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Abstract

The mixing and ergodicity of Gaussian measures have been characterized in terms
of their covariances, first for random sequences, and then in the framework of linear
dynamics on Banach spaces. In this paper, we extend the latter results to the setting
of infinitely divisible measures on Banach spaces, by deriving necessary and sufficient
conditions for the strong and weak mixing of linear operators. Our approach relies on
characterizations of mixing for infinitely divisible random sequences, and replaces the
use of using covariance operators with codifference functionals and control measures on
Banach spaces. Our results are then specialized in explicit form to a-stable measures,
with examples of linear operators satisfying the required measure invariance conditions.
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1 Introduction

The study of mixing of Gaussian processes in connection with the spectral properties of
unitary transformations started in [WA57], with the derivation of necessary and sufficient
conditions in terms of Gaussian covariances. Characterizations of mixing and ergodicity for
dynamical systems under a Gaussian measure have been obtained in [CFS82, Chapter 14,

§ 2, Theorems 1 and 2] on a space of real sequences, using spectral measures. On the Wiener
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space, the mixing of ergodicity of random isometries have been treated in [UZOO] using the

Skorohod integral.

On the other hand, characterizations of mixing and ergodicity of linear operators on
complex Banach spaces have been obtained in the framework of linear dynamics, see [BM09]
for an introduction to the field and to its connections with the notion of hypercyclicity. We

recall the following definition, see e.g. [BM09, Definition 5.23].

Definition 1.1 A measure-preserving map T on a measure space (X, B, p) is strongly mizing

if either of the two following equivalent conditions is satisfied:

(i) lim p(ANT"(B)) = p(A)u(B), A, B € B,

n—o0

(i) lim [ £:)o(T2)n(az) = /X F(2)u(dz) /X g(2)u(dz), f.g € L*(X, ),

and weakly mizing with respect to p if either of the two following equivalent conditions is

satisfied:

(i) lim — ZW (ANT*(B)) — u(A)u(B)| =0, A, B € B,

0T :)u(az) = [ fentae) [ antaz)

Given E a complex separable Banach space with continuous dual E* and dual product (z, z*)

(i1) hm —

n—00 n

=0, f,g € L*(X, ).

on F x E*, consider a Radon probability measure 1 on E with characteristic functional

p(x™) = / e BeE2) (), x* e B
E

The measure p on F is said to be Gaussian if for any z* € E* the random variable x — (x, x*)
has a complex symmetric Gaussian distribution on F, i.e. either it is almost surely 0 or
x + Re (z,2*) and  — Im (z, 2*) are independent and have centered Gaussian distributions
with the same variance, see [BM09, Definitions 5.6-5.7]. Moreover, by [BM09, Theorem 5.9],
for any Gaussian measure p on F, the continuous conjugate-linear operator R : £* — F
defined as

(Ra*,y") = / ey ulds), oty € B,
E
satisfies

—~ 1
i(z*) = exp (_Z (Rx*,x*)) , e B,
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see also [Lin86, p. 61], and we have
Ellm (X, 2*) Re (X,y")] E[lm (X,2") Im (X,y")]| 2| 0 (Ra*,y") |’ '
Yyt e B
Mixing criteria have been stated in [BM09, Theorem 5.24] for a continuous linear operator
T : EF — FE invariant with respect to a Gaussian measure p on E. Namely, a continuous
linear operator 7' invariant with respect to a Gaussian measure p on a separable Banach
space F is strongly mixing (resp. weakly mixing) if and only if

1
lim (RT*™"z*,y*) =0, z*,y" € E*, resp. lim —

n—00 n—oo N,

n—1
Z ‘(RT*kx*,y*) =0, =",y € FE".
k=0

(1.2)
In addition, sufficient conditions have been given on the eigenvectors of T so that it admits

an invariant Gaussian measure with full support, see [Fly95] on Hilbert spaces, and [BM09,

Proposition 5.27] on Banach spaces.

In the framework of stationary infinitely divisible stochastic processes, mixing criteria
in a non-Gaussian setting have been obtained in [Mar70], [RZ96], [RZ97]. The ergodicity
and mixing properties of Poisson random measures have also been considered by several
authors, under deterministic transformations, see e.g. [Mar78], [Gra84], [Roy07], and [Pril6]

for random transformations.

In this paper, we extend the mixing criteria of [BM09, Theorem 5.24] from Gaussian
measures to the more general setting where u is an infinitely divisible probability measure
on the Banach space F, i.e. pu is such that for every n > 1 there exists another probability

measure ji, on E such that

= P Kok iy
—_——
n times

see e.g. § 5.1 of [Lin86]. Recall that by e.g. [Lin86, Proposition 5.2.2], Gaussian measures

are infinitely divisible.

Moreover, by e.g. [Ros87, § I1.1], the characteristic functional of any infinitely divisible

probability measure p on E can be written as

/eiRe(z,x*>M(dZ)
E
= exp (—i (Ra™, x*) +/ (e'Bet=™) — 1 — ik(2) Re (2, 2%) )A(dz)) , o e E*, (1.3)
E
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where
e R: E* — FE is a symmetric and positive semidefinite covariance operator,

e k(z) is a bounded measurable function on E such that lim, o k(z) = 1 and k(z) =

O(1/ ||z]]) as |||l tends to infinity, called a truncation function, and

e )\ is a Lévy measure, i.e. A is a measure on E that satisfies A({0}) = 0 and

/Emin((Re (z,2*))*, 1)\(dz) < oo, z* e B

In addition, by [AR05, Theorem 4.1] specialized to the single time index ¢t = 1, a random
variable X with distribution p on E admits the Lévy-Ito decomposition X = X, + X, where
X, is an E-valued Gaussian random variable and X, is a non-Gaussian infinitely divisible
component. In terms of measures we have pu = i, * p,, where p, (resp. p,) denotes the

distribution of X, (resp. X,), see [Lin86, Theorem 5.7.3].

In Sections 4-6 we will focus on the case of Banach-valued stable random variables.
Recall, see [Woy19, p. 6], [LT91, p. 124] [ST94, § 1.1 and 2.6], that a random vector X
taking values in F is said to be a-stable, o € (0,2], if for any a,b > 0 there exists z € £
such that

aX® +X® =z + (a* + 1)V X,

where X, X® are independent copies of X. In the case X and —X have same distribution,
the random variable X is said to have a symmetric a-stable (Sa.5) distribution. When o = 2,

X has a Gaussian distribution.

In Proposition 2.2, we obtain necessary and sufficient conditions for the mixing of a linear
operator T' on F invariant with respect to the infinitely divisible measure p. For this, we

will extend the covariances appearing in (1.2) into the codifference functionals

Co(z%,y") =logE [eiRe(X’x*_y*q —logE [eiRe(X’x*>} —logE [e‘iRe<X’y*>} , (1.4)

and

CZ&(*/E*’ y*) = IOgE [eiRe(X,x*)fiIm<X,y*):| . IOgE [eiRe<X,x*)j| o 10gE [efiIm<X,y*):| ’ (15>

r*,y* € E*. The codifference is a measure of bivariate dependence which, unlike the covari-

ance, does not require the existence of a second moment which may not exist in general, as
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in the case of a-stable measures with parameter a € (0,2). The codifference of p can be

rewritten from (1.3) as

1 . . , .
CL(x™,y") = 5 Re (Rz*,y") +/ (e'Bel™) — 1) (e7"Re=v) — 1) \(d2), (1.6)
E
and
1 . . , ;
C’ff(x*,y*) = EIm (Rz™,y") +/ (ezRC(z’m ) — 1) (e"lm(z’y ) — 1)A(dz), (1.7)
E

x*,y* € E*, where X is an infinitely divisible random variable with distribution p on F.
Our proofs rely on the characterizations of strong and weak mixing properties of stationary
infinitely divisible processes established in [RZ96, RZ97, FS13, PV19]. In Proposition 2.6,
we obtain mixing criteria for linear operators on Hilbert spaces in terms of spectral measures

using Wiener’s theorem.

In Section 3 we consider the case where the characteristic function of the infinitely divis-

ible measure p has the form

/61'Re(z,m*>'u<dz)
E
= exp (_%l (Rx™, ") +/ / (e B2 — 1 —juk(u) Re(z, 2%)) p(z, du){(dz)) , rt el
E J—oc0

where {p(s,)}ser is a family of Lévy measures on R, ¢ is a o-finite measure called a control
measure, and
1

k(u) = Lgu<ny + m1{|u|21}, u € R.

In Theorem 3.2, we obtain necessary and sufficient conditions for the strong mixing of a
linear operator 7' : E — FE that leaves p invariant, extending [BM09, Theorem 5.24] from
the Gaussian to the infinitely divisible setting.

In Section 4, we specialize our results to the case where u is an a-stable distribution
parametrized by an index « € (0,2), a # 1, and a control measure ¢ on the unit sphere Sg

in F, see (4.1)-(4.2). In this stable setting, (1.6)-(1.7) become
Cr(x"y") = —/ (|Re (z,2* —y")|* — |Re(z,2")|* — |Re (z,y*)|a)§(dz),
Sg
and

Oy (a*.y") = —/S (Re (z,2") —Im (z,y")|" — [Re (z,2")|" — [Im (z,5")|" )€(dz2),



r*,y* € E*. Note that although the Gaussian setting corresponds to o = 2, it may not be
recovered by letting o = 2 in the identities defining the a-stable distribution, e.g. in (4.1).

When g is symmetric a-stable (Sa.S) and the Banach space E is of stable type a € (0, 2),
see [Woy19, Definition 6.5.1], it follows from Corollary 4.1 that T is strongly mixing with
respect to p if and only if

n—oo

lim / Re (2, 2°) |*/2| Re (2, T*"2*) [*/2¢(dz) = 0
E
and

lim [ |Re(z,z*) %% Im (z, T*"z*) |*/%¢(dz) = 0, e B,

n—o0 E

with an example of operator T satisfying those conditions given in Proposition 4.2.

In Section 5 we construct a class of stable distributions on a Hilbert space H, and in
Proposition 5.5 we provide sufficient conditions for their invariance under bounded invertible
operators on H, with relevant examples, as required in Corollary 4.1. Finally, in Section 6
we consider the invariance of stable measures under o-spanning operators. The role of the
o-spanning property in connection to invariance and mixing has been previously discussed
in the Gaussian case in e.g. [BG06] in a Hilbert space setting, see also [BG07], and [BM16]

for Banach spaces of cotype 2.

We proceed as follows. In Sections 2 and 3 we provide sufficient conditions for mixing
in terms of codifference operators and control measures, respectively. The stable case is
treated in Section 4 with an example of application constructed in terms of weighted shifts.
Sufficient conditions for the existence of an invariant measure for 7" are given in the stable

case in Sections 5 and 6.

2 Mixing in terms of codifferences

In the sequel, we let X denote a random variable with distribution x4 on E. Our character-
ization of mixing in Proposition 2.2 below relies on the following transfer result as in the

proof of [BM09, Theorem 5.24].

Lemma 2.1 A bounded linear operator T' : E— E is strongly mizing (resp. weakly mizing)

with respect to p if and only if the R?-valued process defined as
X2 = (Re(X, T*"2*), Im(X, T*"z*)), n >0, (2.1)
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induced by X is strongly mizing (resp. weakly mizing) for every x* € E*.

Proof. <) Let z* € E*, and given two integer sequences (nq,...,n;) and (mq,...,my;) in

N, consider the continuous linear maps 7y« : £ — CF and Tt B — C! defined by
o1 (2) = ({2, T ™), (2, T x)), 7 o(x) = (2, T2y .o, (x, T"™a™))

x € F, and the cylinder sets

Al = (T 1) L(A,-), Bl = (Tg2)” Y(B,),

for A, C C*, B, C C! Borel sets viewed as subsets of R?** and R?*! respectively. If

(X¥),en is strongly mixing, we have

lim p(AL. NT™"B..) = lim Ly, (2)1p, (T"2)p(dz)

n—00 n—00 JpN

=lim [ 15 /5. (701 (2), T 2(T72) ) p(d2)

n—oo
= lm E[17 5. (71 (X), T 217" (X))]
= lim E[15  (me1(X))15, (mae 2(T"X))]
15 (X Xa s, (Kongtns -5 Xogn)]
- [ A Xnysoo TLk)]E[:H‘Ex*(XWUJ"'?Xml)]
=E[15, (M1 (X ))}E[ﬂgx*(m*,g(X))]

:/Eﬂgx*(ﬂx*g(z))lﬁ(dZ)/EIlgac*(ﬂ'm*g(z))lu(dz)

_ / Ly (2)u(d2) /E 1y, (2)u(dz)

= (A, )u(BL.),

= lim E

n—oo

(
(

and this relation extends to any Borel sets A, B/. by a monotone class argument. Next, if
(X)) en is weakly mixing for every z* € E*, then as above we have

lim — Z ‘E i (e 1 (X) 15 | (e o(THX)] = E[15 | (e 1 (X)) E[1 5, (Wz*z(X))H =0,

n—oo N

and this relation also extends to Borel sets A’., B/. by a monotone class argument, with

n—1

! k ! / !
JL%HZ|“A NT*B.) — p(AL.)u(B.)

L . (T 9tds) — [ g @l [ 1 Gutae)

E
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= 0.

=) Assume that T is strongly mixing with respect to u. Letting X := (X )ien, for any
r* € E* and f,g € L*((R?)Y,m), where m is the pushforward of i by

— (Re(z, T*z*), Im(z, T"2*))1en,
denoting by S the shift operator by one time step, we have

lim E[f(X)g(S"X)] = lim | f(((z, T""))ien) g ({2, T 0a) ien) p(d2)

= lim [ (T ) o (772 T i)l
_ / £ (2 T e i d2) / o(((2, T2 i) p(d2)
= E[f(X)|E[g(X)].

Similarly, if 7" is weakly mixing with respect to p, for any f,g € L*((R?)Y,m) and z* € E*

we have

lim ~ Z [E [£(2)g(S*X)] —E (f(X))E (g(X))]

n—oo N

[Ef((<Z,T*l$*>)zeN)g((<Z,T*('“”)w*>)zeN)u(dZ)

- Lf(((ZvT*lx*»leN)ﬂ(dz)/g((<Z>T*1x*>)leN)M(dz)

E

O

In Proposition 2.2 we characterize the mixing of a linear operator 1" on the complex sep-
arable Banach space E. The equality (2.2) below, see also (2.3), is a technical condition
originating in [Mar70] and used in the proof of Theorem 1 of [RZ96] in order to ensure the
characterization of mixing using codifferences. See [RZ96, page 282] for an example where

this condition is necessary.

Proposition 2.2 Let E be a complex Banach space, and assume that for every x* € E*,

the Lévy measure v,= of (Re (X, x*) ,Im (X, x*)) satisfies
Ver (R X 27Z)  and v« (20Z x R) = 0. (2.2)
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Then, a bounded linear operator T : E — FE that leaves invariant the infinitely divisible

measure [ 1S strongly mizing, resp. weakly mizxing, with respect to p if and only if

lim O (x*,T*”x*) =0 and lim C#(w T"x *) =0, x*€F",

n—o0 n—o0

resp. for any x* € E* there exists a density one subset Dy« of N such that

n—1
lim — Z ‘C’ o, T*2") =0 and lim ! Z |C’f(m*,T*kx*) = 0.
neD  x neD, x k=0

Proof. Let z* € E*. Since T leaves p invariant, by (2.1) and (1.4)—(1.5) we have

Ci(;p*,T*nI*) — IOgE[ iRe(X,z*—T*"x :| IOgE[ iRe(X,z*) } IOgE [ —iRe(X,T*"z *>}
= 10g (]E [62R6<X,m*_T ng* )] /(E [ezRe<X,x )} E [e—zRe(X,x )} ))

and

CZé(LE*,T*n[L'*) _ IOgE [eiRe<X,a:*>—iIm(X,T*”x*):| . IOgE [eiRe<X,a:*>} _ IOgE [e—iIm<X,T*”x*)}
— 10g (E [eiRe(X,x*)fiIm<X,T*"z*):| /(E [eiRe<X,x*>] E [efilm(X,zﬂ] )),

n € N. Next, by [FS13, Theorem 2.1] applied to the time index N as in [PV19], (X2"),cy is

strongly mixing if and only if

lim E[ iRe(X,T*"a*)— iRe(X,m*)] — E[eiRe(X,a:*)]]E[e—iRe(X,x*)}

n—oo

and
lim E[ iRe(X,T*"a*)— iIm(X,z*)] _ E[eiRe<X,x*)}E[efilm(X,mﬂ]'

n—o0

Similarly, by [PV19, Theorem 4.3], (X* ),en is weakly mixing if and only if there exists a
density one subset D, « of N such that

lim E[e/Rel@T™"e)—iRe(Xa™)] _ [ [oiRe(Xa™) | [omiRe(Xa")]

o
and
lim T [ei Re(z,T*"x*)—i Im(X,gc*):| —F [ei Re(X,x*)} E [efi Im(X,m*)} )
nne_ézo*
We conclude in both cases from Lemma 2.1. O

When the Banach space E is real we ignore the vanishing second component of the induced

process (X o and this process becomes R-valued. In this case, following the same

n )neN’
argument as in the proof of Proposition 2.2 by replacing the use of [FS13, Theorem 2.1]
and [PV19, Theorem 4.3] with that of [RZ97, Proposition 4 and Theorem 2], we have the

following result.



Proposition 2.3 Let E be a real Banach space, and assume that for every x* € E*, the

Lévy measure vy« of (X, x*) satisfies

Ve (2772) = 0. (2.3)
Then, a bounded linear operator T' : & — FE that leaves invariant the infinitely divisible
measure |4 1S strongly mizing, resp. weakly mizing, with respect to p if and only if

1
lim C’:(:E*,T*”x*) =0, resp. lim — =0, z*€FE".

n—00 n—oo N,

n—1
k=0
In the case where p is Gaussian with covariance operator R, (1.6)-(1.7) become

and
1 1
C’Zf(x*,y*) = élm (Rx*,y*) = —§Im (Ry*,z*), x*,y" € E",
and Proposition 2.2 yields the following result, cf. [BM09, Theorem 5.24].

Corollary 2.4 Let i be a Gaussian measure on a complexr Banach space E. Then, a bounded

linear operator T' : E — E s strongly mizing, resp. weakly mixing, with respect to u if and
only if
lim (RT*"z*,2*) =0, z*¢€ E",

n—oo

resp. for any x* € E* there exists a density one subset D, of N such that

=0.

neD x n

1 n—1
TS e
k=0
We close this section with remarks on the characterization of mixing in real Hilbert spaces
using spectral measures. The next proposition defines the spectral measure o,+ of z* in H*

for H a Hilbert space. In what follows, we denote by T the unit circle in C.

Proposition 2.5 Let H be a real Hilbert space, and consider a bounded bijective linear
operator T : H — H. For every x* € H*, x # 0, there exists a probability measure o« on T

whose Fourier coefficients are given by

C: *,T*k *
Gty = - ETTT) g (2.4)
log |E [e*¥0]]
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Proof.  Following the steps of the proof of [RZ97, Proposition 2], we find that for any
pairwise distinct sequence (n;)1<j<n the matrix (C (T*"z*, T x%))1<j k<N is nonnegative
definite. Hence, the function 7, (k) is non-negative definite and the conclusion follows from

Bochner’s theorem, see e.g. [Rud91], since T is the Pontryagin dual of Z. O
Recall that a complex measure o on T is

1. continuous if o({\}) = 0 for every A € T, and

2. Rajchman if 5(n) — 0 as |n| — oo,
where 7 (n) is the nth Fourier coefficient of o.

Proposition 2.6 Let p be an infinitely divisible measure on a real Hilbert space H, and
assume that for every x* € H*, the Lévy measure of X&' = (X,z*) has no atoms in 277Z.
Then, a bounded bijective linear operator T : H — H that leaves invariant the infinitely
divisible measure p is strongly mizing (resp. weakly mixing) with respect to p if and only if

oz is Rajchman for all x* € H* (resp. o, is continuous for all z* € H*).

Proof. a) If 0.~ is Rajchman for all z* € H*, then by (2.4) we have lim,, ,o, C; (z*, T*"z*) =
0, hence T' is strongly mixing by Proposition 2.3. Conversely, if T is strongly mixing then

by (2.4) and Proposition 2.3 we have

lim 7,+«(n) =0, z" e H".
n—o0

Since

= * —1\*n _.x\ __ = *n, ok *\ — * KUY Ak
Co (™, (T7)"a") = C (T™"z", 2") = CF (x*, T*a*), neN,

hence
lim 7,«(n) =0, " e HY,
[n|—o0

and therefore o, is Rajchman.
b) Suppose that o, is continuous for all * € H*. Then, by Proposition 2.5 and Wiener’s
theorem, see e.g. [BM09, Theorem 5.31], we have

o1
lim —
n—oo M,

n—1
Z (7, T 2*) =0,
k=0

hence T' is strongly mixing by Proposition 2.3. Conversely, if T is weakly mixing then by

Propositions 2.3 and 2.5, for every z* € H* we have

n—oo N,

n—1
1
lim — (G, (k)| = 0,
k=0
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hence o,+ is continuous by Wiener’s theorem. 0

3 Mixing in terms of control measures

In this section, we let A denote an infinitely divisible random measure on a complex Banach

space F, defined by its characteristic function

E [¢A4)] :exp( / £(d2) + / / e 1 — ituk(u ))p<z,du)g(dz>>

for any measurable A C F and t € R, see § 3 of [RZ96], where
e 0% F — [0,00) is a measurable function,
e {p(s,)}ser is a family of Lévy measures on R,
e ¢ is a o-finite measure called a control measure, and

e k is the truncation function

1, lu| <1,
k(u) =14 1

else, u € R.
|ul

In addition, we assume as above that the Gaussian component of A(A) either vanishes a.s.,
or has independent identically distributed Gaussian real and imaginary components. More

generally, for any f : F — FE a sufficiently integrable measurable function, the stochastic

/E F(2)A(d2

integral

has the characteristic functional

E [ iRe( [ f(2)A(dz),a* >}

—exp (g gty 4 [ [T (RO 1 k() Re (7)) ) o du)e(d))

x* € E*, where Ry : E* — E is the covariance operator

(Ryat,y") = /E T (f(2).07) 2(2)E(dz), o',y € E.

In particular, taking f(z) = z, the random variable

X = /E 2\ (d2),



has an infinitely divisible distribution with characteristic functional

ety + [T 1 k() Ree, 7)) o du)f(dz)) ,

(3.1)

E [eiRe<X,x*)] — exp (

x* € E*, where R : E* — E is the covariance operator

(Ra*, ) = /E ) (2, y") 0 (2)E(dz).

The following result is an extension of [RZ96, Theorem 4] to our setting. In what follows,

we let
V(r, z):= / min(|rul, 1)p(z, du), reR, zeFE.

Lemma 3.1 Given r > 1, consider a family (f,)nen of R"-valued measurable functions on

E. Then, the stationary R"-valued process (Yy,)nen defined by

Y, = /Efn(z)/\(dz), n >0,

18 strongly mizing if and only if

i || [ w0 ot @ea)| =0 32)
and
tin [ V(AN 1) 2)60) =0 33)

Proof. We use the argument of [PV19, Lemma 3.5]. The covariance of the Gaussian compo-

nents of (Yp,Y,) is given by

/Efo(z)fn(z)TJQ(z)f(dz), n >0,

and from [FS13, Theorem 3.2] specialized to the discrete-time setting, the Lévy measure of

the joint distribution of (Yp,Y,,) is given by
pn(B) = [ [ 1a(fale)u, 1) ol dué(d2)
EJR
for all Borel sets B C R*\{0}. Thus, we have

min(|la] 5], 1) pon(da, db) = /E / win(|| fo(=)ullge || fa(2)ullgr » 1)p(z, du)é (d2)

R2r
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= /E/I%min(zﬂ | fo()lgr 1 fn(2) IR » 1) p(2, du)é(dz)
- /RV( 1 fol2) lge [1Fa(2) e 2)E(d2).

Since (Y,,) is stationary, [FS13, Corollary 2.5] (again specialized to the discrete-time case)
shows that (3.2)-(3.3) is equivalent to the strong mixing of (Y},)nen, as in the proof of [RZ96,
Theorem 4]. O

Theorem 3.2 extends [BM09, Theorem 5.24] from the Gaussian to the infinitely divisible
setting. When A is Gaussian, i.e. when p(z,du) = 0, we have V(r, z) = 0 and it recovers the

strong mixing criterion of Corollary 2.4 from the vanishing of (3.5) and (3.6).

Theorem 3.2 A bounded linear operator T : E — E that leaves invariant the infinitely

divisible measure v is strongly mizing with respect to p if and only if for every x* € E* we

have
lim (RT*"z*, x*) =0, (3.4)
n—oo
lim [ V(|Re(z,2%) Re (2, T""z*) |, 2)&(dz) = 0, (3.5)
n—oo E
and
lim [ V(|Re(z,a*) Im(z,T*"z*) |, 2)&(dz) = 0. (3.6)
n—oo

Proof. By Lemma 3.1 applied to the R?-valued functions
fa(2) = (Re (2, T""2*) , Im (2, T*"z*) ), z€FE, neN,
the R2-valued process defined by

X7 = (/ Re <z,T*”x*)A(dz),/ Im <z,T*"az*>A(dz)) , n e N,
E E

is strongly mixing if and only if for all 2* € E* we have

Re (z,2*) Re (2, T*"z*) Re(z,z*)Im (z, T*"x*)

nh—>nc}o 5 {Im (z,2*) Re (z, T*"z*) Im (z,2*) Im (z, T*”m*)} o*(2)§(dz) =0, (3.7)

and

lim [ V(| (z,2%) (2, T""x%) |, 2)&(dz) = 0. (3.8)

n—oo E

From Lemma 2.1, it suffices to show (3.7) is equivalent to (3.4) and that (3.8) is equivalent
to (3.5)-(3.6) in order to conclude the proof.
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a) Since by (1.1) the real and imaginary parts of the Gaussian component of X* are inde-

pendent for every n > 0, we have

Re (z,z*) Re (z, T*"x*) Re (z,2*) Im (z, T*"z*) 2(\e(d )_1 (RT*"x*, x*) 0
5 [Im (z,2%) Re (2, T*"2*) Im (2, 2*) Im (2, T*"z*) 7S =5 0 (RT*"x*, x*) |

which shows that (3.7) is equivalent to (3.4).
b) Next, from the inequality

| (z,2™) (2, T""x") | > |Re(z,2") Re (2, T""x™)|,
we have
V(| (z,2") (z, T""x") |, z) > V(| Re(z,2") Re (2, T""z") |,z),

z € E, hence (3.8) implies (3.5) and (3.6) similarly. On the other hand, from the relation
Im (z,2*) = Re (z, —iz*), (3.5)-(3.6) imply

lim [ V(]Im (z,2*) Im (z, T*"2*) |, 2)&(dz) = 0

n—0o0 E

and
lim [ V(|Im(z,2%) Re (z,T*"z*) |, 2)&(dz) =0,

n—oo E

x* € E*, hence the inequalities

| (z,x") (2, T""z") | < |Re(z,2") Re (2, T""z")| + |Re (z,2") Im (z, T*"z")|
+ |Im (z, %) Im (2, T*"2*)| + |Im (2, ") Re (2, T""x")| ,

and
min(1,a +b) < min(1, a) + min(1,b), a,b>0,

yield (3.8). O

4 Stable case

In this section, we apply the results of Sections 2-3 to the case where p is an a-stable
distribution on E with parameter a € (0,2), a # 1. The characteristic functional (3.1) of
an FE-valued random variable X can be written by the Tortrat Theorem [Tor77] as

E [eiRe(X,w*)} :/

E

eiRe(z,x*>M(dz> = exp (_/ |Re <z,x*>’af(d2’)> , e E*, (41>
SE
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where £ is a finite measure concentrated on the unit sphere Sg, see also [Woy19, p. 6] or
[LT91, Corollary 5.5], [Lin86, Theorem 6.4.4 and Corollary 7.5.2]. On the other hand, by
e.g. [Sat99, Lemma 14.11] or [PP16, Corollary 4.1], (4.1) can be rewritten when o # 1 as

. . > . d
E [eZR‘3<Xv’3 >} = exp (ca/ / (e“‘Re(z’x ) — 1 — iuk(u) Re(z, :L’*))’u‘%f(dz)) (4.2)
EJ—-oco

where k(u) is a truncation function and ¢, > 0. Hence, in the framework of Section 3, the

random variable X = [ zA(dz) has an a-stable distribution when o? = 0 and p(z, du) takes

E
the form

p(z,du) = coliysoy|ul ™% + calpucoy|ul 717, z € F, (4.3)
see the discussion following [RZ96, Theorem 4].

In addition, if E is a Banach space of stable type a € (0,2), by [Woy19, Remark 6.10.2],
any a-stable random variable on E can be represented as the random integral |, Sp zA(dz),

with characteristic functional (3.1).

Corollary 4.1 Assume that the Banach space E is of stable type a € (0,2), o # 1, and
let p denote the a-stable distribution with characteristic functional (3.1), where p(s,du) is
given by (4.3). A bounded linear operator T : E — E that leaves p invariant is strongly

maxing with respect to p if and only if for every x* € E* we have

lim / Re (2, 2°) |*/2| Re (2, T*"2*) [*/2¢(dz) = 0
E

n—oo

and

lim / Re (2, ) [*/2| Tm (=, T*"2*) [*/2¢(dz) = 0, 2 € B*
E

n—o0

Proof. For all u € R and z € E, we have
Viwz) = [ min(luy] Doz,
= 2(:&/0 min(|uyl, 1)ya+1

20 [ 1) e
=2, | —— + — ) |ul®,
2—a «

and we conclude from Theorem 3.2. O
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Example

We construct an example of a strongly mixing operator T satisfying the conditions of Corol-
lary 4.1 using weighted shifts as in § 5.5.2 of [BM09]. Let p > 1, and let E := (?(Z) be the

Banach space of complex sequences (z;);ez such that

[e%s) l/p

o= ( 32 lar) <o
j=—00

with canonical basis (e, )nez. Given a € (1,2), consider a positive weight sequence (wy,)nez

such that:

e there exist ¢, ¢y € (0,1) such that

w; < ey, 1> 1,
w; = 1, 1=—1,0,

wi > 1/cy, i< =2,
o (w_;)i>1 is strictly increasing,

e if p = «, then in addition there exists d € (0,1) such that w; > d for all i > 0,

and let
H Wi, n > 07
L 0<i<n
n = 1
— N _17
n<i<o -t
with k_y = ko = wo = 1. Given (01,)nez and (02,)nez two sequences of independent

standard Sa.S random variables with characteristic function e~ ", let

o0

X = Z (91,n+i92,n>knena

n=-—oo
be represented in distribution as
X = zA(dz),
LP(Z)
where A is the Sa.S random measure with control measure

£(d=) :% SO K (G (d2) + 0o, (d2) + 61, (d2) + 0, (d2).

n=—oo

17



We observe that from Lemma 4.3 below, X is well-defined on ?(Z) since we have

™, n >0,
ky < <1, n=—1,
Cg(\n|—2), n< -2

hence (k%)nez is bounded by geometric sequences, and
o0 o0
> lkenlls = Y kS < o0,
n=-—oo n=—oo

so that the sequence (k,e,)nez can be used to define a measure. Moreover, we have

E 6iRe<szA(dz),m*>] = exp <_/E|Re <Z,[E*>|a f(dZ))

= exp (— Z ko |Re (e, x*)|" + Z kY |Re (ien,x*)|a) )

n=-—o00 n=-—oo
hence the distribution p of X is a-stable with control measure £(dz). As an application of
Corollary 4.1, we show that 7" is strongly mixing with respect to the Sa.S distribution p of X
defined in (3.1) when « € (1,2), and with respect to the Gaussian measure with covariance

R given by Re, = k2e,, n € Z, when a = 2.

Proposition 4.2 Let a € (1,2]. The weighted forward shift operator T : (P(Z) — (*(7Z)
defined as

Te, = Wpi16ni1, n € 7,
leaves the SauS distribution p invariant and is strongly mizing with respect to p.

Proof. We first check that the Sa.S distribution p of X is invariant with respect to T'. Note
that

n n+1
® knWwni1 = Wnyt sz’ = Hwi = knt1, n 20,
i=0 i=0

® k?_lu)o =1= ]{?07

0 0
n 1
.knwnJrl: H w+1: H _:knJrl;nS_Q,
imni1 Wi i=nt2
hence we have
TX = > (On+ibsn)kaTen =Y (Orm+ibom)knirenin = X,

18



so that u is invariant under 7. Next, for any «* € (?(Z)* and n > 1 we have

/ IRe (2, 2*) Re (z, T*"2*)|** £(dz) = Z kY |Re (e;, ) Re (e, T*"a*)|*/?
r(2)

1=—00

= Z kS |Re (e;, 2*) Re (€jn, ™) witq - . .an\a/?

1=—00

i+n

|| Z ke T w32,

1=—00 Jj=t+1

IN

where the bound

(ke i>0
0 i+n

o TT o H_Hwa/g<k?7 —n<i<—1
k; ij <9 En Y s

j=i+1 0 0

1 1
[I =7 II =<k i<min-1,-n),

L j=i+1 W5 j=itntl

is uniform in n > 1 and ) ka/ ? < 00. Therefore, we have
i+n / i+n y
a a/2 a a/2
i 3 u L o™= 3 e IT 7=
1=—00 Jj=i+1 1=—00 Jj=i+1
which yields
lim |Re (z, %) |*?| Re (z, T*"a*) |*/?¢(dz) = 0.
By a similar argument, we have
lim |Re (z,2%) |*2| Im (z, T*"x*) |*/2¢(dz) = 0,
and we conclude from Corollary 4.1. O

The next lemma has been used in the construction of the example of Proposition 4.2.

Lemma 4.3 For any « € (1,2] and p > 1, the random variable X is almost surely (*(Z)-

valued.

Proof. Since ) 2 k¥ < 0o, if o # p we have >~ 10 ,k,|? < co almost surely by in

[Proposition (XXVI,3;3) page XXVI.9][Sch70]. If & = p, (wp)nez is bounded from below by
some sufficiently small d € (0,1) such that

2": log w;

J=0

1+ |logk,| =1+ <1+n|logd|, n>0,

19



so that

D ke (L4 logk|) =Y (k% + nkg|logd))
n=1 n=1

:ikgjt\logd\inkﬁ

(14 |logd|) Zn
n=1

< Q.

On the other hand, we have

1+ [logk,| =1+ <1+nlogM, n<-—1,

Z logw;

n<j<0

where M > 1 is any upper bound of (wy,)nez, so that

-1 -1

> k(L |logka)) = Y (kY + nkglog M) < oo,

n=—oo n=—oo

and we conclude again from [Sch70, Proposition (XXVI,3;3)] in the case @ = p, and the

[e.e]
n=—oo

same argument holds also for ) |02 ,kn|P. The almost sure convergence of X in ¢P(7Z)

then follows from the bound

S (B + i)k < 207! ( S okl + Y rez,nkn‘p> =

n=—oo n=—oo n=—oo

5 Invariance of stable measures

In this section, we provide sufficient conditions for the invariance of a class of stable measures,
as required in Corollary 4.1. The following result extends Proposition 3.1 of [BGO7] to the
stable setting.

Proposition 5.1 Let E be a complex separable Banach space. LetT : E — E be a bounded
linear operator such that the eigenvectors of T associated to unimodular eigenvalues span a
dense subspace of E. Then for any 1 < a < 2, T admits a non-degenerate invariant SaS

measure.
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Proof. Let a € (1,2), ¢ := a/(a— 1) > 1, and let (z,),>0 be a (linearly independent)
sequence of T-eigenvectors with eigenvalues (), ), such that ||z,|| = 1/n and |\,| =1, n > 0,
and span{z, : n > 0} = E. Define the mapping J : (*(N) — E by J(e,) = z,, n > 0, where
(ey) is the canonical basis of ¢*(N), and let D denote the diagonal operator on ¢*(N) defined
by D(en) = Anen, n > 0. We note that J has dense range, and it is bounded on ¢%(N)

because for any a = (a,),>0 € ¢*(N), we have, by Hélder’s inequality,

o0 o o0
1Tall = (|7 anen| = Y anwa| < lan| 2]
n=0 n=0 n=0

00 1/a 00 1/q 00 1/q
s(ZW) (znxnnq) ZHGHea(N)(Zn_") |
n=0 n=0

n=0
In addition to boundedness and injectivity, by [Rud91, Theorem 2.11] we have J(¢*(N)) = £

since J has dense range, hence J is a continuous linear bijection. Next, for € (%(N) of the

form @ := 3, cjej, we have

TJx =T (Z Cj.f(]j) == Z )\jcjxj

320 Jj=0

and
JDx =T (Z )\jej> = Z Ajcizj,
Jj=0 Jj=0
hence T'J = JD. Let (v;);>o denote an i.i.d. sequence of complex isotropic non-degenerate
SaS random variables written as v; = v](-l) + z'vj(?) where v'", 0 are SasS, according to

J 07
[ST94, Theorem 2.1.2 and Definition 2.6.1], and written as

vj(»l) = sb, vj(g) = 56,,

for a same constant s, where 6, 05 are standard Sa.S random variables. Since « € (1,2), we

have
Zn’a (I1+1Inn) < oo,
n=1

hence by [Sch70, Proposition XXVI, 3;3] we have » 27| [v;]*||z;]| < oo almost surely, hence

o0
X =Y Jlagllve;
j=1
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belongs almost surely to ¢*(N). We have X ~ SaS in E and DX £ X, therefore, the
distribution m of X is (SaS) non-degenerate and invariant under D. Next, since 7! =
JD~1J1 letting = J(m) denote the push-forward measure of m by J, defined as u(B) =
m(J~Y(B)) for Borel sets B C E, we have

uw(T~H(B)) = w(JD'J71(B))
=m(J ' ID'J(B))
=m(D'J(B))
=m(J~(B))

= u(B),

which proves the T-invariance of p. Symmetry of p holds because

Finally, by definition of symmetric a-stability, for two independent copies X7, X5 of X and
any a,b > 0 we have a X7 + bX, 2 (a® + b*)"/*X. From this, by linearity we have

4

aJ(X1) +bJ(Xy) = J(aXy + bXy) = J((a® + b*)VX) = (a® + b)Y J(X),

that is, J(X) is again an a-stable random vector and we conclude that p is a non-degenerate

invariant Sa.S measure for 7. O

In the remainder of this section, we consider the following class of a-stable distributions.

Definition 5.2 Given H a Hilbert space and o € (0,2], let puse denote the a-stable distri-

bution on H having a finite control measure
mge(dz) = |(Sz,2)[* €(dz),
on the unit sphere Sy in H, where
e £ is a positive measure on Sy, and
e S: H — H is a non-negative definite bounded operator.

We note that by [Lin86, Corollary 7.5.2], every finite Radon measure on the unit sphere
Sg of a Banach space F of stable type o € (0,2) is the control measure of an a-stable

distribution on E, and since H is a separable Hilbert space, by [Woy19, Corollary 6.5.1-(7)
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and Proposition 7.1.1] it has stable type « for all o € (0, 2]. Hence in the framework of (4.1),

we have

/ e R 6 e (dz) = exp (—/ IRe (z, 2*)|* |(Sz, z}\a/Zf(d2)> AR O
E SE

We also note that if {(dz) is symmetric then the measure mge(dz) = [(Sz, |2 (dz) is
also symmetric, hence pge is SaS, see for instance [Lin86, Theorem 6.4.4]. The following
proposition provides sufficient conditions for the invariance of j1g¢ under a linear operator

T on H, as an extension of [BG06, Proposition 3.15] which deals with the Gaussian case.
Proposition 5.3 Let T be a bounded invertible operator on H, and assume that

a) T*Tz = |Tz|*x, £(dx)-a.e

b) € is invariant by x — Tx/||Tx| on H, and

c) TST*=S.

Then, T admits pse as invariant a-stable measure.

Proof.  Since T is invertible, we have that Tw = ||[Tz|*T "z for all x € H, and S =
T-1ST—. Hence, for any y € H we have

| IRe Ty (8222 6d) = [ [Re (@) |(ST 15[ e(d2)
SH SH
Tz
= [ |[Re( == STz T2, || T2 || T2 2) |2 ¢
[ [re ()| szl ) e

Tz * Tz Tz
= [ e G| [ i)
/sH | T=]] T[] ||T=||

:/S Re (2, )| (S, 2)|*/* £(d2).

a/2

§(dz)

Hence, we have

ATy) = [ T az)
e (- [ R (2 T 52,2 £(@2))
e (- [ Rl S A ela) )

_/ eE(dz), oy e H,
E

so  is invariant by 7. O
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As a consequence of Proposition 5.3, we have the following corollary.

Corollary 5.4 Let T be a bounded invertible unitary operator on H, and assume that
a) & is invariant by T, and

b) TST* = S.

Then, T'" admits pse as invariant a-stable measure.

We also have the next non-degeneracy result.

Proposition 5.5 Let T be a bounded invertible operator on H. In addition to the assump-

tions of Proposition 5.3, suppose that
d) & is symmetric, and
e) H = spansupp(m), where m(dz) = |(Sz, z)|*/* £(dx).

Then, T admits pise as a non-degenerate invariant symmetric a-stable measure.

Proof. If € is symmetric, then the measure |(Sz,z)|*?&(dx) is also symmetric, hence g
is SauS, see for instance [Lin86, Theorem 6.4.4]. To show non-degeneracy we note that the
support of p is the closed linear span W := W of the support of m. Indeed, for
all y € H we have

ey (i) = exp (— [ Re(mg)m(dz) — [ [Reey)[ m(dz)
/. /., Lo, )
e (- [ ke (" m(a))

—ew (- [ Jhe ()" m(a))
= [ emeigaz)

where the last step follows since W is a Banach space so the symmetric control measure m
defines an a-stable probability measure py on W. By uniqueness of the symmetric control
measure, it follows that p and g must coincide on W. That is, u(W) = 1, so u(W¢) = 0,
so that indeed supp(u) = spansupp(m). O

Next, we present an example of operator T satisfying the conditions of Propositions 5.3 and

5.5.
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Example 5.6 Let a € (1,2), and consider a sequence (wy)nez of positive weights satisfying

0o -1
ng‘---wf‘_1<oo and Zw;a--~w:?<oo. (5.1)
i=1

1=—00

Then, the forward shift operator T on (*(Z) defined by T(e,) = wpeéni1, n € Z, admits the

non-degenerate invariant SaS measure p with control measure |(Sz, z)|*? £(dz), where

o)
C

§(dz) =5 > (e, (dz) + 0, (d2) + b, (d2) + 0_ie, (d2)),

n=—oo
for some nonzero constant c, and S is the diagonal operator on (*(Z) with diagonal (an,)nez
given by
n—1 5
ago H wy, n > O,
Jj=0
ann - -1
—2
aogo [ [ w; o, n <0,
i=n
for some agy > 0.

Proof. First, we note that (au,)nez € €¢/2(Z) from (5.1), hence S is bounded and positive.

Next, we show that the measure

- g Z |(Sen, en>|a/2 (e, (dz) 4+ 0_¢, (d2) + b4, (d2) + 0_se, (d2))

_ g 7 ai? (0, (d2) + 0_c, (d2) + bie, (d2) + 0_se, (d2)).

n=—00
is the control measure of an a-stable distribution. For this we note that, letting (61 ,,)nez and
(09.)nez denote two sequences of independent real-valued standard Sa.S random variables,
the random series
oo
et/ Z 01 n\/Annen
n=—oo

is almost surely ¢?(Z)-valued since by [Sch70, Proposition XXVI, 3;3] we have

oo
Z 9%71\(1%] < 00

almost surely as (\/Gnn)nez € (“(Z). Likewise,
Cl/a Z i92,n V Ann€n
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is almost surely ¢?(Z)-valued, thus the random variable

o0

X = Cl/a Z (el,n + ieQ,n)\/ Apn€n

n=—oo

is almost surely (*(Z)-valued in the same way as Lemma 4.3. Furthermore, X is a SaS
random variable, and by [LT91, Page 131] its control measure is m. Finally, we check that

the conditions of Propositions 5.3 and 5.5 are satisfied.

a) For all n € Z we have T(%e,) /|| T(%e,)|| = teny1, hence E({+e,}) = (T (xen)}) =,
n € Z, where T denotes the mapping = — Tz/|Tz||. A similar argument holds for +ie,.
Furthermore, if  # +e,, or tie, for any n € Z then T'(z)/||T(z)|| # *e, or tie, for any
n € Z, hence ¢ is invariant by  — T'(z)/||T(z)|| on H.

b) We have Te, = wye,;1 so that ||Te,||%e, = w?e,, n > 0. On the other hand, we have
T*T = Diag(...,w},w3,...), so that T*Te, = w2e,. Similar arguments hold for —e,, and

+ie,, n > 0.

c) We note that (a;;); jez satisfies a;; = w;_jwj_1a;-1,j-1, %, j € Z, which reads

2
Wo Qoo Wow1ag1 Wowa2dp2 ... ... QA11 Q12 Qi3
2
W1Wol1g wia1 Wiy ... = |... Q21 Q22 423 ...|,
2
Wolpllang Wol1a21 Wy a2 ... Qg1 dasz dass

and shows that T'ST* = S.

The remaining points (d) and (e) hold by construction of ¢ and m. O

6 Invariance under o-spanning operators

In this section, we provide sufficient conditions for invariance of stable measures in terms of

eigenvalues and eigenvectors, in the framework of o-spanning operators.

Definition 6.1 Let o be a probability measure on T. A bounded linear operator T : H — H
has a o-spanning set of eigenvectors associated to unimodular eigenvalues if for every Borel
subset A C T with o(A) = 1, the eigenspaces ker(T — XI), A € A, span a dense subspace of

H. If such a o exists for T, we say T is o-spanning.
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If T is injective, from [BGO06, Propositions 3.15, 3.18| there exists a bounded self-adjoint
positive operator S of trace class such that T'ST* = S. The next lemma provides sufficient
conditions for (a)-(b) to be satisfied in Proposition 5.3. In the sequel, we write 7' to denote

the mapping x — Tz/||Tz||.

Lemma 6.2 Suppose that ker T = {0}, and let (X\;); denote the singular values of T'. Then,

a) there exists a T*T-eigenbasis {y}r of span |/, ker(T*T — A1) such that
T"Tyw = I Tyelys, k=1

b) If in addition T ({yi}s) = {yi}s, then any constant measure & concentrated on {—yx, yi te

is invariant by x — Tx/||Tz||.

Proof.  a) Since kerT = {0}, T*T is positive definite. Let {zy}; be an eigenbasis of
spanUker(T*T — Xgl). For every k there exists iy such that T*Tx, = \;, xy, and for any
k

cr € C such that |cx|* = N\, /||Txx|]?. Letting yy, := cxxy, we have
T*Tyk = T*T<Ckl’k) = CkHT(CkLL’k)||2JJk = ||Tyk||2yk; Vk.

b) Observe that ﬁ {ys}, 18 surjective by assumption, therefore it suffices to show that it is in-
jective. If this was not the case we would have || Ty, ||T'y; = || Ty:||Ty; for some v;, y; € {yk }is
i # j, which would imply v; = ||T'y:||y;/||Ty;|| since ker T" = {0}, therefore contradicting the
linear independence of {y;}r. The conclusion follows by repeating the above argument for

— Yk, Vk. [

We also note that Condition (b) in Proposition 5.3 is satisfied by o-spanning operators. As

a consequence of Propositions 5.3, 5.5 and Lemma 6.2, we obtain the following corollary.

Corollary 6.3 Let T be a o-spanning bounded invertible operator on H, and let ()\;); denote
the singular values of T. Suppose that

a) H= spanU ker(T*T — A1),
k

b) H admits a T*T-eigenbasis {yx}r, such that

¢) T* Ty = | Tyrl>yr, Yk, and T ({yx}x) = {x}r-

Then, T admits j1s¢ as symmetric invariant non-degenerate o-stable measure, where § is the

constant measure concentrated on {—yk, yk}k
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Finally, we present an example of operator T satisfying the conditions of Corollary 6.3, as a

specialization of Example 5.6.

Example 6.4 In the framework of FExample 5.6, take wy =1 and

1

Wy = =, W_, = 2, n>1.
2

For any 6 € [0, 2n), the (*(Z)-vector
, Uosig L ooig o o Lo 1 o
’UQ.I(...,§€ ,56 , € ,1,§e,§e S
is a T-eigenvector with eigenvalue €. Let A C T be a Borel set such that o(A) = 1, where

o is the uniform probability measure on T. For any vector z = (2,)nez in (*(Z) such that

(vg,z) =0, i.c.

[e§) -1
1 . 1 ‘
f(e) =zt E 2_nem92n + E Wemezn =0, e ¢ A,
n=1

by Parseval’s identity we have

-1

a 1 1 2
o+ Y gl + X bl = [ @R =0
n=1

n=—oo

hence z = 0. This shows that span{vy : € € A} is dense in (*(Z), since its orthogonal
complement is {0}, and therefore T is o-spanning. Next, since T*T is diagonal on {e,}nez,
with eigenvalue equations
en/4, n>1
T*Te, =% e, n=0, = [|Te,||%en, n € Z,
4e,, n<-—1

we have the singular values \; of T take only the values }l, 1,4, so that

(*(Z) = span (ker (T*T - i[) Uker(T*T — I) Uker(T*T — 4[))

= span U ker (7T — \;1),

JEL
and also Te, = €nt1, N € 7, which yields f({en}nez) ={en}tnez-
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