+1—s(hn,m,s—2 O% hm—l—l)
s=2
2m—+2
= Z Jn+m+1—s(hn,m+1,s)a
s=0

since

hn,m—‘rl,s - ]]-{0§s§2m}hn,m,s 08 hm+1 + ]l{1§s§1+2m} (TZ +m+1- 3>hn,m,s—1 0(1) hm+1 (911>

+]]-{2§s§2+2m}(n +m+ 2 — S)hn,m,s—Z o% hm—i—la
as follows from Lemma 9.1 below. We have shown that (9.5) holds for any g¢,, of the form
gm = Ly op -~ 0p Ly,

and the formula extends to all g,, € ¢2(A,,) by summation and linearity. The proof is

completed.
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Lemma 9.1 The identity (9.11) holds for gm = hy o) -+ of hy, and hi(k) = Ly (k), i =
1,...,m.
Proof.  Letting hy(z) := L, 4,41 (2), i = 1,...,m, and gn, = hy 09 -+ 00 hy, by (9.5) we

have

L(fu)11(§1) = Lns1 (fu001) + nLu(£28361) + nlu1(f28101)- (9.12)
By (9.5) and (9.12) it follows that
2m—+2
Z In+m+1—s(hn,m+1,s) = In(fn)[m+1(gm+l)
s=0
= In(fn)]m(gm)ll(ﬁm-l-l)
2m
= Z[n+mfs(hn,m,s)[1<hm+l>
s=0
2m 2m
- Z In—l—m—s-{—l (hn,m,saghm—kl) + Z(n +m — S)In—f—m—s(hn,m,saghm—i—l)
s=0 s=0
2m
+ Z(n +m — 5>In+m7571(hn,m,36%hm+1>
s=0
2m 1+2m
- Z In—i—m—s-{—l (hn,m,séghm—kl) + Z (’I’L +m+ 1— S)In-i-m—i-l—s(hn,m,s—la(l)hm—H)
s=0 s=1
2+2m
+ Z (n +m+ 2 - S)In+m+1fs(hn,m,5726ihm+l>7
s=2

which, due to the isometry property of the multiple stochastic integrals I, shows that the
identity (9.11) holds with iLn7m7S and iLm_;,_l in place of h, s and h,,41, and with ¢ defined
from (9.8). Using (9.9) we conclude that (9.11) holds for A, s and hy,41 as well, and in this
case the identity holds for all non-diagonal terms while all functions in the relation vanish

on the diagonals. 0
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