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1 Introduction

In this paper we develop analytic tools for the stochastic analysis on Lie groups in the
jump case, in the framework of [11] and using the construction of Lévy processes of
2], [7]. This can be considered as a first step toward the construction of a variational
calculus for the Lévy processes on manifolds of [1]. We refer to [4] for regularity
results for the law of Lévy processes (stable semigroups) on Lie groups in terms of
their Lévy measure, which are not covered in this paper. The main consequence
of non-commutativity in the Poisson case is the introduction of left and right finite
difference gradient operators. On the Lie-Wiener space, (cf. [9]), the Left gradient
is linked to the classical gradient by the adjoint representation. Similarly, the left
Poisson gradient is related to its classical counterpart via the inner automorphisms
of the Lie group G.

In Sect. 3 we consider a Poisson random measure on a d-dimensional manifold G
and a Wiener process taking values in the tangent space G to G at a given point
e. We define a chaotic decomposition for functionals of this process, considering
simultaneously its the Wiener and Poisson components. In Sect. 4, G is assumed to
be a Lie group and we define left and right finite difference operators for functionals
of a Lévy process on G. The (left) divergence operator is defined as the dual of
the left gradient and is linked to stochastic integration, chaos expansions and the

[t6-Clark representation theorem. In addition to the invariance of the inner product



of the Lie algebra under inner automorphisms, we assume that the intensity of the
Poisson random measure is left and right invariant, e.g. it is the Haar measure on
a unimodular Lie group. In our framework, the Lie-Wiener gradient is obtained by

differentiation of the left finite difference operator.

2 Notation

Let G be a d-dimensional manifold with tangent space G at some point e € G. Let
(X1,...,Xy) denote a basis of G, with inner product (-, -)g and norm || - ||g, and let
V denote the gradient on G. We define

Q:CO(RJF,Q)X{E:CS% ;€ G Ry, i=1,... )N, z; #xj, i # 7, NGINU{OO}},
i=1

where Cy(R4, G) is the space of continuous G-valued functions starting at 0, and 9,
is the Dirac measure at € G x Ry. Let (B(t))ter, and (N(A))acpcxr,) be the

applications defined on () as
B(t)(wi,wz) = wi(t), N(A)(wr,ws) = wa(A),
te Ry, A€ B(GxRy), (w,wr) € Q. We let
Fi=0{B(s), N(E x[0,u]), E€B(G), 0<u,s<t}), teR;yU{oo}.

Let P denote the probability measure on (2, F, ) such that B and N are independent
standard G-valued Brownian motion and Poisson random measure with intensity
dudt on G X Ry, where p is a finite diffuse measure on G. The couple (N, B) will be
denoted by M, and we let N(do,dt) = N(do,dt) — u(do)dt, L*(Q) = L*(2, P), and
L*(G x Ry) = L*(G x Ry, dudt).

Convention 1 In this paper, for all normed vector spaces H and K, the tensor
product H ® K and the direct sum H ® K are completed is and only if H and K are
closed. Otherwise, H® K and H & K are simply algebraic.

We construct a chaotic decomposition for the functionals of B and N, using the

differential structure of G. The notation “o” denotes the symmetric tensor product.
The Fock space I'(H) on a normed vector space H, is defined as the direct sum

L(H) =@ H",

n>0



where the symmetric tensor product H°" is endowed with the norm
I

Definition 1 Let S be the vector space generated by

pon = nll| - [[fen, n€N.

{In(floofn) : fla"').fneH}a

and let -~
U:{Zﬂui CUl,...,up € H, Fy,...,F, €S8, nZl}.
i=1

The gradient and divergence operators D : I'(H) — I'(H)®H and § : ['(H)® H —
['(H) are densely defined on S by linearity and polarization as

DR =nh" '@ h, and §(h""®@g)=h"0og, ne€N. (1)

The composition §D is the number operator, and ¢ is adjoint of D in the following

sense:

E[(DF,u)y] = E[Fé(u)], FeS, uel.

Given (v,t) € Gx R, the operator ef{, ; is defined on measurable functions F': 0 —
R as
e F(wi,wa) = F(wi,wy + (1= wa({(7,6)}1))074) ,  (wi,wn) €

+

Le. ey

evaluates F' at the configuration w, modified by addition of a point (7, 1),
except if this point already belongs to ws, cf. [8].

3 Chaos expansion

We introduce a chaos expansion for a Poisson random measure on G and a Brownian
motion in the d-dimensional space G. Although it is related to Brownian motion on
G, our chaos expansion refers to a Brownian motion in a linear space, hence it is
not the decomposition of [5]. The classical Wiener-Poisson decomposition identifies
L?(2) to the Fock space over L*(R., L*(G) ® G), whereas our decomposition is only
based on L?(R,, L?*(G)) but takes into account the fact that G is the tangent space
of G at e. It is only identified to a dense subspace of L?(€2), nevertheless this is
sufficient to define the closable operators of stochastic analysis.

Let H denote the space of functions f € C}(G) such that f(e) = 0, equipped with

the norm

£ = I Z2e) + IV F(O)llG,  f € C(G),



and scalar product

(f, 9w = (f,9)12) + (V£(e), Vgle)g, [,9€Cc(G).
The space S are still defined as in Def. 1, taking H = L*(R, H).

Definition 2 We define the compensated stochastic integral [gy g, u(v,t)dM.,, of a
square-integrable (Fy)ier., -adapted process u € L*() @ L*(Ry, H) with respect to the

Lévy process M as

1D :/ N (dvy, dt /OodB 1), 2
S 100N = [y Ny, dt) + [ dBae,) 2)
where the last integral is understood as [;°(Vu(e,t),dBy)g.

Since p is finite on G, the non-compensated integral is similarly defined as

HdM. :/ N (dy, dt /OodB ).
Lmﬂﬁ> 2= [ wON () + [ dBae 1)

We have the isometry property

( /G LGS t)dM%t>2

Let 7, t € R, denote the projection operator on L?(G x R, ) defined as 7, f(7, s) =

E = E [lullZ2, 1) - (3)

F(v,8)1pg(s), v € G, s € Ry, f € L*G x Ry4). The multiple stochastic integral
I.(hy,) of h, € L>(Ry,H)™" is defined as

(9] tn to ~ ~
In(hn):n'/g /0 /0 hn(717t17'"a’ynatn)dM%,tl'”dM’Ymtn’

with Io(ho) = ho, ho € R. From (3) we have

[e’s) tn to
B [L(h)?] = (n)?E [/ [ [ Mttt oty - dt ]
0 0 0

(This relation is first checked on elements of the form h, = g; o -+ 0 g, and then

extended to L*(R*, H)°" by bilinearity). Hence

B (L] = 2, pyon

Elements of T'(L?*(IR.y, H)) are identified to random variables in L?(Q), by associating
hn, € L*(R4,H)™" to its multiple stochastic integral I,,(h,, ), building a linear isometry
T :T(L*(Ry,H)) — L*(2). The image of I'(L*(IR,,H)) under this injection is

dense in L*(€2), but this suffices in order to define closable gradient operators. In



the sequel the operators D and § will act on random variables under the above
identification. The spaces & and U of Def. 1 are also identified to spaces of smooth
random variables and processes. The multiplication formula for multiple stochastic

integrals with respect to dM and dN (see Sect. 5) has the same form:

L(f*")11(9) = Lusa(go f) +n(f, 9) 2@ g 1 (f70 D) + 0l ((fg) 0 f77D), (4)

f,9 € L*(Ry,H). From (4), S is an algebra contained in LP(Q2), p > 2. In the
following proposition we use the fact that the elements of S are defined for every
trajectory of NV since they are polynomials in stochastic integrals of smooth functions

with finite measure supports.

Proposition 1 The annihilation operator D is interpreted as a finite difference op-

erator:
(1) for F € S we have
D, F = S;itF —F, (7t e Gx Ry, (5)
where B and N denote the Brownian and Poisson noises,
(ii) D satisfies the product rule

D77t(FG) = FD,%tG + GD%tF + D»y’tFny,tG, (”)/, t) € G X ]R,+, (6)

(111) by duality we have

FS(h) = 6(hF) + (DF,h) 2, 20y + 6(hDF), F €S, held.  (T)

Proof. Since (4) has the same form as on the Poisson space, we have

Dy (L(f™)(9) = gy, )L.(f") +nf(y. ) L ((fg) o f77)
+n(n = )(f,9) 2w, 0. (s ) I (77)
+nf (v, 1)g(v, ) 1 (f207Y)
+n(n—1)f (v, t) L1 ((fg) o £
= L1(9) Dyt Ln(f") + Lu(f7") Dot 11(g) + Doyt Ln(f7") Doy i 11(9).-

By induction on k£ € IN we also obtain

Dw,t(In(fon)Il (g>k) - Il (g)va,tIn(fon) + ]n(fon)D%tll (g)k + Dv,tln(fon)kD%tll (g)k’



hence D satisfies the product rule (6) on S, i.e. D, is a finite difference operator
on S. It is then sufficient to check that (5) holds for F' = I1(f) € S, by density of S
in L?(Q2). By duality we obtain from (6)

E[(D(GF), h)r2w, 0] = EF(DG,h)r2w, 0] + EGDF, h) 2w, 0]
E[(hDG,DF)2r, 1),

and
E[GFé(h)) = E[GS(hF)] + E[G(DF, h) 2w, w)| + E[G6(hDF)),

hence (7) holds.
(]

Let D : L?(Q) — L*(Q) ® L*(Ry,G) denote the gradient of the Malliavin calculus

on Wiener space, defined on S as

[ uttpiFar = ting - (F (VB [uGs)ds) ~F), ue *(Ry.0)

e—=0 ¢

F € S, which satisfies from (2):
th(ll(h1)77[1(hn>) ZZth<e7t)azf(]1(hl)v7jl(hn))7 tZO (8)
i=1
The Wiener-Skorohod integral operator 6" : L?*(Dg) ® L*(R,,G) — L*(Dg) is the
adjoint of D : L*(Q) — L*(Q) ® L*(Ry,G).

Proposition 2 The operator D is obtained as the derivative at the identity of the

finite difference operator Dy, i.e. we have
DtF:VDe’tF, tG]R+, FGS

Proof. This is a consequence of Relations (5) and (8) which imply

VDo f (L), iw NS (h(h)se Li(h)),  (9)

teR,, fe€PR"), hy,...,h, € L* (R, H).

We also have

(DF, h)p2(r, o) = /0 (DF, h(t))gdt = /O h(t)D.,Fdt, he L*R.,G),

and

||DF||L2 (R4, H) ||DF||L2 (GxRy) T ||DF||L2 R..G)"



Proposition 3 Let u € U C L*(Q, P) ® L*(G x Ry) be a simple process written as
U= Zﬁi? Fiu;.

(i) The (anticipating) stochastic integral [g. g, u(o, tYdM,, is defined as

M, =Y F, / M,

/GXR+ g, t d t Z GXR+ U t d t

(i1) we have
/ u(o, t)d]\;[mt =o(u) + Dy u(o, t)pu(do)dt + 6 (D.u(+)) . (10)
GXR+ GXR+

(i) if u € L*(Q) @ L*(Ry, H) is (Fi)-adapted, then
5(u) = /G o, Mo )N (11)

Proof. Relation (7) implies (10) by linearity. If v is adapted, then the last two terms
of (10) vanish and we obtain (11) which is extended by density from the It6 isometry

(3).

O

4 Left and right difference operators

From now on, G is a connected Lie group of dimension d with Lie algebra G of left-
invariant vector fields. For ¢ € G, let ad, : G — G denote the inner automorphism

of G defined by
ad,7 =o0yo™, 7 €G,

let r,, I, be the right and left multiplications by ¢ € G, and let r,f = f or,,
lof = fol,, ad,f = foad,, f € C(G). By left invariance, given ¢ € G and h € G
we have hl,f = l,hf. Let Ad, denote the adjoint representation, which satisfies
Ad,hf = had, f, and (Ad,h)rof = l,hf = hl,f, 0 € G, h € G. From Th. 3.5 of
2], N and B define a process (¢;)icr, with values in G via the (uncompensated)

stochastic differential equation written as

100 = 1)+ [ [(6) = 10NN, + [ (1(61).0dB.)g,

t € Ry, f € C*(G), using the Stratanovich differential odB;, or in It form as

F@+ [ [ (F(67) = f6)aN, .+ [[(T(6.),dB)g + [ Af(ou)ds,



t € Ry, f € C*G), where A is the generator of (¢;)er, , defined as

Af() = JwaceTVI(2) + [ (F70) = f() (o). (12)

This equation can also be rewritten in our framework as

100 = 1e)+ [ [(F0r) — f@ it + [ Af6)ds, teR,,  (13)

Denoting by v, the law of ¢, t € Ry, (v4)icr, is a semi-group of measures whose
generator is A, cf. [7], and (¢)ier, is called a Lévy process on G, cf. [2]. The interest
in this type of construction is that its driving Poisson measure is directly based on
the Lie group G. We refer to [3] for a different approach to the construction of jump

processes on Lie groups from G-valued point processes.

Definition 3 Let P denote the set of functionals of the form
f(¢t17"'7¢t7z)7 f EC;(G“), tl)"'vtna n €]N7 0 Sty <-es < ty.

The mapping ¢ : 2 — Dg defines an image measure v on the set D¢ of cadlag
functions from R, to G, and D is extended to P by (5).

Definition 4 ([10]/) We define on the domain P the left and right finite difference
operators

L: L*(Dg,v) — L*(Dg,v) ® L*(G x R,),

and

R: L*(Dg,v) — L*(Dg,v) ® L*(G x Ry)

LU,tF = Zl]tk 1tk ( ((btp"wgbtk,lao-(btka'-'7U¢tn)_f(¢t17'-'7¢tn))7

k=n

RJ,tF = Z 1}tk,1,tk](t) (f((btp cee 7¢tk,17 ¢tk0—7 CI ¢tn0—) - f<¢t17 sy ¢tn)) s

k=1

o€ G,te Ry, for F € P of the form F = f(¢y,,...,d:,), with tg = 0.

With the notation

an,t(s):{(és; 0<s<t an’t(s):{%’ 0<s<t

obs, t< s b0, 1< s 7€6 s€Ry,



we can also write

Loy F(¢) = F(¢™') — F(¢), R,.F(¢) = F(¢™) — F(¢), FeP.

We will check in Prop. 4 that the definition of L is independent of the particular
representation of F' € P as F' = f(¢y,,..., Py, ), although ¢ — {W is not absolutely
continuous with respect to the Poisson measure. We have the finite difference product
identities

Loy(FG) = FLyyG 4 GLyy F + (Lot F) (Lot G),

R(;’t(FG) - F.Ra'7tG + GR(;’tF + (Ro"tF)(.Ra'7tG)’

(0,t) € G x Ry, F;G € P. Until the end of this paper we assume that G is
unimodular, and that the intensity of the Poisson random measure N on G x R
is dp x dt, where p is the Haar measure on G. Hence p is left and right invariant
under the inner automorphisms ad, : G — G, ¢ € G. We also assume that the
inner product of G is invariant under the inner automorphisms of G. We define the

operator 6 as
0:L*(GxRy) — L*(GxRy)

u(o,t) = u(g-op, 1) = ads_u(o, t).

From the invariance assumptions on dp and (+,-)g, the operator € is an isometry on
L2(]R,+, H), a.s..:

16l aqs. 2 = 100l qm, 1o + [ |Ade, Ve, )3dt = [ulan. 7o,
ue L*(Ry,H).
Proposition 4 The operator L is closable, due to the relation
(LF)o¢p=0"'oD(Fog), FecP, (14)

which tmplies

|LE||r2ry 320y © ¢ = ||[D(F 0 @)l r2r, 21)-

Proof. Given t € R, Relation (14) follows from the construction of (¢7*)scr, as a

solution of the stochastic differential equation (13). Let

¢§’t = €I_10¢t,t(¢8)7 s € R—i-'
i



We have 97! = ¢4, 0 < s < ¢, and for s > t, 17" satisfies the stochastic differential

equation
flst) = +// (W) = S My + [ AT )d

(67 000) = [60) + [ [ (W) = ur)dil,, + / Af(ov7")du
— Jlooe)+ [ [ (Flovsta) = flour)ant +/Af (097" du (15)

f € C2(G). On the other hand, the stochastic differential equation satisfied by
(¢s)ser, shows that for t > s,

fod) = (af)6) (16)
= @)+ [ [ (0l (60 7) = (@0 AN+ [ Al f(9)du.
fo6) = Jeor)+ [ [(F00wm) = f00u )it [ Af(edu)du, (17)

f € C3(G), since by left invariance we have Vi, f = [,V f and Al,f = I, Af. Conse-
quently, (0¢;)s>¢ and (Y771)s>, satisfy the same equations (15) and (17), s > ¢, hence
they coincide. In other terms, for 0 < ¢ < s, multiplication of ¢, by ¢ on the left is
equivalent to the addition of a point at (¢;10¢t7,t) to the Poisson sample driving
the stochastic differential equation that defines (¢5)s>o (provided that such a point
does not already belong to the Poisson sample). This implies L, ;F = D blo ¢t,,tF7

F e P, from (5).
a

We can write for F' = f(¢y,,..., ¢, ):

O'tF = Z 1]tk 1, tk] <f(¢t17 R gbtk,l y ¢tka‘d¢t7¢tfklau s 7¢tnad¢t7¢;}0—> - F) 9

hence the right finite difference operator has no global expression in terms of the

finite difference gradient D on Poisson space.

Proposition 5 We define the left divergence operator L* on U as
(L'u)op=000(uo¢p), uecl.
We have the duality relation
EJ(LF,u)r2m, 1)) = EJFL*(uw)], FEP, uecl,

and L, L* are closable.

10



Proof. Since 6 is unitary on L?(R,H),

E,[(LF, U)LQ(R+7H)] = FE[((LF)o¢,uo ¢)L2(R+,H)] = E[(Q_l oD(Fog),uo ¢)L2(R+,H)]
= E[(D(F o), 0uo ¢)L2(R+,H)] = E[(F 0 ¢)d(0(uo ¢))]
= FE[(Fo¢)(L*u)o | =E,[FL*|, uel.

The closability of L and L* follows from this duality relation and the fact that they

have dense domains.
O

We will also identify to m; the linear operator that acts on random variables as
7l (hy) = L(79"hy,), n € N. Let 7 denote the continuous adapted projection
operator defined on L*(Q) ® L*(G x Ry) as ((7u)(t))er, = (mu(t))ier,, -

Proposition 6 The operator L*L = 6D is the number operator on T'(L*(R.,H)),

and the Ito-Clark representation formula holds on P as
F =E[F|+ L*(7LF), Fe€P. (18)
Proof. This result follows from the fact that 7 and § commute:
7 (0u)(0,) = m (u(er "o du,t)) = (mu)(dy oo, 1) = OFu(o, 1),

te Ry, u=LF, F € P, and from the representation formula

Fop=FE[Fo¢|+d(nD(Fog¢)), FeP. O (19)
For h € L*(Ry,G), let (e;(h))ier, denote the solution of the equation

fleh)) = () + [ s)ften()ds, 1 € C*(G).

The partial Lie-Wiener left and right derivatives (LF, h)2r, gy and (RF, h)2r, g)

of F' € P in the direction h € L*(R,,G), cf. [9], are defined as
F(e(eh)p) — F

(ﬁF? h)LQ(R+,g) = }:I_E% c )

and

(RF,h) 2k, ¢) = lim Flge(eh)) - r

e—0 £

We refer to [6] for the stochastic Campbell-Hausdorff formula.

11



Lemma 1 We have the Campbell-Hausdorff formula
e(Adyh)d = ¢(N,dB,; + ht).
Proof. For any f € CZ(G), by left invariance we have:
Fleadghio) = 0+ [ [ (Fles(Adyh)one) = fles(Adyh)n))diE
+ /0 Af(es(Adgh)g,)ds + /0 Ady h(s)(rs,f) (es(Adsh))ds
= SO+ [ [ Fe(adsh)o,e) — fles(Adyh)on))dit

+ [ Afe(Ad)o)ds + [ hs)fles(Adh)d,)ds, 1€ R,
hence (e,(Adgh)d:)icr, satisfies the stochastic differential equation defining (¢s)scr, ,
driven by (dN,dBs + h(s)ds) instead of (dN,dB). -
The Campbell-Hausdorft formula is needed in the proof of the following proposition.

Proposition 7 The operator L is obtained by differentiation at e of the left finite

difference operator L:
(LF, h)rn, o) = /0 T W(s)L.,Fds, FeP, hel*(R.,Q),
i.e. L=VL.
Proof. First we remark that from the Campbell-Hausdorff formula,
Li(Fo¢)= (Ad(b;lh(t))Devt(F o), teR,.

Differentiating Relation (14):

(Lot F)op = qut—_lo_¢t7’t(F o) = ad¢t__1 Dy1(F o ¢)
at o = e gives

(h(t)LetF) o ¢ = (Ad¢;jh(t))De7t(F op)=L(Fog), teR,. O

By differentiation of (14) at o = e we also obtain the relation between the Lie-Wiener

right derivative £ and the right gradient R, cf. [11]:

VDe,sf(¢t17 P 7¢tn> = Z 1]tk—1 tk Z Add) Ad¢—1v f(¢t17 ey (btn)
=1

1=k
1= nj =17
= 22l (8)Ady _AdaVif (b, ¢r,)
i=1 j=1

= Zl[Ot Ad¢ Aqu*lv f(¢t17"’7¢tn>7

12



where V; is applied to the i-th variable of f. Hence

h’(s)De,Sf<¢t17 R ¢tn) = i 1[0,ti](s)Ad¢s— Ad¢;1h(8)f(¢t17 s 7¢tn>7
i=1 ¢
and

/OOO 1(8) Doy f (1 - - b1, )5 = i/ot Ady, Ad,h(s)dsf (6, b))
ie.
/O T h(s)D. Fds = R;F,
or (LF,h)p2m,)g = R F, with h(t) = [§Ady Ad,-1h(s)ds, t € Ry. Similarly to

the operator R, the right Lie-Wiener gradient has no expression in terms of D.

5 Appendix

In this section we prove the It formula for the differential dM and the multiplication

formula for multiple stochastic integrals with respect to dM.

Proposition 8 The Ito formula for the stochastic differential dM can be written as

~ ~ t ~ ~
DN / DM :/ t (// , dMJS)dM
S w00 [ o b = [ o(t) ([ (o 9)N ) di

t ~ ~ ~
t bty ([ ol ) dity o+ [ w00, 0L + () im0,
+

GXR+

for adapted processes u,v € L*(Q) ® L*(R,,H).

Proof. We have

/G Ul YT /G vyt = ( /G o, M AN /O (Vu(e,t),dBt)g>

R

. </G><R+ v(7: )Ny, +/0 (VU(e,t),dBt)g>
- /GxR+ u(%t>dN%t/GxR+ U(%t>dN%t +/0 (VU<€7t)7dBt)g/G U(’y,t)d]ff%t

XR+

1N /oov 1).dB
b i, [ (Vele ), dB);

+ /OOO(VU<€7 t)v dBt)g /Ooo(vv<€’ t)’ dBt)g

t ~ ~ t - -
= ot ,5)dN,, . dN t // $)AN, N,
/GxR+ uly >/G/0 v(0, 8)dNo,odNos + GxR,4 v ?) G Jo (0, 8)dNood N,

13



+ o (o 0N + / " / "oy, 8)AN, o(Vule, 1), dBy)g
+[Toen [ "(Vule, s), dB,)gd N, + / " / "y, $)dN, o(Vole,1), dB))g
/ u(7, 1) // Vo(e,s), dB,)gdN 7,5+/OOO/Dt(VU(e,S),st)g(Vu(e,t),dBt)g
+ /O /0 (Vule, s),dB,)g(Vo(e, t),dBy)g + /0 T (Vule,t), Vole, t))gdt
- | va(%t) / /tu(a,s)d]\;[g,sd]\;[w—i— [ D) / /Otv(a,smMa,Sde
+/ v(7, )det + (U, V) 2R 1)

since

L w9, = [ u(, sl s)dN,
GXR+

GXR+
because V(uv)(e,t) = u(e,t)Vou(e, t) + ule, t)Vu(e,t) = 0, t € R4, given that u,v €

L2 (R+, H), a.s.
O

Using the It6 formula, the multiplication formula for multiple stochastic integrals is

formally the same with respect to dM and dN.

Proposition 9 Let f,g € L*(R,,H). We have

L(f") I (9) = Lnpa(go f) +n(f, 9) 2wy a0 o1 (F" ) +nLy((fg)o f7Y). (20)

Proof. From Prop. 8, the formula holds for n = 1. Let n > 2. By induction, assuming
that (20) holds for n — 1, we have

t -~ —
Lalm? ™00 0) [ go,s)dhpe = La (70 £ D) (mg)
= Lm0 0 )+ (n = D (" (fg) 0 207

+(n—1)<77tfa77tg)L2(R+, ) 2(7Ttn 2f " 2))’

hence

L) =n [ g0 [ F T (w7 DN

= n [ gnt) [ [ Flo ) (w20 0N,
GXR+
+TL/ f(%t)ln—1(7Tt n_l)fo ”_1))// g(a,s)d]\;[a,dew
GXR+ GJO

+n/ 9O O F (1 ) Ly (7Y po= a0,
GXR+
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IR p——
GXR+
+nL R (Vg(eat),Vf(e,t))g[n_l(W?(n_l)fo("_l))dt
xRt
t
— t [ni ®(n—1) pon dMU SdM
1 900 [ Taa a2 AN N
‘|‘7’LL R f(% t) (In<7'[';?nfo(n_1) o g) + (n — 1)[”'—1(7[_1(?(”71)(]69) o fo(n—z))
xRt

+(n = 1)(f, 9)L2(R+,H)[n72(7Tt®n_2f°(”_2))) d]\;[%t
+n / 9O (1, ) L (7 D)
GXR+

+n /G . 91, ) f (4 ) Ly (20 o=y (v, 1)
xRt

+n/G o (Vgle,t), Ve, 1)) gL (afT Y for=D gy
xRt

— Luna(g0 ) 4 nf )z, 20 To 1 (D) + nL((fg) o f0D). O
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