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Abstract

We apply general moment identities for Poisson stochastic integrals with random in-
tegrands to the computation of the moments of Markovian growth-collapse processes.
This extends existing formulas for mean and variance available in the literature to
closed-form moment expressions of all orders. In comparison with other methods based
on differential equations, our approach yields explicit summations in terms of the time
parameter. We also treat the case of the associated embedded chain, and provide recur-
sive codes in Maple and Mathematica for the computation of moments and cumulants
of any order with arbitrary cut-off moment sequences and jump size functions.
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1 Introduction

Markovian growth-collapse processes, see Eliazar and Klafter (2004), are piecewise-determin-
istic Markov processes (Davis (1984)), that grow in between random jump times at which
they may randomly crash. Growth-collapse processes are used in e.g. earth sciences and

physics, and they have also been recently applied to the study of crypto-currencies, see
Frolkova and Mandjes (2019).



Let (N;)ier, denote a standard Poisson process with intensity A > 0 and jump times
(Tk)k>1, with Ty := 0. The growth-collapse process (X;)iers increases lineary as t and

crashes at times T} by the amount (1 — Zk)XTk_, ie.,

where X denotes the left limit of the process at time T} and (Z)g>; is an i.i.d. random

sequence of cut-off rates on [0, 1], independent of (N;)ser, -
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Figure 1: Sample path of a growth-collapse process.

In other words, (X;)icr, solves the jump stochastic differential equation
dX; = dt — (1 — Zn,) Xs-dNy, (1.1)

with Xy =0, or
t
Xt:t—/(l—ZNS)XS_dNS, 1> 0,
0

with explicit solution

N N
X, = t=Y T(1-2) [[ 2 (1.2)
k=1 l:k+1
t
= t—/ (1—2Zy,) H ZidN,, t>0
0 I=Ns+1

In particular, the process value after the nth collapse epoch is

Xr, —ZTkHZl ZTk H Z,
k=1 =

k=1 I=k+1
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and its value before the nth collapse epoch is the left limit

n n—1 n—1 n—1
Xp-=>Y T [[2-> 0[] 2. n=>1
k

k=1 = k=1 l=k+1

see Figure 1.

The computation of moments of growth-collapse processes has been the object of several
approaches, see Boxma et al. (2006) for the use of conditional distributions for the computa-
tion of mean and variance, and Daw and Pender (2020) for moment expressions of all orders

using the solution of differential equations by matrix exponentials.

In this paper, we apply general moment identities written as sums over partitions for
Poisson stochastic integrals with random integrands, see Privault (2009; 2012a;b; 2016), to
the computation of the moments of growth-collapse processes. In particular, we obtain

closed-form moment expressions in the case of uniformly distributed cut-off rates.
Given (N¢)er, a standard Poisson process with intensity A > 0 on R, consider a process
(Y})ier, of the form
Y, = /th(Ns)st, t>0,
0
where h : N — R is a deterministic function. As the left limit h(N,-) is predictable with

respect to the filtration (F,)scr, generated by (Nj)secr, the mean of Y; can be computed

from the smoothing lemma, see e.g. Theorem 9.2.1 in Brémaud (1999), as

E[Y;] = AE Vot h(NS_)ds] _ A/OtE[h(NS_)]ds, £>0. (1.3)

This calculation does not apply however to the process h(Ns) which is only adapted and not
predictable with respect to the filtration (F)secr, . In this case we may apply the Slivnyak-
Mecke formula, see Slivnyak (1962), Mecke (1967) or Corollary 3.2.3 in Schneider and Weil
(2008) and § 2.3.4 of Chiu et al. (2013), to obtain

E[Y;] = \E Uot 5jh(Ns)ds} = \E Uot h(1+ Ns)ds] , t >0,

where €/ denotes the operator that adds one jump at the location s > 0 to the Poisson

process path.



As an example, the first moment of X; given by (1.2) can be computed using the Slivnyak-

Mecke formula as

t Ny
EX,] = t—E /5(1—ZNS) IT Zan.,
0 I=N+1
t Ny
= t—)E /53(5(1—ZN5) 11 Zl>ds
0 I=N,+1
t 14+ N
— t—)\E[/ s(1—Ziw,) [] Zlds}
0 1=2+N,

t
= t— )\E{/ sx (11— ul),uinNsds}
0

t
= t—\1- ul)/ se A=r)(t=9) g g
0

1 — e A1—p)t
T >0, (1.4)
where p; = E[Z;], which extends Theorem 4 in Boxma et al. (2006) to non-uniform cut-off
rates and yields the limiting behavior
lim E[X;] = — .
t=r00 AL =)
provided that py < 1.

In order to compute higher order moments in a more general setting, we will apply a
nonlinear extension of the Slivnyak-Mecke identity, see Proposition 2.1 below, which allows
us to express the moments of Poisson stochastic integrals as a sum of multiple integrals with
respect to the intensity of the Poisson process over partitions. In Section 3 we consider the
computation of moments of jump processes of the form

N

t
Y=Y g(Ti, k. Ny) —/ (s, Ny, N,)dN.,,
k=1 0

where (T})r>1 denotes the sequence of jump times of the Poisson process (N¢)ier, and
g(s, k,m) is possibly random but independent of (N;),er, , see Proposition 3.1 and its Corol-
lary 3.2. Those identities are then specialized in Section 4 to the case of uniform cut-off

distributions, for processes of the form

Nt Nt
EZka(Tkz)(l—Uk) H U, teRy,
k=1 I=k+1



where (Uy)g>1 is an i.i.d. uniform random sequence on [0, 1], independent of the standard
Poisson process (Ni)ier,, and (fi)r>1 is a sequence of measurable functions on R;, see

Corollary 4.1.

In particular, in Proposition 5.1 we derive the closed-form summation

(n+ D¢ k 1™ —kat
E[(X)"] = ——2 Y (=D*k+1)" /(1) teR 1.5
(X0 = F55 o= e+ 1 (e , L)
for the moments of all orders n > 0 of the growth-collapse process
Nt Nt
Xo=t=Y T(-U) [] . teRs,
k=1 I=k+1

where (Ug)g>1 is an i.i.d. uniform random sequence on [0, 1]. This result extends Theorems 4
and 5 as well as Corollary 1 of Boxma et al. (2006) from mean and variance to higher
moments of all orders, and provides a closed-form alternative to Corollary 4 in Daw and
Pender (2020) which uses matrix exponentials. The expression (1.5) immediately yields the
asymptotic moments

Hm B = e
which recover the gamma stationary distribution of (X¢);cr, with shape parameter 2, see

Theorem 3 in Boxma et al. (2006).

Finally, in Section 6 we show that our approach can also be applied to discrete-time

embedded processes of the form

m T

Y(m) =Y g(T,k,m) = / g(s,Ny,m)dN,,  m>1,

k=1 0

see Corollaries 6.2-6.3, and to the embedded growth-collapse chain
X(m)ZTm—ZTk(l—Uk) H Ul, le,
k=1 I=k+1

where (Uy)g>1 is an ii.d. uniform random sequence on [0, 1], see Corollaries 6.4-6.5. This

recovers Theorem 7 stated for mean and variance in Boxma et al. (2006), and provides

moment expressions of all orders.

We proceed as follows. In Section 2 we review the derivation of moment identities for
stochastic integrals using sums over partitions, and in Section 3 we apply them to the mo-

ments of jump processes driven by a Poisson process. Those expressions are then specialized
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as closed-form identities in Section 4 in the case of uniform cut-off distributions. The mo-
ments of growth-collapse processes are considered in Section 5, and the case of embedded

chains is treated in Section 6.

2 Moment identities for Poisson stochastic integrals

In this section we review the computation of moments of Poisson stochastic integrals with
random integrands using sums over partitions, see Proposition 3.1 in Privault (2012a).
Consider a Poisson process (N;)icr, constructed as N; = w([0,t]), where w(ds) is a Pois-
son random measure of intensity A(ds), with sequence (7})r>1 of jump times. For any

s1,---,5: € Ry, welet €] ---¢f denote the operator

(e - el F)(w) = FlwU{s1,...,s})

S1

acting on random variables F' by addition of points at locations sy, ..., si to the point process

w(dzx). For example, if F' takes the form F = f(Ny,..., N, ), then we have
e;---eij: f(Nt1 +#{k - osp<ti},..., Ny, +#{k : s < tn})

The following moment identity, see Proposition 3.1 in Privault (2012a) and Theorem 1 in
Privault (2016), uses sums over partitions {my,...,m} of {1,...,n}, and applies to random

integrands u : R, x Q@ — R.

Proposition 2.1 Let (us(w))scpo, denote a stochastic process indexed by s € [0,t]. For any

n > 1, we have

E K/Ot uSst>n}

n

— Z }]E {/Ot/ot et (u"”'(sl,w) ---u'”k|(sk,w))A(dsl) o Ndsp) |

k=1 mU---Unp={1,...,n

where the power |m;| denotes the cardinality of the subset m; and the above sum runs over all

partitions my, ..., of {1,...,n}.

In the sequel we will frequently use the equivalent combinatorial expressions

n

Z Z fe(mly .oy |me]) = ZZ—: Z M (2.1)

|
k=1 mU..Ur,={1,...,n} k=1 P11)+"‘J;Pk>:1n D1 Pk
Loeees k>



e Z felar —qo, - @k — qe—1)

k! — g\ (g — !
SR e =g (@ = @) (G — @)

for fi, a function on N¥, k = 1,...,n. In particular, for x,,...,7, € R and fu(p1,...,pr) =
Tp, - - Tp, this yields the Bell polynomial of order n > 1 as

n! Ty T
Bu(rn,... . n)) = Z S I

|
' p1+-+pp=n pl Pk
p1>1,.pp>1

= > Tlmy] = Ty (2.2)

k=1 mU--Ur,={1,...,n}
n

= E Byn(1, .. Tp_pi1),
k=1

where By, is the partial Bell polynomial of order (k,n). We will also use the relation
E[X"] = Bn(mg), ce /-cg?)) between the moments E[X"| and the cumulants ng?) of a random

variable X, and the inversion relation

X
K,

zn:(k— DI(=1)*1 Z E[leq ...E[leel} (2.3)
k=1 mU--Ump={1,...,n}
2

(=1)* 'k = D)!By, (E[X],.. . E[X" ")),  n>1,

see Theorem 1 of Lukacs (1955), or Leonov and Shiryaev (1959).

The case of shot noise processes

Before moving to the setting of Markovian growth-collapse processes, we use the case of
Poisson shot noise processes as an illustration for the result of Proposition 2.1. Consider a

shot noise process (S;)icr, of the form

+ N t
5= Yo AT t)l =3 W0, = [ s 0JndN,  teR.,
= k=1

where (Jg)g>0 is a sequence of i.i.d. random variables admitting moments of all orders, and
h(-,-) is a sufficiently integrable deterministic function. The next proposition provides a
closed-form expression for the moments of shot noise processes using standard Bell polyno-
mials, see also Corollary 2 in Daw and Pender (2020) for another expression using matrix

exponentials in case A(ds) = Ads for some rate A > 0, and h(s,t) = e ?*=%) for some 3 > 0.
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Proposition 2.2 For any n > 1, we have

t
E[S}] = B, (E[Jl] / h(s, t)ds,
0
where B,, is the Bell polynomial of order n > 1.

Proof. Taking us(w) := Jn,h(s,
(ZJNT Tk, > ] —Zn‘

// / Wl (s, t) - R (s, ) E el

Next, we note that for 0 < s; < ---

+ A
€s, " € Ns; =1+ Ny,

E[e), e (N I0)] =

Ima| - glma
J1+N 24N,

B
B[

= B[,
B[E[] »
£ ()

and therefore

YD

=1 muU---Um={1,...,n}

E[5"]

J\ml /

which yields (2.4) from (2.2).

[J\ml \772|
14N, J24 N,

} EI R

t), by Proposition 2.1 we have

< §; < t we have

t

ET] / h”(s,t)ds), (2.4)
0
mU---Um={1,...,n}

e (I TR Ads) - Adsy).
1<i<li<n, (2.5)
|71 }

I+N,
I | Nows o N3 ]

No] % < B[E[ATN, | Moo Na]]

B
B

(s DN (dsy) - - A(dsy).

/ h'ﬂl‘ 81

O

We note that Proposition 2.2 is consistent with the Lévy-Khintchine formula for compound

Poisson processes, as the Faa di Bruno formula, see e.g. §2 of Lukacs (1955), yields

n

> ES]

n>0

E[e*%] =

n

i

n>0

B, (E[Jl] /0 (s, )ds,

LE[T /Ot h"(s,t)ds)



= exp (Z Z—TE[JH /0 h"(s,t)ds)

n>1

t
— exp </ (eah(s,t)J1 _ 1)d8> ’
0

which recovers the cumulants of S; from the moments of J; as

¢
ng) =E[J}] /0 h"(s,t)ds, n>1 t>0.

3 Moments of jump processes

From now on we assume that (N;)er, is a standard Poisson process with intensity A > 0,

and in this section we consider jump processes built as the anticipating Poisson integrals

Ny

t
Y, = Zg(Tk, k,N;) = / 9(s, Ns, Ny)dNs, teR,. (3.1)
0

k=1

Proposition 3.1 Let (Y;)cr, be defined as in (3.1). For alln > 1, we have

E[(Yt)”]:g ¥y }/Ot.../otﬂz

mU...Ur={1,...,n

dsy - - - dsp,

k
Hg'””(sl, [+ Ny, k+ Ny)
=1

where the sum runs over all partitions my, ..., of {1,...,n}.

Proof. Taking us(w) := g(s, Ng, NV;), 0 < s < t, by Proposition 2.1 we have

o) = B [( [ gt N e |

n t t k
— Z M\ Z / / R 6:1--'G:anlml(Sl,Nsl,Nt)] ds, - - ds,
k=1 0 0 =1

mU.. .Urp={1,...,n} L
[k

n t t
S5 FUIND S B £ ) CEITNRR N ) PR
k=1  mU..Ume={1,..n}“0 0 Li=1
where we applied (2.5). O

Next, we specialize Proposition 3.1 to the case where the process g(s, k,n) takes the form

g(s,k,n) = fils)(1 = Z4) 1] %

I=k+1



where (Z)g>1 is an i.i.d. random sequence independent of the Poisson process (NV;)ier, , i.€.,

we have
Nt Nt
=Y AT)A-2) [] 2. teRr. (3.2)
k=1 I=k+1

The corresponding growth-collapse process can be written as

Xt = th (t) -
= fr(t) = fn(T) + D (F(T) = fia(Te)) [ [ %

which corresponds to the process in Equation (1) of Kella (2009) by taking I,,(u) := fn(u +
~1) = fa—1(Th—1) therein, u € [0,T,), n > 1, with fp := 0.

Corollary 3.2 Let (Y;)icr, be defined as in (3.2) with fi(s) = f(s) independent of k > 1.

For alln > 1, we have

E[(Y;)"] = nleM ke i Y (3.3)

k=1 qo—0<q1< <qr=n

82 a—q—1
/ / / (f _ (Sl) CQZ—1,QZ—qz_1e>\Sl(Mql_1_“ql)) dsy - - - dsy,
(@ — - 1)

t € Ry, where

Cra :=E[zp<1—z>ﬂ=Z(Z)<—1>’mq+k and py = Cpo =E[27), p.q>0. (34)

Proof. By Proposition 3.1, letting

Win=0-2) [[ 2. 1<k<n,
I=k+1

for all n > 1 we have

= nl Z Oy (3.5)

p1+-+pp=n
Plsees P >1

52 p1 .. fPk
/ / . pl)!..,gk!(Sk)E [E;"'E;L(WNsl,Nt)pl...(WNSMNt)pk] ds, - - ds;.

Next, when p; +---+pr =nand 0 < 51 < -+ < s < Sy1 :=t, we have
B[l (W )" s (Wi )™ )] = B LWy ) o (W )]
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[ k+N: n N, -
= E (1 — Zl—‘rNsl) H Zl c. (1 _ Zk—‘,—NSk) H Zl

L l=2+Ngy,; I=k+1+N;,

[k Noiq
= B [[1 {0 -z G s T gt

L p=1+N,

[k
= E H (CP1+--~+p1717P1 (/LP1+~~-+pl)NSl+17NSl)

LI=1

k
- H (Cp1+---+pl 1ple)‘(51+1751)(up1+“+pl,1))
=1

k
— At(pn—1) ASi(py +-4pp_ 1 —Hpy+-tpp)
= ¢ (Cp1+~“+m—1,pze ! =1 ! ! )v

=1

where we used (3.4) and the independence of the sequence (Z)r>1, which leads to (3.3) from
(3.5). O

When n = 1, Corollary 3.2 yields
t
BV =M1 - ) [ S5 m00ds, teR,,
0

which recovers (1.4) when f(s) = s, s € R,. More generally, E[(Y;)"] can be computed for
any n > 1 and any choice of integrable function f(s) and moment sequence pu, = E[Z"],

n > 0, using the Maple and Mathematica codes 1 and 2 in the online appendix.

4 Uniform cut-off rates

In this section we assume that (Y;);cr, takes the form

Nt Nt
i=> AT)Q-2) [] 2. teR. (4.1)
k=1 l=k+1

where (Zg)k>1 is an ii.d. uniform random sequence on [0,1]. In this case we have p, =

1/(n+1) and C,, is given by the beta function as C,, = pl¢!/(p + ¢ + 1)!, hence we have

4+ o) :lﬁ ! (4.2)
- ( nl o pit - '

k

| | OP1+~~~+’pz LR
-b | .

i +p+1)! +p+1

=1

under the condition p; + - - - 4+ pr = n, which yields the next consequence of Corollary 3.2.
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Corollary 4.1 Let (Y;)er, be defined as in (4.1), where (Zy)y>1 is an i.i.d. uniform random

sequence on [0,1]. For any n > 1, we have

E[(Y2)"] (4.3)

5o Qa—q— 1 Asi(1/(14qi—1)—1/(14+q))
— —Tl)\t/(n—‘rl) )\k / / / f ) ds . ds
Z Z 1+q ' .

k=1 qo=0<q1<--<qr=n

teR,.

When f(s) = s, s € Ry, the relation

n

* n_as as k(aSQ)k
ste®tds) =1 — e Z(—l) ST so € Ry, n >0, (4.4)
0 k=0 :

can be used to compute the integrals in (4.3) by induction using the Maple command
MY (¢, A, i, f,m), resp. the Mathematica command MY [t, A, i, f, n] in the online appendix,
by taking f := s — s and mu:=n — 1/(n+ 1), resp. f[s_] := s and mujn_] :==1/(n +1).

First moment of Y; using MY (¢, \, 11, f, 1)

For n = 1, we have

A ! 2
E[Y;] = B _’\t/Q/ 51612 ds) =t — X(l — e M2, (4.5)
0

which is consistent with Theorem 4 in Boxma et al. (2006), with a shorter proof, see Figure 2.

Second moment of Y; using MY (¢, A, y1, f, 2)

For n = 2, we have

)\ t )\2 t S9
EKYDZ] = ge—Q/\t/Z%/ 5%62/\81/36[81 + EG_QMB/ 82e)‘52/6/ Sle)\51/2d81d82
0 0 0
18 oxtys 4 o, 24 o 0, 64
hence
k3 (t) = Var[V;] = B[Y?] — (E[V}])? = %(962,\16/3 _ 9 M _ g A2 4 1),

which recovers Theorem 5 in Boxma et al. (2006) with a shorter proof, see Figure 2. Figures 2

to 4 are plotted with 10 million Monte Carlo samples and A = 2.
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Figure 2: Mean and variance given by (4.5) and (4.6).

The subsequent integrals for higher order moments can be evaluated using Mathematica or

based on the recurrence relation (4.4).

Third moment of Y; using MY (¢, \, p, f, 3)

For n = 3, we have

)\ t )\2 t ED)
E[(Y;)?)] — _e—3>\t/4 / 8?63A51/4d81 + §6—3)\t/4 / Sge)\sz/4 / Sle)\sl/QdSldSQ
0 0 0

4
)\2 t $2
+ _e3At/4/ 526,\52/12/ s%e2A31/3d51d52
12 0 0
)\3 t s3 S2
+ ﬂe—?))\t/él/ 836,\53/12 / 826)\52/6 / sle)‘sl/zdsldsgdsg
0 0 0
e—3AL/4
=3 (384 + 54eM/12 (At — 12) + 6™/ (48 + Mt(At — 12)) + M/ H(AE(18 + At(At — 6)) — 24)),
(4.7)

see Figure 3 below.

Fourth moment of Y; using MY (¢, A, i1, f,4)

For n = 4, we have

)\ t )\2 t S92
E[(Yt)ll] _ 36—4)\15/5/ 811164)\81/5d51 + 1_06—4)\15/5/ S§€3>\82/10/ Sle>\51/2d81d82
0 0 0

)\2 t S92 )\2 t S$2
4 _e—4)\t/5 / 826)\32/20 / 5?63)\81/461516182 4 _e—4)\t/5 / 8;62)\82/15 / 5%62)\81/3(181(182
20 0 0 15 0 0

)\3 t s3 S2
+ %efll/\t/f) / 5362)\53/15 / 826)\82/6 / Sle)\81/2d81d82d83
0 0 0
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)\3 t s3 S2
+ Eell)\t/g)/ Sge/\53/20/ Sge)\SQ/4/ Sle)\SI/QdSldSQng
0 0 0

)\3 t 53 52
+ @6—4/\75/5 / Sge)\sl/QO / Sze/\sl/12 / 5%62>\81/3d51d52d$3
0 0 0

)\4 t S4 S3 S92
+ 120e—4)\t/5 / 846)\84/20 / 836)\83/12 / 826)\82/6/ Sle/\81/2d81d82d83d84
0 0 0 0

—4)t/5
_ Y (15000 + 1536e /20 (At — 20) + 108e**/15(180 + M (At — 24)) (4.8)
+ 8e*M/MO(Nt(144 + At(At — 18)) — 480) + e /5(120 + Mt (At(36 + Mt (At — 8)) — 96))),

see Figure 4 below.

5 Moments of growth-collapse processes

The moments of the growth-collapse process X; defined as X; := f(t) — Y; can be recovered

from (4.3) with fi(s) = f(s), { > 1, and the binomial recursion

n—1

E[(X,)"] = EI(f(t) - ¥)") = (-1)" (E[(n)”} - (}) <f<t>>“<—1>’fE[<Xt>’f1> SNGRY

k=0

which is implemented in the Maple and Mathematica codes 3 and 4 in the online appendix.

In the remainder of this section we take f(¢) = ¢ and consider the growth-collapse process
(Xi)ier, of §4 in Boxma et al. (2006) defined as X; := t — Y, t € Ry. The result of
Corollary 4.1 clearly involves partition counts, however they may not be easy to identify in
practice. This problem is solved using stochastic calculus and differential equation methods
in the next proposition. Proposition 5.1 extends Theorems 4 and 5 as well as Corollary 1 of
Boxma et al. (2006) from mean and variance to moments of all orders, see also Corollary 4
in Daw and Pender (2020) for an expression using matrix exponentials. It is also consistent
with Theorem 3 of Boxma et al. (2006), which states that the stationary distribution of the
Markovian growth-collapse process (X;)icr, is the gamma distribution I'(2, \) with shape

parameter 2 and scaling parameter A, and cumulants £™ (co0) = 2(n — 1)!/A", n > 1.

Proposition 5.1 The moments of the growth-collapse process

Nt Nt
Xe=t-) L(-U) ][] 0, teR.
k=1 I=k+1
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with uniform cut-off rates (Ug)k>1 on [0, 1], are given by

IR
E[(Xt)n] _ (n )Tn ) Z(_l)k(k + 1)n—1 (Z) e—k)\t/(k—i-l), n>0, te€ R+.
k=0

As a consequence, the asymptotic moments of (Xi)ier, are given by

im B[ = PED s

t—00 A"

Before proving Proposition 5.1, we recover the first moments and cumulants of X; from
the expressions (4.5)-(4.8) and the identity (5.1). For this we may use the Maple com-
mands MX(¢, A\, i, f,n), CX(t, A\, i, f,n), resp. Mathematica commands MX][t, A, u, f, n],
CX[t, A\, i1, f,n] in the online appendix, with f := s — s and mu := n — 1/(n + 1), resp.
fls_] := s and mu[n_] :=1/(n + 1).

First and second moments of X, using MX(¢, A, i1, f, 1) and MX(¢, A, p1, f, 2)

We find t
E[Xi] = -E[Y}] +t = ge‘W /0 s1e*1/2ds; = é(—e—w +1) (5.2)

and
E[(X:)*] = E[(Y:)?] — #* + 2tE[X,] = i—; (3e™2M/3 — 4o/ 4 1), (5.3)

see Theorems 4 and 5 of Boxma et al. (2006).

Third and fourth moments of X, using MX(¢, A, t, f,3) and MX(¢, \, p, f, 4)

Next, from (4.7) we have

E[(X)] = —E[(Y))’]+#° - 3°E[X,] + 3tE[X/]
4!
= wl- 166™3M/4 4 27e72M/3 _ 19e7M/2 4 1), (5.4)

and the third cumulant of Y; is given by (2.3) as

2!
kO (t) = 2F(—27e_7’\t/6+96e_3”/4 — 1350723 4 472 4 246N £ 39e M2 1), (5.5)

see Figure 3.
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Figure 3: Third cumulant (5.5) and skewness of Y;.
From (4.8) and (5.2)-(5.5) we have
E[(Xy)Y = E[Y)'] —t"+4°E[X,] — 6L°E[(X,)?] + 4E[X]]
5! _ _ _ _
= 1712577 — 2561 4+ 162e72/% — 3972 4 1)), (5.6)
and the fourth cumulant of Y; is given by (2.3) as
|
5(4) (t) — 2%( - 8672)\1‘, + 504677)\7&/6 4 1250674)\7&/5 - 256675)\t/4 - 2304673)\t/4 (57>

+72e7M/8 — 81078 112060 M/3 — G4ePM/2 — 168e M — 152 M2 + 1),

see Figure 4.
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(a) Fourth cumulant £® (t). (b) Excess kurtosis (% (t)/(n@) (t))” of V;.

Figure 4: Fourth cumulant (5.7) and excess kurtosis.
Proof of Proposition 5.1. Applying the It6 formula with jumps to (1.1), we have
d(X)" = nXP 't + (X)" — (X,-)")dN,
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= nX}ldt+ (X~ — (1 = Un) Xp=dNy)" — (Xy2)™)dN,
= nth_ldt + (Xt—>n Z (Z) (UNt - 1)det

k=1
= nXP Nt + (X )"((Uy,)" — 1)dNy,

with Xy := 0, hence
t t
X' = n/ X lds +/ (Xs-)"((Un,)"™ — 1)dNs, teR,.
0 0

Taking expectations on both sides of the above equality and using the smoothing lemma as

in (1.3) yields

BUT] = 0 [ B [ B PIEIUN.)” - 1

An
n—+1

t t
~ 0 / E[X"ds — / E[(X, )"ds, teR.,
0 0

which shows that the moments E[(X};)"] satisfy the differential equation

d ny __ n—1
%EKXt) | =nE[(X)"] -

n
n—+1

E[(X)",  teRy, (5-8)

see also § 3 of Boxma et al. (2006) and § 3.5 of Daw and Pender (2020) for proofs using the
infinitesimal generator of the Markov process (X;)ier .- Based on the intuition gained from

(5.2)-(5.6), we now search for a solution of (5.8) of the form

(n+ 1) <

E[(X0)"] =~ D amne ™,
k=0

which, by identification of terms, yields the recurrence relation

k+1
A = Mak,n—la 0<k< n,
n—k

hence
apn = (k+1)"F <Z> ag. k, 0<k<n.

In addition, the initial condition ¢ = 0 requires

n

Z agn = 07

k=0

17



hence

Xn:(k 1)k (Z) g =0,

=0

k
which is solved by taking aj = (—1)%(k + 1)*~!, due to the combinatorial relation

Snon+1) =Y (1) *(k+1)" (Zj: D =(n+1)) (k+1)"" (Z) (-1)* =0,

k=0 k=0
which follows from the vanishing of the Stirling numbers of the second kind S(n,n + 1), see

e.g. page 824 of Abramowitz and Stegun (1972). OJ

6 Embedded growth-collapse chain

In this section we show that Proposition 2.1 can also be used to compute the moments of all

orders of the embedded chain
=Y, = Zg Ty, k,m) / g(s, Ng,m)110.1,,1(5)d N, m > 1. (6.1)
Proposition 6.1 Let (Y (m)),,>1 be of the form (6.1). For any n,m > 1, we have

E[(Y(m))"] = (6.2)

n!i)\k

k=1 O0=go<q1 < <fIk 1<qx=n
Proof. Taking us(w) := g(s, Ns,m)1i01,)(5), 0 < s <, by Proposition 2.1 and the identity
{s <T,} = {Ns- <m}, s> 0, we have

(Zg (T, k, m> —E K/w (s, N, )1[0Tm](s)st>n]

= Z EINE
k=1

Next, since

QI - QZ—1)~

=

miU--Ump= {1 ..... =1

{N,- <m}c{l+N_<m}C---C{k—1+N- <m},

by (2.5) we have

k
)il =
e el T (atse Nsl,m)l{NS;<m} !

=1 l:l

Ew

g(si, 1+ Ny, m)l{Z—1+NS,<m}) &
!

18

S 7Z+N5 .m A—q-1
/ / / ].{N _<m— k}H l l )) dsy -

dSk] .

/ / / 1---6;; (g(Sl,Nsl,m)]_{NSl<m})7rldsl...d5k] .



= 1{Ns;(5m_k} H (g(sl, [+ ]\/'s“m))lm\7
1=1

which leads to (6.2). O

Next, we specialize Proposition 6.1 to the case where g(s, k, m) takes the form

g(s.k,m) = fem(s)1 = 2Z) [ % (6.3)

where fi.,(s) is a deterministic function and (Zy)x>; is an i.i.d. random sequence inde-
pendent of the Poisson process (Ny)icr,, with moment sequence p, = E[Z"], n > 0. The

corresponding embedded growth-collapse process can be written as

X(m) = fom(Tn) — Z Jem(Tk) — fk—l,m(Tk—l))HZz,
k=1 =k

which corresponds to the wealth process in § 2 of Kella (2009) when fi,(s) = fi(s) is
independent of m and Yy, := fi(Tk) — fe—1(Tk—1) therein, k = 1,...,m, with fy,.(s) := 0.
Corollary 6.2 Let (Y (m))m>1 be defined as in (6.1) from (6.3), with frm(s) = fm(s) inde-
pendent of k > 1. For any n,m > 1, we have

n m—~k )\k:+i

B[] =l 33 St Y (64)

k=1 =0 0=qo<q1<--<qr—1<qr=n

H Cova—a- 1/ —)\sk/ / Zﬂqz St — 1) quz W-1(s;)dsy - - - dsp,
-1 (@ —q-1)
where we let 5o := 0, S0 =0, and C,, is defined in (3.4).

Proof. By (2.1), (6.3) and Proposition 6.1 we have

n

E[(Y(m))"] =) kA >

k=1 mU--Ump={1,...,n}
- e . L . |71
/ / s / ]_{NSk_Sm,k} H fm($l>(1 — ZH-Nsl) H Zj dSl cee dSk
0 0 0 =1 J=l+1+Njg,
D S L
k=1 P+ =n pal-
Ploeees pp>1
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oo Sk S92 k m
/ / e / ElLn, —<m- H (1= Zen, ) H Z5 )| dsi-- - dsg.
o Jo 0 =1

j=+14N;,

Next, when NS; < m — k we have

k m
_ P Pi
[[{0-2Zw) 11 4
=1 j:l+1+Nsl
k ko N m
= — pL p1t+pi—1 H D1+ Dk
= ([Io-zww) ) (1T 1T 2 %
I=1 1=2 j=I+N;, , j=k+14+N;,

k k 14N, m
(fo-nr) ({1 ) (i T a1

1=1 1=2 1=2 j=l+14+Ns,_, j=k+1+Ns),

k k—1 l+1+NSz+1 m
_ _ py 7Pt Pi—1 p1t-+Dp P11+ +Pk
= |10 = Ziw )" 2205 II I % Z; :
=1

1=1 j=l+2+Ny, j=k+1+Ns,

which is a product of three independent random terms, whose expected value given N, , ..., N,

® k I =S
(H Cp1+~~+pz_17pz> Fopy+-- +p1k Hlumj:-l-erz l?
=1 =1
see (3.4). Therefore, using the fact that the jumps of (Ny)scpo,s,] are uniformly distributed

on [0, s] given that N;, = i, we have

k m
E Lin, —<m-ky H (1= Zien, )" H Z3!
=1 j:l+1+Nsl

d s MLoNL N
= —k=Ns), SI417 7781
o Hcp1+"'+pl*1’pl Z 1{Ns *_1}/LP1+ +Dk Hup1+~-+pz

=1

k m—k N
_ 2 : si41 Ny
- HCP1+"'+pl—17pl N 1+ +pk 1{N o= HMP1+ +p
=1 =1

k m—k i
_ C P m i—k Zl 0 Mpi+-+p (Sl+1 Sl)
- p1t+-+pi—1,p1 =)y )
=1

S
=0 k

N,

Sk

— N,

since, given N;, = i, the random vector (Ng,, Ns, — N. k1

519 Spse s ) is made of in-

dependent binomial random variables with maximum count ¢ and respective probabilities
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S1/8k, (82 — $1)/Sky -+, (Sk — Sg—1)/Sk. This leads to

n m—k m—i—k Kk
Blym)] =nY S S e i) ) =

|
k=1 pittpp=n i=0 =1 pr:
P1s--PEp>1
o0 Sk S2 k k-1 !
—As
X/ e ’“/ / LT /20 { D ttnsim (101 = 1) | dsa - dsy.
0 0 0 =1 1=0

O

The result of Corollary 6.2 can be implemented for any choice of integrable function f(s)
and moment sequence p, = E[Z"], n > 0, using the Maple and Mathematica codes 5 and 6

in the online appendix.

Uniform cut-off rates

The next result specializes Corollary 6.2 to the case of embedded growth processes with

uniform cut-off rates.

Corollary 6.3 Let (Y (m))m>1 be defined as in (6.3), with fym(s) = fm(s) independent of

k > 1, where (Z));>1 an i.i.d. uniform random sequence on [0,1]. For any n,m > 1, we have

n m—k )\k—l—l

ik
2 < 1+QZ>/ ASk/ / (z Slir_qfl> [T raa-r(siydsy - dsy,

0=q0<q1<-<qr—1<qp=n 0 =1
where we let 5o := 0 and 30, = 0.
Proof. We rewrite the result of Corollary 6.2 as
k
£ tpy)
T ,k m = nl )\k:Jrz/JJn (pl
| (Lumnm) [-ay 3 Sl

—1 pi+otpp=n =0
PLoeees pr>1

. sk s k k—1 2
/ e_AS’“/ / |J D) (Zup1+m+pl(sz+1 —Sz)> dsy -+~ dsy,
0 0 0 =1 1=0

and use the relations u,, = 1/(n+ 1), n > 0, and
k k
H (Prt-+p)t 1 H
(ot +pl+1 nl-3

see (4.2), with g :=p1+---+pand g =n,1 <I <k <n. O
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The first moments of Y'(m) can be computed in closed form when f,,(s) = s, which corre-
sponds to
=Y, = ZTk (1—Uy) H U, m>1,
I=k+1
where (Uy)g>1 is a uniform random sequence on [0, 1]. The next results can be recovered for
any integer values of m > 1 by the Maple command MYm(A, m, mu, f,n), resp. Mathematica
command MYm[\, m, mu, f,n] in the online appendix, by setting f :== s — s and mu :=n —

1/(n+1), resp. f[s_] := s and mun_] :=1/(n+1).
First moment of Y (m) using MYm(\, m, mu, f, 1)

For n = 1, Corollary 6.3 yields

m—1
1 21+1—m oo_S . S1 2m+m_1
E[Y(m)] = X 2 /0 e "ls]—ds; = 3 ;
hence
1—-2=™
E[X(m)] = E[T,] ~ EY (m)] = +— (6.6)
as in Theorem 7 in Boxma et al. (2006).
Second moment of Y (m) using MYm(A, m, mu, f,2)
For n = 2, we find
E[(Y (m))’]
m—1 m—2 7
. 1 1 > —s1 g 1 1 e s 52 S1 + So S9
= ﬁ 2 —i!,?)m_l_i/o e 3 d81 + — N2 Z —Z'3m 2 7’/0 e 2/0 ( 5 ) SlgdsldSQ
1 2 m—1
= ﬁ 3—m 1 —m-+m

Third moment of Y (m) using MYm(\, m, mu, f, 3)

For n = 3, we have

i+3

1 m—1 1 o
E[Y(m)’] = 3 Z Z,4m—_1_/ e 314 ds:

S1+ s S1 82 281+ s s2s
)\3zll4m 2— z/ / (( 1 2) 51224—( 13 2) 3142> d81d32
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m—3 i
1 1 e _ 53 52 381 + 89 + 283 S1 S92 S3
N s SNT RN SLRI e dsydss, 6.7
+)\3;i!4m31/0 ¢ /0 /0 ( 6 ) 9 3 4 oo (6.7)

Although the last partial summation (6.7) does not have a closed-form expression, it can
easily be estimated using the Maple and Mathematica codes 5 and 6 in the online appendix,

see Figures 5 and 6, which are plotted with 10 million Monte Carlo samples and A = 2.
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(a) Third cumulant of Y (m). (b) Skewness (%) (m)/(ﬂ(z) (m)) 2

Figure 5: Third cumulant and skewness of Y (m).

Fourth moment of Y (m) using MYm(\, m, mu, f,4)

For n = 4, we find
1 m—1 1 ) s
ElY 47 _ : —s1°1 d
[ (m) } A\ ; Z‘!5m11/0 € 5 51
m—2 7 i A
1 1 < 52 s1+ 82\ 5185 351+ 52" 8389 251 + 82\ 8753
— [ 52 - “ £ _- Z 17z - T L7221 dsqd
+)\4;z’!5m21/oe /0 (( 2 >25+ 1 )15 T\ 3 35 )
m—3
1 1 /oo - /83 /52
=N [ e

((851 + 59+ 333)i 52 89 83 N (481 + 259 + 253)i s1 82 83 N <331 + 59+ 283)i S1 82 53

12 345 8 6 235

m—4 i 4
1 1 o 54193 152 (651 + 289 + 83 + 384 81 89 83 84
Iy 1 4 [] 25255 45, dsydssd
+ X 2 i!5m_4_2/0 e /O /0 /0 ( B L1 5315 5108205308y,

see Figure 6.

545 >d81d82d83
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Figure 6: Fourth cumulant and excess kurtosis of Y (m).

Embedded chain of the growth-collapse process

Finally, we consider the embedded chain of the growth-collapse process

fm(Tm) -

fm(Tm) -

NE

=
Il

1

NE

=
Il

1

g(Tka ka m)

T =2) ] 2. m=>1, (6.8)

I=k+1

where (Zj)g>1 is an i.i.d. random sequence independent with moment sequence p,, = E[Z"],

n > 0. This process can be obtained from (6.1) by replacing g(s,m,m) = f.(s)(1 — Z,,)
with g(s,m,m) = f,.(s) = fi(s)(1 — Z,,) = fin(8)Zy, therein. In Corollary 6.2, this amounts

to modifying the last term of order i = m — k or N5, = m — k in (6.4), by changing the
k

last term C,

9k—1,9k —qk—1

(—1)%= -1y, yielding the next result.

of order [ = k in the product H C,

into (—1)% %=1y, =

1-1,91—q1-1
=1

Corollary 6.4 Let (X (m))m>1 be defined as in (6.8). For any n,m > 1, we have

E[(X(m))"] = nl(~1)"

n

k=1

e Sk s2
/ e_ASk / o /
0 0 0

k—1

=0

m—k

1

n

/\k+i
BT 12
1

=0

fha, (8191 — Sl))

m—i—k

>

0=gqo<q1 <-"<qr-1<qp=n

iy

I1

=1
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mm(n m) \m

+n!(— ) Z (—1)a= =1y,

k=1 0=qo<q1 < <qrp-1<qp=n

m—Fk
) n—q— 1 k-1 C (IZ_QZfl(S )
—Ask QU—1,91—q—1Jm l
e E fa, (Si41 — dsy - -~ dsy,
/0 (n — qr-1) / / ( e ) H (@ — q1)!

where we let 59 := 0 and 3.0_, = 0.

When n = 1, Corollary 6.4 yields the first moment

m—2 ;
/\1+Z m—1i OO —As H A™ - —As m—
E[X(m)] = —(1 — p1) Z M /0 e s o (s)ds + M/O e fiu(s)s™ tds.
— il !

Taking f,.(s) = s, s € R, this shows that
pa (1= pt
E[X =—|(—
o) =5 (1245),

which extends (6.6) above and (52) in Boxma et al. (2006) to non-uniform cut-off rates.
In the exponential case with p; € (—1,1) this recovers the long range behavior of the first
moment (see page 369 of Kella (2009), as well as § 4 of Boxma et al. (2011)) as m tends to
infinity.
The moment E[(X(m))"] can be computed from Corollary 6.3 for specific integer values
n,m > 1 and for any choice of function f(s) and moment sequence u,, = E[Z"], n > 0, using

the Maple and Mathematica codes 7 and 8 in the online appendix.

When (Ug)g>1 is an i.i.d. uniform random sequence on [0, 1], computing the moments of

=T, —ZTk 1—U) H U, (6.9)

I=k+1
k

according to Corollary 6.3 means multiplying the product H for i = m — k in (6.5)

+q
by

(_1)%_%71ka _ (_1)%_%71(1 + Qk)' —_ (_1)%*%—1 ( n )’
C‘]k—lﬂk_‘ﬂc—l (1 + Qk)Qk—I!(Qk - Qk—l)! dk—1

as done in the next result.

Corollary 6.5 Let (X (m)),>1 be defined as in (6.9), with (Ug)k>1 an i.i.d. uniform random

sequence on [0,1]. For any n,m > 1, we have

n m—k—1 )\k+z

E[(X (m))"] XY a e 2

0=go<q1<-"<qr—-1<gx=n
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Sl+1_8l f (111
S ---d
/ / /(l 1+Qz>lU 1+qz e

=0

R

0=qo<q1 <-<qr-1<qp=n -1

—qi— 1
oAk 51+1 — 51 f d d
/ / / (l 1+q ) H 1+Qz e

=0

mln(n m)

k=1

where we let 5o := 0 and 35, = 0.

The following moments and cumulants can be computed from Corollary 6.5 for any specific in-
teger values of n, m > 1 using the Maple commands MXm(A, m, mu, f, n), CXm(\, m, mu, f,n),
resp. Mathematica commands MXm[A, m, mu, f,n], CXm[A, m, mu, f,n] in the online ap-
pendix, with f:= s — s and mu:=n — 1/(n+ 1), resp. f[s_| := s and mu[n_] :=1/(n + 1).
When f,,(s) = s, Corollary 6.5 shows that the second moment reads

E[(X(m))*] = % (2 —4 (%)m +2 <%)m)
which yields

o= (-2 () () o

from (6.6), and recovers Theorem 7 in Boxma et al. (2006). Figures 7 to 8 are plotted with
100 million Monte Carlo samples and A = 2.
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Figure 7: Third cumulant and skewness of X (m).
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In particular, the third and fourth cumulants of X (m) can be obtained from Corollary 6.5

see Figures 7-8, along with Monte Carlo simulations used for confirmation.
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Figure 8: Fourth cumulant and kurtosis of X (m).
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A Maple and Mathematica codes

m := proc(t, 1, k, mu, c, f, q::1list) local s; if k = 1 then return int(f(s) q[1]*c(0, q[1])*exp(1*s*(1 -
mu(ql11)))/ql1]!, s = 0 .. t); end if; return int(£(s)~(qlk] - qlk - 11)*c(qlk - 1], qlk] - qlk -
1]) *exp(1*s*(mu(qlk - 11) - mu(qlkl)))*m(s, 1, k - 1, mu, c, £, ql1 .. k - 11)/(qlk] - qlk - 1!, s
=0 .. t); end proc;

MY := proc(t, 1, mu, f, n) local k, temp, ¢, p, pp, pp2; ¢ := proc(p, qq) return sum(binomial(p,
k0)*(-1) "kO*mu(qq + k0), k0 = 0 .. p); end proc; if n = O then return 1; end if; if n = 1 then
return lxexp(l*t*(mu(n) - 1))*m(t, 1, 1, mu, c, £, [1]); end if; temp := O; pp2 :=
combinat:-subsets({seq(1 .. n - 1)}); while not pp2[finished] do p := pp2[nextvaluel(); k := nops(p)
+ 1; temp := temp + 1 k*m(t, 1, k, mu, c, £, [op(p), nl); end do; return n!*temp*exp(l*t*(mu(n) -
1)); end proc;

CY := proc(t, 1, mu, £, n) local tmp, z, k; tmp := 0; z := []; for k fromn by -1 to 1 do z := [op(2),
MY(t, 1, mu, £, n - k + 1)]; tmp := tmp + (-1)"(k - 1)*(k - 1)!*IncompleteBellB(n, k, op(z)); end
do; return tmp; end proc;

Maple code 1 for the computation of E[(Y;)"] in Corollary 3.2.

Needs["Combinatorica™"]

(*Multiple integrals*)m[t_, 1_, k_, mu_, c_, f_, q__] := (Modulel[{s},
If[k == 1, Return[Integrate[f[s]"q[[1]1*c[0, q[[1111#E~(1*s*(1 - mulq[[1111))/q[[11]!, {s, 0, t}11];
Return[Integrate[f[s]~(q[[k]] - qllk - 111)*clqllk - 111, ql[kl] - ql[k - 1]111*E~(1*s*(mulql[[k - 1111

- mulq[[k111))*mls, 1, k - 1, mu, c, £, ql1 ;; k - 1111/(ql[k]1] - qllk - 111!, {s, 0, t}111);
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(*Moments*)MY[t_, 1_, mu_, f_, n_] := (Module[{k, temp},
clp_, qq_]1 := (Sum[Binomiall[p, kO0]*(-1) kO*mulqq + k0], {kO, O, p}1);
If[n == 0, Return([1]];
If[n == 1, Return[1*E~(1*t*(mu[n] - 1))*m[t, 1, 1, mu, c, £, {1}]11];
temp = 0; Do[k = 1 + Length[p]; temp += 1°k#m[t, 1, k, mu, c, f, Append[p, {n}]], {p,
Subsets[Range[1, n - 1]11}];
Return[n!*temp[[1]]*E~ (1*t*(mul[n] - 1))11);
(*Cumulants*)CY[t_, 1_, mu, f_, n_] := (Module[{tmp, z, k}, tmp = 0; z = {};
For[k = n, k >= 1, k-—, z = Append[z, MY[t, 1, mu, f, n - k + 1]];
tmp += (-1)"(k - 1)*(k - 1)!*BellY[n, k, z]1; tmpl)

Mathematica code 2 for the computation of E[(Y;)"] in Corollary 3.2.

MX := proc(t, a, mu, £, n) local k, tmp; if n = 1 then return f(t) - MY(t, a, mu, £, 1); else tmp :=
MY(t, a, mu, f, n); for k from O ton - 1 do tmp := tmp - binomial(n, k)*f(t)~(n - k)*(-1) kxMX(t,
a, mu, £, k); end do; return (-1) n¥tmp; end if; end proc;

Maple code 3 for the computation of E[(X;)"] by the recursion (5.1).

MX[t_, a_, mu_, f_, n_] := (If[n == 1, f[t] - MY[t, a, mu, f, 1], (1)~
nx(MY[t, a, mu, f, n] - Sum[Binomial[n, k]*f[t]"(n - k)*(-1) k*MX[t, a, mu, f, k], {k, O, n - 1}1D])

Mathematica code 4 for the computation of E[(X})"] by the recursion (5.1).

mm := proc(a, k, i, ¢, mu, f, 1, q, s) if 1 = 1 then return c(0, q[2])*sum(mu(q[10 + 1])*(s[10 + 2] -
s[10 + 1]), 10 = 0 .. k - 1)"ixf(s[2])"q[2]1/q[2]!; end if; return c(ql[l], q[l + 1] - q[11)*int(£f(s[1
+ 11)°(ql1 + 1] - q[1])*mm(a, k, i, ¢, mu, £, 1 - 1, q, s)/(q[1 + 1] - q[1D!, s[1] =0 .. s[1 +
1]); end proc;

MYm := proc(l, m, mu, f, n) local u, ¢, temp, k, i, pt, pl; if n = O then return 1; end if; c := proc(p,
qq) return sum(binomial(p, kO0)*(-1) "kO*mu(qq + k0), kO = 0 .. p); end proc; temp := 0; for k to n do

for i from O tom - k do if k = 1 then assume(0 < 1); temp := temp + 1°(k + i)*mu(n) " (m - i -

k)*int (exp(-1*s)*mm(l, 1, i, ¢, mu, £, 1, [0, n], [0, s]), s = O .. infinity)/i!; else pt :=
combinat:-choose(n - 1, k - 1); u := array(1 .. k + 1); u[1] := 0; for pl in pt do assume(0 < 1);
temp := temp + 17°(k + i)*mu(n)"(m - i - k)*int(exp(-1*ulk + 1]1)*mm(1, k, i, ¢, mu, £, k, [0, op(pl),
n], u), ulk + 1] = 0 .. infinity)/i!; end do; end if; end do; end do; interface(showassumed = 0);

return n!*temp; end proc;

CY¥m := proc(l, m, mu, £, n) local tmp, z, k; tmp := 0; z := []; for k from n by -1 to 1 do z := [op(z),
MYm(l, m, mu, £, n - k + 1)]; tmp := tmp + (-1)"(k - 1)*(k - 1)!*IncompleteBellB(n, k, op(z)); end
do; return tmp; end proc;

Maple code 5 for the computation of E[(Y (m))"] in Corollary 6.2.

(*Multiple integrals*)mmfa_, k_, i_, mu_, f_, 11_, qq__, ss__] := (CClp_, q_] := (Module[{kO},
Sum[Binomial[p, k0]*(-1) kO*mulq + k0], {k0, 0, p}11);
If[11 == 1, Return[CC[0, qq[[2]1]11*(Sum[ mulqq[[10 + 1]1]11*(ss[[10 + 211 - ss[[10 + 111), {10, O, k -
1}1)~i*f[ss[[2111°qql[2]11/qq[[2]11!1];
Return[CClqq[[11]], qql[11 + 1]] - qql[[11]]]1*Integratel[f[ss[[11 + 1111~ (qql[11 + 111 - qql[[1111)*
mm[a, k, i, mu, £, 11 - 1, qq, ss1/(qql[11 + 111 - qql[[1111)!, {ss[[1111, O,
ss[[11 + 111}1D);
(*Moments*)MYm[1_, m_, mu, £, n_] := (If[n == 0, Return[1]]; temp = O;
For[k = 1, k <= n, k++, For[i = 0, i <= m - k, i++,
If[k == 1, temp += 17(k + i)*mul[n]"(m - i - k)*
Integrate[ E~(-1*s)*mm[1, 1, i, mu, f, 1, {0, n}, {0, s}], {s, O, Infinity}, Assumptions -> 1 >
0]/i!', pt = Subsets[Range[1, n - 1], {k - 1}] //. {} -> Sequencel[];
sss = Arrayl[s, kl;
Do[temp += 17(k + i)*mu[n]"(m - i - k)*
Integrate[ E"(-1l*sss[[k]]1)* mm[1, k, i, mu, f, k, Append[Prepend[pl, 0], n], Prepend[sss, 011,
{sss[[k]], O, Infinity}, Assumptions -> 1 > 0]/i!, {p1, pt}]]1]; Return[n!*templ);
(*Cumulants*)CYm[1_, m_, mu_, f_, n_] := (Module[{tmp, z, k}, tmp = 0; z = {};
For[k = n, k >= 1, k--, z = Append[z, MYm[l, m, mu, £, n - k + 1]1]; tmp += (-1)"(k - 1)*(k -
1) '*BellY[n, k, z1]; tmp]l)

Mathematica code 6 for the computation of E[(Y (m))"] in Corollary 6.2.
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MXm := proc(l, m, mu, f, n) local k, temp, i, pt, ¢, pl, u; if n = O then return 1; end if; c := proc(p,
qq) return sum(binomial(p, kO)*(-1) kO*mu(qq + kO), k0 = O .. p); end proc; temp := 0; for k to n do
for i from O tom - k - 1 do if k = 1 then assume(0 < 1); temp := temp + 17(k + i)*mu(n)~(m - i -
k)*int (exp(-1%s)*mm(1, 1, i, ¢, mu, £, 1, [0, n], [0, s]), s = O .. infinity)/i!; else pt :=
combinat:-choose(n - 1, k - 1); u := array(1 .. k + 1); u[1] := 0; for pl in pt do assume(0 < 1);
temp := temp + 17(k + i)*mu(n) " (m - i - k)*int(exp(-1l*ulk + 1])*mm(1, k, i, c, mu, £, k, [0, op(pl),
n], u), ulk + 1] = 0 .. infinity)/i!; end do; end if; end do; end do; for k to min(n, m) do if k = 1
then assume(0 < 1); temp := temp + 1°m*(-1) “n*mu(n)*int(exp(-l*s)*mm(l, 1, m - 1, ¢, mu, £, 1, [O,
n], [0, s]), s =0 .. infinity)/((m - 1)!'*c(0, n)); else pt := combinat:-choose(n - 1, k - 1); u :=
array(1 .. k + 1); u[1] := 0; for pl in pt do assume(0 < 1); temp := temp + 1°mx(-1)"(n - pilk -
1]1)*mu(n)*int (exp(-1*ulk + 1])*mm(l, k, m - k, ¢, mu, f, k, [0, op(pl), nl, w), ulk + 1] =0 ..
infinity)/((m - k) !'*c(pilk - 1], n - pi[k - 11)); end do; end if; end do; interface(showassumed =
0); return (-1) n*n!*temp; end proc;

CXm := proc(l, m, mu, f, n) local tmp, z, k; tmp := 0; z := []; for k from n by -1 to 1 do z := [op(2),
MXm(l, m, mu, £, n - k + 1)]; tmp := tmp + (-1)"(k - 1)*(k - 1)!*IncompleteBellB(n, k, op(z)); end
do; return tmp; end proc;

Maple code 7 for the computation of E[(X (m))"] in Corollary 6.4.

(*Moments*)MXm[a_, m_, mu_, f_, n_] := (Module[{k, temp, i, pt, sss}, If[n == 0, Return[1]]; temp = O;
For[k = 1, k <= n, k++, For[i =0, i <= (m - k - 1), i++,
If[k == 1, temp += a”"(k + i)*mu[n]"(m - i - k)*Integrate[ E~(-a*s)*mm[a, 1, i, mu, f, 1, {0, n}, {O,
s}, {s, 0, Infinity}, Assumptions -> a > 0]/i!,
pt = Subsets[Rangel[l, n - 11, {k - 1}] //. {} -> Sequence[]; sss = Arrayl[s, kIl;
Do[temp += a”(k + i)*muln]"(m - i - k)*Integrate[ E~(-a*sss[[k]])*mm[a, k, i, mu, f, k,
Append [Prepend [p1, 0], n],
Prepend[sss, 0]], {sss[[k]], O, Infinity}, Assumptions -> a > 0]/i!, {p1, pt}]1111;
For[k = 1, k <= Min[n, m], k++,
If[k == 1, temp += a"m*(-1) "n*mu[n]*Integrate[ E"(-a*s)*mm[a, 1, m - 1, mu, £, 1, {0, n}, {0, s}],
{s, 0, Infinity}, Assumptions -> a > 0]1/(m - 1)!/CC[0, nl,
pt = Subsets[Rangel[1, n - 1], {k - 1}] //. {} -> Sequence[]; sss = Arrayl[s, k];
Do[temp += a"m*(-1)"(n - pi[[k - 1]11)*mu[n]=*
Integrate[ E~(-a*sss[[k]])*mm[a, k, m - k, mu, f, k, Append[Prepend[pl, 0], nl, Prepend[sss, 011,
{sss[[k]], O, Infinity}, Assumptions -> a > 0]/(m - k)!/
CcClpillk - 111, n - p1llk - 1111, {p1, pt}]11]l; Return[(-1) "n*n!*templl);
(*Cumulants*)CXm[1l_, m_, mu_, f_, n_] := (Module[{tmp, z, k}, tmp = 0; z = {}; Forlk = n, k >= 1, k-——, z
= Append[z, MXm[l, m, mu, £, n - k + 1]1]; tmp += (-1)"(k - 1)*(k - 1)!*BellY[n, k, z]]; tmpl)

Mathematica code 8 for the computation of E[(X (m))"] in Corollary 6.4.

30




	Introduction
	Moment identities for Poisson stochastic integrals
	Moments of jump processes
	Uniform cut-off rates
	Moments of growth-collapse processes
	Embedded growth-collapse chain
	Maple and Mathematica codes

