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Abstract

We prove a Girsanov theorem for the combination of a Brownian motion on
R, and a Poisson random measure on R x [~1,1]% under random anticipating
transformations of paths and configurations. The factorization of the density
function via Carleman-Freholm determinants and divergence operators appears
as an extension of the martingale factorization in the adapted jump case.
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1 Introduction

The Cameron-Martin theorem [5] gives the density with respect to the Wiener mea-
sure of a deterministic shift of Brownian motion. Similarly, the Skorokhod theorem on
invariance of measures [18] gives the density with respect to Poisson measures of deter-
ministic shifts of configuration. These theorems have an extension (the Girsanov the-
orem) to random shifts under adaptedness hypothesis. Given a martingale (M (t))ter.,
on a filtered probability space (£2, F, (F¢)icr, , P) and a probability () absolutely con-
tinuous with respect to P, the classical Girsanov theorem, [7], [8], gives a canonical
decomposition of (M (t))ier, as a sum of a continuous martingale (M¢(t));er, under
Q, a pure jump martingale (M%(¢))ier, under @ and a finite variation process. Since
(M(t))ser, and (M%(t));er, are obtained by shifts of the values of (M(t))wer, , the
Girsanov theorem also allows to compute the density with respect to P of a transforma-
tion of the space (2. Thus there is a strong analogy between the Girsanov theorem and
change of variable formulas in the theory of integration, the density of P with respect

to @@ being computed with a Jacobian determinant. The classical Girsanov theorem

relies on It6’s stochastic calculus, and in particular on adaptedness hypothesis which



are not needed in integration (change of variable formula) techniques. The latter point
of view has proved to be useful to remove the adaptedness conditions imposed by the
Girsanov theorem on transformations of trajectories. In order to deal with stochas-
tic processes, a theory of integration in infinite dimensions is needed, and analysis on
the Wiener space provides such a framework in the case of Brownian motion. The
extension of the Girsanov theorem to anticipating shifts of Brownian motion has been
carried out in [10], [17], [19], [20], see the book [21] for more complete references. In the
standard Poisson case (i.e. for Poisson random measures based on R ), its analog has
been treated in [14], [16], using analysis for an infinite product of exponential densities.
This result relies on the interpretation of Poisson samples on R, as sequences of inde-
pendent exponentially distributed interjump distances. On the other hand, a change
of variable formula for the uniform density in infinite dimensions has been established
in [15].

In this paper we obtain a Girsanov type theorem for random shifts of a Poisson random
measure on R x [—1,1]¢ and a Brownian motion, i.e. an anticipative Girsanov theorem
for Lévy processes. The main observation is that a Poisson random random measure
on R, x [—1,1]? with flat intensity consists in randomly distributed sets of points
(configurations) that can be represented as sequences of independent d+ 1-dimensional
random variables whose first component is exponentially distributed, the remaining
independent d components having uniform laws on [—1,1]. The Radon-Nikodym den-
sity function is then factorized with a divergence operator and a Carleman-Fredholm
determinant and we allow for interactions between the different components of the
process. This factorization of the density is similar to the expression of the density via
stochastic calculus, as the solution of a stochastic differential equation. Girsanov type
theorems for non-adapted shifts of Poisson random measures are completely natural
since in the Poisson case on R4 there is no canonical notion of time or filtration.
We proceed as follows. In Sect. 2 we review different versions of the adapted Girsanov
theorem. In Sect. 3 we introduce some notation, in particular an interpretation of the
Poisson space as a space of sequences. The main results are stated in Sect. 4, for shifts
of configuration points that are expressed as perturbations of interjump times and jump
heights. In Sect. 5 and Sect. 6 we prove technical results and then our extension of the

Girsanov theorem to the anticipating case.



2 Adapted Girsanov theorem and change of vari-
able formulas

In this section we review the classical Skorokhod theorem on the absolute continuity
of Poisson measures under deterministic diffeomorphisms, cf. [1], [18], [22], and its
extension to adapted shifts, i.e. the Girsanov theorem, cf. [7], [8]. In Sect. 4 we will
present an extension of this theorem to the anticipating case.

Let (R, x [—1,1]%) denote the configuration space on R x [—1,1]%, i.e. the set of

Radon measures on R, x [—1,1]? of the form
k=N
> ea (@RZY CRy x 1,14 @y £ 3, Yk #£1, N € NU{oo}.
k=1
A configuration v is a sum of Dirac measures €, and will be identified to the discrete

set of points that defines its support, in particular we will write (s,y) € 7 when-
ever v({(s,y)}) = 1. Let Co(Ry) denote the space of continuous functions starting
at 0. Let Q = Co(R,) x I'(R; x [—1,1]¢) and consider a filtered probability space
(2, F, (Fi)ier,, P). Let v be a diffuse random measure on Ry x [—1,1]%, bounded
on compact sets, Fi-predictable under P, ie. ¢ +— fg f[fl,l]d u(s,y)v(ds,dy) is Fi-
predictable for every positive bounded Fi-predictable process (u(s,¥))(sy)er, x[-1,1]¢-
We assume that the canonical continuous process ¢ — w(t) defined on Co(R;) has
an F;-predictable quadratic variation (3(t))icr, under P, and that v is the intensity
(or Lévy measure, or dual predictable projection) of the random measure pu : Q —

I'(Ry x [—1,1]%) defined as u(w,~y) = v, i.e. v(ds,dy) satisfies

Ep U U(S,y)v(ds,dy)} =Ep U u(s, y)v(ds,dy)| ,
R+><[*1,l]d R+><[fl,].]d

for every positive bounded F;-predictable process (u(s, y))(sy)er, x[—1,1¢- Let ¢ : Ry x
[—1,1]¢ — Ry x [-1,1]? be a random diffeomorphism of R x [—1,1]¢ whose d + 1
components
<¢1 (t, y))(t,y)€R+><[—1,1]d7 cee (¢d+1(ta y))(t,y)eR+x[—1,1}d,
are F-predictable processes. We assume that there exists a predictable process (Z(s, y)) (s y)eRr, x[-1,1]
—1, P-a.s., such that
(i) Zogp € LY(Ry x [—1,1]4,v), i.e.

et lvtds ) < e P,
+x1=4



(ii) and

/ 9(6(5, 1)) (1+ Zod(s,y))v(ds, dy) = / o(s,y)u(ds, dy), (2.1)
Ry x[—1,1]4 R4 x|

_1’1]d

Vg € CH(R™™), i.e. (14 Z)~ ' is the density of ¢, with respect to v, P-a.s.

If v is a multiple of the Lebesgue measure, then 1+ Z o ¢(s,y) = |90¢(s,y)| is the
Jacobian determinant of ¢. Let ¢(vy) denote the configuration v whose points are

shifted according to ¢, i.e. ¢(7) is identified to the set

o(v) ={o((s,9)) : (s,y) €7},  veDRy x [-1,1]%).

Let (2(s))ser, € L*(Q)® L*(Ry,dB) be a square-integrable F-predictable process and
let ¢(w) be defined as

blw)(t) = w(t) + / 2(s)dB(s), 1€ Ry, we Co(Ry).

In the following result, (M¢(t))icr, is a time changed Brownian motion and p is a

Poisson random measure with deterministic intensity v.

Theorem 2.1 Assume that v and [ are deterministic, and

B feso (= [ sasts) = [ Zootsmtasn) — 5 [~ 2156

x [ @+Zoo(s.y)| =1 (2.2)

(s;y)ey

Then for every bounded and measurable random variable f : 2 — R we have

Erlf(en] = Be| o) om)es (- [0t - [ |20t pvids,a)

_%/00022(5)05/@(3)) II 0+ Zod(s,y)

(s;y)ey

We can also write

d<I> 1P _ Xp( 3)+/Rdzo¢(3,y)y(ds,dy)—%/OtZQ(S)dﬁ(S))
< T ¢ 1+Zo o(s,9)),

(s;y)ey
where the transformation ® : Q —  is defined as ®(w,y) = (V(w), d(7)), (w,) € Q.

We will recall a proof of the above result using an extension of the classical Girsanov

theorem to the jump case in the martingale framework, cf. [8], [9]:
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Theorem 2.2 Let (M(t))er, be a martingale on (Q,F, P), whose continuous part
(M(t))ier, has quadratic variation (B(t))icr, . Assume that the jump part (M(t))ser,

of (M(t))ser, is given by the discrete random measure ji : @ — T(Ry x [—1,1]%) with

t t
—[ [ sy~ [ [ stdsdy. teR.
0 J-1,1)d 0 J[-1,1)d

mtensity U as

Let
(Z(Say))(s,y)€R+X[—l,1]d € LI(R+ X [_17 1]d7 D)) with Z >-1, P—as,

and (2(s))ser, € L*(Q) ® L*(R,df) be predictable processes, and define the measure
Q by its density

d 0o o0 ~
£ - P (_ /0' nd /l%+>< -1 1]d y>l;(d$? dy) - % /Ov 22(8)616(8))

XH 14 Z(s,y)AM(s,y)), (2.3)

(5,9)

where AM(s,y) = i({(s,9)}), (s,9) € Ry x [-1,1]*.

If Q is a probability measure then, under @Q, the process (M(t))t€R+ admits a unique

decomposition
M(t) = M(t) + M(t) + a(t), teRy,
where
(1) Me(t) = )+ fo ,t € Ry, is a continuous local martingale under ()

with predzctable quadmtzc variation f°(t) = 5‘3( ), t€ Ry,

(ii) M4(t) = fof[ ) 1]d yo(ds,dy), t € Ry, is a pure jump martingale
and dfi has mtenszty (1+ Z)dy under @,

(iii) « fof[ o Yo(ds,dy) — [} 2(s)dB(s), t € Ry, is a finite variation

process.

Proof.  of Th. 2.1 from Th. 2.2. let Z = Z, # = z, assume that (M(t))er, =
(M(t))ier, + (MC(t))ser, is defined as Me(t) = w(t) and

// )(ds, dy) — // v(ds,dy), teRy,
(1,14 (1,14



with fi(w,7) = (1) and #(ds,dy) — (1 + Z(s,5) 'wlds,dy). Let (Fen, de-
note the smallest filtration that makes every process (u(s,y))(sy)er, x[-1,1]¢ adapted if
(40 @(8,Y)) (s )R x[-1,17¢ 18 Fi-adapted. The process (M(t t))ier, is (E)t€R+ adapted.

Given a positive bounded Fj-predictable process, (u(s yY))(s.)€Ry x|—1,1)4, We have

B[ s ebndsdn)| = B[ wootsy) 2l

— Ep :/Rm 11]duOd)(s,y) V(ds,dy)]
— B, _/R _u(sy) y(ds,dy)]

x[-1 L+ Z(s,y)

= FEp / U(S,y> D<d87dy):| :
L R+><[—1,1]d

Hence under P, ji has intensity 7, and (M¢(t)),ecr, has quadratic variation (3(t))wer, =
(B(t))ter, - Let (M(t))ier, be defined as M°(t) = (w)(t), t € Ry, let

t t
— [ [ atasdy - [ [ vtds.a)
0 J-1,1)4 0 J[-1,1]4

From Th. 2.2, (M (t))icr, is a martingale under @), the random measure f has intensity

v under @, and ¥ (w) is a continuous martingale under () with quadratic variation B
Hence ¢(v) and 1 (w) have the same laws under @) as v and w under P, since  and v

are deterministic. It remains to notice that (2.3) can be rewritten as

o= [Tt [ zestsamtasan -y [ a0

X H 14+ Zo¢(s,y)), (2.4)

(s,y)€

since

AM(g,g):{ L if3 (s.y) €7 5 (5.9) = éls,y),

0 otherwise,

and

. Z(s,y)
Z(s,y)v(ds,dy) = / ———v(ds,dy
/R+><[1,1]d (5 9) ) Ryx[-1,1¢ L+ Z(s,y) ( )

- / Z o ¢(s,y)v(ds, dy).
R+><[ l,l]d



We make some remarks on different factorizations of the density function and on the

deterministic case.

e If the process Z does not belong to L'(R, x [—1,1]¢,7), P-a.s., then the product
(2.4) may not converge. However, if Z is predictable and belongs to L*(Q) ®
LX(R; x [~1,1]%,7), ie.

Ep U |20 ¢(s,y)|QV(ds,dy)} = Ep U |Z(s,y)["P(ds, dy) | < oo,
R+><[—1,1}d R+><[—1,1}d

then the probability density d@Q)/dP can still be formulated via a “renormaliza-
tion” due to stochastic calculus. Namely, it can be written as the limit L., as t

goes to infinity of the process

L, — exp(_/ot ST (s //[ Z(s,y)ilds, dy) — 5(ds, dy))

- / 22(S)dﬁ(s)> [T 1+ Z(s.y)ANI(s,y))e ZemAitn (2.5)

(s,9), s<t

t € R, which is solution to the Ito stochastic differential equation

FdLy = () ANI(1) + / 2t y)ildt, dy) — v(dt.dy)), Lo=1, t>0.
- [—1,1]4

The factorization
[T (+Z(s.y)AN(s,y))eZewaiity (2.6)
(5,y), s<t

is used in (2.5) because this modified product still converges as t — oo when

Z € LI*(Q) ® L*(R; x [—1,1]4,7) since P(dv) almost surely, the series
D> (Zod(s,y))’
(s.y)ey

is summable. Moreover, in (2.5) the stochastic integral

t
| [ zGsats,dy - otds,dy)
0 Ji-1,1
makes sense in L2(€2) for predictable Z € L?(Q)® L?(Ry x [—1,1]¢, 7). The same

factorization will be used in the anticipating case, where the traditional determi-
nant is replaced by a Carleman-Fredholm determinant (see (4.2)), compensated

with a divergence operator, cf. [17], [23] (see below in Sect. 4).
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e The absolute continuity result for deterministic shifts on Poisson space of [3],
[18], [22] follows from the Girsanov theorem, in the particular case of a smooth

deterministic diffeomorphism
¢: Ry x [-1,1]" — Ry x [-1,1]%

We denote by P, the Poisson measure on I'(R, x [—1,1]%) with deterministic
intensity v, i.e. the probability under which p(w,7) = 7 has intensity v, with

characteristic function

Ep, {eXp ( / gdv)] = exp < / (") — 1)V(dy)) :
R+><[—171}d R+><[—1,1]d

g € C.(Ry x [—1,1]%). Th. 2.1 gives
Ep[f(w/)/)]

— Ep | flw,0(7))exp (— /R dzo¢<s,y>y<ds,dy>) [ (0 +2Zoés.0)] .

(s;y)€v

f : © — R measurable bounded, where (1 + Z)~! is the density of ¢,v with
respect to v. In the particular case where v is the Lebesgue measure on R X
[—1,1]¢ we find:

do;' P,
i =en ([ ool -nay) TT laots.l

(s,y)€y

3 Sequence model for the space ()

In this section we introduce the sequence model of {2 as a vector space denoted by
B, ie. the random element (w,7) is constructed via a sequence of vectors which
have independent Gaussian, exponential and uniformly distributed components. In

the remaining of this paper we work in the case of a deterministic flat intensity v given

as
1
dV(?Jla e ,ydﬂ) = @1R+ (yl)l[—1,1}(y2) R SR (de)d?Jl e 'ddea (3.1)
and with the quadratic variation 5(t) = t, t € R,. (We will use the notation R >
xp = (20, ..., 2f™)). Let B = {z = (z)ren : 1 € R™?}, with the norm

[ = yllz = sup ||z — yrllgas2/(k + 1),
k>0

8



and associated Borel o-algebra F. Let d > 1, r > 0, and let A\, be the finite measure
on R¥™ defined by its density

d)\r(to, tl, . ,td+1)
1 270 _
~to/2¢ "R (t0) L oo (F1) L mrm1150) (B2) - -+ L mrm1 1) (Fagr ) o - - - b

— ¢
24-1/27

We denote by P the probability defined on (B, F) via its expression on cylinder sets:

P({z = (w)ken € B = (20,-..,2,) € A}) = AF"(A), (3.2)
A Borel set in (R™2)"*1 n € N. We denote by
= (10, ., 7" B — R™ keN,

the coordinate functionals defined as

Tk<x) =Tk = ('r27 7$Z+1)7
and
(@), it (@) = (2, 2t
The sequences (70)ken, (T4)ken, (Th)ken, ¢ = 2,...,d + 2, are independent and respec-

tively Gaussian, exponential and uniform on [—1,1]. We let
E = Rx]0,00[x] — 1,1[%

E =T x[0,00[x[-1,1]%,

and

By={z€B : z,€E, keN},
B ={xeB : x,€FE, ke N}.
The random configurations v can be constructed as the sets of points
y={Tp(z) : k>1}C Ry x[-1,1]%, z€ By,

defined as



On the other hand, it is well-known that the classical Brownian motion on [0, 1] can

be constructed as
0
_ 0 Tn .
W(t) =try + ﬂ; T sin(2nnt), te0,1],
1.e. ) )
= \/§/ sin(2rnt)dW (t), n>1, 70= / dW(t) = W(1),
0 0

and if (2(t))scp0,1) is an adapted process given as

z(t) = F(0,0) + ﬂi F(n,0)cos(2nmt), te[0,1],

n=1

then the stochastic integral of (z(t)):cjo,1) With respect to (W (t))icp,1) is written as

1 o0
[ wavo =3 oo,
0 n=0
and we have 1 N
/ 2(t)dt = Z(F(n, 0))2.
0 n=0
Let also
]Rd+27 i 07
Ei: {(yov"'aderl) ERd+2 . yIZO}, 2217
{6y eR™? « yie {~11}}, i=2,....d+]1,
and

Bi={r€B : x,€E}, keN,i=1,...,d+1.

We denote by (ex)r=0 the canonical basis of H = I>(N, R"?) = [>(N) ® R**?, with
er=(e},..., et keN.

In this framework, the shift of Brownian motion by a process (¢(s))scjo,1) and the
random diffeomorphism ¢ : Ry x [—1,1]? — R, x [—1,1]? will be replaced by a

random variable ' : B — H whose components are denoted by (F(k,1))ken,i=o.... d+1-

10



The link between F' and v, ¢ is the following:
V2 [ sin(2rkt)(t)dt, k> 1,
F(k,0) =
fol ¢<t)dt7 k= 07

T 4+ F(k,1) = ¢"(Terr) — 0" (Th), k>0,

7+ F(k,i) = ¢'(Ty), k>0,i=2,...,d+ 1.

4 Anticipating Girsanov theorem

In this section we will state the extension of the Girsanov theorem for Lévy processes
to non-adapted shifts, and compare it to its classical adapted version (Th. 2.2). Before
that we need to introduce the tools of gradient and divergence operator which will be
used in the expressions of densities. Given X be a real separable Hilbert space with
orthonormal basis (h;)en, let H ® X denote the completed Hilbert-Schmidt tensor
product of H with X. Let S be the set of functionals on B of the form f(7y,,..., 7%, ),
where n € N, ky, ..., k, € N, and f is a polynomial or f € C°(E™). We define a set of

smooth vector-valued functionals as
S(X) = {ZFihi . Fy,...,FE, €S8, ho,... h, € X, neN},
i=0

which is dense in L*(B, P; X).

Definition 4.1 We define a gradient D : S(X) — L*(B,H ® X) by

F(z+¢eh) - F
(DF(2), h)nex = lim (z + 85) @) sen nem
e—

.....

ue S(H®X), we write

U

-1

ujel, u, € S(X), keN.

00 =
u =

k

o

0 =
Let
UX)={ueSH®X) : uy=00n B, keN, i=0,...,d+1},

which is dense in L*(B; H ® X).
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Proposition 4.1 The operator D : L*(B; X) — L*(B; H ® X) is closable and has an
adjoint operator 6 : U(X) — L*(B; X), with

Ep[(DF,u)pex] = E[(6(u),F)x], uweld(X),F eS(X), (4.1)
where 0 is defined as

o(u) = ZT,Sug + uy, — trace Dyug, u € U(X),
keN

with

trace Dyuy, = Dyul) 4 -+ + D lyd™ -y e U(X).

Proof. This result is proved by finite dimensional integration by parts with respect to

Ao, under the boundary conditions imposed on elements of U (X). O]

Given a Hilbert-Schmidt operator K : H — H, the Carleman-Fredholm determinant
of Iy + K is defined as

[e.9]

dety(Iy + K) = [ (1 + o) exp(—a), (4.2)

=0

where (ay)ren are the eigenvalues of K, counted with their multiplicities, cf. [6].

Theorem 4.1 Let F : B — H be such that h — F(x+h) is continuously differentiable
in H®H on{h€ H : x+hé€ By}, a.s. forxz € B. Assume that

(i) (I + F) (B) = B,
(ii) (I + F)(B)) C Bi, ke N, i=1,...,d+1,
(11i) Ip + F : B — B is a.s. bijective,

() Ig + DF : H— H is a.s. invertible.

Then
Ep[f] = Ep ||deto(Ig + DF)|exp (—5(}7) — %|W0F|§{> fo(lp+ F)]

for f : B — R measurable and bounded, where 7° : H — [2(IN) is the projection

operator defined as 7°(u) = (u)ren-
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This result is a particular case of Th. 4.2 stated below and proved in Sect. 6. The
integrability condition (2.2) in Th. 2.1 is ensured by the hypothesis of Th. 4.1. We also

make the following remarks:

e The boundary condition (i) in Th. 4.1 is natural. For i = 1, it states that if two
points in v have same jump times then their images by Iz + F' also have same

jump times. For ¢ =2,...,d 4+ 1, it means that
m=+1 = F(k,i)=0

i.e. if a point lies at a boundary of [—1,1]¢, then its image by I + F lies at the

same boundary.

e Let us check that in the adapted Poisson case (F'(n,0) = 0, n € IN), the above
result is in agreement with Th. 2.1 (v is the flat intensity given by (3.1)). If
Ig + F : B — B satisfies the hypothesis of Th. 4.1 and corresponds to a
smooth F-predictable random diffeomorphism ¢ : Ry x[—1,1] — Ry x[—1, 1]¢
satisfying the hypothesis of Th. 2.1, then DL F(l,j) =0, k > [, hence Iy + DF is
a block diagonal matrix, each d x d diagonal block being equal to the Jacobian
determinant |0¢(T},)|. We have 7} + F(k,1) = ¢'(Tiy1) — &' (Tk), k > 1, ¢'(T},) =
tlifri =41, k>1,i=2,...d+1, and

Y F(k1) = lim(¢"(T}) - T})

k—oo
k=0

= Jim w(0(0, 78] x [~1,11%) — v([0, Ti] x [~1,1]%)

= / (|0¢(s, )| — )v(ds,dx), a.s.
Ry x[—1,1]d

Hence the formula of Th. 2.1:

| deto(Iy; + DF)|exp (—5(F)) = |det(Iyy + DF)| exp (- i Pk, 1))

k=0
= oo <_

= e (= [ Qoots.n) - 1wt o)) TT oot

k=1

NE

F(k, 1)) [T 100(73)]

k=1

e
I

0
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e Still in the adapted Poisson case, the Carleman-Fredholm factorization dets (/g +
DF) of the determinant has some similarity with the expression (2.5) of the
density Lo, = dQ/dP. The conditions Z = (|0¢| — 1) € L'(R; x [-1,1]4, D),
resp. Z(|8¢| — 1) € L*(R, x [~1,1]%, D) are the respective analog of the trace
class and Hilbert-Schmidt hypothesis on DF', a.s. More precisely we have

00 d+1
det(Iy + DF) = [ [ 10¢(T)| exp (- > DiF(k, z')) .
k=1 =1

If (and only if) d = 0, then the Carleman-Fredholm determinant dets (/g + DF)

coincides exactly with the factorization (2.6), i.e
dety(Iy + DF) = [ [ |¢/(Th) | exp (1 — ¢/(T})) ,
k=1

and 6(F) = [;7 ¢/(t)(v(dt) — v(dt)).

e In the general adapted case, i.e. if F' also perturbs the Brownian component, then
this type of result can not be checked via the above elementary computation.
If Igp + F satisfies all the above smoothness and adaptedness conditions, the
comparison of Th. 4.1 to the classical Girsanov theorem Th. 2.1 yields an equality

between

|deto(Iy + DF)|exp (—5(F) — 1|7TOF|§{)

= |det(Ig + DF)| exp ( ZT,SF k,0) — F(k,1) — %(F(k;,O))Q)

- oo (- 1z<s>dw<s>+ /R X[_luduaqﬁ(s,w)\—1>u<ds,dx>—§ [ =toras)
x|det(Iy + DF), T

and

exp (— / ()W (s) + / L lo0ts @) (s, dr) ~ 5/ 1 z<s>2ds)
9 ﬁ 06(T3)],

hence the expression of the determinant in the case of an adapted transformation

of a Brownian motion and a Poisson random measure satisfying the hypothesis
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of Th. 2.1 and Th. 4.1:

det(Iy + DF) H |06(Ty)|-

We will prove a result which is more general than Th. 4.1 and does not require Iz + F

to be bijective. For this we need to consider the following class of transformations, cf.
10, [21].

Definition 4.2 A random variable F : B — H is said to be HC},, if there is a random
variable R : B — [0,00] with R > 0 a.s. such that h — F(x + h) is continuously
differentiable in H @ H on

{he H : ||h||lg < R(z) and v+ h € By},
for any x € B,

Our main result is the following, it is formulated for not necessarily invertible shifts,

as in [21] on the Wiener space.
Theorem 4.2 Let F € HC,,. and M = {x € B, :dety(Iy + DF) # 0}. Assume that
(i) (Ip + F)(B-) C B_ and
(ii) Ig+ F)(By) CBi, ke N,i=1,...,d+ 1.
Then
(i) N(z; M) := card((Ig + F)~'(x) (M), x € B, is at most countably infinite,
(1) we have
EnlfN (i) = Ep ||deta(l + DF)exp (~0(F) = x°Fly ) fo(ln+ F)]
for f €C)(B),

(iii) the measure (Ip + F).(P) is absolutely continuous with respect to P, and

d(IB + F)*P\M ( 1 0 2 =
) = g exp | 0(F)(0) 4+ =|m" F (0 :
dP @) 0c(Ip+F)~1(z)NM ) 2| Ol |deta (I + DEF(0))|
Proof. cf. Sect. 6. =

Th. 4.1 is a particular case of Th. 4.2 with R = oo, P-a.s., P(M) =1 and Ig + F

P-a.s. bijective.

15



5 Technical results

In this section, some further notation is introduced, and basic properties of D and ¢

are stated.
Definition 5.1 For p > 1, we call

o D, (X) the completion of S(X) with respect to the norm
IFI D, ) = WENx o) + IIDF [ mex]les)

° ]DZJ(H) the completion of U(R) with respect to the norm || - ||./D,,¢1(H)7

o Dy1(X), resp. DZ;’OJ(H) the subset of IDs71(X), resp. Dg{l(H) made of the
random variables F for which ||Fl|p_ | ). resp- |Fllp_ () s bounded.

For p € [1,0], we call

. ]D;ff(X), resp. ]Du l¢(H), the sets of functionals F such that there is a measur-
able almost sure partition (A,)nen of B and F,, € ID,1(X), resp. F, € Dzl(X),
with F,, = F a.s. on A,, n € N.

Forp=2,
e let Dom(d; X) denote the domain of the closed extension of 9.

The interest in the space DY, (H) is that it is a Hilbert space contained in Dom(d; X),

as shown in the following proposition.
Proposition 5.1 (i) The operator  is continuous from ID%,(H) into L*(B) with

I8Py < (d+ 2Py 0 F € DA (D) (1)

(it) The operators D and § are local, cf. [2], [12], [14], i.e. for F' € IDy;1(X), resp.
F € Dom(6; X). we have DF = 0 a.s. on {F =0}, resp. §(F) =0 a.s. on
{F =0}.

Proof. (i) Let F' € U(R). We have

6(F):§:< OF(k,0) + F(k,1) — diDl m),
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and

(6(F)? < (d+2) (iTF F(k:,O))

2 d+1 [/
+(d+2) (ZFkl LRk, 1)) +(d+2) Z(ZDk k@) :
=2 =
hence from the Gaussian, exponential and uniform cases, cf. [17], [14], [15], we have

e, < 4 20Er |3 (0 ]

d+1
+(d+2)Ep Z (DYF(1,0))* + (D F(1,1))* + Z(D;;F(l, @'))2]
k=0 =2
< (d+2)|7°F |5

21 (H)

(See Th.4.1 for the definition of V). The proof of (ii) relies only on the duality relation
between D and § and on the density of U(X) in L?(B; H ® X). O

The proof of the following result is directly adapted from [4], [11], [13], [14], it stays
valid by replacing Ay with any absolutely continuous probability measure on R**2. Let

F, denote the o-algebra generated by 7, ..., 7.
Lemma 5.1 Let F € L*(B;X) and F,, = E[F | F,,)| € D3;(X), n € N.

o F' e IDy1(X) if and only if F,, € IDy1(X) Vn € N and (DF,),en converges in
L*(B;H® X). In this case,

HDFnHH®X < ||DF”H®X, a.s., ne N.

o F,, belongs to IDs1(R) if and only if there exists
fe WH(EMAF")
such that F,, = f(70,...,7,). In this case, DF,, = (Ocf(T0,- . Tn))jen-
o Assume that for some ¢ > 0,
|F(x+h)— F(x)||lx <c|h||g, h€H, x€By, x+he B,.
Then F € IDy1(X) and | DF ||pex < ¢, a.s.

17



We denote by 7, the application 7, : B — H defined by m,(z) = <xk’1{k§”}>kzeN'
Lemma 5.2 Let F': B — H measurable and bounded such that

(i) (Ip+F)Bj)CBj, ke N,i=1,...,d+1,

(i1) F' is Lipschitz on By with Lipschitz constant ¢ > 0:

|F(z+h) — F(x)||lg <c||h|lg, he€eH, x€ By, x+he B;.

Then F € IDY% (H), and there is a sequence (F,)nen C U(R) that converges in
DY (H) to F with

() [ Enllzlloe < [HIEalloo-

(1) [IDFallnenllo < ¢, n € N.

Proof. Let
E, i =0,
E;={ RxRx[-1,1), i=1,
Rx Ry x[-1,1]2x R x [-1,1]"H =2, d+1,
and

Bi={zeBy : zr€k}, i=0,...,d+1, keN.
First we note that after putting ' = 0 on B¢, the Lipschitz condition on F' extends to
Bi as
|F(k,0)(x+ h) — F(k,0)(z)| < c||h||lg, he€H, z€ B,i, r+he B,i.

Let F,, = m,E[F | F,], n € N. The sequence (F,)nen converges to I in IDy;(H) and
satisfies to (i) and (7). There exists a function fi € W>'(R@2" ) dr) which has a
Lipschitz version on R and support in £, such that F,(k,i) = fi(70,...,n)
P-ae, k=0,....,n,1=20,....,d+ 1. Let ¥ € CCOO(]R(d+2)("+1)) with support in
[—2, 0]FET2T % [0,2] x [—2, 0] REFAHER2=D) 0 < U < 1 and [jas2men V(@)dz = 1.
Let for N > 2 and y € B

() 420D [ (N (y — @) fia)da, i = 0,1,

brin(y) = ( )(d+2)(n+1) fEE U(N(y —x)) fi(z)dr, yi. <0, i=2,...,d+1,

z|=

d+2)(n+1 . . .
() DU L W(N(y + @) fi(a)de, g2 0, i =2,....d+ 1.

\
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For k€ Nand i = 0,...,d + 1, let Gn(k,7) = ¢pin(T0,...,T0), Kk = 0,...,n, and
Gn(k,i) = 0, k > n. Then Gy € U(R), N > 2, and (Gn)y>2 converges to F, in
D, (H) and satisfies to (i) and (7). O

We refer to [10] for the following definition on the Wiener space.

Definition 5.2 If A C B is measurable, let

(z) = infreg {||h||lg : z+he A}, x€B,
PAT) = oo, r¢ A+ H, € B.

Let ¢ € C°(R) with [|¢[le < 1, such that ¢ = 0 on [2/3,00[, ¢ = 1 on [0,1/3] and
|9/ |0 < 4. If A o-compact, then

l¢(palz + h)) = d(pa(@))llm < [|¢llllPll, =€ B, heH,

hence ¢(pa) € Doo1(R) with [[Do(pa)llr < [|¢']|co-

Lemma 5.3 Let ng € N and F € HC,,,, such that
(Ig+F)Bj)CB;, i=1,....,d+1, k>ng.

Let o, B > 0 and

A={xz€eB_ : ppi(mr)>4/fa, keN, i=1,....d+]1,
R(xz) > 4/a,
sup |[F(z + h)|[a < 5/(6a),
IRl <2/c

sup ||DF(I+h)HH®H §5/6}

Irllm<2/a

and F = ¢(apg)F, where G is a o-compact set contained in A. Then
|F(z+h) — F()||lg < (58/6)||hllg, h€H, z,2+h¢c By,

and ||||F g |lse < B8/(6a). Consequently E € DY ((H), and F € Dgol‘fc(H)

Proof.  Any z € A satisfies z; > 4/a, 1 — 2l > 4/a, and 2}, + 1 > 4/a, i =
2,...,d+ 1, k < ny. For z in Bl we have pa(z) > 4/, hence ¢(apa(x)) = 0, and
(Ig+ F(k,i))(Bi) Cc B.,,0<k<mng,i=1,...,d+1. From Lemma 5.2 it follows that
Fe DY | (H). The fact that F € ]Di{ol‘fc(H ) is proved by covering B with a countable

collection of sets such as A, with a, f € QNJ0, ool. O
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Lemma 5.4 Let F,Ge€ S(H) and T = Ip+ F. We have GoT € Dom(é) and

§(G)oT =06(GoT)+trace (DF*(DG)oT)+ (7°F,GoT)y.

Proof. We have 6(GoT) € S and

00 oo d+1
0(GoT) = Y 7G(k,0)0T+G(k,1)oT =Y Y Dj(G(k,i)oT)
k=0 k=0 =0
00 oo 1=d+1
= Y TG(k,0)oT+G(k,1)oT=> > Dillp+F)(DG(k,i)) o T
k=0 k=0 =0
i=d+1 oo A A
= —(m"F,GoT)y+46(G)oT~ Y Y DiF(,j)(DiG(ki)oT
i,5=0 k,l=0

= §(G)oT —trace (DF*(DG)oT) — (7°F,GoT)y.

6 Proof of Th. 4.2

Since from Prop. 5.1, IDY,(H) C Dom(é), we define
1
Ap = dety(Ig + DF) exp (—5(F) - 5|7r0F|§q) , FeDY™H). (6.1)

The proof of Th. 4.2 is done in two main steps: first we treat the case of Lipschitz
transformations in the following lemma. Then we use the fact that F' € HC,;,, can
be locally written as a Lipschitz transformation, as in [10]. Let Pl denote the image

measure of P by 7+ := Ig — .

Proposition 6.1 Letny € N, let K : H — 7,,H be a linear operator such that I+ K
is invertible, and let v € 7, ,H. Let F': B — H be measurable, bounded with bounded

support, such that
(i) I+ F)B,)CBi, keN,i=1,...,d+1,
(it) my o (Ip + F)(B) C By, a.s.,
(iii) F is Lipschitz on B_ with Lipschitz constant ¢ < (|(Iy + K)™Y|e) -

|F(z+h) — F(x)||lg <c|l|lh||lu, h€H, x€B_, v+ hec B_. (6.2)

20



Then Ig + F + K + v is injective and there is r > 0 such that
Belfl = [ WArvcnd fo(ln+ F+ K +0) o o P
B

for f: B — R bounded measurable with support in B_.

Proof.  Step 1: finite dimensional case. The injectivity of Iz + F' + K + v follows
from (6.2) as in [10], [14]. Let F' = 0 on BS. Let (F,)n>n, C U(R) be the sequence
given by Lemma 5.2, converging to F'in Dy ;(H), and let T,, = I+ F,, + K 4+ v. Since
T (Ig + F)(B) C By, by construction the sequence (F,)nen also satisfies m (Ip +
F,)(B) € By, n € N. Replicating the argument of [10], [14], [21], we show that
Ip+ F,o(Ig+ K) ' + v is contractive from (6.2), hence bijective on B with inverse

Ip+G, = (Ip+ K)oT,! where G, satisfies
Gn=—-F,0o(lg+K)o(Ip+G,)—wv, (6.3)

and

IDGllrom < (I + K) oo/ (1 = cll (T + K) ™ |oo)- (6.4)

From (6.3) and the uniform boundedness in n and x of (F},)n>n, and (Gy)n>n,, there
exists r > 0 such that |7, '(k,i)] < 147, 4= 2,....,d+ 1, and T, (k,1) > —r,
neN, k=0,...,np, on By. Let g € C*(RUHDHD 7 H) such that F, + K +v =
9(To, .-, Ta), n > ng. Since m, (Ip + F,)(B) C By and F,, =0 on B_, n € N, from
(6.3) we have

T,{xreB : zxy€FE, k>n})={x€B : z,€E, k>ng}, (6.5)

hence = — z + g(z) is a diffeomorphism of (R*™2)" x E"~"0. The Jacobi theorem in

dimension (d + 2)(n + 1) gives:

/B |AFn+K+'U| f(ﬂ—n o Tn) d)‘f“@(mﬁ_l) ® P:;)

1
— T oy 1o @ SO+ gla)

k=n
| 1
| det(Ign1 + 9g)| exp (— > gk + @+ Thgh + (@) + 5(92)2> m(dx)
k=1

k=n
— 1 1 1 0y2
= @D /R wemnsyy B ) () exp ( ;yk + 5 (W) > m(dy)
= Ep[foml], (6.6)
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where m(dz) denotes the Lebesgue measure on R0 for f ¢ ¢F(REHD )

with support in £"*!. This relation extends to f € C;(B) with support in B_:

/B Ar, k0l foTn d/\f?(no—'—l) ® PnLo = Ep|[f].

Step 2: uniform integrability argument. From the de la Vallée-Poussin Lemma we need

to find a bound on

/BlB 0 Tl Mg, + K10 108 [ AR, 4 io|| AAETOT) @ P

uniformly on n > ng. Since (||DF, ()| #gr),en 18 bounded uniformly in n € N and

x € B, (|dety DT, (2)|)nen is uniformly lower and upper bounded from
[deta (DT (2))] < (1+ || DTo(2) = Inllnen) exp(1+ | DTo(x) = Tnllion),
we only need to estimate

/ 1. o Tu|0(F, + K +0)Ap, 4 gs0] AT @ P
B: Ep [|6(Fo+ K +v)oT, ']
< Ep[|6(mngFr+ K +v) o T, '] (6.7)
+Ep [Jtrace [(D (~Ko(Ip+ K) "+ (Ip+ K) ' 0G,)) - (Dmp F,) o T, ]
+Ep [|(n°(G+ Go(Ip+ K)), 7y Fry o T, ]

+Ep [|0(mt F o T,Y)] (6.8)
from (6.6) and Lemma 5.4, since

T.," = (Ip+K)'(Ig +G,)
= (Isg+K)"'+(Ip+K) '(Ig+ Gy)
= Ig+K)Ipg+K) ' —K(Ip+ K)"'+(Ig+K)'(Ig + G,)
= Ip—K(Ipg+K)'+(Ipg+ K)'(Ig+G,), necN.
The first three terms in (6.8) are uniformly bounded in n from (6.4). From (6.3), we
have 7. G,, = —m. F, o T),Y, and 7 G, € U(R), hence from (5.1),
Ep [|6(my Fao TD] = Ep [|0(m0,Ga)l] < Ep [|0(730,Ga) ]
< (d+2)Ep [| Dy, Gullyen] + (d+2)IIFI1%
< (d+2) (el (I + K) Hloo/ (1 = ell(Tr + K) )
+Hd+2)IFS, n = no,
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from (5.1). Choosing a subsequence we have the A (o)) Pi--a.e. convergence of

(IAp+x0lf © Tuuzng 10 [Apiscsa] foT, and by uniform integrability

[ esinl FoT axzo o P = Eplf] (6.9)
O

Proof. of Th. 4.2. We construct a family of sets that form a partition of M, such that
F' is Lipschitz and satisfies the hypothesis of Prop. 6.1 on each of those sets. Given

K : H — m,,H a linear operator, v € m,,H, n > 8, let

8
A(ng,n, K,v) = {xEB,:pBi(mox)>—, keN,i=1,...,d+1,
n
4
R(z) > —,

n

1 _
sup | P+ h) = K(z+h) —vlla < o ([(Ta + K) 7o) g

IAlE<1/n

D IDE@ + B) = Kllaen < % (12 + K)l“‘”)_l} ’
Let Fr.u = (0P i(ngm i) (7 — K —v), where A(ng, n, K,v) is a o-compact modifica-
tion of A(ng,n, K,v)(M. Then from Lemma 5.3, F, and A(ng, n, K,v) satisfy the
hypothesis of Prop. 6.1, and since T' = Ip + Fk, + K + v on fl(no, n, K,v) C B_, we

have from Prop. 6.1:

Ep [1A(n0,n,f<,v) |Ap| fo T] =LEp [1T(A(n0,n,f<,v))f] :
Finally we deal with the non-invertibility of T = Ig + F as in [21]. Denote by
(Ag)ren the countable family (A(ng,n, K, V))ng.m k0 Obtained by letting K, resp. v,
run in the finite rank linear operators and vectors with rational coefficients. Let

M, = A, N (Ujig_l fli>c, n € N*. We have the partition | J,, .- M, = M, and

Ep[|Ap| foT] = > Ep[lu,|Ar| foT]

n=0
n=0
The computation of d(Ip + F').P),,/dP follows from

S e RN

n=0
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