
Mixing rates for linear operators under
infinitely divisible measures on Banach spaces

Camille Mau∗ Nicolas Privault†

Division of Mathematical Sciences

School of Physical and Mathematical Sciences

Nanyang Technological University

21 Nanyang Link, Singapore 637371

November 9, 2025

Abstract

We derive rates of convergence for the mixing of operators under infinitely divisible
measures in the framework of linear dynamics on Banach spaces. Our approach is
based on the characterization of mixing in terms of codifference functionals and control
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1 Introduction

The mixing and ergodicity properties of Gaussian processes and dynamical systems under

Gaussian measures have been originally studied in [WA57] and [CFS82], see Chapter 14-

§2 and Theorems 1 and 2 therein, in connection with the spectral properties of unitary

transformations, spectral measures and Gaussian covariances.

On the other hand, characterizations of mixing of continuous linear operators T : E → E

invariant on a complex separable Banach space E have been obtained in the framework of

linear dynamics under a Gaussian measure µ on a complex Banach space E. Recall (see,
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e.g., [BM09, Definition 5.23]) that a measure-preserving map T on (E, µ) is strongly mixing

if either of the two following equivalent conditions is satisfied:

(i) lim
n→∞

µ(A ∩ T−n(B)) = µ(A)µ(B), A,B ∈ B,

(ii) lim
n→∞

In(f, g) = 0, f, g ∈ L2(E, µ),

where B is the Borel σ-algebra of E and

In(f, g) :=

∫
E

f(z)g(T nz)µ(dz)−
∫
E

f(z)µ(dz)

∫
E

g(z)µ(dz), n ≥ 0.

Likewise, T is weakly mixing with respect to µ if either of the two following equivalent

conditions is satisfied:

(i) lim
n→∞

1

n

n−1∑
k=0

|µ(A ∩ T−k(B))− µ(A)µ(B)| = 0, A,B ∈ B,

(ii) lim
n→∞

1

n

n−1∑
k=0

|In(f, g)| = 0, f, g ∈ L2(E, µ).

When µ is a Gaussian measure on E, the mixing of linear operators T has been characterized

in [BM09, Theorem 5.24] and references therein using the covariance operator R : E∗ → E

of µ, defined as

⟨Rx∗, y∗⟩ =
∫
E

⟨z, x∗⟩⟨z, y∗⟩µ(dz), x∗, y∗ ∈ E∗,

where E∗ is the continuous dual of E and ⟨·, ·⟩ : E×E∗ → C denotes the dual product. Such

characterizations have been recently extended in [MP24] from Gaussian measures to a wide

class of infinitely divisible probability measures µ on real and complex separable Banach

spaces E using strong and weak mixing properties of stationary infinitely divisible processes

established in [Mar70, RZ96, RZ97, FS13, PV19].

Recall that a probability measure µ on the Banach space E is infinitely divisible if and

only if for every n ≥ 1 there exists another probability measure µn on E such that

µ = µn ⋆ · · · ⋆ µn︸ ︷︷ ︸
n times

,

see e.g. §5.1 of [Lin86], where ⋆ denotes measure convolution. It is known in addition that ev-

ery infinitely divisible probability measure on a complex Banach space E has a characteristic

functional of the form∫
E

eiRe⟨z,x∗⟩µ(dz)
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= exp

(
−1

4
⟨Rx∗, x∗⟩+ iRe⟨x̂, x∗⟩+

∫
E

(
eiRe⟨z,x∗⟩ − 1− iκ(z) Re ⟨z, x∗⟩

)
λ(dz)

)
(1.1)

for all x∗ ∈ E∗, see e.g. [Ros87, §II.1], where x̂ ∈ E, and

• R : E∗ → E is a conjugate symmetric and positive semidefinite covariance operator,

• λ is a Lévy measure, i.e. λ is a measure on E that satisfies λ({0}) = 0 and∫
E

min
(
1, (Re ⟨z, x∗⟩)2

)
λ(dz) <∞, x∗ ∈ E∗, (1.2)

• κ(z) is a bounded measurable function on E such that limz→0 κ(z) = 1 and κ(z) =

O(1/ ∥z∥) as ∥z∥ tends to infinity, called a truncation function.

In this infinitely divisible setting, the characterization result of [MP24] uses codifference

functionals defined as

C=
µ (x

∗, y∗) := log

∫
E

eiRe⟨z,x∗−y∗⟩µ(dz)− log

∫
E

eiRe⟨z,x∗⟩µ(dz)− log

∫
E

e−iRe⟨z,y∗⟩µ(dz),

and

C ̸=
µ (x

∗, y∗) := log

∫
E

eiRe⟨z,x∗⟩−i Im⟨z,y∗⟩µ(dz)− log

∫
E

eiRe⟨z,x∗⟩µ(dz)− log

∫
E

e−i Im⟨z,y∗⟩µ(dz),

x∗, y∗ ∈ E∗.

In Theorem 2.4 below we start by improving on Proposition 2.2 of [MP24], by removing

the vanishing support Condition 2.1 imposed therein on the Lévy measure of the pushfor-

wards of µ by linear functionals x∗ ∈ E∗. This condition originated in [Mar70] and [RZ96],

and we rely on results of [FS13] and [PV19] who relaxed it in the framework of stochastic

processes. As a result, we characterize the mixing of linear operators T via the asymptotic

vanishing of codifferences

lim
n→∞

C=
µ (ax

∗, aT ∗nx∗) = 0 and lim
n→∞

C ̸=
µ (ax

∗, aT ∗nx∗) = 0 (1.3)

for all x∗ and for some a ̸= 0 depending on x∗ ∈ E∗, see Theorem 2.4. In Examples 2.5 and

4.4 we consider measures µ that can be treated by Theorem 2.4, and to which Proposition 2.2

of [MP24] does not apply.
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Next, we focus our attention on the speed of mixing via the derivation of decay rates for

the codifferences appearing in (1.3). In the setting of Gaussian measures on Hilbert spaces

H, covariance decay rates of the form

|⟨Rx∗, T ∗nx∗⟩| ≤ C
∥x∗∥2

nγ
,

where C is a constant independent of x∗, have been obtained in [Dev13], provided that T is

σ-spanning (i.e. for every σ-measurable subset A ⊂ T such that σ(A) = 1, the eigenspaces

ker(T − λI), λ ∈ A span a dense subset of H), and T admits a γ-Hölderian eigenvector

field for some γ ∈ (0, 1], where σ denotes the normalized Lebesgue measure on the complex

unit circle. In the more general setting of Banach spaces, similar covariance decay rates for

classes of functions which satisfy a central limit theorem have been described in [Bay15].

In Section 3 we derive bounds on the codifferences C=
µ (x

∗, T ∗nx∗) and C ̸=
µ (x

∗, T ∗nx∗)

which provide quantitative estimates of mixing speed in the infinitely divisible setting. For

this, in addition to (1.1), we consider infinitely divisible measures with characteristic func-

tionals of the form∫
E

eiRe⟨z,x∗⟩µ(dz) (1.4)

= exp

(
−1

4
⟨Rx∗, x∗⟩+

∫
E

∫ ∞

−∞

(
eiuRe⟨z,x∗⟩ − 1− iuκ(u) Re⟨z, x∗⟩

)
ρ(z, du)ξ(dz)

)
for all x∗ ∈ E∗, where

• {ρ(z, ·)}z∈E is a family of Lévy measures on R,

• ξ is a σ-finite measure on E called a control measure, and

• κ is the truncation function

κ(u) := 1{|u|<1} +
1

|u|
1{|u|≥1}, u ∈ R.

In Section 4, using the control measure bounds of Section 3 we derive mixing rates under

compound Poisson measures on E = ℓp(N), p ∈ [1, 2), which have characteristic functional

(1.1) and Lévy measure of the form

λ(dz) :=
∞∑
n=0

δλnen(dz),
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where (en)n≥0 denotes the canonical basis of ℓ
p(N) and δx is the Dirac measure at any point

x ∈ E.

In Section 5 we let µ be an α-stable measure with α ∈ (0, 2) \ {1}, in which case

⟨Rx∗, y∗⟩ = 0 and the characteristic functional of µ can be written by the Tortrat Theo-

rem [Tor77] as∫
E

eiRe⟨z,x∗⟩µ(dz) = exp

(
cα

∫
E

∫ ∞

−∞

(
eiuRe⟨z,x∗⟩ − 1− iuκ(u) Re⟨z, x∗⟩

) du

|u|1+α
ξ(dz)

)
(1.5)

= exp

(
−
∫
E

|Re ⟨z, x∗⟩|α ξ(dz)
)
, x∗ ∈ E∗,

where ξ is a finite control measure, κ(u) is a truncation function, and cα > 0, see also [RZ96,

Sec. 3], [Woy19, p. 6], [LT91, Corollary 5.5], [Lin86, Theorem 6.4.4 and Corollary 7.5.2],

[Sat99, Lemma 14.11], or [PP16, Corollary 4.1].

In particular, in Proposition 5.2 we derive explicit codifference decay rates of the form

sup
x∗,y∗∈E∗\{0}

∣∣C=,̸=
µ (x∗, T ∗ny∗)

∣∣
∥x∗∥α/2∥y∗∥α/2

= O
(
ηαn/2

)
,

where C=, ̸=
µ denotes C=

µ or C ̸=
µ , for weighted forward shifts T on E = ℓp(Z) under α-stable

measures with α ∈ (1/2, 2) \ {1} and p ∈ (α, 2α) ∩ [1, 2], where η ∈ (0, 1) is a constant

depending on T .

In Corollary 5.3, we extend those results by deriving decay rates for the quantity

In(f, g) :=

∫
E

f(z)g(T nz)µ(dz)−
∫
E

f(z)µ(dz)

∫
E

g(z)µ(dz), (1.6)

where f, g are finite or infinite linear combinations of exponentials, and T is a weighted

forward shift as in Proposition 5.2.

In Section 6 we consider the case where µ is a tempered stable measure whose charac-

teristic functional takes the form (1.4) and ρ(z, du) is given by

ρ(z, du) =

(
a−

|u|1+α
e−λ−|u|1R−(u) +

a+
u1+α

e−λ+u1R+(u)

)
du,

with a−, a+, λ−, λ+ > 0 and α ∈ (0, 1), see [KT13] and also [Dev13]. In this setting we derive

decay rates of the form

sup
x∗,y∗∈E∗\{0}

∣∣C=,̸=
µ (x∗, T ∗ny∗)

∣∣
∥x∗∥p/2∥y∗∥p/2

= O(n−ζ),

for certain backward weighted shift operators on E = ℓp(Z), where ζ ∈ (0, 1) is a constant

depending on T for codifferences and quantities of the form (1.6), see Proposition 6.4 and

Example 6.5.
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2 Mixing conditions

The goal of this section is to prove Theorem 2.4 below, which extends the necessary and

sufficient conditions for the mixing of linear operators in terms of codifference functionals in

Proposition 2.2 of [MP24] by removing the technical support Condition 2.1 below.

Recall, see e.g. [App09, Theorem 1.2.14], that similarly to (1.1), every infinitely divisible

random variable on Rd, d ≥ 1, has a characteristic functional of the form∫
Rd

ei⟨z,y⟩dµ(dz) = exp

(
−1

2
⟨Ry, y⟩d + i⟨y0, y⟩d +

∫
Rd

(
ei⟨z,y⟩d − 1− iκ(z) ⟨z, y⟩d

)
ν(dz)

)
for all y ∈ Rd, where

• y0 ∈ Rd is a fixed vector,

• ⟨·, ·⟩d denotes the Euclidean inner product in Rd,

• R : Rd → Rd is a symmetric and positive semidefinite covariance operator,

• κ(z) is a bounded measurable function on Rd such that limz→0 κ(z) = 1 and κ(z) =

O(1/ ∥z∥) as ∥z∥ tends to infinity, called a truncation function, and

• ν is a Lévy measure on Rd, i.e. ν is a measure that satisfies ν({0}) = 0 and∫
Rd

min
(
1, ⟨z, y⟩2d

)
ν(dz) <∞, y ∈ Rd.

In what follows, we consider an E-valued random variable X with infinitely divisible distri-

bution µ.

Condition 2.1 For any x∗ ∈ E∗, the Lévy measure νx∗ of the R2-valued random variable

(Re ⟨X, x∗⟩ , Im ⟨X, x∗⟩) satisfies

νx∗(R× 2πZ) = 0 and νx∗(2πZ× R) = 0. (2.1)

The above assumption originates from a condition appearing in [Mar70], which was used in

[RZ96, Theorem 1] to characterize mixing by codifferences. The value of 2π in (2.1) is chosen

for consistency with the literature, however, it can be replaced with an arbitrary non-zero

constant without affecting Condition 2.1.
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Definition 2.2 Given ν a measure on Rd, we define the set Zd(ν) as follows. If

ν(Rj−1 × {2kπ} × Rd−j) = 0 for all k ∈ Z, j = 1, . . . , d,

we define Zd(ν) := R \ {1}, else we let

Zd(ν) :=
⋃
k∈Z

{
k
2π

s
: s ∈ R \ {0} and

d∑
j=1

ν(Rj−1 × {s} × Rd−j) > 0

}
.

Lemma 2.3 shows that for any Lévy measure ν, the set R\Zd(ν) always contains a non-zero

element.

Lemma 2.3 For any Lévy measure ν on Rd, the set Zd(ν) is either R\{1} or is at most

countable.

Proof. Clearly, we may assume that

d∑
j=1

ν(Rj−1 × {2kπ} × Rd−j) > 0

for some k ∈ Z, otherwise Zd(ν) = R\{1} and the proof is concluded. Denoting by Bd(0, 1)

the unit ball and by ∥ · ∥d the Euclidean norm of Rd, by definition of Lévy measures we have∫
Rd

min(1, ∥x∥2d)ν(dx) =
∫
Bd(0,1)

∥x∥2dν(dx) +
∫
Rd\Bd(0,1)

ν(dx) <∞.

Letting P1 : Rd → R denote the projection onto the first coordinate in Rd, and denoting by

ρ the pushforward of ν by P1, we have∫ ∞

−∞
min(1, x2)ρ(dx) =

∫
(−1,1)

x2ρ(dx) +

∫
R\(−1,1)

ρ(dx)

≤
∫
(−1,1)×Rd−1

(P1x)
2ν(dx) +

∫
Rd\Bd(0,1)

ν(dx)

=

∫
Bd(0,1)

(P1x)
2ν(dx) +

∫
((−1,1)×Rd−1)\Bd(0,1)

(P1x)
2ν(dx) +

∫
Rd\Bd(0,1)

ν(dx)

≤
∫
Bd(0,1)

∥x∥2dν(dx) +
∫
((−1,1)×Rd−1)\Bd(0,1)

ν(dx) +

∫
Rd\Bd(0,1)

ν(dx)

<∞,

hence ρ is σ-finite and therefore it has countably many atoms, i.e. there are at most countably

many those values of s ∈ R such that ν({s} ×Rd−1) > 0. Repeating this argument for each

coordinate, we find that the cardinality of Zd(ν) is at most Nd, i.e. countable. □
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The following results are stated for complex Banach spaces, but they also apply to real

Banach spaces by ignoring vanishing imaginary components. Theorem 2.4 allows for the

mixing property of T to be checked without imposing Condition 2.1. Recall that a set

D ⊂ N has density one if limn→∞ |D ∩ {0, 1, . . . , n}|/(n+ 1) = 1.

Theorem 2.4 Let µ be an infinitely divisible distribution on a complex separable Banach

space E. For any x∗ ∈ E∗, let νx∗ denote the Lévy measure of (Re ⟨X, x∗⟩ , Im ⟨X, x∗⟩) on

R2. Then,

i) T is mixing if and only if for each x∗ ∈ E∗ we have

lim
n→∞

C=
µ (ax

∗, aT ∗nx∗) = 0 and lim
n→∞

C ̸=
µ (ax

∗, aT ∗nx∗) = 0

for some non-zero a ∈ R\Z2(νx∗).

ii) T is weakly mixing if and only if for each x∗ ∈ E∗ there exists a density one set Dx∗ ⊂ N
such that

lim
n→∞
n∈Dx∗

C=
µ (ax

∗, aT ∗nx∗) = 0 and lim
n→∞
n∈Dx∗

C ̸=
µ (ax

∗, aT ∗nx∗) = 0

for some non-zero a ∈ R\Z2(νx∗).

In Example 2.5 we present a non-mixing operator inspired by the example on page 282 of

[RZ96], which can be treated by Theorem 2.4 while Condition 2.1 is not satisfied. See also

Example 4.4 for a mixing operator.

Example 2.5 Let E be the (real) sequence space ℓp(N), p ≥ 1, take

R := 0, x̂ := 2πe0, κ such that κ(x̂) = 1, and let λ(dz) := δ2πe0(dz) in (1.1).

Then, for x∗ ∈ E∗ such that ⟨e0, x∗⟩ = 1, the Lévy measure νx∗ = δ2π⟨e0,x∗⟩ on R does not

satisfy (2.1). However, the application of Theorem 2.4 confirms that the identity operator

T = Id is not mixing.

Proof. Let µ be the infinitely divisible distribution on E = ℓp(N) with Lévy measure

λ(dz). In this case, X can be defined as X := 2πNe0 where N is a standard Poisson random

variable, and we have

E
[
eia⟨X,x

∗⟩] = ∫
E

eia⟨z,x
∗⟩µ(dz)
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= exp

(∫
E

(
eia⟨z,x

∗⟩ − 1
)
λ(dz)

)
= exp

(
e2iaπ⟨e0,x

∗⟩ − 1
)
,

hence for any x∗ ∈ E∗ the random variable ⟨X, x∗⟩ = 2πN⟨e0, x∗⟩ has Lévy measure νx∗ =

δ2π⟨e0,x∗⟩. In this case, we have

Z1(νx∗) =

{
k

⟨e0, x∗⟩
: k ∈ Z

}
if ⟨e0, x∗⟩ /∈ Z, and Z1(νx∗) = R \ {1} otherwise. Hence,

C=
µ (ax

∗, aT ∗nx∗) = C=
µ (ax

∗, ax∗) = −2 log

∫
E

eia⟨z,x
∗⟩µ(dz) = −2

(
e2iaπ⟨e0,x

∗⟩ − 1
)

is constant in n ≥ 1 and does not vanish for any a ∈ R \ Z1(νx∗), therefore Theorem 2.4

confirms that T is not mixing. □

The proof of Theorem 2.4 is stated at the end of this section by carrying over Theorem 2

of [RZ96] from the stochastic process setting to the framework of linear dynamics thereby

completing the characterization of mixing of infinitely divisible measures on Banach spaces.

For this, we need to prove the following multidimensional extension of [RZ96, Theorem 2] on

mixing and weak mixing for discrete-time stochastic processes, which removes the support

condition assumed in [FS13, Theorem 2.1] and [PV19, Theorem 4.3].

Proposition 2.6 Let d ≥ 1, and let (Xn)n≥0 =
(
X

(1)
n , . . . , X

(d)
n

)
n≥0

be a stationary infinitely

divisible Rd-valued process. Denote by ν0 the Lévy measure of X0. Then,

a) (Xn)n≥0 is mixing if and only if for some non-zero a ∈ R\Zd(ν0) we have

lim
n→∞

E
[
eia(X

(j)
n −X(k)

0 )
]
= E

[
eiaX

(j)
0
]
E
[
e−iaX

(k)
0
]
,

for any j, k ∈ {1, . . . , d};

b) (Xn)n≥0 is is weakly mixing if and only if for some non-zero a ∈ R\Zd(ν0) and a density

one set D ⊂ N we have

lim
n→∞
n∈D

E
[
eia(X

(j)
n −X(k)

0 )
]
= E

[
eiaX

(j)
0
]
E
[
e−iaX

(k)
0
]
,

for any j, k ∈ {1, . . . , d}.
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Proof. If the condition

ν0
(
{x = (x1, . . . , xd) ∈ Rd : ∃j ∈ {1, . . . , d}, xj ∈ 2πZ}

)
= 0 (2.2)

holds, we can conclude from [FS13, Theorem 2.1] in the mixing case and from [PV19, The-

orem 4.3] in the weak mixing case, hence we may assume that (2.2) does not hold. Then, as

in [RZ96, Theorem 2] we observe that (Xn)n≥0 is mixing, respectively weak mixing, if and

only if (aXn)n≥0 is, and furthermore the Lévy measure νa0 (·) of aX0 is ν0(a
−1(·)). Now, since

a /∈ Zd(ν0), it follows that

νa0
({
x = (x1, . . . , xd) ∈ Rd : ∃j ∈ {1, . . . , d} s.t. xj ∈ 2πZ

})
= 0.

The conclusion follows for mixing by [FS13, Theorem 2.1], see also [PV19, Theorem 3.2],

and for weak mixing by [PV19, Theorem 4.3]. □

Proof of Theorem 2.4. Let X denote a random variable with distribution µ on E. For any

x∗ ∈ E∗, let the process (Xx∗
n )n≥0 be defined by

Xx∗

n :=
(
Re⟨X,T ∗nx∗⟩, Im⟨X,T ∗nx∗⟩

)
, n ≥ 0.

By [MP24, Lemma 2.1], T is mixing if and only if (Xx∗
n )n≥0 is mixing for each x∗ ∈ E∗,

hence we conclude from Proposition 2.6 and the relations

C=
µ (ax

∗, aT ∗nx∗) = log
E
[
eiaRe⟨X,x∗⟩−iaRe⟨X,T ∗nx∗⟩]

E [eiaRe⟨X,x∗⟩]E [e−iaRe⟨X,x∗⟩]

and

C ̸=
µ (ax

∗, aT ∗nx∗) = log
E
[
eiaRe⟨X,x∗⟩−ia Im⟨X,T ∗nx∗⟩]

E [eiaRe⟨X,x∗⟩]E [e−ia Im⟨X,x∗⟩]
, a ∈ R.

□

3 Codifference bounds

Our first step towards the derivation of codifference decay rates in (1.3) is to derive bounds

on codifferences using Lévy and control measures.

Lemma 3.1 (Lévy measure bounds.) Let µ be an infinitely divisible distribution with

characteristic functional of the form (1.1). For every p ∈ [0, 2], we have the codifference

bounds ∣∣C=
µ (x

∗, y∗)
∣∣ ≤ 1

2
|Re ⟨Rx∗, y∗⟩|+ 24−p

∫
E

|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2λ(dz),
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and ∣∣C ̸=
µ (x

∗, y∗)
∣∣ ≤ 1

2
|Im ⟨Rx∗, y∗⟩|+ 24−p

∫
E

|Re ⟨z, x∗⟩ Im ⟨z, y∗⟩ |p/2λ(dz). (3.1)

Proof. The codifference of µ can be rewritten from (1.1) as

C=
µ (x

∗, y∗) =
1

2
Re ⟨Rx∗, y∗⟩+

∫
E

(
eiRe⟨z,x∗⟩ − 1

)(
e−iRe⟨z,y∗⟩ − 1

)
λ(dz), (3.2)

and

C ̸=
µ (x

∗, y∗) =
1

2
Im ⟨Rx∗, y∗⟩+

∫
E

(
eiRe⟨z,x∗⟩ − 1

)(
e−i Im⟨z,y∗⟩ − 1

)
λ(dz), (3.3)

x∗, y∗ ∈ E∗. Taking the real part in (3.2), we have

ReC=
µ (x

∗, y∗) =
1

2
Re ⟨Rx∗, y∗⟩

+

∫
E

(
(cos(Re ⟨z, x∗⟩)− 1)(cos(Re ⟨z, y∗⟩)− 1) + sin(Re ⟨z, x∗⟩) sin(Re ⟨z, y∗⟩)

)
λ(dz).

Likewise, taking the imaginary part in (3.2), we obtain

ImC=
µ (x

∗, y∗)

=

∫
E

(
sin(Re ⟨z, x∗⟩)(cos(Re ⟨z, y∗⟩)− 1)− sin(Re ⟨z, y∗⟩)(cos(Re ⟨z, x∗⟩)− 1)

)
λ(dz).

Using the inequalities

max(| cosx− 1|, | sinx|) ≤ 2
2−p
2 |x|p/2, x ∈ R, (3.4)

which are valid for p ∈ [0, 2], it follows from the triangle inequality that∣∣ReC=
µ (x

∗, y∗)
∣∣ ≤ 1

2
|Re ⟨Rx∗, y∗⟩|+ 23−p

∫
E

|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2λ(dz).

Similarly, we obtain∣∣ImC=
µ (x

∗, y∗)
∣∣ ≤ 23−p

∫
E

|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |λ(dz).

By the triangle inequality, it follows that∣∣C=
µ (x

∗, y∗)
∣∣ ≤ 1

2
|Re ⟨Rx∗, y∗⟩|+ 24−p

∫
E

|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2λ(dz).

Likewise, for (3.3) we have

ReC ̸=
µ (x

∗, y∗) =
1

2
Re ⟨Rx∗, y∗⟩

11



+

∫
E

(
cos(Re ⟨z, x∗⟩)− 1)(cos(Im ⟨z, y∗⟩)− 1) + sin(Re ⟨z, x∗⟩) sin(Im ⟨z, y∗⟩

)
λ(dz),

implying∣∣ReC ̸=
µ (x

∗, y∗)
∣∣ ≤ 1

2
|Im ⟨Rx∗, y∗⟩|+ 23−p

∫
E

|Re ⟨z, x∗⟩ Im ⟨z, y∗⟩ |p/2λ(dz),

and

ImC ̸=
µ (x

∗, y∗)

=

∫
E

(
sin(Re ⟨z, x∗⟩)(cos(Im ⟨z, y∗⟩)− 1)− sin(Im ⟨z, y∗⟩)(cos(Re ⟨z, x∗⟩)− 1)

)
λ(dz),

implying ∣∣ImC ̸=
µ (x

∗, y∗)
∣∣ ≤ 23−p

∫
E

|Re ⟨z, x∗⟩ Im ⟨z, y∗⟩ |p/2λ(dz),

which yields (3.1). □

Next, we consider the case where the characteristic functional of the infinitely divisible

measure µ takes the form (1.4). Recall, see §3 of [RZ96], that any random variable X with

distribution µ can be represented as

X =

∫
E

zΛ(dz)

where Λ is the infinitely divisible random measure on E defined by its characteristic func-

tional

E
[
eitΛ(A)

]
= exp

(
−t

2

4

∫
A

σ2(z)ξ(dz) +

∫
A

∫ ∞

−∞

(
eiut − 1− ituκ(u)

)
ρ(z, du)ξ(dz)

)
for measurable A ⊂ E and t ∈ R, where σ2 : E → [0,∞) is a measurable function.

Lemma 3.2 (Control measure bounds.) Let µ be an infinitely divisible distribution with

characteristic functional of the form (1.4). For any p ∈ [0, 2] and c > 0, we have the

codifference bounds∣∣C=
µ (x

∗, y∗)
∣∣ ≤ 1

2
|Re ⟨Rx∗, y∗⟩| (3.5)

+ 16

∫
E

(
2−p

∫ c

−c
|u|p|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2ρ(z, du) + ρ(z,R\[−c, c])

)
ξ(dz).

and∣∣C ̸=
µ (x

∗, y∗)
∣∣ ≤ 1

2
|Im ⟨Rx∗, y∗⟩| (3.6)

+ 16

∫
E

(
2−p

∫ c

−c
|u|p|Re ⟨z, x∗⟩ Im ⟨z, y∗⟩ |p/2ρ(z, du) + ρ(z,R\[−c, c])

)
ξ(dz),

for x∗, y∗ ∈ E∗.
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Proof. By taking the real part in the relation

C=
µ (x

∗, y∗) =
1

2
Re ⟨Rx∗, y∗⟩+

∫
E

∫ ∞

−∞

(
eiuRe⟨z,x∗⟩ − 1

)(
e−iuRe⟨z,y∗⟩ − 1

)
ρ(z, du)ξ(dz),

x∗, y∗ ∈ E∗, we have

ReC=
µ (x

∗, y∗) =
1

2
Re ⟨Rx∗, y∗⟩

+

∫
E

∫ ∞

−∞

(
(cos(uRe ⟨z, x∗⟩)− 1)(cos(uRe ⟨z, y∗⟩)− 1) + sin(uRe ⟨z, x∗⟩) sin(uRe ⟨z, y∗⟩)

)
ρ(z, du)ξ(dz).

For any c > 0, using (3.4), we have∫
E

∫ ∞

−∞
|(cos(uRe ⟨z, x∗⟩)− 1)(cos(uRe ⟨z, y∗⟩)− 1)| ρ(z, du)ξ(dz)

≤
∫
E

(
22−p

∫ c

−c
|u|p|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2ρ(z, du) + 4

∫
R\[−c,c]

ρ(z, du)

)
ξ(dz).

Likewise, we have∫
E

∫ ∞

−∞
|sin(uRe ⟨z, x∗⟩) sin(uRe ⟨z, y∗⟩)| ρ(z, du)ξ(dz)

≤
∫
E

(
22−p

∫ c

−c
|u|p|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2ρ(z, du) + 4

∫
R\[−c,c]

ρ(z, du)

)
ξ(dz),

hence by the triangle inequality we have∣∣ReC=
µ (x

∗, y∗)
∣∣ ≤ 1

2
|Re ⟨Rx∗, y∗⟩|

+ 8

∫
E

(
2−p

∫ c

−c
|u|p|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2ρ(z, du) +

∫
R\[−c,c]

ρ(z, du)

)
ξ(dz).

In a similar fashion, we have∣∣ImC=
µ (x

∗, y∗)
∣∣ ≤ 8

∫
E

(
2−p

∫ c

−c
|u|p|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2ρ(z, du) +

∫
R\[−c,c]

ρ(z, du)

)
ξ(dz),

which yields (3.5). The bound (3.6) is obtained by application of similar arguments to

C ̸=
µ (x

∗, y∗) =
1

2
Im ⟨Rx∗, y∗⟩+

∫
E

∫ ∞

−∞

(
eiuRe⟨z,x∗⟩ − 1

)(
e−iu Im⟨z,y∗⟩ − 1

)
ρ(z, du)ξ(dz).

□
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4 Compound Poisson measures

In this section, we provide an example of mixing operator T in Proposition 4.3 that can

be treated by Theorem 2.4, and to which Proposition 2.2 of [MP24] does not apply, see

Example 4.4 below. For this, we consider an infinitely divisible measure µ on E = ℓp(N)
with characteristic functional (1.1) and Lévy measure of the form

∞∑
n=0

δλnen(dz), (4.1)

for appropriate sequences (λn)n≥0, i.e. µ is the distribution of an E-valued random variable

X whose components in the canonical basis (en)n≥0 of ℓ
p(N) are independent Poisson random

variables with means (λn)n≥0. We first determine precisely the sequences (λn)n≥0 for which

(4.1) defines a Lévy measure on ℓp(N), as a consequence of the following auxiliary lemma.

Lemma 4.1 Let p ∈ [1, 2) and q be the Hölder conjugate of p. For any complex sequence

(an)n≥0, the following statements are equivalent.

1. (an)n≥0 ∈ ℓp(N).

2. For every (bn)n≥0 in the real sequence space ℓq(N), we have

∞∑
n=0

|an|2|bn|2 <∞.

Proof. The implication (1 ⇒ 2) follows from Hölder’s inequality

∞∑
n=0

|an||bn| ≤ ∥(an)n≥0∥ℓp(N)∥(bn)n≥0∥ℓq(N) <∞

and the fact that ℓ1(N) ⊂ ℓ2(N). The implication (2 ⇒ 1) follows from the reverse Hölder

inequality

∞ >

∞∑
n=0

|an|2|bn|2 ≥

(
∞∑
n=0

|an|2/s
)s( ∞∑

n=0

|bn|−2/(s−1)

)−(s−1)

applied with s := 2/p ∈ [1, 2) to any sequence (bn)n≥0 ∈ ℓq(N) such that Re(bn) ̸= 0 for all

n ≥ 0. □

From Lemma 4.1, we obtain the following criterion for Lévy measures in real ℓp(N).
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Lemma 4.2 Let p ∈ [1, 2), and let (λn)n≥0 be a real sequence. The measure λ defined by

λ(dz) :=
∞∑
n=0

δλnen(dz)

is a Lévy measure on the real sequence space ℓp(N) if and only if (λn)n≥0 ∈ ℓp(N) and λn ̸= 0

for all n ≥ 0.

Proof. Let q > 2 denote the Hölder conjugate of p. We note that∫
ℓp(N)

min(1, ⟨z, x∗⟩2)λ(dz) =
∞∑
n=0

min(1, λ2n ⟨en, x∗⟩
2)

is finite for all x∗ ∈ ℓq(N) if and only if

∞∑
n=0

λ2n ⟨en, x∗⟩
2

is finite for any x∗ ∈ ℓq(N), i.e. if and only if

∞∑
n=0

λ2nb
2
n <∞

for any (bn)n≥0 in the real sequence space ℓq(N). We conclude according to (1.2), using

Lemma 4.1 and the fact that λ({0}) = 0 if and only if λn ̸= 0 for all n ≥ 0. □

We now turn to the main result of this section.

Proposition 4.3 Let p ∈ [1, 2). Let (ωn)n≥0 be a positive weight sequence such that the

sequence (λn)n≥0 defined by λ0 > 0 and

λn := λ0

n−1∏
l=0

1

ωl
, n ≥ 0,

satisfies (λn)n≥0 ∈ ℓp(N). Let µ be the compound Poisson measure on the real space E :=

ℓp(N) with characteristic functional (1.1) given by

R := 0, x̂ :=
∞∑
n=0

λnen and κ(z) := 1{
∥z∥ℓp(N)≤max

n≥0
λn

}, z ∈ ℓp(N),

and the Lévy measure

λ(dz) :=
∞∑
n=0

δλnen(dz). (4.2)

Consider the weighted backward shift operator T defined by Te0 := 0 and

Ten+1 := ωnen, n ≥ 0.

The following are true.
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1. T admits µ as invariant measure.

2. We have

sup
x∗,y∗∈E∗\{0}

∣∣C=
µ (x

∗, T ∗ny∗)
∣∣

∥x∗∥p/2∥y∗∥p/2
≤ 24−p

∞∑
l=0

(λlλl+n)
p/2, x∗, y∗ ∈ E∗, n ≥ 0.

In particular, T is mixing by Theorem 2.4, provided that lim
n→∞

∞∑
l=0

(λlλl+n)
p/2 = 0.

Proof. 1. Note that (4.2) defines a Lévy measure by Lemma 4.2, thus µ is well defined. To

show that T admits µ as invariant measure, we use (1.1) and the equalities∫
E

(
eiRe⟨Tz,x∗⟩ − 1− iκ(z) Re ⟨Tz, x∗⟩

)
λ(dz)

=
∞∑
n=0

∫
E

(
eiRe⟨Tz,x∗⟩ − 1− iκ(z) Re ⟨Tz, x∗⟩

)
δλnen(dz)

=
∞∑
n=1

(
eiRe⟨λnTen,x∗⟩ − 1− iRe ⟨λnTen, x∗⟩

)
=

∞∑
n=0

(
eiRe⟨λn+1Ten+1,x∗⟩ − 1− iRe ⟨λn+1Ten+1, x

∗⟩
)

=
∞∑
n=0

(
eiRe⟨λnen,x∗⟩ − 1− iRe ⟨λnen, x∗⟩

)
=

∫
E

(
eiRe⟨z,x∗⟩ − 1− iκ(z) Re ⟨z, x∗⟩

)
λ(dz),

hence
∫
E
eiRe⟨Tz,x∗⟩µ(dz) =

∫
E
eiRe⟨z,x∗⟩µ(dz) for any x∗ ∈ E∗, proving invariance.

2. As the characteristic functional of µ also takes the form (1.4) with ξ(dz) =
∞∑
n=0

δen(dz)

and ρ(en, du) = δλn(du), n ≥ 0, we note that by (3.5) in Lemma 3.2 with p ∈ [1, 2), for any

c > maxn≥0 λn we have

∣∣C=
µ (x

∗, T ∗ny∗)
∣∣ ≤ 16

∞∑
l=0

(
2−p

∫ c

−c
|u|p| ⟨el, x∗⟩ ⟨el, T ∗ny∗⟩ |p/2ρ(el, du) + ρ(el,R\[−c, c])

)
= 24−p

∞∑
l=0

λpl | ⟨el, x
∗⟩ ⟨el, T ∗ny∗⟩ |p/2

= 24−p
∞∑
l=0

λpl+n| ⟨el+n, x
∗⟩ ⟨el, y∗⟩ωl+n−1 . . . ωl|p/2

≤ 24−p∥x∗∥p/2∥y∗∥p/2
∞∑
l=0

λpl+n

l+n−1∏
i=l

ω
p/2
l+n
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= 24−p∥x∗∥p/2∥y∗∥p/2
∞∑
l=0

λpl+n

l+n−1∏
j=l

(
λj
λj+1

)p/2
= 24−p∥x∗∥p/2∥y∗∥p/2

∞∑
l=0

λpl+n

(
λl
λl+n

)p/2
= 24−p∥x∗∥p/2∥y∗∥p/2

∞∑
l=0

(λlλl+n)
p/2, x∗ ∈ E∗.

In order to conclude from Theorem 2.4 it suffices to note that x∗ ∈ E∗ is arbitrary and

R\Z1(νx∗) is never empty by Lemma 2.3. □

In the framework of Proposition 4.3, the random variable ⟨X, x∗⟩ has the distribution of∑
n≥0 λnNnen, where (Nn)n≥0 is a sequence of independent standard Poisson random vari-

ables. The Lévy measure of ⟨X, x∗⟩ is

νx∗ =
∑
n≥0

δλn⟨en,x∗⟩

on R, and we have

Z1(νx∗) =

{
2πk

λn⟨en, x∗⟩
: n ≥ 0, k ∈ Z

}
.

In particular, for x∗ ∈ E∗ such that λ0⟨e0, x∗⟩ = 2π, νx∗ does not satisfy Condition 2.1 and

Proposition 2.2 of [MP24] does not apply, as in the next example.

Example 4.4 Let p ∈ [1, 2), γ > 1, and let T be the bounded weighted backward shift

operator defined as

Te0 := 0, T e1 = e0, T en+1 :=

(
1 +

1

n

)γ/p
en, n ≥ 1,

and consider the compound Poisson measure µ on the (real) sequence space E = ℓp(N) with
Lévy measure (4.2), where λn := λ0/(n + 1)γ/p, n ≥ 0, for some λ0 > 0. Then, T admits µ

as invariant measure, and it is mixing with respect to µ, with the rate

sup
x∗,y∗∈E∗\{0}

∣∣C=
µ (x

∗, T ∗ny∗)
∣∣

∥x∗∥p/2∥y∗∥p/2
≤


24−pλp0B

(
1− γ

2
, γ − 1

)
n−(γ−1), 1 < γ < 2,

24−pλp0B
(ε
2
, 1− ε

)
n−(1−ε), γ ≥ 2, (4.3)

n ≥ 1, for any ε ∈ (0, 1) in (4.3), where B(·, ·) denotes the beta function.

Proof. For any γ ∈ (1, 2), we have

∞∑
l=0

(λlλl+n)
p/2 =

∞∑
l=0

λp0
(l + n+ 1)γ/2(l + 1)γ/2
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≤
∫ ∞

0

λp0
(x+ n)γ/2xγ/2

dx

= λp0

∫ ∞

0

n1−γ

(x+ 1)γ/2xγ/2
dx

= 24−pλp0B
(
1− γ

2
, γ − 1

)
n−(γ−1), (4.4)

and we conclude from Proposition 4.3. In the case γ ≥ 2, we observe similarly that for any

ε ∈ (0, 1) we have

∞∑
l=0

(λlλl+n)
p/2 =

∞∑
l=0

λp0
(l + n+ 1)γ/2(l + 1)γ/2

≤
∞∑
l=0

λp0
(l + n+ 1)(2−ε)/2(l + 1)(2−ε)/2

≤ λp0B
(ε
2
, 1− ε

)
n−(1−ε), (4.5)

and in both cases we conclude from Proposition 4.3. □

5 Stable measures

In this section, we consider the case where µ is an α-stable distribution, α ∈ (0, 2) \ {1},
with characteristic functional (1.5), i.e. σ2 ≡ 0 and ρ(z, du) in (1.4) takes the form

ρ(z, du) =
du

|u|1+α
, u ̸= 0,

see the discussion following [RZ96, Theorem 4]. In particular, in Proposition 5.2 we will

derive mixing rates for a family of weighted shifts that leave α-stable measures invariant on

the sequence space ℓp(N), p ∈ [1, 2]. In Corollary 5.3 we also derive decay rates for quantities

of the form (1.6) for finite and infinite linear combinations of exponentials.

Lemma 5.1 Let µ be an α-stable distribution with control measure ξ on E, α ∈ (0, 2)\{1}.
For any p ∈ (α, 2] and c > 0, we have the codifference bounds∣∣C=

µ (x
∗, y∗)

∣∣ ≤ 25−pcp−α

p− α

∫
E

|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2ξ(dz) + 32

α
ξ(E)c−α

and ∣∣C ̸=
µ (x

∗, y∗)
∣∣ ≤ 25−pcp−α

p− α

∫
E

|Re ⟨z, x∗⟩ Im ⟨z, y∗⟩ |p/2ξ(dz) + 32

αcα
ξ(E),

for x∗, y∗ ∈ E∗.
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Proof. By Lemma 3.2, for p ∈ (α, 2] we have∣∣C=
µ (x

∗, y∗)
∣∣ ≤ 16

∫
E

(
2−p|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2

∫ c

−c

1

|u|1+α−p
du+

∫
R\[−c,c]

1

|u|1+α
du

)
ξ(dz)

= 16

∫
E

(
21−pcp−α

p− α
|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2 + 2

αcα

)
ξ(dz)

=
25−pcp−α

p− α

∫
E

|Re ⟨z, x∗⟩Re ⟨z, y∗⟩ |p/2ξ(dz) + 32

αcα
ξ(E).

The proof is similar for C ̸=
µ (x

∗, y∗). □

In the next proposition, for p ∈ (α, 2]∩ [1, 2] (so that ℓp(Z) is a Banach space and Lemma 5.1

applies), we provide rates for the mixing of weighted forward shift operators on ℓp(Z) con-
sidered in Proposition 4.2 of [MP24]. In what follows, we write f(n) = Oy(g(n)) when we

have

|f(n)| ≤ Cy|g(n)|, n ≥ 0,

for Cy > 0 a constant possibly depending on y and independent of n ≥ 0. Also, as above,

we let (en)n≥0 denote the canonical basis of ℓp(N).

Proposition 5.2 Let α ∈ (0, 2) \ {1} and p ≥ 1. Let (ωn)n∈Z be a positive weight sequence

such that the sequence (kn)n∈Z defined by

kn := k01{n≤−1}

0∏
l=n+1

1

ωl
+ k01{n≥0}

n∏
l=1

ωl.

belongs to ℓα(Z). Let µ be the α-stable measure on E = ℓp(Z), p ≥ 1, with characteristic

functional (1.5) and control measure

ξ(dz) :=
1

2

∞∑
n=−∞

kαn
(
δen(dz) + δien(dz)

)
,

and consider the weighted forward shift operator T on E defined by

Ten := ωn+1en+1, n ∈ Z.

The following are true.

1. T admits µ as invariant measure.

2. Assume that p ∈ (α, 2] ∩ [1, 2] and there exist q− ≥ 0, q+ ≥ 1 such that

η− := sup
l≤−q−

1

ωl
< 1 and η+ := sup

l≥q+
ωl < 1
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with η
p/2
+ ̸= η

α−p/2
− . Then,

sup
x∗,y∗∈E∗\{0}

∣∣C=, ̸=
µ (x∗, T ∗ny∗)

∣∣
∥x∗∥α/2∥y∗∥α/2

= Oµ,T

(
max

(
η
2α/p−1
− , η+

)αn/2)
, n ≥ 0. (5.1)

In particular, T is mixing when α ∈ (1/2, 2) \ {1} and p ∈ (α, 2α) ∩ [1, 2].

Proof. 1. The condition
∑∞

n=−∞ |kn|α < ∞ ensures that ξ is finite as a control measure.

To show that T admits µ as invariant measure, we use (1.5) and the equalities∫
E

|Re ⟨Tz, x∗⟩|α ξ(dz) =
∞∑

n=−∞

kαn |Re ⟨Ten, x∗⟩|
α

=
∞∑

n=−∞

kαnω
α
n+1 |Re ⟨en+1, x

∗⟩|α

=
∞∑

n=−∞

kαn+1 |Re ⟨en+1, x
∗⟩|α

=

∫
E

|Re ⟨z, x∗⟩|α ξ(dz),

hence
∫
E
eiRe⟨Tz,x∗⟩µ(dz) =

∫
E
eiRe⟨z,x∗⟩µ(dz) for all x∗ ∈ E∗, proving invariance.

2. Without loss of generality, we may assume q− = 0 and q+ = 1. We note that the right

hand side term in Lemma 5.1 can be bounded as∫
E

|Re ⟨z, x∗⟩Re ⟨z, T ∗ny∗⟩ |p/2ξ(dz) ≤ ∥x∗∥p/2
∫
E

∥z∥p/2|Re ⟨z, T ∗ny∗⟩ |p/2ξ(dz)

= ∥x∗∥p/2
∫
E

∥z∥p/2|Re ⟨z, T ∗ny∗⟩ |p/2ξ(dz)

= ∥x∗∥p/2
∫
E

∥z∥p/2|Re ⟨T nz, y∗⟩ |p/2ξ(dz)

≤ ∥x∗∥p/2∥y∗∥p/2
∫
E

∥z∥p/2∥T nz∥p/2ξ(dz),

x∗, y∗ ∈ E∗, n ≥ 0. We have∫
E

∥z∥p/2∥T nz∥p/2ξ(dz) = 1

2

∞∑
l=−∞

kαl

∫
E

∥z∥p/2∥T nz∥p/2
(
δel(dz) + δiel(dz)

)
=

∞∑
l=−∞

kαl ∥T nel∥p/2

=
∞∑

l=−∞

kαl

l+n∏
j=l+1

ω
p/2
j .

We split the above series into three components.
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• If l ≥ 0, then
l+n∏
j=l+1

ω
p/2
j ≤ η

pn/2
+ ,

and so

∞∑
l=0

kαl

l+n∏
j=l+1

ω
p/2
j ≤ kα0

∞∑
l=0

ηαl+ η
pn/2
+ =

kα0
1− ηα+

η
pn/2
+ .

• If −n < l ≤ −1, then

kαl

l+n∏
j=l+1

ω
p/2
j = kα0

0∏
j=l+1

1

ω
α−p/2
j

l+n∏
j=1

ω
p/2
j ≤ kα0 η

(α−p/2)|l|
− η

(l+n)p/2
+ ,

and so

−1∑
l=−n+1

kαl

l+n∏
j=l+1

ω
p/2
j ≤ kα0

−1∑
l=−n+1

η
−(α−p/2)|l|
− η

(l+n)p/2
+

= kα0 η
pn/2
+

−1∑
l=−n+1

η
−(α−p/2)l
− η

pl/2
+

≤ kα0 η
pn/2
+

n+1∑
l=1

(
η
α−p/2
−

η
p/2
+

)l

= kα0 η
pn/2
+

(
η
α−p/2
−

η
p/2
+

) 1−
(
η
α−p/2
−

η
p/2
+

)n+1

1−
(
η
α−p/2
−

η
p/2
+

)
=

kα0 η
α−p/2
−

η
p/2
+ − η

α−p/2
−

η
pn/2
+ − kα0 η

α−p/2
−

η
p/2
+ − η

α−p/2
−

(
η
α−p/2
−

η
p/2
+

)
η
(α−p/2)n
− .

• If l ≤ −n, then

kαl

l+n∏
j=l+1

ω
p/2
j = kα0

0∏
j=l+1

1

ω
α−p/2
j

0∏
j=l+n+1

1

ω
p/2
j

≤ kα0 η
(α−p/2)|l|
− η

p|l+n|/2
− ,

and so

n∑
l=−∞

kαl

l+n∏
j=l+1

ω
p/2
j ≤ kα0

∞∑
l=n

η
(α−p/2)l
− η

p(l+n)/2
− = kα0 η

pn/2
−

∞∑
l=n

ηαl− =
kα0

1− ηα−
η
(α+p/2)n
− .

Hence, we have∫
E

|Re ⟨z, x∗⟩Re ⟨z, T ∗ny∗⟩ |p/2ξ(dz) ≤ kα0 ∥x∗∥p/2∥y∗∥p/2
(
K1η

pn/2
+ +K2η

(α+p/2)n
− +K3η

(α−p/2)n
−

)
,
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x∗, y∗ ∈ E∗, where

K1 :=
1

1− ηα+
+

η
α−p/2
−

η
p/2
+ − η

α−p/2
−

, K2 :=
1

1− ηα−
, K3 := − η

α−p/2
−

η
p/2
+ − η

α−p/2
−

(
η
α−p/2
−

η
p/2
+

)

are constants independent of n ≥ 1. Observe that since η− < 1, we have η
(α+p/2)n
− =

O(η
(α−p/2)n
− ). If η

p/2
+ > η

α−p/2
− then K3 < 0 and∫

E

|Re ⟨z, x∗⟩Re ⟨z, T ∗ny∗⟩ |p/2ξ(dz) = ∥x∗∥p/2∥y∗∥p/2Oµ,T

(
η
pn/2
+

)
. (5.2)

Conversely, if η
p/2
+ < η

α−p/2
− then K3 > 0. We have η

pn/2
+ = O(η

(α−p/2)n
− ), and thus∫

E

|Re ⟨z, x∗⟩Re ⟨z, T ∗ny∗⟩ |p/2ξ(dz) = ∥x∗∥p/2∥y∗∥p/2Oµ,T

(
η
(α−p/2)n
−

)
. (5.3)

We now bound the codifferences. If η
p/2
+ > η

α−p/2
− , since p ∈ (α, 2], by Lemma 5.1 and (5.2)

for any c > 0 we have∣∣C=
µ (x

∗, T ∗ny∗)
∣∣ = ∥x∗∥p/2∥y∗∥p/2Oµ,T

(
cp−αη

pn/2
+

)
+Oµ(c

−α).

In particular, letting cn := ∥x∗∥−1/2∥y∗∥−1/2η
−n/2
+ , n ≥ 1, putting c = cn we get∣∣C=

µ (x
∗, T ∗ny∗)

∣∣ = ∥x∗∥α/2∥y∗∥α/2Oµ,T

(
η
αn/2
+

)
.

In the case η
p/2
+ < η

α−p/2
− , a similar argument using (5.3) with cn := ∥x∗∥−1/2∥y∗∥−1/2η

(1/2−α/p)n
− ,

n ≥ 1, gives ∣∣C=
µ (x

∗, T ∗ny∗)
∣∣ = ∥x∗∥α/2∥y∗∥α/2Oµ,T

(
η
α(α/p−1/2)n
−

)
.

Likewise, a similar argument establishes the corresponding inequality for
∣∣C ̸=

µ (x
∗, T ∗ny∗)

∣∣,
hence we have

∣∣C=, ̸=
µ (x∗, T ∗ny∗)

∣∣ =
 ∥x∗∥α/2∥y∗∥α/2Oµ,T

(
η
αn/2
+

)
if η

p/2
+ > η

α−p/2
− ,

∥x∗∥α/2∥y∗∥α/2Oµ,T

(
η
α(α/p−1/2)n
−

)
if η

p/2
+ < η

α−p/2
− ,

which rewrites as∣∣C=, ̸=
µ (x∗, T ∗ny∗)

∣∣ = ∥x∗∥α/2∥y∗∥α/2Oµ,T

(
max

(
η
2α/p−1
− , η+

)αn/2)
,

giving (5.1). Mixing in the case of α > 1/2 and p ∈ (α, 2α)∩ [1, 2] follows from Theorem 2.4

and the decay of codifferences. □
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Proposition 5.2 also applies to symmetric control measures of the form

ξ(dz) :=
1

4

∞∑
n=−∞

kαn
(
δen(dz) + δ−en(dz) + δien(dz) + δ−ien(dz)

)
.

We now extend Proposition 5.2 by determining decay rates for the quantity

In(f, g) :=

∫
E

f(z)g(T nz)µ(dz)−
∫
E

f(z)µ(dz)

∫
E

g(z)µ(dz), n ≥ 0,

for a family of functions f, g in L2(E, µ), when T is mixing. Table 1 displays the equivalent

codifferences

Cϕ,ψ
µ (x∗, y∗) := log

∫
E

eiϕ(⟨z,x
∗⟩)+iψ(⟨z,y∗⟩)µ(dz)− log

∫
E

eiϕ(⟨z,x
∗⟩)µ(dz)− log

∫
E

eiψ(⟨z,y
∗⟩)µ(dz),

x∗, y∗ ∈ E∗, for different choices of functions ϕ, ψ.

ϕ(·) ψ(·) Cϕ,ψ
µ (x∗, y∗)

Re(·) −Re(·) C=
µ (x

∗, y∗)

−Re(·) Re(·) C=
µ (−x∗,−y∗)

Im(·) − Im(·) C=
µ (−ix∗,−iy∗)

− Im(·) Im(·) C=
µ (ix

∗, iy∗)

Re(·) − Im(·) C ̸=
µ (x

∗, y∗)

−Re(·) Im(·) C ̸=
µ (−x∗,−y∗)

Im(·) Re(·) C ̸=
µ (−ix∗,−iy∗)

− Im(·) −Re(·) C ̸=
µ (ix

∗, iy∗)

− Im(·) Re(·) C ̸=
µ (x

∗, y∗)

Im(·) −Re(·) C ̸=
µ (−x∗,−y∗)

Re(·) Im(·) C ̸=
µ (−ix∗,−iy∗)

−Re(·) − Im(·) C ̸=
µ (ix

∗, iy∗)

Table 1: Function-codifference triples

First, we observe that the estimate (5.1) holds for the twelve codifference quantities in

Table 1. Next, we derive bounds on In(f, g) for f and g in a class of functions defined by

infinite series.

Corollary 5.3 Let µ be the α-stable measure on E = ℓp(Z) for α ∈ (1/2, 2) \ {1} and p ∈
(α, 2α)∩ [1, 2], let T be the mixing weighted forward shift operator defined in Proposition 5.2,

let (ϕ, ψ) be a pair of functions given in Table 1, and let (aj)j∈N and (bl)l∈N be complex ℓ1(N)
sequences such that

∞∑
j=0

|aj|∥T∥jp/2 <∞ and
∞∑
l=0

|bl|∥T∥lp/2 <∞.
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For any x∗, y∗, the functions

f(z) :=
∞∑
j=0

aje
iϕ(⟨z,T ∗jx∗⟩) and g(z) :=

∞∑
l=0

ble
iψ(⟨z,T ∗ly∗⟩)

are well defined in L2(E, µ), and we have

|In (f, g)| = Of,g,µ,T

(
max

(
η
2α/p−1
− , η+

)αn/2)
, n ≥ 0. (5.4)

Proof. For any pair (ϕ, ψ) of functions in Table 1, we have∣∣In(eiReϕ(⟨·,x∗⟩), e−iReψ(⟨·,y∗⟩))∣∣ = ∣∣ exp(Cϕ,ψ
µ (x∗, y∗))− 1

∣∣ ∣∣∣∣∫
E

eiRe⟨z,x∗⟩µ(dz)

∫
E

e−iRe⟨z,y∗⟩µ(dz)

∣∣∣∣
≤
∣∣ exp(Cϕ,ψ

µ (x∗, y∗))− 1
∣∣

≤ |Cϕ,ψ
µ (x∗, y∗)| exp

(∣∣Cϕ,ψ
µ

(
x∗, y∗

)∣∣) .
We have, if 0 ≤ n ≤ j − l,

exp
(∣∣Cϕ,ψ

µ

(
T ∗jx∗, T ∗(n+l)y∗

)∣∣) = exp
(∣∣Cϕ,ψ

µ

(
T ∗(j−n−l)x∗, y∗

)∣∣) ≤ exp

(
max
n≥0

∣∣Cϕ,ψ
µ

(
T ∗nx∗, y∗

)∣∣) ,
and, if n ≥ max(0, j − l),

exp
(∣∣Cϕ,ψ

µ

(
T ∗jx∗, T ∗(n+l)y∗

)∣∣) = exp
(∣∣Cϕ,ψ

µ

(
x∗, T ∗(n+l−j)y∗

)∣∣) ≤ exp

(
max
n≥0

∣∣Cϕ,ψ
µ

(
x∗, T ∗ny∗

)∣∣) ,
where the maxima are finite by (5.1). Hence, letting

fj,x∗(z) := eiϕ(⟨z,T
∗jx∗⟩) and gl,y∗(z) := eiψ(⟨z,T

∗ly∗⟩), j, l ≥ 0,

by Proposition 5.2 we have

|In (fj,x∗ , gl,y∗)|

≤ |Cϕ,ψ
µ (T ∗jx∗, T ∗(n+l)y∗)| exp

(
max

(
max
n≥0

∣∣Cϕ,ψ
µ

(
T ∗nx∗, y∗

)∣∣,max
n≥0

∣∣Cϕ,ψ
µ

(
x∗, T ∗ny∗

)∣∣))
≤ ∥T ∗jx∗∥α/2∥T ∗ly∗∥α/2Ox∗,y∗,µ,T

(
max

(
η
2α/p−1
− , η+

)αn/2)
, j, l ≥ 0.

Since (aj)j≥0 ∈ ℓ1(N) and (bl)l≥0 ∈ ℓ1(N), we have f, g ∈ L2(E, µ), the series
∑∞

j=0 fj,x∗(z)

and
∑∞

l=0 gl,y∗(z) converge absolutely for every z ∈ E, and

|In(f, g)| ≤
∞∑
j,l=0

|aj||bl||In(fj,x∗ , gl,y∗)|

≤ ∥x∗∥α/2∥y∗∥α/2
∞∑
j,l=0

|aj||bl|∥T j∥α/2∥T l∥α/2Ox∗,y∗,µ,T

(
max

(
η
2α/p−1
− , η+

)αn/2)
≤ ∥x∗∥α/2∥y∗∥α/2Ox∗,y∗,µ,T

(
max

(
η
2α/p−1
− , η+

)αn/2) ∞∑
j,l=0

|aj||bl|∥T j∥α/2∥T l∥α/2.

□
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Since Table 1 contains every possible pair (ϕ, ψ) ∈ {±Re(·),± Im(·)}2 where ϕ ̸= ψ, the rate

obtained in (5.4) also applies to f and g given by

f(z) :=
∑
ϕ∈Φ

∞∑
j=0

aϕ,je
iϕ(⟨z,T ∗jx∗⟩) and g(z) :=

∑
ψ∈Ψ

∞∑
l=0

bψ,le
iψ(⟨z,T ∗ly∗⟩),

where Φ,Ψ are disjoint non-empty subsets of {±Re(·),± Im(·)}, and (aϕ,j)j∈N,ϕ∈Φ, (bψ,l)l∈N,ψ∈Ψ

are complex ℓ1(N) sequences such that

∞∑
j=0

|aϕ,j|∥T∥jp/2 <∞ and
∞∑
l=0

|bψ,l|∥T∥lp/2 <∞, ϕ ∈ Φ, ψ ∈ Ψ.

6 Tempered stable measures

In this section, we consider the case where µ is the distribution of an ℓp(N)-valued random

variable of the form

∞∑
n=0

kn
(
θ1,n + iθ2,n

)
en, (6.1)

where kn is an appropriately chosen positive sequence, and θ1,n and θ2,n are independent and

identically distributed copies of a real-valued tempered stable random variable θ, centered

at zero, with two-sided index of stability α ∈ (0, 1) and characteristic function

E[eitθ] = exp

(∫
R

(
eitx − 1− iκ(x)tx

)
λ(dx)

)
, t ∈ R,

where

κ(x) = 1{|x|<1} +
1

|x|
1{|x|≥1}, x ∈ R,

and

λ(dx) = a−
e−λ−|x|

|x|1+α
1R−(x) dx+ a+

e−λ+x

x1+α
1R+(x) dx, (6.2)

with a−, a+, λ−, λ+ > 0, see for example [Kop95, KT13]. We first derive criteria under which

the series (6.1) is well-defined, i.e. is almost surely ℓp(N)-valued, as in [Sch70, MP24].

Proposition 6.1 Let α ∈ (0, 1) and (kn)n≥0 ∈ ℓα(N). The following are true.

1. The series
∞∑
n=0

|knθ1,n|p converges almost surely for all p ∈ (α,∞).
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2. The series
∞∑
n=0

|knθ1,n + iknθ2,n|p converges almost surely for all p ∈ [1,∞).

Proof. To prove the first statement, we use the three-series theorem of Kolmogorov, see

e.g. [Dur10]. For notational simplicity write θn = θ1,n. Let

θ′n =


θn, |θn| <

1

|kn|
,

0, |θn| ≥
1

|kn|
,

and let f(x) denote the common probability density of θn, n ≥ 0.

• The first series condition requires to show that

∞∑
n=0

P(|knθn| > 1) =
∞∑
n=0

(∫ ∞

1/|kn|
f(x) dx+

∫ −1/|kn|

−∞
f(x) dx

)

=
∞∑
n=0

∫ ∞

1/|kn|
f(x) dx+

∞∑
n=0

∫ −1/|kn|

−∞
f(x) dx

<∞.

We show finiteness of the first series; the second is similar. From [KT13, Theorem

7.10] we have

f(x) ∼ Cx−1−αe−λ+x

as x→ ∞, where

C = a+ exp (−a+Γ(−α)(λ+)α + a−Γ(−α) [(λ+ + λ−)
α − (λ−)

α])

is a positive constant. We conclude from∫ ∞

1/|kn|
f(x) dx ∼ C

∫ ∞

1/|kn|

e−λ+x

x1+α
dx ≤ C

∫ ∞

1/|kn|

1

x1+α
dx =

C

α
|kn|α

and the fact that (kn)n≥0 ∈ ℓα(N).

• The second series condition requires to show that

∞∑
n=0

E[|knθ′n|p] =
∞∑
n=0

|kn|p
(∫ ∞

1/|kn|
xpf(x) dx+

∫ −1/|kn|

−∞
xpf(x) dx

)

=
∞∑
n=0

|kn|p
∫ ∞

1/|kn|
xpf(x) dx+

∞∑
n=0

|kn|p
∫ −1/|kn|

−∞
xpf(x) dx

<∞.
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Using the asymptotics f(x) ∼ Cx−1−αe−λ+x as x tends to infinity, since p > α we have∫ k/|kn|

1

xpf(x) dx ∼ C

∫ 1/|kn|

0

e−λ+x

x1+α−p
dx

≤ C

∫ 1/|kn|

0

1

x1+α−p
dx

=
C

α− p
|kn|α−p,

hence since (kn)n≥0 ∈ ℓα(N), we have

∞∑
n=0

E[|knθ′n|p] ≤
∞∑
n=0

(
|kn|p ·

C

α− p
|kn|α−p

)
<∞.

• The third series condition requires to show that

∞∑
n=0

Var[|knθ′n|p] =
∞∑
n=0

(
E[|knθ′n|2p]− E[|knθ′n|p]2

)
=

∞∑
n=0

E[|knθ′n|2p]−
∞∑
n=0

E[|knθ′n|p]2

<∞.

Observe that

∞∑
n=0

E[|knθ′n|2p] <∞

by applying the second series condition argument with 2p > α. Since variance is

non-negative, and the second series has only non-negative terms, it follows that this

condition also holds.

Finally, the second statement follows from the first by the inequality

|a+ ib|p =
(√

a2 + b2
)p ≤ (|a|+ |b|)p ≤ 2p−1(|a|p + |b|p), p ≥ 1.

□

By Proposition 6.1, (6.1) defines a probability measure µ with µ(ℓp(N)) = 1 on the space

ℓp(N) of complex sequences. In Lemma 6.2, we determine the representation of the charac-

teristic function of µ in the form (1.4).
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Lemma 6.2 Let α ∈ (0, 1), p ∈ [1, 2], and let (kn)n≥0 ∈ ℓα(N) be a positive sequence. Then,

the distribution µ on ℓp(N) of the random series (6.1) has characteristic functional (1.4)

with R ≡ 0, control measure

ξ(dz) :=
∞∑
n=0

kαn
(
δen(dz) + δien(dz)

)
, (6.3)

and Lévy measures

ρ(en, du) = ρ(ien, du) = a−
e−λ−|u|/kn

|u|1+α
1R−(u) du+ a+

e−λ+u/kn

u1+α
1R+(u) du.

Proof. From [KT13, Lemma 4.1], since θ is tempered stable on R with Lévy measure (6.2),

knθ is tempered stable on R with Lévy measure

λn(du) := kαna−
e−λ−|u|/kn

|u|1+α
1R−(u) du+ kαna+

e−λ+u/kn

u1+α
1R+(u) du.

Next, by independence of the sequences (θ1,n)n≥0, (θ2,n)n≥0, we have∫
ℓp(N)

exp (iRe ⟨z, x∗⟩)µ(dz) = E

[
exp

(
iRe

〈
∞∑
n=0

kn(θ1,n + iθ2,n)en, x
∗

〉)]

=
∞∏
n=0

(E [exp (iRe ⟨knθ1,nen, x∗⟩)]E [exp (iRe ⟨knθ2,nien, x∗⟩)])

=
∞∏
n=0

(E [exp (iRe ⟨en, x∗⟩ knθ1,n)]E [exp (iRe ⟨ien, x∗⟩ knθ2,n)])

=
∞∏
n=0

(
exp

(
kαn

∫
R

(
eiuRe⟨en,x∗⟩ − 1− iuκ(u) Re ⟨en, x∗⟩

)λn(du)
kαn

)
× exp

(
kαn

∫
R

(
eiuRe⟨ien,x∗⟩ − 1− iuκ(u) Re ⟨ien, x∗⟩

)λn(du)
kαn

))
= exp

(∫
ℓp(N)

∫
R

(
eiuRe⟨z,x∗⟩ − 1− iuκ(u) Re ⟨z, x∗⟩

) ∞∑
n=0

λn(du)(δen(dz) + δien(dz))

)
,

which is in the form (1.4) with ρ(en, du) = ρ(ien, du) = k−αn λn(du), n ≥ 0, and ξ given by

(6.3), which is finite since (kn)n≥0 ∈ ℓα(N). □

We now present codifference bounds in the tempered stable setting.

Lemma 6.3 Let α ∈ (0, 1) and suppose that (kn)n≥0 ∈ ℓα(N) is a positive sequence. Let

p ∈ [1, 2]. Let µ be the distribution of (6.1) on ℓp(N). Then, the codifference bounds∣∣C=
µ (x

∗, y∗)
∣∣ ≤ 24−p(a−λ

α−p
− + a+λ

α−p
+ )Γ (p− α) (6.4)
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×

(
∞∑
n=0

kpn|Re ⟨en, x∗⟩Re ⟨en, y∗⟩ |p/2 +
∞∑
n=0

kpn| Im ⟨en, x∗⟩ Im ⟨en, y∗⟩ |p/2
)

and∣∣C ̸=
µ (x

∗, y∗)
∣∣ ≤ 24−p(a−λ

α−p
− + a+λ

α−p
+ )Γ (p− α) (6.5)

×

(
∞∑
n=0

kpn|Re ⟨en, x∗⟩ Im ⟨en, y∗⟩ |p/2 +
∞∑
n=0

kpn| Im ⟨en, x∗⟩Re ⟨en, y∗⟩ |p/2
)

hold for any x∗, y∗ ∈ (ℓp(N))∗.

Proof. Using the control measure representation from Lemma 6.2, Lemma 3.2 gives that

for any c > 0 we have∣∣C=
µ (x

∗, y∗)
∣∣ ≤ 24−p

∞∑
n=0

kαn |Re ⟨en, x∗⟩Re ⟨en, y∗⟩ |p/2Ic(en)︸ ︷︷ ︸
S1(c)

+16
∞∑
n=0

kαnI
′
c(en)︸ ︷︷ ︸

S2(c)

(6.6)

+ 24−p
∞∑
n=0

kαn | Im ⟨en, x∗⟩ Im ⟨en, y∗⟩ |p/2Ic(ien)︸ ︷︷ ︸
S3(c)

+16
∞∑
n=0

kαnI
′
c(ien)︸ ︷︷ ︸

S2(c)

,

where

Ic(en) = Ic(ien) = a−

∫ 0

−c

e−λ−|u|/kn

|u|1+α−p
du+ a+

∫ c

0

e−λ+ukn

u1+α−p
du

≤ a−

∫ 0

−∞

e−λ−|u|/kn

|u|1+α−p
du+ a+

∫ ∞

0

e−λ+u/kn

u1+α−p
du

= a−

(
λ−
kn

)α−p ∫ ∞

0

e−x

x1+α−p
dx+ a+

(
λ+
kn

)α−p ∫ ∞

0

e−x

x1+α−p
dx

=
a−λ

α−p
− + a+λ

α−p
+

kα−pn

Γ (p− α) ,

and

I ′c(en) = I ′c(ien) = a−

∫ −c

−∞

e−λ−|u|/kn

|u|1+α
du+ a+

∫ ∞

c

e−λ+u/kn

u1+α
du.

≤ 2(a− + a+)

∫ ∞

c

1

u1+α
du

= 2
a− + a+
αcα

.

This gives the bounds

S1(c) ≤ (a−λ
α−p
− + a+λ

α−p
+ )Γ (p− α)

∞∑
n=0

kpn|Re ⟨en, x∗⟩Re ⟨en, y∗⟩ |p/2,
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S3(c) ≤ (a−λ
α−p
− + a+λ

α−p
+ )Γ (p− α)

∞∑
n=0

kpn| Im ⟨en, x∗⟩ Im ⟨en, y∗⟩ |p/2,

independently of c > 0, and

S2(c) ≤ 2
a− + a+
αcα

∞∑
n=0

kαn <∞.

Now taking the limit as c→ ∞ in (6.6) yields (6.4). The proof for (6.5) is similar. □

We are now in a position to provide a class of tempered stable measures which admits a

mixing operator, and to determine its mixing rate.

Proposition 6.4 Let α ∈ (0, 1), p ∈ [1, 2], and let (ωn)n≥0 be a bounded positive weight

sequence. In the framework of (6.1), assume that the sequence (kn)n≥0 defined by k0 > 0 and

kn := k0

n−1∏
l=0

1

ωl
, n ≥ 1,

satisfies (kn)n≥0 ∈ ℓα(N). Let µ be the distribution of (6.1) on the Banach space ℓp(N), and
consider the bounded weighted backward shift operator on ℓp(N) defined by

Te0 := 0, T en+1 := wnen, n ≥ 0.

The following are true.

1. T admits µ as invariant measure.

2. We have

sup
x∗,y∗∈(ℓp(N))∗\{0}

∣∣C=, ̸=
µ (x∗, T ∗ny∗)

∣∣
∥x∗∥p/2∥y∗∥p/2

≤ 25−p(a−λ
α−p
− + a+λ

α−p
+ )Γ (p− α)

∞∑
l=0

k
p/2
l k

p/2
l+n,

(6.7)

n ≥ 0. In particular, T is mixing by Theorem 2.4, provided that lim
n→∞

∞∑
l=0

k
p/2
l k

p/2
l+n = 0.

Proof. 1. Let the random variable X be represented as in (6.1). Then,

TX =
∞∑
n=0

kn
(
θ1,n + iθ2,n

)
Ten

=
∞∑
n=1

knωn−1

(
θ1,n + iθ2,n

)
en−1
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=
∞∑
n=0

kn
(
θ1,n+1 + iθ2,n+1

)
en

d
=

∞∑
n=0

kn
(
θ1,n + iθ2,n

)
en

= X,

where the equality in distribution follows since the θ1,n’s and θ2,n’s are independent identical

copies of the same random variable. The distribution of TX is µ also, thus T admits µ as

invariant measure.

2. We may represent µ with characteristic functional (1.4) by Lemma 6.2, and thus the

bounds of Lemma 6.3 apply. For C=
µ (x

∗, T ∗ny∗), we have

∞∑
l=0

kpl |Re ⟨en, x
∗⟩Re ⟨en, T ∗ny∗⟩ |p/2 =

∞∑
l=0

kpl+n |Re ⟨el+n, x
∗⟩Re ⟨el, y∗⟩ωl . . . ωl+n−1|p/2

≤ ∥x∗∥p/2∥y∗∥p/2
∞∑
l=0

kpl+n

l+n−1∏
j=l

ω
p/2
j

= ∥x∗∥p/2∥y∗∥p/2
∞∑
l=0

kpl+n

l+n−1∏
j=l

(
kj
kj+1

)p/2
= ∥x∗∥p/2∥y∗∥p/2

∞∑
l=0

kpl+n

(
kl
kl+n

)p/2
= ∥x∗∥p/2∥y∗∥p/2

∞∑
l=0

k
p/2
l k

p/2
l+n,

and likewise

∞∑
l=0

kpl | Im ⟨en, x∗⟩ Im ⟨en, T ∗ny∗⟩ |p/2 ≤ ∥x∗∥p/2∥y∗∥p/2
∞∑
l=0

k
p/2
l k

p/2
l+n.

Similarly, the same bounds hold for C ̸=
µ (x

∗, T ∗ny∗). We conclude by Lemma 6.3. In partic-

ular, by Theorem 2.4, T is mixing on ℓp(N) when (6.7) goes to zero as n tends to infinity.

□

As with Proposition 5.2, Lemma 6.2, and thus Proposition 6.4, can be applied to the sym-

metrized control measure

ξ(dz) :=
1

2

∞∑
n=0

kαn
(
δen(dz) + δ−en(dz) + δien(dz) + δ−ien(dz)

)
.
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By a control of the quantity
∞∑
j=0

k
p/2
j k

p/2
j+l+n =

∞∑
j=0

1

(j + l + n+ 1)γ/2(j + 1)γ/2

as in (4.4)-(4.5) of Example 4.4, Proposition 6.4 yields the following result.

Example 6.5 Let α ∈ (0, 1), p ∈ [1, 2], and γ > 1. In the context of Proposition 6.4, let T

be the bounded weighted backward shift operator on E = ℓp(N) defined as

Te0 := 0, T en+1 :=

(
1 +

1

n+ 1

)γ/p

en, n ≥ 0,

i.e. the weight sequence is ωn = ((n+ 2)/(n+ 1))γ/p, n ≥ 0. Define the coefficients of (6.1)

by

k0 > 0, kn = k0

n−1∏
l=0

1

ωl
,

and denote by µ the distribution of (6.1). Then T admits µ as invariant measure, and T is

mixing with respect to µ, with the rate

sup
x∗,y∗∈ℓp(N))∗\{0}

∣∣C=
µ (x

∗, T ∗ny∗)
∣∣

∥x∗∥p/2∥y∗∥p/2

≤


25−p(a−λ

α−p
− + a+λ

α−p
+ )Γ (p− α) kp0B

(
1− γ

2
, γ − 1

)
n−(γ−1), 1 < γ < 2,

25−p(a−λ
α−p
− + a+λ

α−p
+ )Γ (p− α) kp0B

(ε
2
, 1− ε

)
n−(1−ε), γ ≥ 2, (6.8)

n ≥ 1, for any ε ∈ (0, 1) in (6.8).

We now obtain convergence rates for more general functions in the tempered stable setting.

Corollary 6.6 In the context of Proposition 6.4, let (aj)j∈N and (bl)l∈N be two complex ℓ1(N)
sequences such that

∞∑
j=0

|aj|∥T∥jp/2 <∞.

For any pair (ϕ, ψ) chosen in Table 1, the functions

f(z) :=
∞∑
j=0

aje
iϕ(⟨z,T ∗jx∗⟩) and g(z) :=

∞∑
l=0

ble
iψ(⟨z,T ∗ly∗⟩) (6.9)

are well defined in L2(E, µ), and if T is mixing we have

|In (f, g)| = Of,g,µ,T

(
∞∑
l=0

|bl|
∞∑
j=0

k
p/2
j k

p/2
j+l+n

)
, n ≥ 0. (6.10)
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Proof. As in Corollary 5.3, we have f, g ∈ L2(E, µ). We have the estimate

∞∑
i=0

kpi |Re
〈
ei, T

∗jx∗
〉
Re
〈
ei, T

∗ly∗
〉
|p/2

=
∞∑

i=max(0,j−l)

kpi+l |Re ⟨ei+l−j, x
∗⟩ωi+l−j . . . ωi+l−1Re ⟨ei, y∗⟩ωi . . . ωi+l−1|p/2

≤ ∥T∥jp/2∥x∗∥p/2∥y∗∥p/2
∞∑

i=max(0,j−l)

kpi+l

i+l−1∏
s=i

ωp/2s

= ∥T∥jp/2∥x∗∥p/2∥y∗∥p/2
∞∑

i=max(0,j−l)

k
p/2
i k

p/2
i+l , j, l ≥ 0.

The same estimate holds if we replace one or both of the real parts with the imaginary part.

Hence, letting

fj,x∗(z) := eiϕ(⟨z,T
∗jx∗⟩), gl,y∗(z) := eiψ(⟨z,T

∗ly∗⟩), j, l ≥ 0,

by Lemma 6.3 we have

|In (fj,x∗ , gl,y∗)|

≤ |Cϕ,ψ
µ (T ∗jx∗, T ∗(n+l)y∗)| exp

(
max

(
max
n≥0

∣∣Cϕ,ψ
µ

(
T ∗nx∗, y∗

)∣∣,max
n≥0

∣∣Cϕ,ψ
µ

(
x∗, T ∗ny∗

)∣∣))
= ∥T∥jp/2Ox∗,y∗,µ,T

(
∞∑

i=max(0,j−l−n)

k
p/2
i k

p/2
i+l+n

)

and

|In(fx∗ , gy∗)| ≤
∞∑
j,l=0

|aj||bl||In(fj, gl)|

= Ox∗,y∗,µ,T

(
∞∑
j,l=0

|aj||bl|∥T∥jp/2
∞∑

i=max(0,j−l−n)

k
p/2
i k

p/2
i+l+n

)
,

and (6.10) follows from the series convergence assumption. □

Once again, by controlling the quantity

∞∑
j=0

k
p/2
j k

p/2
j+l+n =

∞∑
j=0

1

(j + l + n+ 1)γ/2(j + 1)γ/2
,

as in (4.4)-(4.5) of Example 4.4, we obtain the following from Corollary 6.6.

33



Example 6.7 In the context of Example 6.5, if

∞∑
j=0

|aj|∥T∥jp/2 <∞,

then T admits the mixing rate

|In (f, g)| =

{
Of,g,µ,T

(
n−(γ−1)

)
, 1 < γ < 2,

Of,g,µ,T

(
n−(1−ε)), γ ≥ 2, (6.11)

n ≥ 1, for any ε ∈ (0, 1) in (6.11), where f, g are functions of the form (6.9).

Finally, we also note that the rate (6.10) holds for mixed exponential functions of the form

f(z) :=
∑
ϕ∈Φ

∞∑
j=0

aϕ,je
iϕ(⟨z,T ∗jx∗⟩) and g(z) :=

∑
ψ∈Ψ

∞∑
l=0

bψ,le
iψ(⟨z,T ∗ly∗⟩),

where Φ,Ψ are disjoint non-empty subsets of {±Re(·),± Im(·)}, and (aϕ,j)j∈N,ϕ∈Φ, (bψ,l)l∈N,ψ∈Ψ

are complex ℓ1(N) sequences such that

∞∑
j=0

|aϕ,j|∥T∥jp/2 <∞, ϕ ∈ Φ.
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