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Abstract

We derive bounds on the Kolmogorov distance between the distribution of a random func-
tional of a {0,1}-valued random sequence and the normal distribution. Our approach, which
relies on the general framework of stochastic analysis for discrete-time normal martingales,
extends existing results obtained for independent Bernoulli (or Rademacher) sequences. In par-
ticular, we obtain Kolmogorov distance bounds for the sum of normalized random sequences
without any independence assumption.
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1 Introduction

The Mallavin-Stein method has been introduced in [10] to derive bounds on the distances be-
tween probability laws for the normal approximation of functionals of Gaussian random fields, and
extended to functionals of Poisson random measures in [12], [13]. Functionals of discrete-time inde-
pendently distributed Rademacher sequences have been treated using the Wasserstein distance in
e.g. [11] for functionals of symmetric sequences, and in [15] in the case of not necessarily symmetric
sequences. Bounds in the Kolmogorov distance have been obtained in [8], [9], and bounds in the
total variation distance have been derived for the Poisson approximation in [15] and [7], see also

[6] for the Poisson approximation of marked binomial processes.

In this paper, we extend the Kolmogorov bounds of [8], [9] from independent Rademacher
sequences to the functionals of a suitable discrete-time normal martingale, see [2]. This allows us
to consider functionals of arbitrary, not necessarily independent, binary random sequences {Y;, }nen

generating a filtration {F, }n>_1, F_1 := {0, Q}, and satisfying the normalization condition

ElY, | Fn-1] =0 and Var[Y, |F, 1] =E[Y,?|F, 1] =1, neN:={0,1,...}
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see Proposition 2.1. As an example, the binary sequence {Y,},en can be driven by a time-

inhomogeneous two-state Markov chain, see Example 2.3.

In particular, in Theorem 3.1 and Corollary 3.2 we provide bounds on the Kolmogorov distance
di between the distribution of a random functional of a binary random sequence and the normal
distribution. This construction has also been used to derive bounds in total variation between the

distributions of random sequences in [4].

Our approach relies on the construction of discrete multiple stochastic integrals and of Malliavin
operators for discrete-time binary normal martingales as in [5], which extends the framework of
Chapter 1 in [14] to possibly dependent normalized increments. Those operators are used to
formulate covariance identities based on the number (or Ornstein-Uhlenbeck) operator L acting on

multiple Wiener-Poisson stochastic integrals and its inverse L.

Under such covariance identities, a general estimate is derived in Theorem 3.1 and yields an
upper bound on the Kolmogorov distance dy (F,N) between the distribution of a general functional
F of {Y,}nen and the normal distribution. This result is then specialized in Corollary 3.2 as a

more explicit Kolmogorov upper bound under additional integrability assumptions.

When F is a first order discrete stochastic integral, the general bound of Theorem 3.1 is consid-
erably simplified in Section 4. As an application, this yields estimates on the Kolmogorov distance

between the distribution of a linear functional
N
Fy =Y fn(n)Y,
n=0

of the binary sequence {Y}, },en and the normal distribution, see Corollary 4.1.

The paper is organized as follows. In Section 2, we give some preliminary results on normal
random walks. In Section 3 we provide our general Kolmogorov upper bound, and we make it
more explicit in some specific settings. The above-mentioned applications to discrete-time Markov

chains with finite state space and random walks are given in Section 4.

2 Stochastic analysis of normal random walks

In this section we introduce some elements of stochastic analysis for normal random walks, and

refer the reader to [2] and [5] for more insight into this subject.



2.1 Normal random walks

Consider the sequence space 2 := {0, 1}V with its canonical {0, 1}-valued coordinate maps 7, :

Q — {0, 1} defined by 7, ((wk)ken) = wn, for n € N. We endow  with the filtration {F,, }neq—1yun

defined by
F_1:={0,0}, F, = 0‘{7T0,...,7Tn}, n €N,

and let P be any probability measure on (2, F) such that
0<py,:= P(Wn =1 ffn,l) <1, meN, P-almost surely.

In what follows, we consider the predictable processes {vr(LO)}neN and {v,(ll)}neN defined by

vgo) = —, /q—n, vq(ll) = /@, n €N,
Pn qn

Proposition 2.1. The process {Yo + - -+ + Yo }nen defined by its normalized increments

where ¢, :=1—p,, n € N.

Yp(w) = o™@)(w), neN, we,
s a one-dimensional normal martingale, i.e.

ElY, | Fn1] =0 and Var[V,|F,1]:=E[Y?|F,1] =1, neN
Proof. From (2.3) we have the relations

pOpR = 1=Pn e 17
n ? n
Pn qn

, neN,
which yield the structure equations
pnvq(mo) + QHUS) =0, Pn|Uq(q,0)\2 + Qn|U1(11)’2 =1, neN,

and (2.4).

(2.1)

(2.2)

(2.3)

(2.4)

Lemma 2.1. Let a0 : Q - R, i€ {0,1}, be two random variables. For any n € N, we have

P-almost surely.



Proof. By the definition of the processes {vr(zo)}neN and {v,(ll)}neN, and (2.5), we have

(pna @6 + g,aDoM) (pb @O 4 g 5Dy(D)

= 2Oy 2 1 2,MpM D2 L yOy1) 0 G O)h1) 4 ¢(1)(0)y

= ann(a(O) — a(l))(b(O) _ b(l)), neN.
O
We also note that
{fweQ:mw =it={weQ:V,(w) =vP(w)}, i=0,1, neN,
hence F,, = 0{Yp,..., Y}, n € N, and
P(Yn = vﬁbo) | H’n,l) = pp = ]P(wn =0| Srn,l), P(Yn = ufj) | ?n,l) =qp = [P(T('n =1 ffn,l),
n € N.

Remark 2.2. The above construction admits an extension to so-called obtuse systems in R?, see

[2], [1], in which case (Yo + -+ + Yn)neqo,.. N} 18 a d-dimensional normal martingale, i.e.
E[Y, | Fn_1] = 0 and Var[¥, | Fo_1] = E[Yy ® Y, | Fo1] =L, ne{0,...,N}.

Next, we note that our construction allows the binary sequence {Y},},en to be driven by a

time-inhomogeneous two-state Markov chain.

Example 2.3. When
P(r, =1|Fp_1) =P(mp =1 ]| m—1), neN, P-almost surely,

the process {mp}nen becomes a {0,1}-valued time-inhomogeneous Markov chain with transition
probabilities
(n)

Pi,j ::P(Wn:j‘ﬂ_n—lzi): iajzovl;

and initial distribution pg = P(mo = 0), qo = P(m9 = 1), and we have

o P(m, =1|mp-1) P(m, =0|mp_1)

The next example considers a binomial asset price model with dependence.




Example 2.4. Given a real-valued sequence (o(n))o<n<n, 0(0) := 0, we consider a binomial asset
pricing model. For Sy > 0 an initial positive constant, the discrete-time risky asset price process
(SN)Nen is defined recursively by the price dynamics

S, oMo/ (N4Da) -0 ()/(N+1) g
S, = S, e (WYa/VNFI=(n)/(2(N+1))

S,y e=oVar ((NDpn)=c>(m)/@N+D) 1

Y

n=1,...,N, yielding

Sy =25 Ly Y, ! 2
N = 90 €exp mg‘ﬂ”) n_Q(N—i—l)nZU (n) | .

2.2 Discrete multiple stochastic integrals

We denote by & the counting measure on N, set £2(N") := L2(N", P(N)®" x®") for n € N* := N\{0},
with £2(N)®0 := R, and refer to the elements of £2(N") as kernels. By ¢?(N)°" we denote the class
of symmetric kernels and by E(Q)(N )°™ the family of symmetric kernels which vanish on the diagonals,

i.e., which vanish on the complement of the set

A, = {(i1,...,in) e N": ih #ik,h 75 k}
Let f,, € 63 (N)°™ be a symmetric kernel vanishing on the diagonal. For n € N*, the discrete multiple
stochastic integral of order n of f, is defined by

Tafa)i= D fali,..in)Yi Vi,

(ilv--win)eAn

=nl Y falin, i)Yy Y, (2.7)

0<i1 <+ <ip<oo
where the random variables Y;, are defined in Proposition 2.1. We also set Jy(c) := ¢ for any ¢ € R.
We call the space spanned by the random variables J,(f), with f € ¢3(N)°", the n-th chaos of
the normal random walk. Discrete multiple stochastic integrals of different orders are mutually

orthogonal and satisfy the isometry relation

E[Jn(fn)‘]m(gm)} = ]l{n:m}n!<fnagn>é2(N)®"7 (28)

for any couple of symmetric kernels f,, gm, m,n € N* (see Proposition 3.4 in [5]). Discrete multiple
stochastic integrals are centered random variables, i.e., E[J,(f,)] = 0, for any symmetric kernel f,,
n € N* (see the proof of Proposition 5.1 in [5]). Finally, we recall that, for any real-valued random

variable ' € L2(Q, F,P), where F := Ven Tns the chaotic decomposition

F=E[F]+ Y Ju(fa) (2.9)
n=1

5



holds, for uniquely determined symmetric kernels f,, (see Theorem 5.7 in [5]).

2.3 Malliavin operators

We define the discrete gradient of a random variable F': 0 — R as

DuF = ppo O FO + g oW EY = /prgn(FL — FY), neN, (2.10)
where F!(w) := F(w!) and w! = (wo,...,Wn_1,%,Wnt1,.--), @ = 0,1, n € N. The following

proposition holds (see [5]).

Proposition 2.5. We have:
(i) For random variables F,G : @ — R,

D, (FG) = FD,G + GDyF — \/ppan [(F — E)(G — GY) — (F — F)(G - GL)], neN.
(it) For any n € N* and symmetric kernel f,
DiJn(fn) = ndp_1(fn(*,k)), keN.

In particular, we have the following corollary.

Corollary 2.6. For random variables F,G : Q@ — R,

2 =L p P)(DaG),

D,(FG)=FD,G+ GD,F —
( ) vV Pndn

Proof. By (2.10) and Proposition 2.5(i) we have

Dn(FG) =FD,G+ GD,F — \/annKF?% - FS)(G}z - G?L)]l{ﬂ'n:l} - (F& - F?E))(G}m - G’Iol)]l‘{ﬂ'nzo}]

1
=FD,G+GD,F — 5 [(DnF)(DnG)]l{le} — (DnF)(DnG)]l{,rnzo}]
2T 1
=FD,G+GD,F — o (D F)(D,G).

U
The L2-domain of D, denoted by Dom (D), is defined by

E|> |D.FI*| <

Dom(D) : = {F € L3(Q,7,P)
neN

}

{ = Ju(f) €LAQ,F,P) 2 > n(n)|| ful 2 ®n<oo}.
n=1

neN



For F € Dom(D), F =3, . Ju(fn), we have

DpF = ndn_1(fa(xk)). (2.11)

n=1
Next, we introduce the Ornstein-Uhlenbeck operator L and its (pseudo-)inverse L~!. The L2

domain of L, denoted by Dom (L), is defined by

Dom(L) : = {F =Y Julfn) €LP(Q,F,P) 2 > 0’ ()] fullpyen < oo}.
n=1

n=0

For F € Dom(L), F =7 Ju(fn), we put
LF = — i ndpn(fn).
n=1
For a centered F =Y >° | J,,(fn) € L2(Q, F,P), we define the (pseudo-)inverse operator of L as
L7'F =~ i n ().
n=1

Next, we introduce the divergence operator . The L2-domain of &, denoted by Dom (§), is defined
as follows. Let u := (uy)ren € (L2(Q,F,P))N be such that there exists a sequence g, +1 € £2(N)°" ®
/%(N), n € N, such that

ug = Y Jn(gnt1(x, k). (2.12)

neN
We say that « € Dom(0) if
o
S+ DGt L [ B iy < 00 (2.13)
n=0
and in this case we define
oo
6(u) = Z Jnt1(Gnt11a,4,)- (2.14)
n=0

Here, f denotes the canonical symmetrization of f. Note that, for u € Dom(d), (2.13) can be
rewritten as E[0(u)?] < oo.

The following proposition provides an integration by parts formula (see Proposition 8.2 in [5]).
Proposition 2.7. The operator § is the adjoint of D, i.e., for all F € Dom(D) and u € Dom(d),
E[Fé(u)] = E[(DF, u)p))- (2.15)

The next result is standard, and states that the operators D, L and ¢ are related by the identity
—6D = L.



Proposition 2.8. For any F € Dom(L), we have F € Dom(D), DF € Dom(é) and —0(DF) =
LF.

Let f : R — R be measurable and F € L?(,F,P) centered and such that f(F) € Dom(D).
Then, by Propositions 2.7 and 2.8,

E[Ff(F)] = E[L(L'F)f(F)] = ~E[§(D(L™'F)f(F)] = E(Df(F), ~D(L™ F))p )] (2.16)

This relation will be crucial when we develop the Malliavin-Stein method. The next technical

lemma is exploited to prove the Skorohod isometry.
Lemma 2.9. For any u € Dom(0) and any k € N, we have Diu € Dom(?).

Proof. Let u € Dom(d). For k € N fixed and any ¢ € N, we have

Dkuf = Zan—l(gn-‘rl(*v& k)) = Z Jn((n + 1)971—5—2(*7& k))

n=1 n=0
o0
=3 Jn(fasi1(x,0)), (2.17)
n=0
where fp11(%,£0) := (n + 1)gn+2(x, 4, k) (the dependence on k is not made explicit). We have to
prove that
e ~
Z(n + DY frt1 N H?Q(N)@)(nﬂ) < 0.
n=0
We have
00 " 9 o0 9
Z(n + 1)!an+1]lAn+1 ng(N)ea(nH) = Z(n + Din+ 1)2th+1]lAn+1 Hg2(N)®(n+l)7 (2.18)
n=0 n=0

where, letting 8,41 be the permutation group on {1,...,n+ 1},

hn+1(.7}1, Ce 7$n+1)]lAn+1 (xl, Ce ,:CnJrl)

1
= ]I‘An+1 (1‘1, oo ,xn+1)m Z gn+2($0(1), s ZTg(n)s Lo(nt1)s k‘) (219)

) 068n+1

Note that

Hh”'f‘l]lﬁnﬂ H§2(N)®<n+1>

2
= Z ‘hn+1(x17“'7xn+1)‘ ]I-An+1(x17"‘7xn+1)
(:cl,...,xn+1)€N"+1
2
Z gn+2(xa(1)v < Lo(n)s To(n+1)s k)

O'ESnJrl

1

(€1, sTnp1)ENNFL

(2.20)



Using the fact that g, 2 is symmetric with respect to the first n variables, for a fixed (x1,...,Zp41) €

N"*1 we have

n+1
Z gn+2(mo—(1)’ < Lo(n)s To(n+l)s k) = n! Zgn+2(x1, s L1, i1y - Tt Ty ).
Uesn+1 =1
Inserting this expression into (2.20) we have
2 1
th-i-l ]lAn_H HKQ(N)(X)(W,+1) = m Z ]lAn-H (:131, s 7xn+1)
(xl,...,xn+1)€N"+1
n+1 2
X Zgn+2($1, e Ty Tig s - - Tt 1, Tiy K)
=1
By this relation and (2.18), we have
oo _ oo
Y+ D fasila,, H?Q(N)(@UHU => (n+1) > A, (T1,. 0 1)
n=0 n=0 (1, yTny1)ENPTL
n+1 2
X Zgn+2($1, s Ty Tig s - Tt 1, Ty K) |
i=1

and this is a finite quantity due to (2.13).
O

The next proposition provides the Skorohod formula for §. Note that this formula becomes indeed

an isometry if uy is Fr_1-measurable.

Proposition 2.10. For all u € Dom(d), we have

E[5(w)?] = Elljull ) + E [ ) Dluwkul] oE [Z (Dkukﬁ] |

£,1>0 k>0

In particular, if ug is Fy_1-measurable for any k, then

E[CS(U)Z} = E[”“H??(N)]?
indeed in such a case DyugDiu; = 0 for any k, 1.

Proof. By (2.14), (2.7) and (2.11), for any u € Dom(9) we have

6(u) =Y Jns1(@ni11a,,,)

n=0

oo
- Z Z 1 (i1, .oy iny1)Yey oo Yo

n=0 (81, in+1)EAp+1



o
:Z(Z Z nt1(ity e yin, k)Y - Y, - Yy
k>0 =0 (i1,...,in)EA,

[e.o]

_Zn Z §n+1(i17‘°'7in—1)k7k)}/;1" In—1 ‘Yk‘ >
n=1

(l‘l,n-ﬂ;nfl)eAnfl

k>0

By Lemma 2.9 Dju € Dom(¢d) and so from the above formula, we deduce, in particular, that
2
§(Dyu) =Y _[YiDyw — (D Dywy) [Vi]7]. (2.22)
1>0
Note that Y; = Ji(1y;;) and so DY, = 1. Therefore, by Corollary 2.6 and (2.22), we have

D18(u) = Dy (Y [on¥i — (D) 1))

1>0

2m — 1
= %{;[(Dkul)yl +w DY) — ;?qu (Drw)(DyY;) — (D Dyuy) !Yl\Q
2m, — 1
— (Do) De|Yi|* + (D D) (D Vi)
(0) (1)
Py "Dy
= Z[ Dyw)Y; — (DrDyw) ‘Yz‘ +w DY, — 27L ! (Drwp)(DrY7)
>0
— (Dyw) [QYZDM - 27”“ ]

21 — 1 27 — 2
+ =2 (Dp D) [QYZDkYZ -2 L py) H
N N
21, — 1 21, — 1
=0 Dku + ug — Dkuk - Dkuk |:2Yk — :|
( ) kdk ( ) vV PEqE
oy — 1 o — 1
+ Tk Dy Dyug) [2Yk _ STk }
N Pk

where we used that Dy Dpui = 0. Again by (2.21) and this latter relation, we have
(5(]1{k}Dku) = Ykauk — (Dkauk) }ka = Ykauk,

and therefore by applying Proposition 2.7 three times,

=E [Z Dké(u)uk}

k>0

=E [Z (5(Dku) + up — 2(Dkuk)Yk)uk
k>0

10



= E[|ulleqy] + E| > urd(Dyu) — 25(1{k}DkUk)uk]
Le>0

= E[l|ulleqy)] + E Z [ Dyug Dyuy — 21{k}DkUkDZUk]]
L 1>0

= Ellull ] + E — Z DzUkauz] —2E [Z (Dkuk)2] :

Lk,1>0 k>0

O]

Now, we give a generalisation of the integration by parts formula (2.15) which can be applied
to square integrable functionals that do not necessarily belong to Dom(D). This extension of
the integration by parts formula plays a role in the Gaussian approximation, see the proof of

Corollary 3.2.

Proposition 2.11. Let F € L2(Q,F,P) and let

u = (up)ren € (L*(Q,F,P)N

with uy defined by (2.12) and

[e.e]

Z(n + 1)!”9n+1H32(N)®(n+1) < o0. (2.23)
n=0

If, for any k € N, (DpF)uy, > 0 P-almost surely, then uw € Dom(d) and (2.15) holds.

Proof. Although the proof is similar to the proof of Proposition 2.2 in [9], since we are working
in a different context, we provide the details. We start by noticing that (2.23) implies (2.13) and
therefore u € Dom(4). Since F € L2(Q2,F,P), by the chaotic decomposition (2.9) we have

Fl 4+ Julfa)
n=1

for uniquely determined symmetric kernels f,,. The isometry formula for multiple stochastic inte-

grals (2.8) yields, noticing that E[d(u)]

=K (Z Jn fn ) (Z Jn+1(§n+1lAn+1)>]
n=1 n=0

=E (Z Jn1(frt1 ) (Z Jn+1(§n+11An+1)>]
n=0 n=0

= Z(n + 1 <fn+1,gn+11An+1>g2(N)®(n+1)

= (n + DN fnr1s gn—‘,—l)gZ(N)@(nJrl)-

11



On the other hand, again by (2.8) we have

E[(DF,u)em)] = > E[DpFu
k>0

> [(Zm F (s (5 k))) (Z Talgnsa (s, k)))]

k>0 neN neN

_ZZ n+1 fn.t,_l*k) gn+1(* k)> £2(N)®n

k>0neN

= A+ DY (frs1 (6 E), gng1 (5, 5)) 2 oyen (2.24)

neN k>0

= Z(n + 1)!<fn+179n+1>g2(N)®(n+1)-
neN

To complete the proof it remains to justify the exchange between the infinite sums in (2.24).
This is guaranteed by Fubini’s theorem. Indeed, by a repeated application of the Cauchy-Schwarz

inequality and assumption (2.23), one has

ZZ n+ DN fni1(x, k), gnt1(x, k)>g2 )®n\ < 00,

neN keN

see [9] for details.
U

We also recall the following covariance representation formula (see Proposition 9.1 in [5]).

Proposition 2.12. For F,G € Dom (D), we have

Cov (F,G) =E|> E[DnG | Fn_1|D,F|.
n>0

3 A Berry-Esseen bound
3.1 Stein’s equation

Let ® be the cumulative distribution function of a normal standard random variable. It is well-
known (see, e.g., Lemmas 2.2 and 2.3 in [3]) that the unique bounded solution f, of the Stein

equation
fw) —wf(w) =1 wq(w) - (x), w,zeR

is such that 0 < fy(w) < V27/4, |fi(w)] <1 for all w € R and

(w4 ) fo(w + 1) — (w4 ) folw +v)| < (Jw] + V21 /4)(|u| + |[v]), for all u,w,v e R.  (3.1)

12



If we replace w by a random variable F' (defined on ) in the Stein equation and we take the
expectation, we have E[f.(F) — Ff,(F)] = P(F < z) — ®(z) for any x € R and so
di (F,N) = sup |P(F < z) — ®(x)| = sup [E[f,(F) — Ffo(F)]|, (3.2)
z€R z€eR
where dx denotes the Kolmogorov distance and N is a standard normal random variable with

cumulative distribution function ®.

3.2 General Kolmogorov bound

We now establish a bound on the Kolmogorov distance between a centered functional F' € Dom(D)

and N.

Theorem 3.1. Let F' € Dom (D) be such that E[F| = 0 and let G be a real-valued random variable
on § such that
Cov (F, fz(F)) = E(DG, Df:(F))em), z €R, (3.3)

where f, is the solution of the Stein equation (see Remark 3.4 below for possible choices of G).

Then

dg(F,N) <E[|1 = (DG, DF)pqy|] + ZE[(!F|+m>\G1 G| Dy, F\]

nGN

+sup > E[|G), = Go|DpFDyplipsyy].
mERnEN

In particular, choosing G := —L~'F (see Remark 3.4 below), Theorem 3.1 shows that

dx(F,N) <E[|1 = (=DL™'F, DF)py)|] ZE[ Pndn) UZ(\FH‘V?)‘DnL_lFHDnFﬂ
nGN

+sup Y E [pnqn UQ\DnL_lF\DnFDn]l{FN}}, (3.4)
xeRneN

which extends Theorem 3.1 of [8] and Proposition 4.1 of [9] to possibly non-independent random
sequences. The next corollary specializes the above bound under an additional integrability as-

sumption, and similarly extends Theorem 4.1 of [9)].

Corollary 3.2. Let F' € Dom (D) be such that E[F| =0, and let
up 1= (prar) " 2DRFIDEL™'F|, k€N, (35)

be such that uy € L2(Q,F,P), k € N, and

(0.)
> E[(Deug)?] < oc. (3.6)
k,0=0

13



Then, we have

dg(F\N) <E[|1 = (=DL™'F,DF) )] + ;E[<|F| + V?)(

(pQ)_l/Qv }DL_lFHDF]2>€2(NJ
+E[((pa)2DFIDLF P

Two remarks are in order before proving Theorem 3.1 and Corollary 3.2.

Remark 3.3. If we assume that, under P, the random variables {m, }nen are independent (and so

the quantities {pn, Gn}nen are deterministic), then the bound (3.4) coincides with that of Proposi-
tion 4.1 of [9].

Remark 3.4. We provide two random variables G which satisfy (3.3). By (2.16) and the fact
that E[F] = 0, one can take G = —L™'F. Note indeed that for F satisfying the assumptions of
Theorem 3.1 we have fo(F) € Dom(D). One can also take G so that Gl :=E[F} | F,_1], i =0, 1.
Indeed, by Proposition 2.12,

Cov (F, f+(F)) =E|Y E[DyF | Fn1] Dnfo(F)

neN
=E|) Vot B[F,y — B | Fn1]Dn f2(F)
neN

= E[(DG, Dfu(F))eq))-

Proof of Theorem 3.1. Let f, be the solution of the Stein equation. Due to (3.2), the claim follows
if we properly bound from above the quantity |E[f.(F) — F f;(F)]| uniformly in z. Hereon, for ease

of notation, we put f := f,. By the assumption (3.3), we have
E[f'(F) — Ff(F)] = E[f'(F)] - Cov (F, f(F)) = E[f'(F)] = EXDG, Df(F))eq))- (3.7)
By the definition of the gradient and the first relation in (2.6), for any n € N,

Dnf(F) = puf (FD0Q + g f(EHo)
= pu(F(ED) — fFENOD + g (fFY) — F(F))ol)

FO_F Fl_F
=@ [ FFE)A oD [ F(Fr)d
pl® [T pE 0l [T p
FO-F FO—F
= ppv) (/ (f’(F+t)—f’(F))dt+/ f/(F)dt>
0 0

Fl_p Fl-F
+qnv£3>< /0 (F(F+1)— f(F))dt + / f’(F)dt>

0

14



—-F

FO—F F}
— [{(F)DuF + put? / (F'(F+ 1) — f/(F))dt + guoD / (f'(F +1) — f/(F))dt.
0 0

(0)

By this relation and (3.7), setting for ease of notation p;”’ := p, and p( )=

= g, we have

Elf'(F) - FA(F) = E| (P (1- 3 D, F@f’n il )

neN
—%EKZOP / " F(f’<F+t>—f’<F>>dt)(jiopwawﬂ.

By Lemma 2.1, the above rewrittes as

B (F) — P10 = B0 (1= X (B - B (- G1) )]

neN

FO—F
Y E [pnqn@z 6 [ - ) )

neN Fi—F

Since f is solution of the Stein equation, it satisfies
F(F+t)=F+t)f(F+t)+1_ey(F+1t)—®(x), VteR

and so for every n € N, we have

FO—F FO—F
/ [f/(F+1t)— f/(F)]dt :/ [(F+t)f(F+t)— Ff(F)|dt

Fl—F Fl—F

-~

=:Kp,1(n)

FO-F
+ / []l(—oo,x] (F + t) — ]1(—00,95] (F)] det.
Fl-F

=:Lg,1(n)

|

+ 3B a6t - G ([ Kaa )] + [Za )] 35)
neN

Therefore, since || f/||cc < 1 we get

L) - AP <1 X o (72 - P (6 - G1)

neN

Now, we shall bound K 1(n)| and |Lg 1(n)|. We start by bounding | Ko 1(n)|. Applying (3.1) with
w:=F,u:=1and v:=0 yields

| Ko1(n)| < (IFI + m)

max{FY,F}}1-F
: / 1] dt. (3.9)

min{F9,Fl}-F

15



In order to bound the integral appearing on the right-hand side of (3.9), we remark that for z,y € R

such that y > = we have

/: [t|dt = %(1{00} (v* — 2%) + Lyy<oy (2% — ¥°) + Lip<oeyy (2 + x2)>
- %(1{w>0} (= ) (1] + o) + Vgyzop (v = 2) (J2l + [y]) + Lazocy) (19l -y = |2] - @) )
= %(I{DO} (v =) (|2 + [y]) + Lgy<oy (v — ) (J2] + |y]) + Lip<o<yy (19l (y — =) + |2](y — x)))
= 2= o) (il + o). 3.10)

Taking z := min{F?, F!} — F and y := max{F?, F!} — F in (3.10) and combining the above bound
with (3.9), we obtain

1 Vor
Koa] < 5191+ 530 ) [B2 - B (P9 - FI + |Fy - FI),

and therefore

V2m

1
P |G = G| [ Ko (n)] < 2(\F\ + 4)pnqn\62 — Gpl|F = Fy|(IF = F| + |y = FI). (3.11)

We now provide an upper bound for |Lg (n)|. We have

F
Loi(n) = / Ly du — (Fp — Fi)Lipayy

Fy

= (FR = Fa)Yroco mp<oy + (B = 2) Lmoce, mtsay + (0 = Fo) Lpose, mriay — (B — Fp) Lip<ay
= Lpsay (— (B = ED)Vpgoe, pioay + (B} = 2) Lngee pioay + (2 = F) Lrgoa, macay )

1oy ((FS = POV (rgce mi<ay + (FY = 2)Lpg<s pion) + (¢ = F) L (rgon, i<} )

and therefore

|Lo1(n)| = l{Fga:}(\FS — Fu|1poss, prsay + (Fy — ) Upo<q misey + (Fp — fl?)ll{an,Fggx})
+ 1{F>x}(\F3 — P Wpo<e, pi<ay + (2 = Fp) Upoca, pisay + (2 — Fy) Liposs, F,{ga:})
< L(p<a}|Fo — Fy| (1{F;g>x, Fisey + Lipocs pisgy + Lipos, Fggx})
+ Lipsay|FY — Fp| (]1{F,9gx,F,1§x} + Lpo<s, Fisay + L{pose, Fggx})
= |F) - F,| <]l{F>z, min{FY,Fl}<z} + L{r<q, max{Fg,F,g}n})

- ‘Fg - F”rH]L[F>oc7 min{FY,F}}<z}U{F<z, max{F2,Fl}>z}- (312)

By (3.8), (3.11) and (3.12), taking the supremum over = € R, we have

|

@@W%EW—me@—ﬁmﬂ%m
neN
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1 V2
+ 5 S| (114 25 )uanl G2~ GAI [F2 ~ R (F2 = F1 + F = F)
neN

+ Sug Z E[pHQn’G?L - Gwlll ‘ng - }P'rﬂ]l{F>x7 min{F9,Fl}<z}U{F<z, max{Fg,Fﬁ}>x}] : (313)
TER peN

We also have

|Ey = F| +|F, = F| = (|F, = F| + |Fy = F)Lir,—0y + (|Fp = F| +[Fy = F|)1{7,-1
= |Fy = Fo Lm0} + | B = Fo| L=
= |Fy - FY|. (3.14)

Additionally, we note that

{F >z, min{F?, F!}} <z}
= {F? >z, min{FY, F}} <z, 7, =0} U{F! >z, min{FY, F}} <z, m, = 1}
={F'>z, F! <2, 1, =0}U{F} >z, F'<a, 1, =1}
= {max{F, F'} > z, min{F%, F!} <z, 7, = 0} U {max{F°, F'} > 2, min{F?, F'} <z, m, = 1}

= {max{F), F,} > z, min{F), F\} < 2},
and similarly
{F <z, max{F?, F}} > 2} = {max{F°, F!} > z, min{F°, F!} < z}.

Thus, by (2.10)

Prtn|Fy = Fy|L{Fsy min{F0,F1}<a}U{F<z, max{FO,Fl} >z}
= Pntn|Fy = Fy| Lpmin{Fo, 71} <z<max{F0,F1}}
= putn|Fy) = Fa| (W po<ocry + Ypi<ocry})
= Pt (Fy = F)) (U ro<acry) = Lipt <ocrg})
= Pt (Fy = F2) (Umisay (1= Liposay) = Lrgsay (1 - Lpisay))
= putn (Fy — F) (Lp1say — Lipossy)
= D FDy Ly, (3.15)

The proof is concluded by plugging (2.10), (3.14) and (3.15) into (3.13).
O

Proof of Corollary 3.2. The claim follows by Theorem 3.1 if we prove

E[((pa)"/2DFD1 sy, DL Fl) ] < /E[10((pa) > DF|DL-1F|)2], (3.16)

17



uniformly in = € R.
We shall check later on that the integration by parts formula of Proposition 2.11 can be applied
with 1yp~,y in place of F' and uy := (pear)~"/?DyF|DyL~'F|. We have

E[((pq) " *DFD1psy, |IDL™ Fl)o)] = E[(DL {0y, (pg) " /*DF|I DL F|) 2]
= E[1(p>0y0(pg) /*DF|DL™'F])]
<E[|6((pq)"/2DF|DL'F|)[]
<E[|s((pg)" Y2 DFIDL'F)[*]"?,

which gives (3.16).
Now we check the assumptions of Proposition 2.11. We start by noticing that, for any k£ € N,

Dk]l{F>x}uk = (pqu)il/sz1{F>x}DkF‘DkL71F’ >0, P-as.. (317)

Indeed,
Dy ipsay DiF = prae(Lipi sy — Lposay) (Fp — F) 2 0.

Note that the summability condition (2.23) is guaranteed by (3.6). Indeed, since uy € L2(Q, F,P),

we have that u; admits a chaos decomposition. Suppose that

U = Z Jn(gn+1(*v k))

n=0
Then,
Z Dguk Z Zn2E |Jn 1 gn-‘rl(* l, k))‘ ]
k,¢=0 k=0n=1
= 2(n = D! gns1(, &K
n-(n NGn+10%, £, £22(N)®(n=1)
k,=0n=1

o
= Z n - nll|gny1 “?2(N)®<n+1)'

n=1
This clearly implies
o oo
Z(n + 1)!Hgn+1H?2(N)®(n+l) <2 Z E[(Déuk)Q]
n=2 k=0

and so the summability condition (2.23) follows by the assumption (3.6).
(]
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4 Application to first order stochastic integrals and normal ran-
dom walks

In this section we let fxy = {fn(n)}nen, for some N > 1, and consider the first order stochastic

integral
N
Fy:=J(fn) =) In(n)Y,
n=0
Corollary 4.1. Assume that, for some ¢ > 0,

Pngn > ¢>0 P-as. for anyn € {0,...,N}.

We have the bound

N
<|1=> " in(n)P
=0

|
1 m il 2 al 2 al 4 1 . 4
N (4 +nzorfN<n>| ) J%fN(n) JnZOfN(n) v nZO|fN<n>\ :

Proof. A straightforward computation shows that D,Fy = fyx(n) and D,L~'Fy = —fn(n),

dx (Fn,N) (4.1)

n € N. In particular,

u7(1N) = (pHQn)_l/QDnFN’DnL_lFN‘ = (ann)_l/QfN(anN(n)‘

is &, _1-measurable, and so by Proposition 2.10 we have

E[3((pq)"/2DFy|DL ™ Fy|)?] va WE[(prgn) '] Z|fN

Thus by Corollary 3.2, we have

N
de () < 1= 3 1w | + Z\f )P il + 5]+ va
n=0
N N 1 N
1= [fv(n))? +<+Z|fN )ZIfN N Z
n=0 n=0

<
N N N N
< |1= S nP? +21ﬁ<€”+zmm2wzﬁv JZfN
n=0 n=0 n=0
1 | .y
+% 7;)|f1v(n)| :
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In particular, if

N N
dlfnm)P =1 and D |fn(n)[* =0, as N — oo,
n=0 n=0

by Corollary 4.1 we have

N N
di(Fy,N) =0 | max{ (1= [fn(n)?|, | D Ifv@m)*p |, as N = +oo.  (4.2)
n=0 n=0

Taking fx(n) :=1/vVN +1,n€{0,1,...,N}, Corollary 4.1 yields the Berry-Esseen (non asymp-
totic) bound

N

1 1 V2T 1
dic | == Yu.N| < = [ Y5 +3) ——.
" VN +17= " 2yc\ 4 N +1

The above bound is satisfied in particular, in the framework of the Markovian Example 2.3, provided

(4.3)

that

po>c¢, qo>c, inf pP™ > c,

7
n,,J J

for some ¢ € (0,1).

In the framework of Example 2.4, Corollary 4.1 shows that, as N tends to infinity, Sy converges

in distribution to the lognormal random variable SpeN~1/2, provided that

| X 1N
1 _— 2 ey 1 —_— 4 p—y
A}uréo nE_Oa (n)=1, ]\}51(1)0 5 nE_Oo (n)=0

and p,qn, > ¢ > 0 for any n € N,
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