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Abstract

We derive a characterization of equilibrium controls in continuous-time, time-inconsistent
control (TIC) problems using the Malliavin calculus. For this, the classical duality
analysis of adjoint BSDEs is replaced with the Malliavin integration by parts. This
results into a necessary and sufficient maximum principle which is applied to a linear-
quadratic TIC problem, recovering previous results obtained by duality analysis in the
mean-variance case, and extending them to the linear-quadratic setting. We also show
that our results apply beyond the linear-quadratic case by treating the generalized
Merton problem.
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1 Introduction

Time-Inconsistent Control (TIC) problems can be formulated using pre-committed controls,
in which case optimization is performed only at time 0, although the control attained in the
infimum might not be “optimal” in the future, see e.g. Zhou and Li (2000), Buckdahn et al.
(2011), Pham and Wei (2018).
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Stochastic maximum principles based on the characterizations of critical points of pre-
committed controls using Malliavin integration by parts in time-inconsistent settings have
been obtained in a number of recent works, starting in Meyer-Brandis et al. (2012). This
involves applying the Malliavin calculus to express the Gateaux derivative of the cost func-
tional in terms of BSDE solutions and their Malliavin derivatives. Other related stochastic
maximum principles have been established for different control problems using the Malliavin
calculus in e.g. Pksendal and Sulem (2010), Oksendal and Sulem (2012), Wang et al. (2013),
and Agram and Oksendal (2018).

Time inconsistency in stochastic control problems has also been dealt with via a game-
theoretic approach via the construction of a time-consistent strategy. Such construction of
time-consistent equilibrium controls has recently been the object of increased attention, with
applications to the generalized Merton problem, economics problems with time-inconsistent
preferences, and mean-variance portfolio selection with state-dependent risk aversion. In the
case of deterministic TIC problems, Ekeland and Lazrak (2006) were the first to provide
a characterization of equilibrium controls. This approach has been extended in Bjork and
Murgoci (2010) to a stochastic setting, via the derivation of an extended Hamilton-Jacobi-
Bellman (HJB) system for the characterization of equilibrium controls. In Hu et al. (2012;
2017), this characterization has been achieved using a stochastic maximum principle of Pon-
tryagin type in the linear quadratic case, see also Yong (2017) for the case of controlled
mean-field SDEs. This idea has been extended in Djehiche and Huang (2016) to more general

TIC problems with equilibrium controls.

In this paper, we replace the duality analysis of adjoint BSDEs used in the classical theory
with the Malliavin integration by parts for the derivation of a necessary and sufficient max-
imum principle with equilibrium controls. For this, in Theorem 2.3 we express the variation
of cost functions under spike perturbations using Malliavin integration by parts arguments.
As a consequence of Theorem 2.3, we derive a necessary and sufficient condition in Corol-
lary 2.4 by assuming that the feedback strategies are sufficiently regular. Our derivation
differs from the approach of Meyer-Brandis et al. (2012) because equilibrium controls are
defined by spike perturbations (see Definition 2.1) instead of the Gateaux derivative, which

has no clear connection to equilibrium controls.

Spike perturbations of optimal controls have also been considered in the Malliavin calculus



in Agram and Qksendal (2018), however without involving equilibrium controls. In addition,
the proofs in Agram and Oksendal (2018) use the duality analysis of adjoint BSDEs, and
passing to the limit in the mean value theorem, which cannot be done without satisfying

precise regularity conditions on the integrands.

Our main results are first applied to linear-quadratic problems in Proposition 3.1 which
extends previous constructions of equilibrium controls obtained by duality analysis in the
mean-variance case with state-dependent risk aversion, see § 4.1 of Hu et al. (2012). More-
over, to demonstrate that our results apply beyond the linear-quadratic setting, in Proposi-
tion 3.3 we deal with the generalized Merton problem, see § 6.2 in Yong (2012). Although
our definition of equilibrium controls uses expectations instead of conditional means as in Hu
et al. (2012) and Yong (2012), the equilibrium controls that we obtain coincide with theirs,
see Remark 3.2 and Proposition 3.3.

Our optimality condition is more explicit than the one in Theorem 3.1 of Djehiche and
Huang (2016), while allowing us to recover the results of § 4.1 and § 4.2.1 therein as a special
case of Proposition 3.1, see Remark 3.2. Indeed, in duality analysis, the equilibrium control
is characterized by a pair (p, ¢) solution to a linear BSDE, where ¢ does not have an explicit
representation, whereas in the Malliavin approach an expression ¢ is explicitly provided, see
(2.15b), thus allowing us to derive the closed-form equilibrium control in a more explicit

manner.

This paper is organized as follows. In Section 2 we derive a maximum principle for the
characterization of equilibrium control. In Section 3 we apply the maximum principle to a
linear-quadratic problem and to the generalized Merton problem. Sections 4 and 5 contain
regularity and boundedness results on the coefficients b, o, h, g and their adjoint processes

and Malliavin derivatives, for use in the proof of Theorem 2.3.

Malliavin integration by parts

We work on a filtered probability space (2, F, (F;)cjo,r), P) where (F;):cjo,r) is the filtration
generated by a standard Brownian motion (W;)cjo.r7. Next, we recall two basic properties
of the Malliavin derivative D; which is defined on a dense domain D'? in L*(P), see e.g.

Ustiinel (1995), Nualart (2006) and references therein.

Lemma 1.1 Let F,..., F, € D"2 and let ¢ : R® — R be a Lipschitz function of n variables.



Then we have Y(Fy, ..., F,) € D2, and

Dap(Fy,..., Fp) =) W (Fy,...,F,)DF;. (1.1)

In the next lemma, we let A denote the Lebesgue measure on [0, 7.
Lemma 1.2 Let (v¢)sepor] € L*(A X P) be a square-integrable (Fy)ieo,r-adapted process, and
let F € DY2. Then we have

E [F /O TvtdBt} _E [ /0 TvtDtht] | (12)

2 Stochastic maximum principle

We consider the stochastic control problem with cost functional

T
J(t,x,sO):E[Q(XZ&?,E[Xi’z?})Jr/ h(s, X702 E[X7F], (s, XT¥))ds |
t

where (t,2) € [0,T] xR, ¢ :[0,7] x R — U is a sufficiently regular deterministic function,

U C R is a control space, and (X;';)seft,r) is solution of the stochastic differential equation
(SDE)

dX7F =b(s, X8, 0(s, X{F))ds + o (s, X[F, o(s, X[57))dW,, 0<t<s<T, 21)
2.1
X[ =

At the expense of heavier notations, our results can be extended to the multidimensional
case without essential difficulty, however, we prefer not to pursue such generality as the
real-valued case is already notationally heavy. By abuse of notation, for u = (ut)ico,1] @

U-valued (F})sejo,r1-adapted control process, we also let
T
J(t,z,u) =E |g(X;7 B[ X;7]) + / h(s, Xy E[X], us)ds | (2.2)
t

with the SDE
dX/) = b(s,Xt:f;“,us)ds + 0‘<S,Xx’u us)dWs, 0<t<s<T,

t,s

(2.3)

T, _
tt Z.

Due to the presence of a mean-field term, problem (2.2)-(2.3) is time-inconsistent as the
optimal control u obtained at time ¢ may not be optimal after time ¢. Following Ekeland
and Lazrak (2006), a time-consistent control u for this problem may be constructed by the

following steps:



i) At current time ¢, assume that all the future-selves s with s > t use the control u.

ii) Knowing this, it is optimal for the current-self ¢ to also use ;.
Given (TUy)teo,r) a U-valued (F;)sejo,r1-adapted control process and (¢,u) € [0,7] x U, the

“local” spike variation u ®; . u of u is defined as

N u, 0<t<s<t+e,
(u®re)s = (2.4)
us, 0<t+e<s<T,

and used for the next definition of equilibrium control, in which 0, refers to differentiation
with respect to the state variable x. In the next definition we use the equilibrium controls
of Bjork and Murgoci (2010), and impose sufficient regularity on the feedback functions @
to ensure the existence of solutions of the SDE (2.1), see e.g. (H3) in Yong (2012).

Definition 2.1 A deterministic function @ : [0,T] x R — U is an equilibrium control for
the problem (2.2)-(2.3) if ¢ is differentiable with bounded derivatives, and both @, 0, are
Lipschitz continuous in (t,z), and

J(t, 2, u @ ut) — J(t,z,u")

li&)l >0, uweU z€eR, ae. tel0,T], (2.5)
€ g

where UL := @(S,Xff), 0<t<s<T.

We also make the following assumptions, in which 9, refers to differentiating with respect

to mean field variable .

Assumption 1 i) The functions g(x,y) and h(t, z,y,u) in (2.2) admit Lipschitz continuous
partial derivatives 0,9, 0yg, Ozh, Oyh, and continuous and bounded partial derivatives

dig and 0L0Ih with 0 <i<3,0<7<2,2<i+j<3.

ii) The functions b(t,z,u) and o(t,z,u) in (2.3) are Lipschitz continuous, and admit con-
tinuous and bounded partial derivatives 0.02b and 90,0 with 0 < i < 3,0 < 5 <1,
1<i+j<3.

From now on, we let ¢ denote the candidate equilibrium control in Definition 2.1 and
let @"* be the control process such that u%* = @(S,thf;@). For ¢ € {b,0,h,g} and A €
{z,u, xx, xu, xrr, TTU, TUU} We set the notation

Oaty = 0w (s, X1 B[XEE], s, X07)),

i =E[0,0 (s, Xi7 E[XF]. 8(s, Xi0)) .

ovrs? = (s, XI2 B [XTT] u) — v(s, X3 B[XTP], B(s, XTY7)),

30407 = 0at (s, X722 BIXTP] ) — 0av (s, X702 B[ XTP], B(s, X19)).

t,s t,s
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Similarly, we let

001 = 0:(s, X[¥).
In addition, we set b?(t,z) = b(t,z, (t,z)) and 0%(t,x) = o(t,x, (¢, 1)), t € [0,7]. For
t €[0,T) we let € > 0 be small enough such that t+& < T, and let (y;;)seft,r) be the solution

of the SDE

dy; s =90 Wytsds + (4,50, ats + i (s )5Ufsu“o)dW5, 0<t<s<T,
(2.7)

yri =0,
with
yt )8 =Y t+aG§j—cE Y s € [t + &€, T] (28>

where

(i i= exp (/ <(9 b“" (89602;?)2) du + 8 T “24B > set+eT]. (29)
t+e t+e

Let also (2 y )seje,r] be the solutions of the SDE

( 5 1
dzf,f = <Zts O bts + ]l[t t+e] ( )5bf,::t’¢ + 2(%3) amb ) ds
1 _
(Zt 20,008 + Lppuse (s Wi s 00,0757 + é(yzf)%?mng) dws, (2.10)
\ Zf,f = 07
t<s<T, with
X x x 1 §
Zt,f = % tirsttE’Jrs,s + 5/ ( ) Gt 338 T tr dW (211>
tt+e

+%/ (( ) a$$bx’<p (ytr) 0 O-f azxa'tr )Gtsz S € [t+8,T].
t+e

The characterization of equilibrium controls usually relies on an expansion of the form

J(t, T,U Qe ﬂt’x) — J(t, x, ﬂt’z)

~ ~ T
—E {y%(amgf”;f + 0y9.7) + / i S (0.hE7 + 0yh%)d ] (2.12)
t
T
+E {zf;(ﬁngT + 3ygtT) / 2 (0hE7 + @hf}f)ds} (2.13)
t

1 T t+e R
+ iE {(yﬁ)zamgﬁ +/ ) 0mhf’fds} +E {/ 5hf7’5“’¢ds} +o(e), (2.14)
t

see Theorem 3.4.4 in Yong and Zhou (1999), where ;7 is the first order approximation of

T, U, U bt z u® at b
X, = X[ while 277 is the second order approximation of X; """ — X"
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Duality analysis

In the classical theory, after obtaining (2.12)-(2.14), It6’s lemma is applied to (2.7)-(2.10) and
to their corresponding adjoint BSDEs in order to represent J(t T,U Qe U ""’) — J(t, x, ﬂt’z)
using adjoint BSDE solutions. This step is known as the duality analysis, see Lemmas 4.5-4.6

in Chapter 3 of Yong and Zhou (1999).

Malliavin integration by parts

In Meyer-Brandis et al. (2012), the Malliavin calculus has been used in the framework of
pre-committed controls in order to provide more explicit expressions as the adjoint BSDEs
may not be completely solvable in closed form. In this paper, we apply this method in
the setting of equilibrium controls using the Malliavin integration by parts of Lemma 1.2.
In sequel, C' > 0 denotes a constant depending on 7', p, x, and on the bounding constants
in Assumption 1, that may vary line by line. = The following result states a continuity
property of Malliavin derivatives, which will be used in the proofs of Theorem 2.3 and of

Propositions 3.1 and 3.3.

Lemma 2.2 Let Assumption 1 hold, and assume that o is differentiable with bounded deriva-

tives and both @ and 0,p are Lipschitz continuous in (t,x). Define

pf’f = Gi’;(axgm + (9ygt7’f) +/ G4 (0, hm’@ + Oyhy, “’) 0<t<s<T, (2.15a)

s

qz’f = Dspz’f, 0<t<s<T. (2.15b)
Then, s — qts , 8 > t, is continuous in L2(P). Consequently, as s \t, (qff) ot admits a
limit denoted by q; ;" in L2(P).

Proof. This follows from the bound

EUQZ’:; Qt 51| } UDszpt,sz - Dslpt,51|2] S C|32 - Slla S1 Z So > t)

which is a consequence of (5.10)-(5.11) and the triangle inequality. O

The process (pzf)se[t,ﬂ in (2.15a) is linked to the solution (P s, G s) of the linear BSDE

s€[t,T]
appearing in classical duality analysis, see e.g. (3.1) in Djehiche and Huang (2016), by the

relation p; s = E[pt ‘]—“ } In addition, we have

Gis = Diprs =E[Dypy? | F] =E[¢f7 | F],  ae selt,T],



see e.g. Proposition 2.2 in Pardoux and Peng (1992). The following main result will be used
to characterize equilibrium controls using the Malliavin calculus.
Theorem 2.3 Let Assumption 1 hold, and assume that @ is differentiable with bounded

derivatives and both @ and 0, are Lipschitz continuous in (t,z). Then we have

J(t,z,u @ u®) — J(t, z,u” R 1. = ~
i 20220 €00 2 IO T) g Ty ) — (e300, + S
€ £ ’ ’
ueU, zeR, ae. t€[0,T], where
H(t,w,u) = h(t,z, 2, u) + pjb(t, 2, u) + g/ ot z,u),
PP =T 0500,F (2.16a)

+ / Ty (8mh§’f + ((9mb§’f — 0wl ) O )ptu + 0 wat o “D) du,

T
;?:G§Q@£$ﬁ/egm@@wm (2.16b)

Iy = exp </ <23xbf7’f + (&,;az;f)? _ 2(8960;‘:;‘?)2> du + 2/ Mo 22 1B ) (2.16¢)

0<t<s<uv<T.

Proof. The proof consists in rewriting (2.12)-(2.14) using the Malliavin integration by parts,
see Lemma 1.2. Regarding (2.12), from (2.8) we have

T
E {%ﬁ;(axgt}o + 8ygtT) /t yts (a hm#ﬂ + ) hw,cp) :|

r T
— 8 it (Gt Ousif + 00) + [
L t+e

t+e
= yz;fi-epf,t-yg +/ yts (a hfas‘ﬁ 490 hx,@) :|
t

t+e R
=E / <yf SpE 0T + (YL .07 + 007 P ) Dpf e + Y (000 + 0 hw)) dS}
t

t+e
=K / <yts (3 hfsso + 0, hx,so + Dy t—i—aa btxf + Dypyf t+aa Uts ) + 5Ufsu’¢Dspt t+a> ds} )
LJ¢

where the second equality is due to (2.15a) and the third equality follows from the SDE (2.7)
and the integration by part formula of Lemma 1.2. Regarding (2.13), letting Y;;" := (yf ’,85)2

and using (2.11), we have
T o~
E [szs (aa:gtT + 3ygtT) / 2 (0hE7 + Gyhif)ds}
¢

8

t+e
N CRAE N LE ) +/ Yis (0uhE + 0,k P)ds }
t



z,p 1 g T, ,p x
=E [(&ﬂgtT + aygtﬁf) (Zt t+th+eT + 2/ (Yts ambt,’ — Y 0,00, o) 201 )Gi 7ds

t+e

1 T t+e N
+ 5 /+ K?:s’aGi:x a’carat de ) /t zt s (a hx,cp + ayhf,’s(p) dS

T s
z,0 z,0 T, T 1 T,E x
[ @udif v o) (zt,;+EG§’+E,S b5 [ vEaomertaw,

t+e t+e

1 [° >
+—/ (Y5 0uuby — Y 0017 GMJM )G“dr) ds]
2 t+e ’ ’
N R t+e
=E {Zﬁi—a (Gi—faT(afcgz;f + aygf,’z?) +/ Gi-fss(a hfs + 0 h%(p)d ) +/ Zts (a hx?w + 0, hx#’)d
t+e t
1 T T, T T, z,p t,x 7] T t z,0 z,p
+ 5 /t+ (Y;ts 8mbtfs¢ Y;fs 0 20 amats ) GsT(axgtT + 8?;915,’7?) +/ Gs’,i (c%htf + ayht,}@)dr ds
1 (7 ~ T ~
+§/ )/ticf - ts (GZ?D 6$gt£;€ —f-/ Gi’iDsaxhif’dT) d8:|
t+e s

t+e N
=F {zzﬁapztﬁ + / 2, (8 hw"p + @hﬁ’f)ds
¢

T
. N 1
/ (Y 0uabif — Y, 0,07 0000 ) 7“"ds + = /
t+e 2 t+e

T

+ Y 70 wz 0 ’¢d51

DN —

t+e R N
—E U Zy ((8 hff + 9, hW + D} 140l + D3p§t+58xa§f)
t

1 T T,u,p T ,u,
Ytss( tt+samb + Dipy t+samats ) + Ui s L5 00, Ot s ’Lstpt,Hs + 56 @pt t+e> ds

2
1 (T 1 [r

+—/ Y. pi e (@wbx"p 02074 o) 20t s )ds + = / YOS "Pamat 2 s ,
2 t+e 2 t+e

where the first equality is due to the solution of linear SDE (2.10) and the second equality
is due to the integration by part formula of Lemma 1.2. The third equality is due to (2.15a)
and (2.16b), and the fourth equality follows from the SDE (2.10) and Lemma 1.2. Next, we

consider the solution of the linear SDE

(dY7E = (206777 + (0u0v ) Vi + Vel (5) (00771%) ) ds
21 1y e L 0.0 ’30(509” u’@ds
el (300 Daod (2.17)
+(28wa§f}ff + L g (8)yi s 00, “"p)dWS, t<s<T,
\ thﬁ = 0,

obtained from (2.7) by the application of It6’s lemma to Y}, := (y;'7)?, with

Yi Y;txtj-ari-fa £y s € [t +é&, T] (218>

S
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Regarding the first term in (2.14), using (2.18) and (2.16a), we have
T ~
{Yf;amgn / Kffamhiifds}
¢

t+e T
T, Tt,T z,p T,E z,p T,E t,x z,p
=K [Y; t+5Ft+5 Tamgt,T + / Y;f,s 8mht,s ds + Yt,t+a/ Ft—f—a,saim?ht,s ds}
t t+e

t+e
— Z,& X €T,& T,p
—E{Ymam / Y20, S ds]
t

T
_E[/ }/tg,rs’s(pts (ambz,@ 5’0t"p8 mats)+ft,wam ts) 5]

t+e

t+e
-F [/ (Ytics’s((anbz"p (8 Oy 790) + amxh17@)‘Plf t+e + 28 Ut MD.D Ptxt+8)
t
+ yt s (28 Uf S050.$ 5 ththrs + 50t ) Ptzt—l-s) (5(7?: @) P t+€>d3:|

T
—E {/ Vi~ (pff (8mb§’“’ 0201 s o) 20t s ) + i o) 20t s )ds] .

t+e

The third equality follows from the SDE (2.17) and Lemma 1.2. Putting the above equalities
together, we find

J(t, T,U Qe ﬁt’””) — J(t, x, @t’”)

t+e
= E {/ ((5hff 7 50?: gDDspt dre T ‘5bm Y (ppftﬂ-: (50503“ S0)2Pt t+z—:)d5:|
t
t+e
+E {/ (Yrs AL+ 2 5 A7 + Y AR ds| + o(e),
t
where we let

A =0, hm’@ + OyhiY 40, bfj"prE + 0,07} =2 D,pt e T 00,00 °Dyp? tie T 00] ’“06U$"“0Pt’”t+5

1'7U7<P X
+ 55‘715 s T DSP s

A2F = 0,058 + 5P + Db pT, . + 8xaf’“3Dspft+s,

1 T T 1 T T T z,0\ 2 T
A*:”E = —0Opb; ’fpt e T &mat ’stpt,HE + (9mh @y Ozby. ’“’ (8300@’5@) Pliie + 00y 22D sPitre
2
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Next, we prove the following convergence results:

1 rprtte N N
lim -E / Shi ‘Pds} = 0hy"¥ (2.19a)
e—0 g ’
: 1 x,u, T,u, x
ll_l)r(l) EE / éoy, 2D’ Hsds} =E o}, 24 ﬂ, (2.19Db)
: 1 T, U, X, U, €T
ll_{% EE / oby SDpt t+sd5:| = E[éb SDpt f]a
. 1 T,u 0,8\ 2 p,@
ll_{% EE / 5Uts go tt+sd8:| = (5Ut,t S0) Pt

1
lim ~E / Yrs AVS 4+ 2T A + “A35ds] =0. (2.19¢)
e—0 g

We will only show (2.19b) and
1 t+e
ll_r}é EE {/t Yrs 0z0% Dspt teds 1 =0, (2.20)

as the remaining estimates admit similar proofs. Note that (2.20) is a part of (2.19¢c).
Proof of (2.19b). Using the continuous version s — ¢;/ we have, as ¢ tends to zero,

1 t4e ~ ~ R
TPy T z,u,p .8
EE ‘5%,5 Dspfyye — 003 "Gy ‘dS
t

1

t+e R
S _/t ((EHCSO-Z;UW Z}E[‘Dspf,t—l—a _Dspf,sf})l/z

3
+ (BlJoor 7 IR D, — P )" + (B[P R [I607% — st 7)) ds

z / AT @NF + /(1 + B[ Doyt — 7] + /s — ) ds
of1).

| /\

The first inequality is due to the triangle inequality and Hélder’s inequality. The second

inequality is due to Lemmas 4.2-4.3 and 5.3. The last equality is due to Lemma 2.2.
Proof of (2.20). We have

1 t+e

E]E {/t ytsa Uts Dspf,wads] < _/ \/E yts }Dsptt—i-a} }ds
v

O(Ve)

The first inequality is due to Assumption 1 and Hoélder’s inequality. The second inequality
is due to Lemmas 4.1 and 5.3. We conclude the proof by (2.19a)-(2.19c¢). O

IN
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The following characterization of equilibrium controls is a consequence of Theorem 2.3.

Corollary 2.4 Let Assumption 1 hold, and assume that @ is differentiable with bounded
derivatives and both @ and 0, are Lipschitz continuous in (t,x). Then © is an equilib-
rium control if and only if

1

E H(t,x,u) - H(thu@(t?‘r)) + 2

PrP(007 )2 >0, uweU, xR, ae. tel0,T]

We note that, by applying the same arguments, Theorem 2.3 and Corollary 2.4 can be stated
for more general coefficients of the form h(t, s, 2, X0 R [Xziﬂ , us) and g(t, z, X7 E [ijﬂ)

in (2.2).  This dependence on the initial time and state also makes the problem time-

inconsistent, see e.g. Bjork and Murgoci (2010).

3 Some applications

3.1 Application to a Linear-Quadratic TIC problem

We show that Corollary 2.4 can be applied to obtain the closed form solution of a time-
inconsistent linear-quadratic problem which generalizes the usual mean-variance portfolio
minimization problem of the form yVar[ - | — E[ - |. For this, we consider the objective
function

Gt/ h
J(tx,u) = SE[(X)] -3

(E[X7#])" — (ma + po)E[X]F]., (3.1)

where G > 0, py, pio, h € R, and (X}')”)seprq is the state process

t,s

{ dX;7 = (A(s)X[7 + B(s)p(s, Xi7F) + b(s))ds + (C(s)p(s, Xi57) + o(s))dWs, (32)

X5¥ =u,
started at * € R at time ¢ € [0,7], where A(-), B(:), C(-), b(-), o(-) are differentiable
deterministic functions of time.

In the framework of pre-committed controls, the mean-variance case with constant risk
aversion {b(-) = o(-) = uy = 0, G = h} was first solved in Zhou and Li (2000) by the
embedding technique. It was later revisited in Meyer-Brandis et al. (2012) using the Malliavin
calculus and in Pham and Wei (2018) using dynamic programming.

In the framework of equilibrium controls, this problem was first solved in Basak and

Chabakauri (2010), resp. Bjork et al. (2014), for constant risk aversion with {b(:) = o(:) =

12



1 =0, G = h}, resp. state-dependent risk aversion with {b(:) = o(-) = o = 0, G = h}.
This framework has been later considered in Hu et al. (2012) and Djehiche and Huang (2016)
using duality analysis.

In the following proposition we treat the more general linear-quadratic case by providing
an explicit construction of equilibrium controls for (3.1)-(3.2) using the Malliavin calculus.
For this, we use the formula for ¢ given in (2.15b) which is not available in duality analysis
where the equilibrium control is characterized by a pair (p,q) solution to a linear BSDE

without explicit representation for q.

Proposition 3.1 The equilibrium control @ of (3.1) is given in linear feedback form as
et y) =alt)y+6(t), Ly €[0,T] xR, (3.3)

where a(t) and B(t) are the deterministic functions given by

e ftT Kg(u)Kg(u)duKl (t)

a(t) = —Ks(t) + ; (3.4)
1 + LT e fsT Kg(u)Kg(u)duK1<S)K2(s)d8
K4(T) T Ky(s) rEst-rgw T K5 g,
R e i S P N ]
(3.5)

where

Ky(t) = po — GU(t)EEg exp (/t (A(s) + oz(s)B(s))ds)

(G —h) /t " () exp ( / ") + a(u)B(u))du) ds,
K;5(t) = (G — h)B(t) exp (/tT(A(S) + a(S)B(S))dS) :

Kolt) = G%Q(%) exp ( /t ()4 a(s)B(s))ds) |

Proof. By Corollary 2.4, ¢ is an equilibrium control iff for u € U, z € R, a.e. t € [0,T] we

have

0 < B\ (7B + GFC0) (0 plt. o)) + ZRFCOW- P aP], 30
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where for s € [t, T,

T
Pry = exp (/ A(u)du) (Gthfif — (i + p2) — hE [X;f’jﬂ), (3.7)
and

T T
¢y = Gexp (/ A(u)du) DSXZf’;f, P? = Gexp (/ A(s)ds) , (3.8)
S t

see Lemma 2.2, where DtXZ’f is defined from ¢/}, Since P5;?C2(t)(u— 3(t, x))? is positive
and (u — @(t, z)) is deterministic, ]E[pifB (t)+aqr PC(t)] = 0 is a sufficient condition for (3.6)
to hold, and using (3.7)-(3.8) it rewrites as

(G = h)BOE[X{] — B(t)(mx + o) + GOE[D,X[F] = 0. (3.9)

Assuming the linear feedback form (3.3) for the equilibrium control @, (3.2) becomes a linear

SDE, and therefore we have
E[X;¥] = zexp (/tT(A(u) + a(u)B(u))du) (3.10)
+1Twp(liAw»+mwa»w)ww»+M@B@»w.
Similarly, from (3.2) and the feedback form (3.3) we have
I%X%?z(cwxa@xmﬁww%@>+a@0%1LZAao+auon»ngfmt
+ / Ta(u)C(u)szgfdeu, (t,s,x) €[0,T] x (t,T] X R,
which can be solved as
DXFE = (C()(a(s) X1 + B(s)) +0(s))

< oxp ( / " (A(w) + a(u)B(w) —

aCydu+ [ a@Car, ).
with

E[D,X[F] = (Cls)(a(s)X7F + B(s)) + () ) exp ( / ") + a(u)B(u))du> .

Due to the continuity in s > ¢ of all terms appearing in Dst ’f , we have

]E[DtXZ’;?} = (Ct)(a(t)z + B(t)) +o(t)) exp (/t (A(u) + a(u)B(u))du) . tel0,T].
(3.11)
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Putting (3.10) and (3.11) into (3.9) and by identification of the coefficients of x and the

constant, we check that the functions a(t) and §(t) should solve the integral equations
T
Ky(t) = exp (/ oz(s)Kg(s)cLS) (alt) + Ks (1)), / Ks(s)8(s)ds + K(1)B(2).
t

From the first equation in (3.12), we have

K5(t) o/ (t) + K3(t)
IR A wray oAy
hence
K(t) Ks(t) — Ky (8)/Ka(t) () + K5(1)
R T A O R0 1)
Therefore, letting I'(t) := 1/(a(t) + K3(t)) and

o(t) = exp( tTKg(s)Kg(s) _ gigdS) _ K exp( tTKQ(s)Kg(s)ds) ,

(3.13) rewrites as

—O(t)Ka(t) :%(@(t)l“(t)), hence — /t O(s)Ks(s)ds = D(T) — O(1)T(¢),

which yields

F(lﬁ)ZKI(T)F(T)eXP - TKz(S)Kg(S)dS + TKl(s)KQ(S)ef:Kz(wKs(u)dudS’
K (t) : 0

and (3.4) after noting that o(7") = K1(T) — K3(T') in (3.12). Finally, we rewrite the second

equation in (3.12) as

K(t) Ks(t) — Ke(t) |
o~ Ok

K (K Ky N d (T () Ky)

R U e ) = (e ([ 4555 )
TR (T K)o () - K
e ([ ) s = om) sty [ ST ),

which yields (3.5) by noting that 5(T") = K4(T)/Ke(T) in (3.12). O
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Remark 3.2 In case b(s) = o(s) =0, s € [0,T], and G = h = 1, (3.3) yields the equilibrium

control

o(t,y) = m% + 1Y) exp </tT A(S)d5> :

where

o(t) == %, M(t) := exp (2 /tTA(s)ds) (1 + /tT exp (— /STA(u)du) 02(s)ds) ,

which recovers the result of § 4.1 in Hu et al. (2012). Letting further p; = 0, resp. pg =0,
also recovers the result in § 4.1, resp. § 4.2.1, of Djehiche and Huang (2016).

3.2 Application to the generalized Merton problem

In this section we show that Corollary 2.4 applies beyond the framework of linear-quadratic
problems by considering the nonlinear generalized Merton problem of minimizing the func-
tional .
It.0) = ~E [t D+ [ olts) (el X)) ds| . (319
t

with the SDE

dX7Y = X7 ((r+ (n = 1)ea(s, Xi27) = @e(s, X(07))ds + opr(s, X[F)dW) | (3.15)
Xi7=2>0,
where 5 € (0,1), r is the risk-free rate, u is the rate of return of the risky asset, o > 0
is the volatility of the risky asset, v(t,s) > 0 is a continuous discount function, ¢, is the

proportion of portfolio invested in the risky asset, and ¢. > 0 is the proportion of portfolio

consumed at time s.

The classical Merton problem with v(¢,s) = e7%™ can be viewed as a time-consistent

problem by minimizing
T
J(t,z,0) =v(0,t)J(t,z,p) = —E {e‘ST(XZ’I‘f)B —|—/ e % (Xf’fgoc(s,Xff))ﬂds :
¢

However, this approach fails in the general case where v(t,s) = v(t,r)v(r, s) may not neces-

sarily be true for all 0 <t <r <s <T.
In the following proposition we apply Corollary 2.4 to recover the equilibrium controls

in Ekeland and Pirvu (2008) and Yong (2012), see (6.20)-(6.21) therein. As in Ekeland and
Pirvu (2008), the derivatives 0,b, 0,0, 0y2g, and O..h in (3.14)-(3.15) are not uniformly
bounded.
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Proposition 3.3 The equilibrium controls of (3.14) are given by

5 Y s
<:07r<t7 y) _ 0_2(6 . 1) (316>
and @.(t,y) =¢(t), (t,y) € [0,T] x (0,00), where ¢(t) is the solution of the integral equation
v(t,t) (@) (3.17)
=v(t,T)exp <)\(T —t) — ﬁ/Tg(u)du) + /T v(t, s) exp <)\(s —t) — 5/5 E(u)du) ds,

where X := B (2ro?(1 — B) + (u —1)?) / (20%(1 — B3)).
Proof. Assuming that the equilibrium controls have the time-dependent form @.(¢,y) = ¢(t),

Pr(t,y) = 7(t), the solution (X;7) _, of (3.15) becomes a (positive) geometric Brownian

s>t
motion, so that

X022 =2Gry and D.X[Y = X[Por(r)Ght = X{PoR(r), (3.18)
where
S . 1 . S =R
Gyy = exp </ <7“ + (u—1r)7(u) —c(u) — §(aﬂ(u))2> du +/ Uﬂ(u)qu>,
t t

t <r <s<T. By Corollary 2.4, ¢ is an equilibrium control iff for 7 € R, ¢ > 0, x > 0, and
a.e. t € [0,T] we have

0 <E| ~ 02" (¢ = 20) + apiF (= (s = 7(0) = (e~ 2l0)
_ R 1 .5 R

+xqifo (m —7(1)) + éPtf(a:J)Q (m — W(t))z] , (3.19)

where, for t < s < T,

5 3\ B—1 r 5\ B—1
i =BG D(GF) ™ -8 [ Gt w(xi) (3.20)
and, fort < s < T,

7 = Dl = (B—1)oR(s)pi?, 4 = lim @7 = (8 —1)or(t)pi¥, (3.21)

1‘,{0\
By

Py T R
—B(8 = V(G vt T)X)"? = B8 = 1) / (GEoPu(t, ) (X79)2ds,

t
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see Lemma 2.2. Next, we note that the conditions
E[pi7](u—7) +E[g 7)o =0,  —v(t,t)a"B7(t) — E[pi7]z =0, (3.22)

are sufficient for (3.19) to hold since Pf,f and —pf”f are positive, (m —7(t)) and (¢ — ¢(t))
are deterministic, and the function ¢ — —uv(t,t)z"c? — E[pﬁf]xc admits a unique minimizer
¢* > 0. Comparing (3.21) and the first equality in (3.22) yields (3.16). Finally, from (3.16),
(3.18), and (3.20) we obtain

E[pif] =E [—6 (G vt -8 / )xﬁ_lds]
=2 (o5 [ ( ¥ (= )R — ) 4 (5 1>;< #w)?) do ) u(e.7)
+ [ oo (5[ (=7t 2t + (5 - (07007 o i)

:—ﬁxﬂl(exp( T—1) B/ )tT) /texp( (s—1) 5/ ) >d5>=

(3.23)

and we conclude to (3.17) by putting (3.23) into the second term in (3.22). O

4 Solution estimates

Recall that we have used the notation u%* = §(s, Xffft’x) and Xffft = X% see (2.3) and

t,s

(2.1). The estimates presented in Lemmas 4.1-4.3 have been used in the proof of Theorem 2.3.

Lemma 4.1 Let Assumption 1 hold, and assume that @ is differentiable with bounded deriva-

tives and both ¢ and 0,p are Lipschitz continuous in (t,z). Then for any p > 1, we have

sup E }th;u®t,eﬂt . XfSUtm QP} _ O(Ep)
s€t,T) ’
sup E[|y/s | " =0()
s€(t,T]
sup E[ zf;|2p} = 0(e%)
s€t,T]
sup EHXQE U T Xz;at’x — yzf|2p} = 0(e%)
s€t,T]
sup E[|Xp ™ = Xp™ s = 25 *] = 0(e®),  (ta) € [0,T] x R.
s€(t,T]
Proof. See Theorem 4.4 in Chapter 3 of Yong and Zhou (1999). O
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Lemma 4.2 Let Assumption 1 hold, and assume that o is differentiable with bounded deriva-
tives and both @ and 0, are Lipschitz continuous in (t,x) € [0,T] x R. Then the following
inequalities hold for any (t,x1,22) € [0,T] x R xR, s1 > 59 >t, and p > 1:

]E[ sup |X§f§’$ Pl <Kp(1+ |z P), (4.1)
t<s<T |

E[| X707 — XPP|P] <Kp(L+ |a1[P)]se — 1P/, (4.2)

IE[ sup ‘X{fﬁ’g - Xﬁ’@ Pl <Kp|lzy — 1P, (4.3)
t<s<T i

where Kp > 0 s a constant depending only on T

Proof.  Under Assumption 1 and using the fact that @ is Lipschitz continuous in (¢,z) €
[0, T] x R, the functions b?(t,z) and ¢®(t, ) are Lipschitz continuous in (¢, z). Then (4.1)-
(4.3) follow from Theorem 1.6.3 in Yong and Zhou (1999). O

Lemma 4.3 Let Assumption 1 hold, and assume that o is differentiable with bounded deriva-
tives and both @ and 0,9 are Lipschitz continuous in (t,z). Then for any (t,z,u) €

[0, 7] x R x U and s; > sy > t, we have the following estimates:

E| sup |0.0F )" + |0ygi7|" + |0:h 2| + 0,0 7| <C, (4.4)
t<s<T i
E[ sup ‘5b§f’$ Pl<C(1 + uP), (4.5)
t<s<T 1
E[ sup }(50,?3’5“’@’]’ <C(1+ |ul?), (4.6)
t<s<T ’ |
E{ sup |5h§f’$ Pl<C(1 + |uP), (4.7)
t<s<T |
E[|ob;% — obys?] <COlsi — so|P/?, (4.8)
IEH(SUZ;;?@ - 602’;;’@] <Clsy — s9|P/?, (4.9)
E[|6hy? — Shi?] <Clsi — sofP/2. (4.10)
Proof. Under Assumption 1 and using the fact that ¢ is Lipschitz continuous in (¢,z) €

[0,T] x R, the functions b?(¢,x) and 0®(t, x) are Lipschitz continuous in (¢, z). Then (4.1)-
(4.3) follow from Theorem 1.6.3 in Yong and Zhou (1999). Regarding (4.4), by (4.1), Jensen’s

inequality and Assumption 1, we have
E sup. (|0egir |+ |0ygi 7 | + |0uhi " + 0,87 ]7)
t<s<
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< COT*+CE { sup (|X/7)7 +E[|Xx5? p)}}

t<s<T

< C’T”—FC’E{ sup ’X;fjfp} <C.

t<s<T
We only show (4.5) and (4.8) because the arguments are similar for (4.6)-(4.7) and (4.9)-
(4.10). Regarding (4.5), we have

E[ sup ’5()2’8“"2 p}

t<s<T

SCE[SUP |67 (s, X137) = 67 (s,0)[" + [b%(5, 0)[” + [b(s, X7 u) — (s, 0,u) " + [b(s, 0, u) |?

t<s<T

< CE [sup (1+ ‘X“’ Py |u|p)}

t<s<T

<O+ 2P+ Jul?)
C(1+ [ul?).

IN

Regarding (4.8), we find

E[|oby? — ob7%] < Olsi — sof? + CE[| X757 — X72|"]
< C(1+ |zfP)[sy — soP/?
< Cls; — 82|p/2.

O

Lemma 4.4 Let Assumption 1 hold, and assume that ¢ is differentiable with bounded deriva-
tives and both @ and 0, are Lipschitz continuous in (t,x). Then for any (t,x) € [0,T] x R,
$1 >89 >t, s>t >ty >t, and p > 1, we have the following estimates:

E LESET |pt ‘ ] < 00, (4.11)
Hpt S1 pt 52’ :| < Clsl - 82’p/27 (412)

Proof.  Proof of (4.11).

|: sup ‘pts ’ :|
t<s<T

T p
ZE[sup G (Ou9i + 0y977) + / GLr(0:hyy? + Oyhiy)dr }
t<s<T s
1/2
§C<E[ sup }G””l%] {\@gﬁf”ﬁé‘y T+ sup v (|0 2+ )9, hWZp)D

t<s<r<T
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<C.

The first inequality is due to Holder’s inequality. The second inequality is due to (4.4) and

Lemma 4.5 below.
Proof of (4.12).

Hpt s1 Pt 31‘ } H GilmT - GZ;T)(amgf%z + 3@,9?’;,?)

T _p
/ (Gh*, — G ) (0,hE% + 0,129 dr +/ GL* (0,hEF + 0,h5%)dr }

S1,7 So,T

52
1/2

< C(E[‘(GifT —-Gr) ‘21)} HawgtT + aygtiﬂzp}

2,

S1,T 527"

T
wo [ @lIGs, - g EN0AE + 0, )

s Clsi =l [ (B]jGi [IE]0uhEF + 0,057 ] ar

52

S C|81 - 82|p/2.

The first inequality is due to Holder’s inequality, and the second inequality follows from

Lemma 4.5 below and (4.4). O

The next lemma deals with the boundedness and the continuity of (2.9) and (2.16¢), which

have been used in the proof of Lemma 5.3.

Lemma 4.5 Let Assumption 1 hold. Then for any (t,z) € [0,T]xR, s; > s9 > t, v; > vy > t,
and p > 1, we have
E| sup ‘G’;’ﬂp + ‘F‘;’ﬂp <(C

t<s<k<T
and
HGS1 v Gifcvz‘ + |F51 v Fifvzl } < C(|31 - 52’]0/2 + ’Ul - 1)2’]]/2)'

Proof. We show only for the process G since the arguments for the process I' are similar.

Fix (t,x) € [0,T] x R and p > 1, and set ps := Gif;. Then, p satisfies the linear SDE
dps = psOy bx‘pdsquS@ o AW, t<s<T,
Pt = 17

and we have

E { sup |pr|p1 <E { sup

t<r<T t<r<T

1+ / ps 0, UL 7 ds + / pspatLdW,
t t

]
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T T
<C+CE [/ |ps 0017 pds} +CE {/ |ps€9xaf,’;0|pds}
t t

T
< C+C/ E {sup |pr|p} ds.
¢

t<r<s

The second inequality is Holder’s inequality, Theorem 1.7.2 in Mao (2007), and the third

inequality holds by Assumption 1. Hence, by Gronwall’s inequality, we have

E [ sup |pf,~|p] <C.

t<r<T
Next, we show that p is continuous. Then for any r; > ry we have
|
1 N - )
< Clry — PR [/ \Psaxbf,’f}pdS} + Clry — 7‘2|p/2_1E {/ }psﬁzaz’sﬂpds}
o o

< Clry — rof?/?.

1 R r1 R
/ psﬁxbi’fdst/ P50z S AW

T2 T2

Ewﬁ—%sz{

The first inequality is Holder’s inequality and Theorem 1.7.1 in Mao (2007). The third
inequality is by Assumption 1 and the boundedness of p. Next, we denote v, = 1/p5, where
~ satisfies the following linear SDE:

dys = 75 (= by (+0,077)?)ds — 70,007 dW,, t<s<T,
Yt = 1.
By a similar argument, we obtain

E[wm%ﬂso and  E[[yy, — 10| < Clry = P2
t<r<T

Noting G475 = vepr and G457, — GLF = pu, (Vs = Vsa) + Vs (Poy — Puy), We complete the proof

51,V1 $1,V2

by Holder’s inequality. O

5 Malliavin estimates

)

The goal of this section is to prove Lemma 5.3 below on the regularity of (P;”)se,r) and of

\S

the Malliavin derivative of (pi’f)se[t’ﬂ, which have been used in the proof of Theorem 2.3.

Assume that ¢ is differentiable with bounded derivatives and both ¢ and 0,% are Lipschitz
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continuous in (¢,z). Then by Theorem 2.2.1 and Exercise 2.2.1 in Nualart (2006), Xffjf
belongs to D2 for all (t,7,z) € [0,T]*> x R, s > t, and a version of DrXZ’f is given by
. R =N S s 6_2
DTXE;‘P =14 (r)o® (r, Xz;fp) exp </ o.dW,, —i—/ (bu — %)du) ,
which solves the linear SDE

D X[F = o®(r, X17) + / b, D, X7 du + / 5. D X7 dW,, 0<t<r<s,

T

where b and & are uniformly bounded and adapted processes, with the inequalities

sup E[ sup ‘DTXfif p} < C, sup E[ sup ‘DTIDTQXfffp < C, (5.1)

t<r<T r<s<T t<ri,ro<T riAre<s<T
t €[0,7], p > 1, see Lemma 2.2.2 and Theorem 2.2.2 in Nualart (2006). The next lemma

deals with the properties of the Malliavin derivatives of the forward SDE, which have been

used in the proof of Lemma 5.3.

Lemma 5.1 Let Assumption 1 hold, and assume that @ is differentiable with bounded deriva-
tives and both @ and 0,p are Lipschitz continuous in (t,z). Then for any s; > s9 > 1 > t,

s>1ry >1r9>t, and p > 1, the following inequalities hold:

E[|D,X{? — D, X72|"] <Clsi — sofP?, (5.2)

t,s1

E[|D, X[F — D, X[7|] <Clry — rafP2. (5.3)
Proof.  Proof of (5.2).
s1 N s1 R p
/ bu D, X[ du +/ ou Dy X7 AW, }
S92 S92

s1 R s )
< Cls; — 5P 'E [/ |buD,«th;f‘pdu] +Cls; — 32|p/2_1E [/ ‘%DTXEQO pdu}

52

E[|D,X{? — D, X/ 2"] =E {

t,s1 t,s82

52

< Clsy — 5P + Clsy — sg\p/2

S C’Sl — SQ’p/2.

The first inequality is by Holder’s inequality and Theorem 1.7.1 in Mao (2007). The second

inequality follows from the boundedness of b and & and (5.1).
Proof of (5.3). We have

E[| D, Xi? — D, X7

23



o?(r, X\:2) — o®(r, X[32) + / by Dy, X778 du + / Gu Dy, X122 AW,

t,r1 t,ra
p:|

:E[

+ / bu (D, X737 — Doy X177 ) du + / Gu(Dr X157 — Dy X120) AW,

T1 1

T2 T2

< C(+ |zP)|ry — mP* 4+ CE l/ ‘Dﬁth:f _ DT2Xf;f pdu}
< Clry — P + C/ E[|D, X[? — D, X7 |"] du.

The first inequality is by (4.2), Holder’s inequality, Theorem 1.7.1 in Mao (2007) and a
similar argument as in the proof of (5.2). We conclude the proof of (5.3) by Gronwall’s
inequality. 0
The next lemma focuses on the properties of the Malliavin derivatives of (2.9) and (2.16c¢).
Lemma 5.2 Let Assumption 1 hold, and assume that ¢ is differentiable with bounded deriva-
tives and both @ and 0, are Lipschitz continuous in (t,x). Then for any (t,x) € [0,T] x R,

v>s>r>t, we have

DGy, = GLY ( / AuD, X7 du + / BUDTij;deu), (5.4)
DIy, =T, (2 / AuD, X7 du+ 2 / BuDrXff;deu>, (5.5)

where A, B are the uniformly bounded processes
._ x5 .00 ~T,P z,p z,p z,p Qg ~T,P
Ay = ambt,u + 8ﬂtubt,u rPtu axat,u axwgt,u - aaca't,u aﬂcuat,u 8w90t,u )
[ x7$ xv@ /\1‘7@
Bu i aﬂcxo_t,u + axuat,u al‘got,u :

In addition, for any v > s1 > s >r >t, v>8>1r >1r9 >t, and p > 1, the following

imequalities holds:

sup E| sup |D,GUL|"+|D,T4|| < C, (5.6)
t<r<T  |r<s<k<T ’ ’
E[|D,GY, — D.GEE|” + | DTG, — DI [F] < Clsy — sof2, (5.7)
E [|D,,G%% — D,,G%%|” + | D, %% — D, T%%|P] < Clry — 1o/ (5.8)

Proof.  The proofs of (5.4) and (5.5) follow from Lemmas 1.1. Regarding (5.6)-(5.8), we

consider only the process G since the arguments for I' are similar.
Proof of (5.6).

p
sup E| sup |D,4G§fj ’
t<r<T |r<s<k<T '
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< sup E[ sup <|Gi’f,‘p

t<r<T r<s<k<T

/ AuD, X757 du + / B,D,X{:2dW,

S S

)

T
<C (IE [ sup ‘G?ﬂ%] sup E [/ (|AuDTXZf » oy ‘BUDTXZ;? 2p)du})
t

t<s<k<T t<r<T

1/2

The first inequality is due to (5.4). The second inequality is due to Holder’s inequality and
Theorem 1.7.2 in Mao (2007). Since A and B are uniformly bounded, we conclude by (5.1)

and Lemma 4.5.
Proof of (5.7).
E[|D,G%r, — D,GYY

’]
S1,V §2,V

< (EHG@;;P”}E[ / AD, X{2du — / AuD, X7 du

>1/2

/ AuDy X7 du + / B,D, X[:2dW,

S2 52

52

2p

+ / B,D, X7 dW, — / B,D, X} dW,

+ ]E[th,x _Gt,ac |2p}]E

81,0 52,0

2p) 1/2

51 N s1 _ 1/2
<C (|s1 — 5| E [ / |AuD, X7 2pdu} + |51 — 82| 'E { / |B.D, X[} 2pduD

52

v ~ v ~ 1/2
+C (|31 — 55? (E { / |A,D, X7 2pdu} +E { / |B,D, X7 2”duD>

< Clsy — 5P+ Clsy — 52]1’/2

S C|Sl - 82|p/2.

The first inequality is due to (5.4), the triangle inequality, and Holder’s inequality. The
second inequality is due to Lemma 4.5, Hoélder’s inequality, and Theorem 1.7.1 in Mao

(2007). The third inequality follows from the boundedness of A and B and (5.1).
Proof of (5.8).

E H DTl Gl;’,f) - DT2 Gi’f) |p]
< (slesme]|

v ~ ~ 1/2
<c ( [ B - D) du>

S C’?"l — 742|p/2'

-

/ Au(Dp X758 — Dy XE8)du + / By (Dy X[8 — Dy X1E2)dW,
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The first inequality is due to (5.4), the triangle inequality and Holder’s inequality. The
second inequality is due to the boundedness of A and B, Lemma 4.5, Holder’s inequality,
and Theorem 1.7.1 in Mao (2007). The third inequality is due to (5.2). O
The next lemma focuses on the bounds and the continuity of (pif)se[t,ﬂ, (Pt:i;a)se[t7T], and

their Malliavin derivatives, which have been used in the proof of Theorem 2.3.

Lemma 5.3 Let Assumption 1 hold, and assume that @ is differentiable with bounded deriva-
tives and both  and 0, are Lipschitz continuous in (t,z). Then for any (t,x) € [0,T] x R,
S1> 8 >r>t, s>t >ty >t, and p > 1, we have the following estimates:

sup E | sup ’Drpf;’f Pl < o0, (5.9)
t<r<T r<s<T
E[|D,p;¢ — DopiZ "] < Clsi — sof??, (5.10)
E(|Dupif = Dupi?|'] < Clty — taof??, (5.11)
sup IEHf,ffﬂ + sup sup E[!Drft"’fﬂp} < 00, (5.12)
t<s<T t<r<T r<s<T
E[|P7 - B3]"] < Clsi— sof?, (5.13)
sup E[|P7)] + sup sup E[|D,P7|"] < . (5.14)
t<s<T t<r<T r<s<T

Proof.  Proof of (5.9). By Lemma 1.1, we have
Dipi? = (0ugf +0u9i7) DGy + G De X Oragy
T
[ (DGO + 0hi0) + CLD X (Duhi? + DN F0.52)
By Holder’s inequality, Assumption 1, and the boundedness of 0, we have

R R R 1/2
sup E [ sup ‘Drpfjf p} <C (E[‘@xgi’j’ffp + }@gf’ff}%] sup E { sup }DTG?E,,PP])

t<r<T r<s<T t<r<T r<s<T

- 1/2
+C (E { sup |Gi’7IT‘2p} sup E [ sup {DTX,:’Q? 2p}>

t<s<T t<r<T r<s<T

T R R 1/2
—|—C/ ((E[‘@thf » ‘@hi;‘f 2p] sup E [ sup ‘DrGg’ﬂp]>
¢ ¢

<r<u r<s<u
) I 1/2
+ (]E {sup |G§i‘ p] sup E [ sup |DTij;f p}) > du.
t<s<u t<r<u r<s<u

We can then conclude by Lemma 4.5, (4.4), (5.1), and (5.6).
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Proof of (5.10). We have
(| D.if - rpmu C ((E]|D,Gl — DG IR0 + 00 7))
(E[|Glr — G B D X))
T
+/ (®[D.Gez, - D.Gez [PIB[0uti [ + 0,2 ])
S2,U
o s [ ((E11D,G2, IR0 + )
S2

HE(IG B D)) )

S9,U

S C’Sl — 82’[)/2'

FE]IG ~ G "IBID X)) ) du

The first inequality is due to Assumption 1, and the boundedness of 0,9, the triangle in-
equality, and Holder’s inequality. The second inequality is due to Lemma 4.5, (4.4), (5.7),

(5.1), and (5.6).
Proof of (5.11).

E(|Dupif — D[] < O(E[|Da Gl — Dol E[([0.077 | + 0,0581))) "
+O(E] ;;\%Euw:f—mxzf 7))
T
v [ (@lpuG - DmGi’,ﬁI%JE[(\@hff 4 Jo,nz )
+ E(|CLPIE D XEE — DL XEE?]) ) du
< Clty — tofP2.

The first inequality is due to the boundedness of C, D, F and F', the triangle inequality, and

Holder’s inequality. The second inequality is due to Lemma 4.5, (4.4), (5.8), (5.2).
Proof of (5.12). By Holder’s inequality and Assumption 1, we have

sup E[|fi7['] < C swp (E[|G55["]E[|D.XTF]™])

t<s<T t<s<T

T
+C | sup (B[|GEE|P)R[|D.XEE))) P du.

t  t<s<u
We conclude the first term in (5.12) by Lemma 4.5 and (5.1). Next, by Lemma 1.1 we have
D, ff = GrD,G D X}F + HrGYo D X7 D X1 + GrGL4.D, DX
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T
+ / (1.D, G5 D X157 + J.GYe DX [P DX\ + 1G5 D, DX, ) du,
where G, H, I, and J are the uniformly bounded processes

Gr = 0wy 2

HT = a;vzxgtl;’il(év

L, = 0phil + 0puhy 20,508,

Ju = Opzah{'$ + Onih L 00BEY + Owuahl S 0aB(1) + O (0u B0 ) + Db B
where ¢ is a uniformly bounded process depending on @. By Hoélder’s inequality and the

boundedness of G, H, I and J we have

sup sup ]E[’Drfffﬂp} < (C sup sup (EHDTGZ’;‘%]EHDSX;’]? QPDUQ

t<r<T r<s<T t<r<T r<s<T

+0 s sup (B[|G2 [ VIE( DG B[ D, X))

t<r<T r<s<T

1/3

+C sup sup (EHGZ? QP}EHDTDSX&? zp})1/2

t<r<T r<s<T

T
+0 [ (s s (B[|D.CL B D))
t

t<r<ur<s<u

1/2

+C sup sup (EHGt’z |3P}E[‘D5XI’$ Bp]EHDTXx,@ 3p] )1/3

S,u t,u t,u
t<r<ur<s<u

+C sup sup (EHG?ZPP}EHDTDSX&@ zp})1/2>du'

t<r<ur<s<u

We conclude the second term in (5.12) by Lemma 4.5, (5.1), and (5.6).
Proof of (5.13). By Holder’s inequality and Assumption 1, we have

Bl|Pes - Pl < o (BlIrk, - 1 ]
T o~ o~
+ [ @I, - )0+ Bl + Bl ])

51 R ~
sy =™ [ RIS (0 B ) + B ]) ),
52

and we conclude by Lemma 4.5, (5.9) and (5.12).
Proof of (5.14). By Holder’s inequality and Assumption 1 we have

T
sup E[|P7["] < € sup E[|7[7] +C / sup E[|T02 ) (1+ E[|p7] ] + E[| 7)) du,
t

t<s<T t<s<T t<s<T
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and we apply Lemma 4.5, (5.9) and (5.12). Next, by Lemma 1.1 we have
D, P52 = D, TY50,095F + U050 Du X7 00vagi .

T
+/ ( Ptm (8 h:v,go (amb:v,cp - amat 7o Utu )ptu + ft 70 xatu)

T (D hE7 4 (Doaalfy — Dra 01 00077 — Bpu0t s Dya v DD + 117 D0 ) Dy X 1T
+ Fi (amu mp @mu ff - aa:zuatu 0 Ut aa:xat @8 uUtu )ptu + ft Wa:m?uo-tu )D Xtm’spa @t,f

U

th(( xxb - xxgt cpa Ut )Drptu +D ftx $wgtu)>du
By Holder’s inequality and Assumption 1, we have

sup sup EHD =P }

t<r<T r<s<T

< C sup sup EHDTF?HP} + C sup sup (EHFZ’;}%}EHDTXE’T@ QP})l/Z

t<r<T r<s<T t<r<T r<s<T

T
+C/ (Sup sup (E[|D, T4 ] (1 + E[lpr? [ + E[|f7w] 7))
t

t<r<ur<s<u

+ sup sup (E[|0 " E[] DX (1 + E[|pr ] + E[|5577])

t<r<ur<s<u

+ s E((ri ) (B[00 () + BlID 7))

t<r<ur<s<u

We conclude by Lemma 4.5 and Relations (5.9), (5.12), (5.1), (5.6). O
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