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Sensitivity analysis and Monte Carlo method

Consider (F¢). a family of random variables depending on a parameter (.
0
E|f (FS) - F°
WGE:

o A\ =
el () E [F (F&)] —E[f (F)]
2h

~

Expectations can be computed by the Monte Carlo method:

F1++Fn

E[F] ~ -

where Fi,..., F, is a random sample of F.
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Application (1): sensitivity analysis in finance - Greeks

Price process:
ds¢
5(

t

F¢=Srand ¢ e {x,r,oT,..}

= r(8%)dt + o(S¢)dM, Sé=x.
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Application (1): sensitivity analysis in finance - Greeks

Price process:
ds¢
5(

t

F¢=Srand ¢ e {x,r,oT,..}

= r(8%)dt + o(S¢)dM, Sé=x.

Payoff function:
o f(x)=(x—K)*
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Application (1): sensitivity analysis in finance - Greeks

Price process:
ds¢
5(

t

= r(8%)dt + o(S¢)dM, Sé=x.

F¢=Srand ¢ e {x,r,oT,..}

Payoff function:
o f(x)=(x—K)*

o f(X) = 1[K7w)(X).
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Application (1): sensitivity analysis in finance - Greeks

Price process:
ds¢
5(

t

= r(8%)dt + o(S¢)dM, Sé=x.

F¢=Srand ¢ e {x,r,oT,..}

Payoff function: Option price:
o f(x)=(x—K)*
' ETF(S$).

o f(X) = 1[K7w)(X).
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Application (1): sensitivity analysis in finance - Greeks

Price process:
ds¢
5(

t

= r(8%)dt + o(S¢)dM, Sé=x.

F¢=Srand ¢ e {x,r,oT,..}

Payoff function: Option price:
o f(x)=(x—K)*
: ETF(S$).
Greeks:
o ( = x: Delta
o ( =o0: Vega
o f(x) = 1k 00)(%). o (=r: Rho
) e ¢ = T: Theta.

Nicolas Privault Sensitivity analysis and density estimation using the Malliavin calculus



Application (2): density estimation

Let F¢ = F — ¢ and f(x) = L_o0,q.
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Application (2): density estimation

Let F¢ = F — ¢ and f(x) = L_o0,q.
Density of F:

6O = SPFO= g ElcmalF -0 = yE[f (F)]
_E[F(F—(CH M) ~E[F(F—(C—m)] _ E [lencen(F)
- 2h 2h ’
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Application (2): density estimation

Let F¢ = F — ¢ and f(x) = L_o0,q.

Density of F:
6O = SPFO= g ElcmalF -0 = yE[f (F)]
. E[f(F=(C+m]—E[f(F=(¢=m)] _ E[lcncen(F)]
- 2h 2h '

Example: F = fOT e " dN,.

Density

15 2 25 3 35 4 45 5 55
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Integration by parts

@ D, a derivation operator acting on random variables:

Dw [f(F)]

1 ECY
FIF) =D
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Integration by parts

@ D, a derivation operator acting on random variables:

Dw [f(F)]

1 ECY
FIF) =D

@ D, the adjoint of D,,:
(F,D,G) = E[FD,,G] = E[GD;,F] = (G, D F).
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Integration by parts

@ D, a derivation operator acting on random variables:

<
rFe) = Do
@ D, the adjoint of D,,:
(F, DwG) = E[FD. G| = E[GD,,F] = (G, D,,F).
© Main argument:

a%E [F(F9)]

E [ (FO) ocF]

. {DWEEZ(IZC)] 8{,_—4}

E {f (FC) D;, <gi’;i>} .
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Integration by parts

Proposition

Assume that D, F¢ # 0, a.s. on {9:F° # 0}, ¢ € (a, b). We have

2e[r(F)] =elr(F)oi (B5)]. cc@n ®
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Integration by parts

Proposition

Assume that D, F¢ # 0, a.s. on {9:F° # 0}, ¢ € (a, b). We have
9 A\l _ o\ o [ OcFS
Selr(F)] —e[r(F) o (B5)]. ce@n

o No differentiability assumption on f, compare with:

a%E [f (FC)] —E [f’ (FC) agFﬂ .
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Integration by parts

Proposition

Assume that D, F¢ # 0, a.s. on {9:F° # 0}, ¢ € (a, b). We have
9 A\l _ o\ o [ OcFS
&E[f(F)}_E[f(F)DW(DWFC . Ce(ab). (1)
o No differentiability assumption on f, compare with:

a%E [f (FC)] —E [f’ (FC) aCFﬂ .

@ Independence on the bandwidth parameter h, compare with:

%E (7 (F9)] ~ E[f (F™")] 2—hE [F(FN)]
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Integration by parts

Proposition

Assume that D, F¢ # 0, a.s. on {9:F° # 0}, ¢ € (a, b). We have

2e[r(F)] =elr(F)oi (B5)]. cc@n ®

o No differentiability assumption on f, compare with:
I [F(F)] =e[F (F) acFe].
¢
@ Independence on the bandwidth parameter h, compare with:

%E (7 (F9)] ~ E[f (F™")] 2—hE [F(FN)]

@ The weight

oy [(OcFC
W .= D, <DWFC)

is independent of f.
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Wiener case [FLLT99], [FLLLO1], [Ben02]

@ M; = B; is a Brownian motion:
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Wiener case [FLLT99], [FLLLO1], [Ben02]

@ M; = B; is a Brownian motion:

<
, 95!

S

= 0(S¢)dB: + r(SF)dt, S§ = x.
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Wiener case [FLLT99], [FLLLO1], [Ben02]

@ M; = B; is a Brownian motion:

ds;¢
("]
S¢

o we L*(R:) and

= 0(S¢)dB: + r(SF)dt, S§ = x.

~ [t of
Dy f(By,...,B:) = Z/O weds (B, .-, By,).
i=1 !
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Wiener case [FLLT99], [FLLLO1], [Ben02]

@ M; = B; is a Brownian motion:

ds;¢
("]
S¢

o we L*(R:) and

= 0(S¢)dB: + r(SF)dt, S§ = x.

~ [t of
Dwf(Btl,...,Btn):iZ:;/o Wsdsaf)q(Btl,...,Btn).
@ 0(wF) := D, F, and § coincides with the Itd stochastic with respect to w:

o(w) = / wsdBs.
0
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Delta - first variation process

In [FLL*99] the relations

D: [f(F)]

"(F&y === 4 <t<

f(F%) D.FC 0<t<T, as,
and 5.6%

DSt = #SZX—J(S:), 0<t<T, as.,
are used, cf. [Nua95]. This gives

0xS¢ x
8XST (ST) (SX) Dt (ST), 0 S t S T, a.s., (2)

which implies if fOT wsds = 1:

Delta = a%E[f( ?)]:E[axs?f’(S?)]=E[/ 8(§E)th(5?)dt}

- el (omegiss )] -2 [resn [ idson]
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Poisson case

@ M; = N, is a Poisson process with jump times T1, T2, T3, ...,

ity analysis and density esti ion using the Malli



Poisson case

@ M; = N, is a Poisson process with jump times T1, T2, T3, ...,

e w € C(0,00)), and

[e%e) n 8)‘,,
DuF == Linr=ny D 5 (Tisooos To),
n=1 i=1

for F of the form

F=flin=oy + 2 Linr=nyfo(T1, ..., To).

n=1
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Poisson case

@ M; = N, is a Poisson process with jump times T1, T2, T3, ...,

e w € C(0,00)), and

[e%e) n 8)‘,,
DuF == Linr=ny D 5 (Tisooos To),
n=1 i=1

for F of the form

F=flin=oy + 2 Linr=nyfo(T1, ..., To).

n=1

@ Recall that

> T T
E[F] = fhe ™ + e*”Z %/ / fo(ts, ..., to)dty - - - dt,.
n=1 =~ “0 0
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Integration by parts

By standard integration by parts we have, under the boundary condition
w(0) =w(T)=0:

m n T T n
E[DWF] _e_’\TZ%/ / Zw(tk)akﬂ(tlw--,tn)dtl"'dtn
*J0

n=1 0 =1
m oz T T n
= eiATZH ﬂ(tl,...,t,,)zW(tk)dh--'dtn
n=1 0 0 k=1
k=N(T) T
= ElF S (| = {F/ W(t)dN(t)]
k=1 0
Next, letting
.
D,G =G w(t)dN(t) — D, G
0
we get
T
E[GDwF] = E[Dw(FG) — FD.G] = E [F (G/ w(t)dN(t) — DWG)}
0
= E[FD,,G].
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Asian options and reserve processes [KP04], [PW04]

o Price process: Sf = S§e™(1+ o).
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Asian options and reserve processes [KP04], [PW04]

o Price process: Sf = S§e™(1+ o).

T
o Asian options: F* = l/ Sfdt.
T Jo

1, [ stdt [T vedR: [ S¢dt [\ we (Ve + rwe) & dN,

Wa = T
X0 ST weSE dN, (Ji7 wisE )’
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Asian options and reserve processes [KP04], [PW04]

o Price process: Sf = S§e™(1+ o).

T
o Asian options: F* = l/ Sfdt.
T Jo

2
X0 ST weSE dN, (J;7 westdne)

e — =1 [y J SEdt [ v [T SEdt T we (et rwe) ST de
A= ——

-
@ Density of reserve processes: F :/ T N,
0

. ST et w(t)(rw(t) — w(t))dN(t)
S w(t)e=rtdN(t)
r [T w(t)e(T-9dX(t)

Jo w(t)dN(t)

W, =
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Density estimation - finite differences

or(y) = a%e [coog(F — )] ~

Density

1.2

0.8

0.6

0.4

0.2

2h

E [l nyen(F)] .

15

25 3 3.5
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Density estimation - Malliavin method

Pr(y) = %E [L(-se0(F—y)] = —E {1<—oo,01(F - y)D,, (DiF)}

1.2 ‘ ‘
Malliavin method -------
Exact value
1
0.8

Density
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Localization [FLL99], [KHP02]

Consider the decomposition

lo,ec) =f + g,
where g is C':
We have
d d F—y d F—y
—EJ[1 F— = —E|f|—= —E —_—
gy Eltoso (F =)l dy [( h >}+dy {g( h )}
p F

- el () (5] e (52)]

Nicolas Privault Sensitivity analysis and density estimation using the Malliavin calculus



Density estimation - localized Malliavin method
F— L1 1 , (F—
ort) = [r(557) 0 (ol )| - b [ (557)]

1.2 T
h=1 -------

0.8

0.6

Density

0.4

0.2

15 2 25 3 3.5 4 4.5 5 55

Optimization: f(x)=e ™, x>0, h= ||W||221(Q)
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Density estimation - finite differences
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Density estimation - Malliavin method

.
F:/ e "dN;.
0
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Density estimation - localized Malliavin method

.
F:/ e "dN;.
0
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Jump diffusion model [DJ], [DP04], [BMM]

o (Bt)tcr, a standard Brownian motion,
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Jump diffusion model [DJ], [DP04], [BMM]

o (Bt)tcr, a standard Brownian motion,

@ (N¢)icr, is a Poisson process with intensity A > 0,
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Jump diffusion model [DJ], [DP04], [BMM]

o (Bt)tcr, a standard Brownian motion,
@ (N¢)icr, is a Poisson process with intensity A > 0,
)

@ (Zk)k>1 an i.i.d. sequence of random variables with probability distribution
v(dx),
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Jump diffusion model [DJ], [DP04], [BMM]

(Bt)ter, a standard Brownian motion,

(N¢)ter, is a Poisson process with intensity A > 0,

(Zk)k>1 an i.i.d. sequence of random variables with probability distribution
v(dx),

(Xt)ter, a compound Poisson process with Lévy measure

u(dy) = Av(dx). and finite intensity A:

Ne
Xe =Y Z, t € Ry, (3)
k=1
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Jump diffusion model [DJ], [DP04], [BMM]

o (Bt)tcr, a standard Brownian motion,

@ (N¢)icr, is a Poisson process with intensity A > 0,

@ (Zk)k>1 an i.i.d. sequence of random variables with probability distribution
v(dx),

@ (X:¢)ter, a compound Poisson process with Lévy measure
u(dy) = Av(dx). and finite intensity A:

Ne
Xe =Y Z, t € Ry, (3)
k=1

o (5/)ter, a jump-diffusion price process:

ds;
St

= r(SX)dt + 01(S))dB: + 02(S) )dXe,
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Jump diffusion model [DJ], [DP04], [BMM]

@ Price process:

ds¢

= = rdt + o1dB; + o2(dN; — \dt), S =x.
t
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Jump diffusion model [DJ], [DP04], [BMM]

@ Price process:

dsg ¢

? :rdtJrO']_dBtJrO'z(dNt*)\dt), 50 = X.
t

o we L*(Ry) and

[ of
Dwf(Btl,...,Bt",Tl,...,Tn):Z/ wsdsg(Btl,...,Btn,T1,...,T,,).
=170 !
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Jump diffusion model [DJ], [DP04], [BMM]

@ Price process:

dsg ¢
? :rdtJrO']_dBtJrO'z(dNt*)\dt), 50 = X.
t
o we L*(Ry) and
[ of
Dwf(Btl,...,Bt",Tl,...,Tn):; i wsdsa—Xi(Btl,...,Btn,T1,...,T,,).

e Vega,, European options:

%E[f(s.?)] =E [f(S?)j—TT (1 Taz - )\T)] .
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Jump diffusion model [DJ], [DP04], [BMM]

@ Price process:

ds¢

== rdt + o1dB; + o2(dN; — \dt), S =x.
t

o we L*(Ry) and
N of
Dwf(Btl,...,Bt",Tl,...,Tn):; i wsdsa—Xi(Btl,...,Btn,T1,...,T,,).

e Vega,, European options:

%E[f(s.?)] =E [f(s?)j—TT (1 Taz - )\T)] .

@ Derivation with respect to absolutely continuous jump amplitudes [BMM].
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Vega, as a function of K and T (finite differences, 10e4 samples, h=0.01)
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Vega, as a function of K and T (Malliavin method, 10e4 samples, h=0.01)
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