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Abstract

This paper reviews nonlinear extensions of the Slivnyak-Mecke formula as
moment identities for functionals of Poisson point processes, and some of their
applications. This includes studying the invariance of Poisson point processes
under random transformations, as well as applications to distribution estimation
for random sets in stochastic geometry, random graph connectivity, and density
estimation for neuron membrane potentials in Poisson shot noise models.

Key words: Poisson point process; moments; stochastic geometry; random-connection
model; filtered shot noise processes; Gram-Charlier expansions; neuron membrane po-
tentials.

Mathematics Subject Classification (2010): 60G57; 60G55; 60D05; 60G40; 60G48;
60HO7.

1 Introduction

Computing the moments and cumulants of random variables has important applica-

tions in probability and statistics, e.g. for the estimation of distributions. In this paper
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we review the computation of moments of random functionals of Poisson point pro-
cesses via combinatorial identities that extend the Slivnyak-Mecke formula to higher

order moments, see [Pril2b, Pril6|, and present some applications.

For this, we derive moment identities for stochastic integrals using sums over
partitions. Those identities are used to derive criteria for invariance of Poisson ran-
dom measures under random transformations, and for distribution estimation of the

cardinality of random sets based on a Poisson point process.

The moments of random functionals can be used to estimate random graph con-
nectivity in the random connection model using probability generating functions. This
approach is based on the computation of the moments of k-hop path counts as sums

over non-flat partitions, using extensions of moment identities to multiparameter pro-

cesses, see [BRSW17].

The calculation of moments can also be applied to estimate the skewness and
kurtosis of probability distributions, and to approximate probability densities via
Edgeworth and Gram-Charlier expansions. Examples are provided using stochastic
differential equations in Poisson shot noise models, with an application to the estima-

tion of probability densities of neuron membrane potentials.

This paper is organized as follows. In Section 2 we review moment identities
for Poisson stochastic integrals with random integrands. In Section 3, such identities
are specialized to indicator functions of random sets, for application in stochastic
geometry. Section 4 deals with applications to the statistics of k-hop counts in the
random-connection model, using multiparameter stochastic integrals for the analysis
of random graph connectivity. Section 5 considers the moments of Poisson shot noise

processes, with an application to the modeling of membrane potential distributions.

2 Moments of Poisson point processes
We consider a Poisson point process with intensity measure o(dx) on the space

Q% = {¢ = {aitier CX : #(ANE) < oo for all compact A € B(X)}



of locally finite configurations on a subset X C R, where £(A) = #{k : =z, € A}

denotes the count of configuration points that belong to a measurable subset A C X.

For all compact disjoint subsets Ay,..., A, of X, n > 1, the mapping

is a vector of independent Poisson distributed random variables on IN with respective
intensities 0(A4;),...,0(Ay,). As a consequence, the Poisson stochastic integral with
respect to the Poisson random measure with intensity o(dz) on X has the moment

generating function

E [exp (Z h@:))] ~ exp < /X (eh@) _ l)o(dx)) | 2.1)

el
Slivnyak-Mecke identity

The Slivnyak-Mecke ([S1i62], [Mec67]) identity allows one to compute the moments of

first order stochastic integrals of random integrands as

E [Z u(x,g)] —E UX gu(:p,g)a(dx)} , (2.2)

reE

where ¢/ is the addition operator defined on random variables F' on Q* as

P =FEu{s}), 2eX
Nonlinear Slivnyak-Mecke identities

Next, we show how the Slivnyak-Mecke identity can be used to derive a covariance

formula with random integrands. We have

E Zu1($1,€)zu2<$2,§)] = E[Z(ZUQ(@uf))Ui(l’hf)]

z1 €€ x2€E z1€E \ 22€¢
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= B [/Xe;<ZuQ(Sﬁz,ﬁ)ul(iEbf))U(dxl)]a

To€l
with
6;1 Z UQ(:UQ, 5) = Z 6;1u2<x27 5) + 6;1u2(1:17 é)
To€l z2€¢

Hence, another application of (2.2) yields

E [Z ur(21,€) Y un(ws, 5)]

x1€€ T2€€

= E /XZe;fl(ul(xl,§)u2(x2,§))a(dx1) + E

L T2€§

/Xejl(ul(xl,§)U2($1,§))U(dxl>]

~E| [ el nlon e, O)oldn)oldrs

+E

| <u1<x1,f>u2<x1,§>>o—<dx1>].

Proposition 2.1 below, see Theorem 1 in [Pril6], can be regarded as a nonlinear
extension of the Slivnyak-Mecke formula (2.2) with random integrands u : X x Q% —
R. The sum (2.3) runs over the partitions 7y, ..., 7 of {1,...,n}, where |r;| denotes
the cardinality of the block m;, i = 1,... k. Given 3, = (z1,...,2,) € X" we will use

the shorthand notation 5;; for the operator

(el F)(&) = F(€U{z, ..., 2z0}), £ e Q¥
for F' a random variable on QX.

Proposition 2.1 Let u: X x Qf — R be a (measurable) process. For alln > 1 we

have
n el
E — E + lpu elel (g ’ 2.3
KZ u(:c,é)) ] > /X e T1u"1(z)0%" (d),) (2.3)
€€ p€EIl[n] =1
where the sum runs over all partitions p of {1,...,n} with cardinality |p|.

See |[DF14] for an extension of (2.3) to point processes admitting Papangelou inten-
sities, and [BRSW17| for an extension to multiparameter processes. This result can
be more generally stated as the next joint moment identity for Poisson stochastic

integrals with random integrands, cf. Proposition 7 in [Pril6].



Proposition 2.2 Let uy,...,u,: X x Q* — R be random processes, p > 1. For all

ni,...,np >0 and n:=n; +---+mn,, We have
ny Np
E (Z ul(£17€)> Zup<xp7£)
r1EE zp€E

=2 2 E[/ el <HHU?”'(%£)> a(dxo---a(dm],
n} Xk . .

k=1 7r1U---U7Tk={1 ,,,,,
where the sum runs over all partitions 7y, ..., of {1,...,n} and the power li; s
the cardinality

=m0 (ny+ -+ nig,ma + -+ ni i=1,....k, j=1,...,p.

Proposition 2.2 implies in particular the next joint moment identity. Let fi,..., f, :

X — R be deterministic functions, p > 1. Then, for any bounded random variable

F and ny,...,n, > 0and n:=ny +---+n,, we have
ni Tp
E|F (Z fl(xl)) pr(%))
r1€E Tp€E

- Y 2 [ mlear [T eetin) ot

k=1 mU--Um,={1,....,n}
3 Random sets in stochastic geometry

We consider possibly random sets A(§) such that
{€cQ® - A)C K} eF forall K € K(X),

and let N(A(§)) denote the cardinality of € NA(£). The next proposition is a factorial
moment identity for NV(A), see Proposition 2.1 in [BP14].

Proposition 3.1 Let A(§) be a random measurable subset of X. For alln > 1 and

sufficiently integrable random variable F', we have

E[F N(A)y) =E [/ er (Flan(zy, ... 20)) 0" (day, ... day) |

where N(A)qm) = N(A)(N(A) —1)(N(A) —n+ 1) denotes the descending factorial of
N(A), n>1.



Given K in the collection IC(X) of compact subsets of X let
Fx:=0WU) : UCK, o(U) <)

denote the sigma-algebra generated by £ — &(U), with U C K and o(U) < co. We

recall that a random compact set S is called a stopping set if
{£€QF : S(¢) C K} € Fr forall K € K(X).

In other words, modifying the configuration £ outside of S(§) does not affect S(&)
itself, see [Zuy99] and Definition 2.27 page 335 of [Mol05].

In the sequel, we consider stopping sets S satisfying the following monotonicity and

stability conditions.

i) The stopping set S is non-increasing in the sense that

S(EU{z}) CS(9), Eec*, reX.

ii) The stopping set S is stable in the sense that

r €S(6) = x €S(Eu{x}), e reX

Examples of stopping sets satisfying the above conditions can be given as follows:

- The minimal closed ball S = B,,, centered at 0 and containing exactly m > 1 points,

see Figure 1-(a).

- The complement S of the open convex hull S of a Poisson point process inside a

convex subset of finite o-measure in R, see Figure 1-(b).

- The Voronoi flower S, which is the union of closed balls centered at the vertices
of the Voronoi polygon, containing the point 0 and exactly two other process

points, see Figure 1-(c).



(a) Disc By, with m = 5. (b) Convex hull. (¢) Voronoi flower.

Figure 1: Examples of stopping sets.

- The complement S of the union of open cones generated by a Boolean-Poisson

model on a set of finite o-measure in R?, see Figure 2.

Figure 2: Cones generated by a Boolean-Poisson model.

- Other examples of stopping sets include the Voronoi sausage or the Delaunay lunes,

see e.g. |[CQZ03| and [Cow06|.
From (3.2) and Proposition 3.1 we obtain the next factorial moment identity.

Proposition 3.2 Let S be the complement of a stable, non-increasing stopping set S.

For alln > 1, we have

1

n

E [FN(S)m] =E {/ el -orep Fo(dw)---o(dey,)|,
for F' a bounded random variable.

Given S a stopping set, we consider the stopped sigma-algebra generated by S defined
as

Fs=0(BEF : BN{€eQ* : S(¢) C K} € Fx, K € K(X)),



see Definition 1 in [Zuy99]. As a consequence of Proposition 3.2, we obtain the

following invariance result, see Propositions 4.1-4.2 and Corollary 5.2 in [Pril5|.

Corollary 3.3 Consider S(§) a stable and non-increasing stopping set and F(§) a
non-negative Fg-measurable random variable with IE [e”(g)(l + z)§<§>F(§)} < oo for

some z > 0. We have the Girsanov identity
E[F(¢)] =E [e® (1 4 25O F(¢)]. (3.1)

Relation (3.1) yields the following conditional Laplace transform for S(&) a stable and

non-increasing stopping set:

]E[e—za(S) | £(S) =n] = a —:z>n %((5((5)):

n)

, z2>0, neN,
n)

where P, denotes the Poisson point process distribution with intensity zo(dz), which
is consistent with the gamma-type results of Theorem 2 of [MZ96| and Theorem 2 of
[Zuy99]|, and this recovers the gamma distribution of ¢(S) conditionally to £(S) = n,
when P, (£(S) = n) does not depend on z > 0.

Corollary 3.4 Let S be a non-increasing and stable stopping set. Then the comple-

ment S of S satisfies

(0B

. (a(S)", n > 0.

P(N(S) =n | Fs) =

Proof. We note that the complement S of a stable and non-increasing stopping set S

fulfills the condition
e (Is(a1) - 15(wn)) = 15(21) -+ Ig(@n), @1, 20 € X, n2>1, (3.2)

and apply the factorial moment identity of proposition 3.2. U

Corollary 3.4 shows in particular that, given the stopping set S, the count N(S) is a
Poisson random variable with intensity o(S), see Theorem 3.1 of [BR16], and [Pril12a,
when S is the closed complement of the Poisson convex hull S. From Corollary 3.4 we

can construct an alternative estimator

P(N(S)=n | Fs) = ("glﬂeﬂ@). (3.3)



of the distribution P(N(S) = n) of the number of Poisson vertices inside the comple-
ment S of a stopping set S, in addition to the standard sampling estimator 1 (N@)=n}>
see [Pri21] for numerical experiments where the performances of the estimators 1y g)_
and (3.3) are compared via their respective variances given by P(N(S) = n)(1 —
P(N(S) = n)), and I [(0(S))?>*e"2®)] /n!2 — (B(N(S) = n))>.

4 Multiparameter integrals in random graphs

In this section we consider joint moment identities for multiparameter processes

(uzlrnzr)(Zl,...z,,.)eXT .

e Let II[n x r] denote the set of partitions of
Apsr i ={1,...,n} x{1,...,r} = {(k,l) ck=1,...,n, lzl,...,r}.
e Given p = {p1,...,pm} a partition of A, let (¥ : Anu, — {1,...,m} let
¢?(k,l) =p if and only if (k1) € p,,
denote the index of the block p, containing (k,[).

In the next proposition, see Theorem 3.1 in [BRSW17]|, we use the notation

erulz, 2, 8) =z, EU {2 2kd), = (21, 2) €X0) (4)
for (w(z1,..., 2k, &))s.. sex a multiparameter process.

Proposition 4.1 We have

= [( Z w(z, .52, & ) ] Z = [/X| ‘€+p ]Hu(zﬁk)aéalp(dﬁlpl)] g

----- z2r€g pEIl[nxr]

where 2 = (2¢o(k1), - - > Zeo(kr)) ond mp = {(k,1),..., (k,r)}, k=1,...,n.

When n = 1, this yields the multivariate version of the Georgii, [NZ79| identity

E [ Z u(zlw"azrag ] Z IE |:/ 3\ | (Zcp(lvl)’"'7ZCp(1:T))O-®|p|(d5P):| :

peIl[1xr]



We write 7 < ¢ when a partition 7 € II[n X r| is finer than another partition o €
II[n x 7], i.e. when every block of 7 is contained in a block of 0. We also write
pAT=0when pp=0:={{1,1},...,{n,r}} is the only partition p € II[n x r] such
that p <mand p < p,ie. |mNp| <lfork=1,....,n,l=1,...,|p|. The moment
identity in the next proposition is written as a sum over partitions p € II[n x r|
such that the partition diagram I'(7, p) is non-flat, see Chapter 4 of [PT11|, where
7= (m,...,m) € ln x r] is given by 7 := {(k,1),...,(k,7)}, k=1,...,n.

Proposition 4.2 Assume that u(zy,...,2.,&) = 0 whenever z; = z;, 1 <i#j <,

&€ Q*. We have

n

----- zZr€g pEllnxr] k=1
p/\7rz6
where the sum is over non-flat partition diagrams I'(w, p), with 2£ = (Zcok,1), - - - 5 2¢r(kyr))

and 7, = {(k,1),...,(k,")}, k=1,... ,n.

Figure 3 shows an example of a non-flat partition of II[n x r| with n = 3 and r = 2,
which is tagged using the four symbols A, O, O, O, with m3 = {(3,1),(3,2)}, m =
{(2,1),(2,2)}, m = {(1,1),(1,2)}, and A = {(1,2),(2,1),(3,2)}, © = {(1,1), (3, 1)},
o={(2,2)}.

™3 ® N
Ty /o\ ®
T ® N

Figure 3: Example of a non-flat partition of I1[3 x 2].

Figure 4 illustrates the non-flat partition technique in the case n = 3 and r = 2,
by displaying 6 out of the 87 multigraphs occurring in the computation of the case
of the third moment of the 3-hop count based on possible combinations of common
nodes in the product (4.2), together with each corresponding non-flat partition of
3 x 2] ={(1,1),(1,2),(2,1),(2,2),(3,1),(3,2)}, and every path in the multigraph is
followed from the blue node = to the red node y.
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Multigraph Partition Multigraph Partition Multigraph Partition
P > (@] =< (@] =< (@]
-
- -
(@) < < (@] < (<)
-

L =
AN = VAN = VAN =
> O [ N (] N

-
- < O - (| (@) T - ® AN ()
-

AN < (=] < < AN

Figure 4: Matching of non-flat partitions of [3 x 2] to multigraphs with identification
of common nodes.

Random-connection model

In the random-connection model, two vertices x # y of the Poisson point process & of
nodes on X C R? are independently connected with the probability H(z,y) given ¢
in the probability space Q*, where H : X x X — [0,1] is a connection function, see
Figure 5. In particular, the 1-hop count 1,.,;, where x <> y means that x € X is
connected to y € X, is a Bernoulli random variable with parameter H(x,y) and we

have the relation

E [6; H Loy (6) 'f] = HH<Zu Zig1)
i=0 =0

for any subset {zo, ..., 241} of distinct elements of X, where e; is the addition oper-

ator of point process nodes at the locations 3, = {z1,..., 2.}, see (4.1).

Figure 5: Random-connection graph.

Given z,y € X two vertices in X, the count N*¥ of (r 4+ 1)-hop paths from x to y as

particular cases, i.e. the number of (r + 1)-hop sequences zi, ...,z € & of vertices

11



connecting x to y in the random graph is the multiparameter stochastic integral

N2 = Z u(z1, ..y 2r)

215052 €6

over the vertices of the point process £, of the multiparameter r-process

U(Zl, ceey Rry f) = ]l{ziqézj, 1§i<j§'r}]1{21,.‘.,zr€§} H ]1{27;<—>zi+1}(£)
i=0

which vanishes on the diagonals in X", with zp := x and z,,, := y. Computing the

moments of N, requires to raise N, to a given power, creating product terms of the

form
n

[Tu", 2050 (4.2)

=1

where (z%l), . zﬁl)) denotes the sequence of points appearing in the [-th product term.
For example, computing the second moment of a 3-hop count requires to identify and
count the 7 possible multigraphs that can connect x to y via two 3-hop paths with
possible common nodes as in Figure 6, see also Figure 2 in [KGK18]|, in which every
path in each multigraph is followed from the blue node x to the red node y. The
difficulty in dealing with common nodes is that they break the independence property

in the product (4.2), and as such they have to be dealt with separately.

Figure 6: The seven possible ways to join two nodes via two 3-hop paths and their
common nodes.

The next proposition, which is a direct consequence of Proposition 4.1, provides a

general expression for the moments of the count N;% of (r+1)-hop paths, see [Pril9)].
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Proposition 4.3 The moment of order n of the (r + 1)-hop count between x,y € X

s given by
E[(N5)"] Z E [/ HH H'M "t (2ge(1,0), Zcp(l,z‘+1))0®|pl(d3\p\)
pell n><r] Xle! =114=0
pAT=0

where zo = x, 2,01 =y, ¢P(1,0) =0, C?(I,r+1)=r+1, and

nzl = #{(pa.]) S {L'”an}X{Ov S 7T} : {Cp(l7i)7<p(l7i+1>} - {Cp(p,j)agp(p7j+1)}}'

In particular, the first order moment of the (r + 1)-hop count between z € X and

y € Y is given as

H" (29, 2,41) = ]E[ Z u(zl,...,zr,f)]

/d . /d HH(zi, ziy1)o(dzy) -+ o(dz.), 20,241 € R
R R% =0

The 2-hop count between x € X and y € Y is given by the first order integral

Z U(Z, 5) = Z ]l{x<—>z}]l{z<—>y} (5) = Z ]l{sz}]l{zHy}a

z€E z€E€ z€€

and its moment of order n is

n lol
EKZ““’@)] = 3 [ e e ey

F1S13 pEH nx1]

- ; S(n, k) ( g H(z,2)H(z, y)a(dz>)k

= ) S(nk) (HO ()",

which shows that the 2-hop count between x € X and y € Y is a Poisson random

variable with mean H® (x,y).

Variance of 3-hop counts

When n = 2 and » = 3 Proposition 4.3 allows us to compute the variance of the 3-hop

count between z € X and y € Y, as follows:

Var [N5¥] = H®) (2,y) + 2 / H(z,20)H? (21,y) H? (21, y)0(dz) (4.3)
X
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1 / H(z, 20) HO (2, 2) HO (21, y) H (21, y)o (d=)
X

+ H(z,21)H (21, 20)H (22, y)H (2, 20) H (21, 9)0%*(dz1, d2o),
X

In the case of a Poisson point process with flat intensity o(dz) = Adx on X, A > 0

with a Rayleigh fading function H(x,y) of the form

we have

d/2
Hg)(f’;:y) = )\/ Hg(z, 2)Hp(z,y)dz = A <1> e*llmfy\\2/2’
R 26

and (4.3) recovers the variance

3\ d/2 2\ d/2
Var [N®Y] — 93 [ —Blle—yl?/2 4 \2 (T ~Blle—y[?/3
ar [N3"Y] Y e + 352 e

s ™ i —3Bllz—yl?/4 | 2 2\ —Blla—y|?
+2)\ w e Y +)\ 8_62 e Y

of 3-hop counts between = € X and y € Y, see Theorem II1.2 of [KGKI18|. The
knowledge of moments can provide accurate numerical estimates of the probability
P(N;Y > 0) of at least one k-hop path by expressing it as a series of factorial moments,

see [KGK18].

5 Moments of Poisson shot noise processes

We consider a Poisson point process £(dx) with intensity measure o(dt,df) on X =

R x S, where S = [0, N], and the N shot noise processes given by
Qe(t,&) = D a(t—s;.0;), k=1,...,N,
(s5,05)€€

where the shot noise kernels g (u, ) are such that g(u,0) = 0for allu < 0and 6 € S.

In this framework, the moment generating function of Q. (¢, &) is given from (2.1) as

E fexp (Qut,6))] = oxp /( e yolauan)).

00,t] xS
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Consider the Poisson shot noise stochastic differential equation

N
dY
— (1,6) = ~Yn(t.6) + Y (wi — Yi(£.€)Q(t.€). (5.1)
k=1
where 7 > 0 and wq, ..., w, € R, whose solution is the filtered shot noise process
1 o !
Ya(t,§) = = ~ [ Qowd)dug 5.2
N(?g) Tkz;wk/_ooQk(Z7£)e < ( )
L [* 1 oty (w)
_ = —J, Qo(s,€)ds w <. 0.
_ T/Ooe S (- 55,0z, tER,
(s5,07)€€
where
1 1
Qo(ujf)iz;Jr;ZQ( :—+— > flu—s;0;
k=1 T (s,0)e¢
with

N
f(z,0) = ng(z,ﬁ) and  f®)(z,0) Zwkgk (2,0), z€eR, 0S8,
k=1

see e.g. § 2.1 of [BD15a] and [BD15b|. The following numerical examples use the
parameters of the double source model of [BD15a] for the modeling of neuron mem-
brane potentials, where N = 2, \y(¢) = 500Hz and A(t) is a periodic function of time,
t € [0,100], see Figure 7.

1.5 "Shot noise ;‘)roces‘s Ql(t,‘E) J— 5 Shot noise process Q,(t,§) ——
Intensity Ap(t) = = | Intensity Ap(t) = = 3
‘ 10
]
1 1 L2103 Na =

mHi R A N AN b
TR .-'J\“’lf WP W

]
1
L] A ¥
AR NN RN A v
0 N L 0 0 0
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
t (ms) t (ms)

(a) Shot noise process with intensity A1(¢).  (b) Shot noise process with intensity Aa(t).

Figure 7: Shot noise processes Q1(t,&) and Q2(t,&).

Figure 8 presents the graphs of the intensities A (), A\2(¢) and a numerical simulation

of V5(t,€) in the double source model.
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Intensity Ag(t) — Intensity Aq(t) = *

SR inl e [
103 -65 . ',‘\ Na 2
AREEAR RN A VAN

I

\ ' ! '
TS VNS I T

75 (o]
0 10 20 30 40 50 60 70 80 90 100 0O 10 20 30 40 50 60 70 80 90 100
t (ms) t (ms)

(a) Intensities A1 (f) and Aa(t). (b) Mean and standard deviation of Va(t, §).

w

[

o
w

(Hz)

[
o
w

Figure 8: Sample of V5(¢,&) with mean, standard deviation and intensities A;(t), Aa(t).

Computation of joint moments

The next proposition gives a general formula for the computation of the joint moments

of Yn(t1,€), ..., Yn(t,, &) in the multiple source model as a direct consequence of (5.2).

Proposition 5.1 We have the joint moment identity

1 t1 tn
E[Yy(t1,8) -+ Yn(ts, €)] :T_"/ / Mp N (215 Znite, oo t)dzy - - dzy,

where
n
I w,€)d
mn,N(Zla"'azn;tly-“; H Zl Qolue)du Z f(w)(zk_ujaej)
k=1 (uj,05)€€
The functions m,, n(z1,. .., 2n;t1, ..., t,) can be evaluated from Proposition 2.2 as a
sum over the set II[n] of partitions m = {m,...,m} of {1,...,n} with cardinality
k=|r|=1,...,n, as
M N (215 s Znite, oo tn)
|| n

—IE[ -y 1fZlQ0 ,gdu Z H/ - lefu yn)dqu — y,n)o(dy, dn),

relln] j=1" (7002 1xS 1=y ien;

(21,.++,2n) € (—00,t1] X --+ X (—00,1,], with Z;, = minser, z;, where, by (2.1), we

have

E o~ 2 J Qo(u,s)du]
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n —= n ¢ u—S U
= o) o (/ (77 i Jof Slums0)d —1)0(d$,d9)).
(—oo,max(t1,....tn )] xS

Figures 9, 10 and 11 present the evolutions of the mean k1, variance ks, third and
fourth cumulants x3, k4, and skewness and excess kurtosis

s EBL-EW)] s EB[(,-EW)]
(r2)?2 (E[(Va = E[V2])?])¥ (k) (E[(Va = E[3])%])?

3 (5.3)

of the potential V5(¢,¢), computed from Proposition 5.1 as functions of the arrival

intensity parameter A\ at ¢t = 0.2.

-0.05996 ; ‘ 1.2x107° : ‘
First moment —— Second cumulant =———
-0.06
8x10710 I
-0.06004 /
\ 1 /
T~ 4x10°10
-0.06008
-0.06012 0
0 100 200 300 400 500 600 0 100 200 300 400 500 600
A A
(a) First moment of V5(t,§). (b) Second cumulant of Va(t,£).
Figure 9: First and second cumulants of Va(t,€) at ¢t = 0.2.
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Figure 10: Third cumulant and skewness of Va(t, ) at ¢t = 0.2.
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Figure 11: Fourth cumulant and excess kurtosis of Va(¢,€) at t = 0.2.

Gram-Charlier expansions

The Gram-Charlier expansion of the continuous probability density function ¢y (x) of

a random variable X, see § 17.6 of [Cra46|, is given by

where ¢(x) is the standard normal density function, H,(z) denotes the Hermite poly-

nomial of degree n, and the sequence (¢,),>3 is given from the cumulants (k,)n>1
of X. In particular, the coefficients c¢3 and ¢, can be expressed from the skewness
k3/ry? and the excess kurtosis rq/k2 as ¢y = /{3/(3%2/2) and ¢; = k4/(4!k3), which
are computed from (5.3) Figures 12 and 13 present the Gram-Charlier density ex-
pansions (5.4) at different times for the estimation of the probability density function
of the membrane potential V5(¢, &) in the double source model (5.1) of Figure 8, see
[Pri20] for details.
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(a) t=1 ms. (b) t=5 ms.

Figure 12: Gram-Charlier density expansions vs simulated densities.
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In comparison with the Gaussian diffusion approximation with matching mean and
variance, the fourth-order Gram-Charlier approximations provide a better fit of the
actual probability densities obtained by Monte Carlo simulation of (5.2) (purple ar-

eas), which show time-varying skewness.
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Figure 13: Gram-Charlier density expansions vs simulated densities.
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