Analytic bond pricing for short rate
dynamics evolving on matrix Lie groups

Nengli Lim Nicolas Privault
Department of Mathematics School of Physical and Mathematical Sciences
South Kensington Campus Nanyang Technological University
Imperial College London 21 Nanyang Link
London SW7 2A7Z Singapore 637371

November 17, 2014

Abstract

We provide closed-form expressions for bond prices in interest rate models
based on compact Lie groups. Our approach uses a Doob transform technique
and PDE solutions by the Mathieu periodic functions. As a byproduct, we derive
formulas for bond option prices as well as new identities for the Laplace transform
of periodic functionals of Brownian motion and Brownian diffusion processes.

Keywords: Bond pricing; interest rate modeling; interest rate derivatives; Lie groups;

Mathieu equation.
Mathematics Subject Classification (2010): 91G30; 58J65; 91G20.

them suitable for the modeling of interest rates, cf. [3], [9].

Introduction

Diffusion processes on manifolds and compact Lie groups have attracted significant

attention in finance as they exhibit nonlinear and boundedness properties that make

framework of the Heath-Jarrow-Morton (HJM) interest rate model, it is shown (cf. [7])

that one can characterize finite-dimensional HJM models that admit arbitrary initial

yield curves as invariant manifolds of a separable Hilbert space.

Besides the HJIM model, short-rate processes based on Brownian motion on Lie groups

have been constructed in [9], [13], [14]. Pricing in these models has so far relied on
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For example, within the



Monte Carlo numerical estimates, cf. [13] which deals with several classical matrix Lie

groups.

Closed-form computation of bond prices is however generally preferable to Monte Carlo
algorithms for calibration and sensitivity analysis purposes, and this is the challenge

addressed by this paper. Following [13], we will model the short rate process as
Tt = T(Qt)v le R—H

where (g¢)icr, is Brownian motion on a compact matrix Lie group G, such as SO(n),
and r : G — R is a smooth function on G. Specifically, we will focus on linear relations

of the form

rt:5+7tr(gt)7 %BGR,

as in [13]. In this way, the short-rate process is automatically bounded since G is com-
pact, and the parameters can be adjusted to make it positive. This desirable feature

is not satisfied by all standard short-term interest rate models available in the literature.

In Propositions 3.1 and 3.2 below, we give closed-form expressions for the zero-coupon

bond price

F(t,r,) = P(t,T) =E [e* S reds

ft} . telo,T, (1.1)

on the orthogonal groups SO(2) and SO(3). In section 3.3, we then utilize these

expressions to value bond options of the form
B e 79 p(P(s,T) | R

where the option is exercised at time .S, with a continuous and piecewise-smooth payoff

function p on the bond price P(S,T).

In the case of SO(3), we are able to reduce the dimensionality of the problem by showing
that with a suitable choice of coordinates, r; can be rewritten as r, = f+a cos(¢;) where

(¢¢)ter, is the one-dimensional diffusion process solution of

1
Aoy = 5 cot % dt +dW,,  teR,, (1.2)



and (W;)ier, is a standard Brownian motion, cf. (2.6) below. We then proceed to show

that F'(t,y) in (1.1) solves the Mathieu PDE

Tt T S + () = (acos(20) Flt. )

(1.3)
F(T,y) =1,

which originally arises in physics; e.g. for the Schrodinger equation with time dependent

periodic potential, cf. [12], [18]. By extending techniques in [2] and using a particular

Doob-h transform we simplify the PDE by drift removal in Section 4, and then find an

analytical solution to (1.3).

Moreover, in Propositions 3.1 and 3.2 below, we derive closed-form series expressions

for the Laplace transforms

Ele™ ftT cos W ds

]—"t} and E [e— Ji" cos s ds

.

using the Mathieu sine and cosine functions se, and ce,, where (¢)icr, is the diffu-
sion process solution of (1.2) above. This complements the existing literature on the
Laplace transform of additive functionals of Brownian motion, cf. e.g. [19] and refer-
ences therein. In Proposition 3.5 we show that the above approximating series converge

quadratic exponentially fast.

The remaining of the paper is organized as follows. We begin in Section 2 with the mod-
eling of the short rate process as a function of Brownian motion on SO(2) and on SO(3).
In Section 3, we give explicit formulas for zero-coupon bond prices as well as for bond
options using the short rate processes constructed in Section 2. Section 3 closes with
numerical tests which confirm the efficiency of closed-form solutions when compared
with Monte Carlo simulations. In Section 4 we derive the probabilistic representation
needed for the solution of Mathieu PDEs. In particular we prove Proposition 4.1 on
the solution of the Mathieu PDE, and Proposition 4.3 which is a key step in simplifying
bond pricing PDEs by the removal of drift terms via a Doob-h transform argument.
Finally, in the Appendix we recall some basic facts on Brownian motion on manifolds

which are needed in this paper.



2 Interest rate modeling on SO(n)

Following [13] we will model the short rate process as

Ty = 6 +’ytr(gt)7

where (g¢)ier, is Brownian motion on a Lie group.

Brownian motion on SO(2)

Brownian motion (g¢)icr, on the (commutative) group SO(2) is given by the matrix

stochastic differential equation

0 _Wt], (2.1)

dgt:gt Od|:Wt 0

where (W,)icr, is a standard one-dimensional Brownian motion, whose solution is ob-

tained by direct exponentiation

_ 0 Wi\ _ |cosW; —sinWW,
Jo = xP ([Wt 0 }) N [sinWt cos Wy }’ tERy. (2:2)

In this case the interest rate process is simply given by

W, —sinW,
([ ) e e

where the condition 8 > 2|y| ensures r, > 0, ¢t € R,.

Brownian motion on SO(3)

The Lie algebra of SO(3) is non-commutative and generated by

0 -1 0 0 01 00 0
=11 0 0|, &=1]0 00|, &=1]00 —1]. (2.4)
0 0 0 ~10 0 01 0

In order to determine Brownian motion (g;)icr, on SO(3), we note that by Rodrigues’

rotation formula, every g = e®811v&+2& ¢ GO(3), 2,9y, 2z € R, can be written as

g = I3+ sin ¢ A(uy, us,u3) + (1 — cos @) A(ul,uQ,u;z,)z (2.5)
where
0 —Uuz —Uy
A(uy, ug,uz) = |uz 0 —uyl,
U2 U1 0



and ¢ = y/x2 + y2 + 22 is the angle of rotation about the axis
1

Uy, U2,U3) :=
( ) Va?+y?+ 22

By (4.17) and Theorem 4.1 in Section 4.2, the Laplacian on SO(3) can be written in

(2,—y,x) = (cosa, sinacosh, sinasinf) € S2.

spherical coordinates as

Asoz) = Aggs

A Ags
92 206 " aem2g °F
02 2 0¢  4sin? 2 \ 0a? da  sin?adf? )’

which in turn implies that Brownian motion ¢g; on SO(3) is given in spherical coordinates
by

9 = (01, ey, O-r))
where 7(t) is the random time-change given by

t 1
T(t) = —F— ds,
®) /0 4sin2%

(1, ay, 0;) is driven by

( 1
d¢, = = cot P gt + aBY,
22
1 ®)
doy = 5 cot ay dt + dB;”, (2.6)
1
46, = —— dBY,
\ S1N Qv

and (ay, 0;) represents standard Brownian motion on S? in spherical coordinates. These
equations can also be obtained from the fact that S® under quaternionic multiplication

is isomorphic, as a Lie group, to SO(3), see [17].

In this case the interest rate process is given by

re = B+vtr(g) (2.7)
0 —x
= [B+~vtr|exp Ty 0 —z
Uz 0



0 —¢¢ O
= B+ytr|Siexp| [¢¢ 0 0] ]S}
0 0 0

cos¢; —sing; 0
= B+ytr|S;|sing; cosg; 0]S;!
0 0 1
= (B+7) +2ycos ¢,

where S; is a change of basis matrix and [ > 2|y| — v ensures r;, > 0, t € R,.

3 Bond pricing on SO(n)

In the sequel we will use the even (resp. odd) Mathieu cosine (resp. sine) functions

enq(y) = Ceamipa(y Z AR (g)cos(2r +p)y), n >0, p=0,1,
and
Senq(Y) = Seomipq(y Z B;T_ﬁ;p )sin((2r +p)y), n>1, p=0,1,

which are the solutions of the eigenvalue problem

Lg(y) :==g"(y) — (2qcos(2y)) g(y) = Ag (3.1)

on the interval [0, 7], with boundary conditions ¢'(0) = ¢'(7) = 0, and eigenvalues
g (resp. ¢(0) = g(m) = 0 and b, ,). See Remark 4.2 in Section 4 for the recursive
definitions of the coefficients Al'(¢) and B}'(q) and for further properties of the Mathieu

functions and of the coefficients a,, 4, b, 4.

3.1 Bond pricing on SO(2)

In the next Proposition 3.1 we compute the bond price

E |:€—ftTrsds

‘/—_4 _ e—B(T—t) E |:€—2~/ftT cos Ws ds

7

driven by the short rate process r, = [ + 2ycos W, given in (2.3) with the help of
Proposition 4.1 in Section 4 which provides a closed-form expression for the Laplace

transform of ftT cos Wy ds, cf. also [14] for a different approach.
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Proposition 3.1. We have

E [6727 ftT cos W ds VVt

2

where as,,, , are the eigenvalues of (3.1) under Neumann conditions.

Proof. We note that by the Feynman-Kac formula, the function

u(t,.’ll') =k @*Z’thTcosWS ds

Wt = l'i|
solves the PDE
1 2
%(tw) + 5%(@ x) = (2ycosx) u(t, )

u(T,z) =1

.Ft:| =2 Z A%m(S’y) €7a2m’8’y(T7t)/8 Ceom, 8~ (—) R te [0, T],
m=0

(3.2)

on (t,x) € [0,T] x R. Since u(T,z) = 1 is an even function we need to solve (3.2)

with Neumann boundary conditions on [0, 27|, and to take the corresponding periodic

extension. Thus, Proposition 4.1 in Section 4 shows that
2 — —ap.s (T—1)/8 x
’U,(t,l’) = ; Z <1, C€n78,y(-)>L2([07ﬂ) e a8 ) Cep 8y (5)
n=0

Y AT e (1),
m=0

—2y ftT cos Ws ds

and gives us the representation of E [e

3.2 Bond pricing on SO(3)

In Proposition 3.2 below we compute the bond price

B e

Ei| = 6_(5+’7)(T—t)E [6—27ftT cos ¢ ds

.

for the short rate process on SO(3) given by (2.7), where ¢, satisfies

1
d¢t = 5 cot % dt + th

W, = x] for all z € R.



Proposition 3.2. Let ¢9 € U = (0,27). We have

T—t
- T cos s € i S m —b2m - W
B el emend ]:t} - 1[0’TU)(t) sin Wt ZB% +1(87)€ Pamitn t)/85€2m+1787 (7#/)7
2 m=0

€ [0,T], where 7, = inf{t >0 : W, ¢ (0,27)}.

Proof. Proposition 4.3 in Section 4 shows that

E [6—27 ftT cos ¢s ds

]:t] = EQT |:@_27 ftT COS(WS/\TU)dS

Fi] = Lo ot W), (34)

where the function v(¢, z) solves the equation

v 1 zdv 10%v
E(t,x} + —Cot 58—(1& x)+ = 5 50 2(t x) = (2ycosx)v(t, x)

(T, z) =1, (t,x) € 0,T] x (0,2m),

and takes the form

Cu(t,x) e 8
ot x) = h(t,z)  sinZ u(t,o),
where h(t,z) = e"/®sin £ is the solution of
( Oh 10%h
ST s =0
o ) ¥ gt =
WT,z) = e'/8 sing, x € (0,2m), (3.5)
| A(t,0) = A(t,27m) =0, t€0,77,

and u(t, ) is the solution of the Mathieu PDE

( Ou 10%u
E(t,x) + = 55 2(t x) = (2ycosx)u(t, x)

u(T,z) = e/¥sin £, z € (0,2m),

u(t,0) = u(t,2m) =0, t € 10,77

We conclude again by solving the above Mathieu PDE from Proposition 4.1 as

2eT/8 SN _ _ x
Z <Sln('), 52n:8,¥<')>L2([0’ﬂ—]) e bn,S"{(T t)/852n’8,y <§>
n=1

u(t,z) =

™
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= TEN T B (8y) e T ey s <g> '

Remark: The probability density of thiw(o - appearing in (3.4) has the form

o0

> pila,y + 4nm) dy,

n=—oo

where pi(z,y) = \/21? (e% - e%» cf. [10] and Proposition 4.5 below.
3.3 Valuing bond options

In this section we demonstrate how bond options can be explicitly valued using the
formulas in the previous sections. We let S denote the time at which the option is
exercised, with payoff of the form p(P(S,T)) with maturity 7" and S < T', where p is a
continuous and piecewise-smooth function of the bond price P(S,T). For example we

have p(z) = (x — K)" in the case of a European call option with strike price K.

To do so, we will compute the expectation
B (5 5] = 0 b s 1) |7
for SO(2), and
B [6_ IErsds 5(p(S,T)) ‘]_-t} — o BNS-DR [6—27125 cos¢sds ,(P(S,T)) ‘ }"t]
in the case of SO(3).
Bond options on SO(2)

Proposition 3.3. We have

o0

,271;5 cos Wsds . g —an,sw(S—t)/S %
E |e ( (S T ’ :| = - ; CenS'y )>L2([0,7r]) € Cen,gfy( 5 R

€ [0,S], where

w(x) — ) <2€B(TS) Z Agm(S’)/) e*ﬂQm,S’Y(Tfs)/S CCom.8r (g)) . (36)

m=0



Proof. By Proposition 3.1 we can write p(P(S,T)) as p(P(S,T)) = ¥(Wg) where the
function ® is given by (3.6). By the Feynman-Kac formula,

S
p(t,z) ;= B e 21 )i cosWeds w(WS)‘ W, = x]

solves the PDE

%(t,x) + %%(t, x) = (2ycosx) p(t, ) o
p(S,x) = P(x), (t,x) € [0,T] x R.
We note that
V'(2)|e=0.2 = p'(u(S, x))%(S, T)jg=0.2r = 0, (3.8)

where

u(S,z) =2 Z A%m(&y) 6_02m,8'y(T—S)/8 Ceom s, (g) ‘

m=0
The above one-sided derivatives are well defined for the continuous and piecewise-

smooth payoff function p(z). Thus, we can apply Proposition 4.1 (under Neumann

conditions) again to obtain the statement of the Proposition. |

In the case of the European call payoff function p(z) = (z — K)* the derivatives in
(3.8) will also be two-sided as long as u(.S,0), u(S,27) # K.

Bond options on SO(3)

In the next proposition we deal with the pricing of bond options on SO(3).

Proposition 3.4. We have

E |:6—2»yft5cos¢sds p(P(S,T)) ‘ }—t]

S—t
2 5 . by (S—1)/8 Wi
= Ly () 7 D (SInO)(2). 58085 Nz € sens (57
WSIHT 1

t € [0, 5], where

T-5
e’ - _ _ x
600) = (T b0 e 3 a1 (7))

5 m=0
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Proof. From Proposition 3.2 we have P(S,T) = e~ NI =9 y(S W, ), with

=S
e ® m —b2mp1,89(T—S) /8 r
’U(S, :E) = ]1(07271.)(23) S T Z B% +1(8’y> e 2 +1,8( )/ ety <§> '
2 m=0

Hence, by Proposition 4.3,

B [ 210 et p(p(5, 7)) | F] = B0 [ 200 W) yap, )

= Loz, () p(t, Wo),

7

where p(t, z) solves the equation

@(t,x) + 1 cot E@(t,x) +

2
p
ot 27 20 573 (1) = (27 cos z) p(t, 2)

1

2
p(S,x) =(z), () €[0,T] x (0,27),

and again takes the form

a(t,z) e '

h(t,z)  sinZ it ).

Here, h(t,z) solves (3.5) (with T replaced with S), and u(¢,x) is the solution of the

Mathieu PDE

p(t,x) =

( Ou 18212

E@’ x)+ 2@(15,%) = (2ycosx) u(t, x)

(S, z) = e¥/¥sin L4 (x), z € (0,2m),

a(t,0) = a(t,27) =0, t € 10,77

\

which can be obtained using Proposition 4.1 as

. 2e3/8 SN —bpsy(S—1)/8 x
U(t, ZL’) = T Z <Sln(')w(2')a 5671,87('))[/2([0’”]) € 78W( % 5en,S’y <§>
n=1

Numerical tests

We close this section with numerical simulations for the SO(3) short-rate model. Fig-

ures 1 and 2 below present typical sample paths for the short-rate process
re =B +vtr(g) = (8+ ) + 27 cos ¢.

11



Setting 5 = v, we get

re = 26 (1 + COSth) s

where ¢; satisfies

1
d¢t = 5 cot % dt + th

‘ i
5

;. i
N e
B30 =20

100

(=11 FO

:
v WY
. :
/
i
20

y
.
'
)
T ,
100

i
a0

Figure 2: Graph of r, with g = 1.5, ¢y = 7/4.

Note that the short-rate process remains bounded in the interval [0,45]. Next, in Fig-
ure 3 we compare the evaluation of the bond price given by the explicit formula of

Proposition 3.2 with the numerical results obtained by using a Monte-Carlo approxi-

mation.
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Bond prce functon

a 1 = k<1 - s S
>

Figure 3: Graph of bond price with § =~ = 0.015, and T = 10.

The solid line is given by the explicit formula

T [o¢]
x|—>E[ fo 7(¢s)ds o)

_ _ § ' 2 +1 1 bom+1,8v)T/8 x
W() = l’:| = SlIl— B m " 7 S5€om+18y |\ 5 ) s

2

while the dotted and dashed lines are the Monte-Carlo estimate of the same quantity

with time step = 7/100 = 0.1 in the discretization of the time integral (dashed: 2000

samples, dotted: 20000 samples).

Our numerical simulations show that typically only five or six terms of the above series

have to be computed for good convergence. More precisely, we have the following result:

Proposition 3.5. For all ¢,t > 0, x € R and ) € L?([0,27]), the series

00 _ xr
Z ), §€nt1,4(- )>L2([0,7r]) e se (5)

n=0

is absolutely and uniformly convergent, with the bound

<C

sup
zeR

N
B X
F(t, ) Z s 5n11,0() 2o € St <§>

where C,  Is some constant depending only on q and the L* norm of 1.

Proof. From the inequalities

s
<77D(2)7 sen+1,q<')>L2([0m]) <= | |w| |L2([0,27r])>

13

—tN?

< O 3w

(3.10)



and b,11, > a,, > a,0 = n? cf. [4], and the fact that the Mathieu functions are

uniformly bounded (cf. [11] Theorem 2.1), we have

00 0o
—tby, X —tn?2
Z <w<2')75en+1,q(')>L2([077r])6 P sen (5) < Cow Z e
n=N+1 n=N+1
0o 00 —tN?
< C -t 4y < C / Lt dy = Oy

In addition to the advantage of faster computation, the explicit formulation also gives
a more precise evaluation of the bond price when the short rate process starts near 0
and 27, whereas the Monte-Carlo approach encounters difficulties due to the removable
singularities at the boundary points, cf. Figure 3. The calibration of our bond pricing

model can be done by minimizing the least squares distance
D oIP(,T) = M(t, T
i=1

for a sequence of bond market prices (M (t;,T'))i=1...n. We refer to [13] for a calibration

-----

example of the spot rates on SO(3).

4 Proofs

In this section, we prove the results needed in Section 3.

4.1 Mathieu PDEs

Proposition 4.1. Given f € C([0,b]) and piecewise-smooth on [0,b], consider the
Mathieu PDE

2
%(t,x) + w%(t, x) = (a oS %Tx) u(t, x)

u(T,x) = f(x).

on [0,T] x [0,b], and let ¢ = £2&. Then,

2m2w *

14



(i) Under Dirichlet boundary conditions u(t,0) = u(t,b) = 0, t € [0, T}, the solution
to (4.1) is given by

ult, ) = %g < f (%) ,5en7q(-)>L2 (6_@%@_@/(,2) st (”—b”) .

([0,7])

(ii) Under Neumann boundary conditions 9%(t,0) = %“(t,b) = 0, t € [0,T], the
solution to (4.1) is given by

2 b —T2wan,q(T— T
u(t,x) = ; Z <f (;) 7cen,q<')>L2([0m]) <€ Feing (T t)/b2> Cen g (7) .

n=0

In both cases, u(t,z) € C**([0,T) x (0,b)) N C([0,T] x [0,0]).

Proof. By separation of variables, we write

M) izon) s

u(t,z) = gn (2), (4.2)
; <gnvgn>L2([0,b])
where {\,, g,} satisfy the equation
2
)~ Seos () ) = 2 gu(o), w00 (43)

Using a change of variable y = mx /b, Relation (4.3) can be written in canonical form

as
9"(y) = (2qcos(2y)) g(y) = Ag(y), y € [0,7]. (4.4)
The operator Lg(y) := ¢"(y) — (2 cos(2y)) g(y) is known as the Mathieu Hamiltonian.
In addition, when either of the boundary conditions
g'(0) =¢'(m) =0, [Neumann]
or
g9(0) =g(m) =0, [Dirichlet]

are satisfied, we know from Sturm-Louville theory that £ is self-adjoint with respect
to the inner product (-,-)z2(jo,x), Which implies the existence of a countably infinite

number of eigenvalues (with corresponding eigenfunctions) to (4.4) which accumulate

15



only at infinity, cf. [5]. In the Neumann case, we denote the eigenvalues by a,,,, n > 0,

and the corresponding eigenfunctions are given by the even Mathieu cosine functions

o pa(y ZA&ZT;” Jeos((2r +p)y),  p=0,1, (4.5)

of period m (when p = 0) or 27 (when p = 1), cf. [1], [8]. Similarly, in the Dirichlet
case, we denote the eigenvalues by b, ,, n > 1, and the corresponding eigenfunctions

are given by the odd Mathieu sine functions

59 1p.q( Z B;T;p) )sin((2r + p) y), p=0,1, (4.6)

of period 7 (when p = 0) or 27 (when p = 1), cf. [1], [8].

These C™ eigenfunctions are maximal, uniformly bounded (cf. [11]) and mutually

orthogonal with respect to the inner product

(Ceng: CCng) p2((o.n)) = (5€nqs S8ng) 120, = T/ 25

cf. [1] and Chapter 6.9 of [8]. Hence, substituting them back into (4.2), we get the
statement of the proposition once we verify the regularity of u. For ¢t < T, it is simple
to check that term-by-term differentiation of (4.2) (with respect to x or t) gives an
absolutely convergent series and thus u(t, z) € C*2([0,T) x (0,b))NC([0,T) x [0,]). At

t =T, we have

Fo) = 3 Lo oy

(9> Gnd 120,

where the series converges uniformly to f since it is continuous and piecewise-smooth

on [0, b]. |

Remark 4.2. The coefficients in (4.5) and (4.6) depend continuously on q and obey

the recursion relations

anA(()Qm) — QAgm) = 0,

16



(aam — 4) AF™ — g (245 + AP™) o,

(aamar = (2m +1)2) AGTY — g (AG™V + AGTY) =0, r =1,
for the even Mathieu cosine functions, and

Bomin — 1+ q) B(2m+1) _ qB§2m+1) —0,

52m+2 o ) 2m+2) _ qBL(LQerZ) _ O,

(
(
(bamsr — 2m o+ 1) BEY — g (BE + BRI ) =0, r=1,

b2m+2 - 4m ) B§§m+2) —dq (BgiTS_Q) - Bé?“il;_m) = 07 r 2 27
for the odd Mathieu sine functions, cf. Chapter 20, page 723 of [1].

4.2 Drift removal via the Doob h-transform

In this section we derive a Feynman-Kac formula for a class of PDEs with a particular
drift term. Let U be a connected open subset of R™ with smooth boundary, and let X,

be a diffusion process satisfying
dXt = b(Xt) dt + O'(Xt) th, XO =2 c U,

with transition function given by p;(x,dy) and generator

L= Zb + Z aij( axax]

T on a probability space (Q, F,P) with an augmented (therefore right-

where a = oo
continuous) Brownian filtration F; C F, t € R,. In the sequel we denote by h(t,x)
and u(t, ) the respective solutions in C*2([0,T) x U) N C([0,T] x U) to the equations

( Oh

5 —(t,z) + Lh(t,x) =0, (t,z) € [0,T] x U,

hT,z) >0 on U, (4.7)

h(t,z) =0 on (t,z) € U x [0, T},

17



and
%(t,x) + Lu(t,z) = r(z)u(t, x), (t,x) € [0,T] x U,

w(T,z) = h(T, z)g(x), (4.8)

| u(t,z) =0 on (t,z) € U x [0, T].

The following result consequence of Proposition 4.4 below will enable us to simplify the
computation of the bond price by removing the drift term of these PDEs with domains
which have a boundary, while paying close attention to the behaviour of X; when it

reaches a boundary, cf. Propositions 3.2 and 3.4 above.

Proposition 4.3. Let D, := h(t,X;)/h(0,2), t € [0,T], x € U, and define the proba-

bility measure Qr by
dQr

= Drp.
dP T
(i) The function
u(t, x)
t =

belongs to C*([0,T) x U) and solves

o + <a($) Vit z) Vv> + Lv =r(z)v,

ot h(t,z) ’ (49)
(T, z) = g(z).
(ii) If in addition,
sup |u(t, z)| < oo, (4.10)
t,z€U

then we have

u(t, Xy)
h(t, Xy)

T
EQT |:e_ ft T(Xs/\TU)ng (XT/\TU) ‘E:| = ]]'[O,TU)<t)7 @T — a.Ss. (411)

Proof. (i) Equation (4.9) is readily verified by differentiating v (¢, x).
(77) Next, we note that by the strong maximum principle, unless h(¢,z) is constant,

h(t,z) >0 on U x [0,7T). Recall that X; is the solution to
dXt = b(Xt) dt + O'(Xt) th7
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and let 7;; denote the hitting time
o =inf{t >0 : X; € U}

Thus, Xiar,, gives the value of X; killed at the boundary of U. We note that h(t, XMTU)
is a martingale, as given U,, a sequence of bounded, open subsets of U, such that

lim U, = U, and letting 7, =inf{t >0 : X, € U}, we have

n—o0o
t/\TUn
Wt A7y s Xins, ) = h(0, Xo) + / (Vh(s, X,), o(X,) dW,)
" 0

t/\TUn ah t/\’TUn
+/ —(s,Xs)ds—i-/ Lh(s, Xs)ds
0 Js 0

— h(0,2) + / T TR, X,), o(X.) IV,

and since E []IA h (t A TUn’Xt/\TU )} — E []lAh (t A TU,Xt/\TU)] as n tends to +oo by

the monotone convergence theorem for all ¢ € [0,7] and A € F;, we get
E [h(t7Xt/\TU) |‘F8:| = h‘(S7X8/\TU)'
Applying the Doob transform Proposition 4.4 below, under Qr, the process X; killed

at the boundary OU solves (4.14), i.e.

Vh(t, X)

dX; = a(Xy) h(t X))

dt + b(Xt>dt + O'(Xt) dBt, XO = X.

Now, from Ito’s formula we have

A ) ATy, s B
e Jo U r(Xs)ds u(t A1y, Xiar, ) = u(0,2) + / e~ i XS gy (s, X)), o(X,) dW,)
0
t/\TUn s _
+/ e~ Jir(Xs)ds (?(S,Xs) —r(Xs) + Lu(s, Xs)> ds
0 s
t/\TU" R _
= u(0,x) +/ e~ S XD (g (s, X)), o(X,) dW,),
0
and we get

- T/\TUT . s 3 TT .
EF [e Jirey "X 0 (TN 7y, X)) ‘EATU} =EF []1[07TU)(T)6 S rX)ds (T, XT)‘;CWU}

= u (t ATy, Xt/\TU) (4.12)

19



from (4.10) and the bounded convergence theorem. From Lemma 4.6, we have Qr (t < 7,) =

1, and thus,

T T
EQT |:€— I; r(Xs/\TU)dsg(XT/\TU) J—_-t] _ EQT []1[077[])(75) €_ft T(Xs/\TU)dS,U(T’ XT/\TU)

- TT SAT S DT
= E {ﬂ[o,nj)(t)e Jo rXonmy)d FU(TaXTATU)

t
1 [0,7) (t>
h (ta Xt/\TU )

Firny|

ft/\TU:|
T
7 [10.,(T) e "0 BT, X) o(T., Xo) ‘ Frey ]

where the last line follows from the fact that h (T , XTU) = 0. Upon applying (4.12), we
get the statement of (4.11). |

We have the following classical proposition (see § 2.VI.13 of [6], 2.IV-39 of [17], [2], [16],
and Theorem 3.2 of [15] in the case of jump processes), whose proof is given here for

completeness.

Proposition 4.4. (Doob transform) The process (X;) has transition function

Pst(z,dy) = Z((z’ Z’)) pr—s(z, dy), s € [0,¢], (4.13)

under Qr, and can be represented as a weak solution of
Vh(t, X;)
h’(t> Xt)

where (By) is a standard Brownian motion under Qr.

dXt = b(Xt)dt + G,(Xt) dt + O'(Xt) dBt, XO =, (414)

Proof. Recall that h(t,z) € C*([0,T) x U) such that h(t, X;) is a positive martingale.
Note that D is also a positive martingale with E[D;] = 1, ¢ > 0, which ensures that
the measures defined by dQ; = D; dP form a consistent family of probability measures.

Relation (4.13) can be proved by noting that for all Borel sets B € R", we have

E% [15(X,) | X, = 2] = EF []IB(Xt) % X, = x}
— [ e ey,

by Bayes’ rule, cf. e.g. § IV.39 of [17]. Now for ¢ € C3(U), let MY denote the

P-martingale
6 (X)) — olz) / L(X,)ds = / (VO(X.), o(X) dIV,)
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Then by the Girsanov theorem,

becomes a local martingale under Qr, thus giving us a weak solution to (4.14). ]

Example. Proposition 4.4 can be illustrated with the classical example of the repre-

sentation of 3D Bessel processes by Brownian motion killed at the origin.

Proposition 4.5. The probability density of BES? is given by

%pt(xay)7 z, y>07

where
1 *T—yY 2 TTY 2
pi(z,y) = (e( e ) (4.15)
2rt
Proof. Here we take U = (0,00), £ = %8‘9—;7 and h(t,z) = z, and let X; = Wy~ be
Brownian motion killed at 0 with transition sub-probability density (4.15) under P. We

can verify that
hit, X)) Wik,
h(t,z) «x

is a positive martingale with unit expectation under P. Thus, under the probability

t'—>DtZ:

T
TNy

dQr =

dP,
the process X; = Wi _ is a weak solution to the BES? equation
U

1
dX, = —dt +dB,, X, =x.
X

Alternatively, one can directly recover (4.15) above by noting that
B [f(Xose) | Xs = lal] = E¥[f(|Bss]) | Bs =
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1 _la—y|?
:W/Rge 2 f(lyl) dy
B 27T o0 ™ 9 7\a\2+7‘2+
= (27rt)3/2 /(; f(T‘) /0 r-e 2
2 el r\a|>
— e = — | sinh [ — r)dr
Vart o () oo () 10
1 < r (la]-m2  (la]+r)?
= =l m (6 2% — 2 )f(’l“) dr,

cf. e.g. [16]. The next lemma has been used in the proof of Proposition 4.3.

singde dr

Lemma 4.6. We have Qp (17, <t) =0 for all t > 0.
Proof. We have {7, <t} € Fip,, = F: N F,,, and thus

F [Dt/\TU ]l[‘rU 00) (t)]

[Dry Lo (8)]

TU7

QT(TUSt):E
=EF

)dIon.

{TU<t}

Appendix - Brownian motion on manifolds and Lie
groups

In this appendix, we recall some basic facts on Brownian motion on a Riemannian man-
ifold M of dimension n equipped with its Levi-Civita connection V, with application

given to SO(3) at the end of the section.

Brownian motion W, on M is defined to be the Markov process generated by one-half

the Laplace-Beltrami operator Ay, on M, i.e.

t
1
MIW) = £V = £Wa) = [ 5aup(V)ds (4.16)
0
is a local martingale for all f € C*°(M). Given an orthonormal frame {E;},—1
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the Laplace-Beltrami operator on M is given by

Anf =) V’f(E; E)
=1

= Zn:Ez'Qf— Vi Lif,

=1

while in local coordinates we have

Apf = Z\/gax (\/detGg m) (4.17)

s o
where {G}U = <W’ @>
In the case of a Lie group G with identity element e, Brownian motion g; on G is also

defined to be the solution to the following equation
dg: = g o dW4, (4.18)

where ¢g; o dW; is a shorthand for the Stratonovich differential

n

Z (Lg.), Eile © th(i) - Z Eilg, o th(i)
i=1

i=1
If G is compact, there exists a bi-invariant metric for the elements of its Lie algebra G
and we have VxY = 1[X,Y] whenever X,Y are left-invariant vector fields on G. We
denote by {E;} a left-invariant frame on G, orthonormal with respect to this metric.

Now let f : G — R be a smooth function. We note that

f(g:) = f(g0) + Z/ E;f(gs) o dWs(i)
90+Z/Efgs +Z/E2 g,)d
= f(o) +; [ Bseyawd+ 3 [ scitg)as

1

since

Thus, for a compact Lie group, (4.18) is equivalent (4.16).
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SO(3) and 253
For A, B € SO(3), let (A, B) denote the bi-invariant metric

(A, B) = %tr (ABT). (4.19)
We have the following:

Theorem 4.1. SO(3) with the metric (4.19) is isometric to 25°.

Proof. Here, 252 denotes the sphere in R* with radius 2. Using Rodrigues’ rotation

=g~ (%)7 for v = ¢, o, or 6, to obtain

formula (2.5), one can compute a% B

% = (cosa) & + (sinacosf) & + (sinasinf) &,
83 = (singsina) & + (singcosacosd + (cos ¢ — 1) sinf) &
o
+ ((cos ¢ — 1) cosf) — sin ¢ cos asin 0) &3,
% = (2 sin? %sim2 a) & +sina((cos¢ — 1) cosacosf — sin ¢ sin b)) &,

+ sin a(cos @ sin ¢ + (cos ¢ — 1) cos asin 6) &,

where {¢;} are the orthonormal basis elements of the Lie algebra of SO(3) given in (2.4).

One can then check that %, % and % are mutually orthogonal, and that

9 9N\ _ 9 ON 42 (9 9N a2 ® g
<8¢’ 8¢>_1’ <80z’ 8a>—4sm 5 <69’ 69>—481n 2Sln Q.

Now we note that in the neighbourhood of every point on SO(3), the map
d: SO(3) — 25°

(¢, ,0) — 2 (cos g, sini cos a, sin§ sin v cos 6, sin%sinasin@)

0<op<2m 0<a<m,0<6<2nm, gives the required local isometry. |
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