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Abstract

We prove that Poisson measures are invariant under (random) intensity pre-
serving transformations whose finite difference gradient satisfies a cyclic van-
ishing condition. The proof relies on moment identities of independent interest
for adapted and anticipating Poisson stochastic integrals, and is inspired by the
method of Ustiinel and Zakai, Probab. Theory Relat. Fields 103, 1995, on the
Wiener space, although the corresponding algebra is more complex than in the
Wiener case. The examples of application include transformations conditioned
by random sets such as the convex hull of a Poisson random measure.
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1 Introduction

Poisson random measures on metric spaces are known to be quasi-invariant under

deterministic transformations satisfying suitable conditions, cf. e.g. [24], [20]. For



Poisson processes on the real line this quasi-invariance property also holds under
adapted transformations, cf. e.g. [4], [10]. The quasi-invariance of Poisson measures
on the real line with respect to anticipative transformations has been studied in [13]
and in the general case of metric spaces in [1]. In the Wiener case, random non-
adapted transformations of Brownian motion have been considered by several authors

using the Malliavin calculus, cf. [23] and references therein.

On the other hand, the wnwvariance property of the law of stochastic processes has im-
portant applications, for example to the construction of identically distributed samples
of antithetic random variables that can be used for variance reduction in the Monte
Carlo method, cf. e.g. § 4.5 of [3]. Invariance results for the Wiener measure under
quasi-nilpotent random isometries have been obtained in [22], [21], by means of the
Malliavin calculus, based on the duality between gradient and divergence operators
on the Wiener space. In comparison with invariance results, quasi-invariance in the
anticipative case usually requires more smoothness on the considered transformation.
Somehow surprisingly, the invariance of Poisson measures under non-adapted trans-

formations does not seem to have been the object of many studies to date.

The classical invariance theorem for Poisson measures states that given a determinis-
tic transformation 7 : X — Y between measure spaces (X, o) and (Y, ) sending o to
1, the corresponding transformation on point processes maps the Poisson distribution
7, with intensity o(dx) on X to the Poisson distribution 7, with intensity p(dy) on Y.
As a simple deterministic example in the case of Poisson jumps times (7%)r>1 on the
half line X =Y = Ry with o(dz) = u(dx) = dz/x, the homothetic transformation
7(z) = rz leaves 7, invariant for all fixed r > 0. However, the random transformation
of the Poisson process jump times according to the mapping 7(z) = z/T} does not
yield a Poisson process since the first jump time of the transformed point process is

constantly equal to 1.

In this paper we obtain sufficient conditions for the invariance of random transforma-

tions 7 : Q% x X — Y of Poisson random measures on metric spaces X, Y. Here the



almost sure isometry condition on R? assumed in the Gaussian case will be replaced
by a pointwise condition on the preservation of intensity measures, and the quasi-
nilpotence hypothesis will be replaced by a cyclic condition on the finite difference
gradient of the transformation, cf. Relation (3.7) below. In particular, this condition
is satisfied by predictable transformations of Poisson measures, as noted in Example 1

of Section 4.

In the case of the Wiener space W = Co(R.; R%) one considers almost surely defined

random isometries
R(w): L*(Ry;RY — LA (R RY), weW,

given by R(w)h(t) = U(w,t)h(t) where U(w,t) : R* = R t € Ry, is a random
process of isometries of R%. The Gaussian character of the measure transformation
induced by R is then given by checking for the Gaussianity of the (anticipative)
Wiener-Skorohod integral 6(Rh) of Rh, for all h € L?*(R,; R?). In the Poisson case

we consider random isometries
R(w): L2(Y) — L2(X)

given by R(w)h(z) = h(7(w,z)) where 7(w,-) : (X,0) — (Y,p) is a random trans-
formation that maps o(dz) to u(dy) for all w € Q. Here, the Poisson character of
the measure transformation induced by R is obtained by showing that the Poisson-
Skorohod integral d,(Rh) of Rh has same distribution under 7, as the compensated
Poisson stochastic integral 6,(h) of h under 7, for all h € C.(Y).

For this we will use the Malliavin calculus under Poisson measures, which relies on
a finite difference gradient D and a divergence operator J that extends the Poisson
stochastic integral. Our results and proofs are to some extent inspired by the treat-
ment of the Wiener case in [22], see [15] for a recent simplified proof on the Wiener
space. However, the use of finite difference operators instead of derivation operators
as in the continuous case makes the proofs and arguments more complex from an

algebraic point of view.



As in the Wiener case, we will characterize probability measures via their moments.
Recall that the moment E,[Z"] of order n of a Poisson random variable Z with
intensity A can be written as

E\Z"] =T,(N)
where T, () is the Touchard polynomial of order n, defined by Ty(A) = 1 and the

recurrence relation
- n
TN =2y (k>Tk(>\), n >0, (1.1)
k=0

also called the exponential polynomials, cf. e.g. §11.7 of [6], Replacing the Touchard
polynomial 7,,(\) by its centered version Tn()\) defined by Ty(\) = 1 and

Tra(N) = A:Z:: (Z) Tu(\), n>0, (1.2)

yields the moments of the centered Poisson random variable with intensity A > 0 as

T, = B\(Z-\N"], n>0.

Our characterization of Poisson measures will use recurrence relations similar to (1.2),
cf. (2.12) below, and identities for the moments of compensated Poisson stochastic

integrals which are another motivation for this paper, cf. Theorem 5.1 below.

The paper is organized as follows. The main results (Corollary 3.2 and Theorem 3.3)
on the invariance of Poisson measures are stated in Section 3 after recalling the defi-
nition of the finite difference gradient D and the Skorohod integral operator ¢ under
Poisson measures in Section 2. Section 4 contains examples of transformations satis-
fying the required conditions which include the classical adapted case and transfor-
mations acting inside the convex hull generated by Poisson random measures, given
the positions of the extremal vertices. Section 5 contains the moment identities for
Poisson stochastic integrals of all orders that are used in this paper, cf. Theorem 5.1.
In Section 6 we prove the main results of Section 3 based on the lemmas on moment
identities established in Section 5. In the appendix Section 7 we prove some combi-
natorial results that are needed in the proofs. Some of the results of this paper have

been presented in [14].



2 Poisson measures and finite difference operators

In this section we recall the construction of Poisson measures, finite difference oper-
ators and Poisson-Skorohod integrals, cf. e.g. [11] and [16] Chapter 6 for reviews.
We also introduce some other operators that will be needed in the sequel, cf. Defini-

tion 2.5 below.

Let X be a o-compact metric space with Borel o-algebra B(X) and a o-finite diffuse
measure o. Let QX denote the configuration space on X, i.e. the space of at most

countable and locally finite subsets of X, defined as
QY ={w=(@)L, CX, z;#x;Vi#j, Ne NU{oo}}.

Each element w of QX is identified with the Radon point measure

w(X)

W = E (S

i=1
where €, denotes the Dirac measure at + € X and w(X) € N U {oo} denotes the

cardinality of w. The Poisson random measure N(w,dz) is defined by

w(X)
N(w,dx) = w(dx) = Z €z, (dx), we 0r. (2.1)

k=1
The Poisson probability measure 7, on X can be characterized as the only probability
measure on X under which for all compact disjoint subsets A;,..., A, of X, n > 1,

the mapping
w = (WA, ..., w(Ay))

is a vector of independent Poisson distributed random variables on IN with respective

intensities o(A;),...,0(4,).

The Poisson measure 7, is also characterized by its Fourier transform

0al0) = Ba [oxp (i [ )wtao) ~ataon)) |, s 2200)



where F, denotes expectation under 7, which satisfies
U, (f) = exp (/ (eif(”) —if(z) — 1)U(da:)) , fe LX), (2.2)
X

where the compensated Poisson stochastic integral / f(z)(w(dx) — o(dzx)) is defined
be
by the isometry

E,

2

(/X f(@)(w(dr) — U(dl'))> ] = /X [f(@)[Po(dz),  feLi(X).  (23)
We refer to [8], [9], [12], for the following definition.
Definition 2.1 Let D denote the finite difference gradient defined as

D, F(w) =¢f F(w) — F(w), we’, zeX, (2.4)
for any random variable F : Q¥ — R, where

el F(w) = F(wu{z}), wet, zeX.
The operator D is continuous on the space D, ; defined by the norm
||F||§1 = ||F||%2(QX,71-0) + ||DF||%2(QX><X,7TU®U)’ Fe D

We refer to Corollary 1 of [12] for the following definition.

Definition 2.2 The Skorohod integral operator d, is defined on any measurable pro-

cess u: X x X — R by the expression

0g(u) = /Xut(w \ {t})(w(dt) — a(dt)), (2.5)

provided E, { /X |u(w,t)|a(dt)] < .

Relation (2.5) between d, and the Poisson stochastic integral will be used to charac-
terize the distribution of the perturbed configuration points. Note that if Dyu; = 0,
t € X, and in particular when applying (2.5) to u € L!(X) a deterministic function,

we have

5. (u) = /X w(t) (w(dt) — o(dt)) (2.6)

6



i.e. 05(u) with the compensated Poisson-Stieltjes integral of u. In addition if X = R,
and o(dt) = M\ dt we have

0o (u) = /000 ug(dNy — \ydt) (2.7)

for all square-integrable predictable processes (u;)ier, , where N, = w([0,1]), t € Ry,

is a Poisson process with intensity A; > 0, cf. e.g. the Example page 518 of [12].

The next proposition can be obtained from Corollaries 1 and 5 in [12].

Proposition 2.3 The operators D and 6, are closable and satisfy the duality relation
E[(DF,u) 0] = EalFo,(u)], 2.5)

on their L? domains Dom (§,) C L*(Q% x X 7, ® o) and Dom (D) = IDy; C

L2(QX,7,) under the Poisson measure m, with intensity o.

The operator 4, is continuous on the space IL,; C Dom (d,) defined by the norm
o1, = £ | [ uPotan] + £, | [ 1Daotasyotan]
X X
and for any u € ILy; we have the Skorohod isometry
Ea- [(50(’11,)2} = Eg' |:HUH%%(X)] + Eo- |i/ / DSUtDtUSU<d8)U(dt)1 . (29)
xJx

cf. Corollary 4 and pages 517-518 of [12].

In addition, from (2.5) we have the commutation relation
g0, (u) = 0, (i) + uy, te X, (2.10)

provided Dyu € Loy, t € X.

The moments identities for Poisson stochastic integrals proved in this paper rely on

the decomposition stated in the following lemma.



Lemma 2.4 Let v € ILy; be such that 6,(u)" € Dy;, Dyu € ILyy, o(dt)-a.e., and

B | [ = st otan| <oe, x|l [ luptotn) <

0 <k <n. Then we have

Eo[6, (0] = (Z) o0 ?’f“o(dt)}

for alln > 1.

Proof. 'We have, applying (2.10) to F' = §,(u)",
B, = E, | /X utDtéa(u)”a(dt)}
= & | [ uleantoy - i wotan)]

us((ug + 0o (55 u))™ — 50(u)”)a(dt)}

- (k)E [/Xu kL5 (e u) a(dt)}
() [l

n

. "1 (1) [ [ vt satupyotan]

I
&
—

S

o

O

From Relation (2.6) and Lemma 2.4 we find that the moments of the compensated
N+1

Poisson stochastic integral / ft)(w(dt) —o(dt)) of f e ﬂ LP(X) satisfy the recur-
be

[ 50t - of dt»)nﬂ
E(:)/ e

rence identity

(2.11)

A ([ o —adt»)k],



n =0,..., N, which is analog to Relation (1.2) for the centered Touchard polynomials

and coincides with (2.3) for n = 1.

The Skorohod isometry (2.9) shows that d, is continuous on ILs 1, and that its moment

of order two of d,(u) satisfies
Eo[05(u)*] = Eo[lullZz x));

provided
/ / Day Dyusor(ds)or(dt) = 0,
x Jx

as in the Wiener case [22]. This condition is satisfied when

Dtustut = 0, S,t c X,
i.e. u is adapted in the sense of e.g. [18], Definition 4, or predictable when X = R,.
The computation of moments of higher orders turns out to be more technical, cf.

Theorem 5.1 below, and will be used to characterize the Poisson distribution. From

(2.11), in order for &, (u) € L™ (QX) to have the same moments as the compensated

n+1
Poisson integral of f & ﬂ LP(X), it should satisfy the recurrence relation
p=2
n—1 n
E,[0,(u)" ] = Z (k:) / [ (e (d) E, [6,(u)F], (2.12)
X

k=0
n > 0, which is an extension of Relation (2.11) to the moments of compensated Pois-
son stochastic integrals, and characterizes their distribution by Carleman’s condition

[5] when sup || f|| zz(v) < oo.
p=1

In order to simplify the presentation of moment identities for the Skorohod integral

0, it will be convenient to use the following symbolic notation in the sequel.

Definition 2.5 For any measurable process u : X x X — R, let

Aso ce Asj H Us, = Z D@OUSO ce D@nu8n7 (213)
p=0

OgU---UOn={50,51,.--» Sj}
ERLASH I Sj¢®j



S0y---58, € X, 0< 5 < n, where Dg := H Dy, when © C {so,51,...,5;}.

Sj €0

Note that the sum in (2.13) includes empty sets. For example we have

n n
Aso Husp = Us E D®1usl "'D@nusn :usoDso Husp7
p=0

O1U---UBp={sg} p=1
ERLASh I Sj¢®j

and Ag us, = 0. The use of this notation allows us to rewrite the Skorohod isometry

(2.9) as

E,[5,(u)’] = E, [ / uia(ds)} L E, [ / / ASAt(usut)o(ds)a(dt)} ,
X x Jx
since by definition we have
AA(usuy) = Dguy Dyus, s, t e X.

As a consequence of Theorem 5.1 and Relation (6.1) of Proposition 6.1 below, the

third moment of J,(u) is given by

E, [6,(u)'] = E, [ /X u‘:’a(ds)] 4 3E, {5@) /X uga(ds)} (2.14)
+3E, [/}(3 Ay A, (usluﬁz)U(dsl)U(d%)} + By [/X A Ay Ay (U, Usy sy ) (dsy ) o (dsg)o(dss) |

3

cf. (5.4) and (6.2) below, which reduces to
E, [0,(v)’] = E, {/ uga(ds)} + 3E, [5(u)/ uga(ds)}
X b's
when u satisfies the cyclic conditions
Dtlutth2Ut1 = O, and DtluthtQUthtgutl = 0, tl, e ,t3 c X,

of Lemma 7.2 in the appendix, which shows that (2.13) vanishes, see also (6.4) below
for moments of higher orders. When X = R, (7.2) is satisfied in particular when u

is predictable with respect to the standard Poisson process filtration.

10



3 Main results

The main results of this paper are stated in this section under the form of Corol-

lary 3.2 and Theorem 3.3.

Let (Y, i) denote another measure space with associated configuration space Q¥ and
o-finite diffuse intensity measure p(dy). Given an everywhere defined measurable
random mapping

TN XX =Y, (3.1)

indexed by X, let 7,(w), w € 2%, denote the image measure of w by 7, i.e.
7. QX =5 QY (3.2)

maps
w(X) w(X)

w= Z €, € QX to Te(w) = Z €rway) € Q7.

i=1 =1
In other terms, the random mapping 7, : Q% — QY shifts each configuration point
x € w according to x — T(w, ), and in the sequel we will be interested in finding
conditions for 7. : Q% — QY to map 7, to m,. This question is well known to
have an affirmative answer when the transformation 7 : X — Y is deterministic and
maps o to p, as can be checked from the Lévy-Khintchine representation (2.2) of the
characteristic function of m,. In the random case we will use the moment identity of
the next Proposition 3.1, which is a direcg application of Proposition 6.2 below with
u = Rh. We apply the convention that Zli = 0, so that {lo7 ;>0 : Zg:1 l; = 0}

i=1
is an arbitrary singleton.

Proposition 3.1 Let N > 0 and let R(w) : LA(Y) = LE(X), w € QF, be a random

N+1
isometry for allp=1,...,N +1. Then for all h € ﬂ LA(Y') such that Rh € ILy is

p=1
/Xa+1

bounded and

Es

Ay - A, (H (Rh(sp))l"> ‘a(dso)---a(dsa)] <o, (3.3)

11



lo+ -+l <N+1,1ly....l1o>1,a>0, we have 6,(Rh) € L"(QX 7,) and

n—1

E,[6,(Rh)"] Z( > / W ) p(dy) B [05(RA)"]

k=0

3 Y (e

a=0 7=0 b=a lg+-+la=n—b
lose-sla>0
lat1,--,lp=0

(1 froman)

n=0,...,N, where do?™'(s;) = o(dso) - -- o(ds;), Lo = (l1,...,1,), and

[ e ()]

p=0

c rq—1—(c—q)
" L+ +l+p+qg—1
cr-c(l) X I I g |
lo 0=rct1<-<ro=a+c+1l ¢=0 p=ryy1+1—(c—q) l1+—|—lp_1+p+q—1
(3.4)
As a consequence of Proposition 3.1, if in addition R(w) : Lﬁ(Y) — LP(X) satisfies
the condition

|, (H <Rh<w,tp>>lp> o(dto) -~ o (dt;) =0, (3.5)

p=0
mo(w)-as. forall lp+-- -+ < N+1,lp>1,...,l; >1,5=1,..., N, then we have

n—1

Elsamny ) =X (1) [ utan e om0
k=0 k) Jy
n =20,...,N, ie. the moments of d,(Rh) satisfy the extended recurrence relation

(2.11) of the Touchard type.

Hence Proposition 3.1 and Lemma 7.2 yield the next corollary in which the sufficient

condition (3.7) is a strengthened version of the Wiener space condition trace(DRh)" =

0 of Theorem 2.1 in [22].

Corollary 3.2 Let R : L2(Y) — LE(X) be a random isometry for all p € [1,00].

Assume that h € ﬂ LA(Y) is such that sg;l) |All e vy < 00, and that Rh satisfies (3.3)
p=1 p>

and the cyclic condition

Dy Rh(ty) - Dy, Rh(t)) =0,  ti,....tn € X, (3.7)

12



o @ 0% -a.e. for all k > 2. Then, under m,, 55(Rh) has same distribution as the

compensated Poisson integral 0,(h) of h under m,.

Proof. Lemma 7.2 below shows that Condition (3.5) holds under (3.7) since

DRMO) = =5 (R~ (Rh(0) =3 () (B HD.(RAD)) =,

k=1
s,t € X, [ > 1, hence by Proposition 3.1, Relation (3.6) holds for all n > 1, and this
shows by induction from (2.12) that under 7,, d,(Rh) has same moments as 0,(h)

under 7,. In addition, since sup |7l £z vy < oo, Relation (3.6) also shows by induction

that the moments of d,(Rh) satlsfy the bound E,[|6,(Rh)|"] < (Cn)™ for some C' > 0

and all n > 1, hence they characterize its distribution by the Carleman condition

Z Rh Zn) 1/(2n) — +OO,

k=1

cf. [5] and page 59 of [19]. O
We will apply Corollary 3.2 to the random isometry R : LF(Y) — LE(X) is given as
Rh=hor, h e LE(Y),

where 7 : QX x X — Y is the random transformation (3.1) of configuration points
considered at the beginning of this section. As a consequence we obtain the following

invariance result for Poisson measures when (X, o) = (Y, ).

Theorem 3.3 Let 7 : QX x X — Y be a random transformation such that T(w,-) :

X =Y maps o to pu for allw € QX i.e
Te(w,)o = p, w e ¥,
and satisfying the cyclic condition
Dy m(w,ty) -+ Dy m(w,t)) =0,  Yw€QFf Vt,... t,€X, (3.8)
for all k > 1. Then 7. : QX = QY maps 7, to m,, i.e.
Ty = Ty
is the Poisson measure with intensity u(dy) on'Y.

13



Proof. We first show that, under 7,, d,(h o 7) has same distribution as the compen-

sated Poisson integral d,,(h) of h under =, for all h € C.(Y).

Let (K, ),>1 denote an increasing family of compact subsets of X such that X = U K,,
r>1

and let 7, : Q% x X — Y be defined for r > 1 by
Tr(w,z) =71(wN K,, x), reX, wer

Letting R.h = h o 7, defines a random isometry R, : L2(Y) — LL(X) for all p > 1,

which satisfies the assumptions of Corollary 3.2. Indeed we have

D,Rh(t) = D.h(r(w,t))
= 1KT(3)<h(Tr(wa t) + DsTr<w7t)) - h(TT‘(w7t)))
= 1k (8)(Mr(wU{s} 1) = h(r(w, 1)), s teX,

hence (3.8) implies that Condition (3.7) holds, and Corollary 3.2 shows that we have
B, [ei)\%(hon)] — B, [em#(h)] : (3.9)

for all A € R. Next we note that Condition (3.8) implies that
Di7o(w,t) =0, VYwe Q¥ WVteX, (3.10)

i.e. 7.(w,t) does not depend on the presence or absence of a point in w at ¢, and in
particular,

Tr(w, t) = 7. (w U {t}, 1), t¢w,
and

Tr(w, t) = 7 (w\ {t}, 1), tcw.

Hence by (2.6) we have
ou(h) o = [ h(y)(Trw(dy) — p(dy))
(7 (w, z))(w(dx) — o(dz))

h(r(w\ {z}, 7)) (wldz) — o(dz))

Il

14



- 5J(h o Tr)7

and by (3.9) we get

Ex e (i [ ) rstan) ~ i) )]
= 2 |oww (i [ B Getd) = utan)) o7

16, (h)oTrx ]

Next, letting r go to infinity we get

o fexp (i [ 1) resotan) — )| = B, feso (i | wto) ot — i) )]

for all h € C.(Y'), hence the conclusion. O

In Theorem 3.3 above the identity (3.8) is interpreted for & > 2 by stating that
weNX and ty,...,t, € X, the k-tuples

(r(wU {8}, £2), T(w U (o} £3), o 7 (@ U {trs Vo 1), 7w U {8}, 1))

and

(T(w, ta), T(w, t3), .. ., T(w, tg), T(w, t1))
coincide on at least one component n°i € {1,...,k}in Y* ie. Dy 7(w,tis1 moa ) = 0.
4 Examples

In this section we consider some examples of transformations satisfying the hypothe-
ses of Section 3, in case X =Y for o-finite measures o and p. Using various binary
relations on X we consider successively the adapted case, and transformations that
are conditioned by a random set such as the convex hull of a Poisson random mea-
sure. Such results are consistent with the fact that given the position of its extremal

vertices, a Poisson random measure remains Poisson within its convex hull, cf. the

15



unpublished manuscript [7], see also [25] for a related use of stopping sets.

1. First, we remark that if X is endowed with a total binary relation < and if

7: 0% x X — Y is (backward) predictable in the sense that
r=y = D,7(w,y)=0, (4.1)

Twu{zhy) =7(w,y), ==y, (4.2)

then the cyclic Condition (3.8) is satisfied, i.e. we have
Dy 1(w,x9) Dy 7(w, 1) =0, Ty, € X, weQ¥, (4.3)

for all £ > 1. Indeed, for all xq,...,2x € X there exists ¢ € {1,...,k} such that
x; 2w, for all 1 < j <k, hence D,,;7(w,z;) =0, 1 < j <k, by the predictability
condition (4.1), hence (4.3) holds. Consequenly, 7. : Q% — QY maps 7, to m, by
Theorem 3.3, provided 7(w,-) : X — Y maps o to u for all w € QX.

Such binary relations on X can be defined via an increasing family (C))aer of subsets
whose reunion is X and such that for all z # y € X there exists A\, \, € R with
v €0y, \Cy\,andy € C), ory € Cy, \Cy, and x € C),, which is equivalent to y < z

or x = vy, respectively.

This framework includes the classical adaptedness condition when X has the form
X =R, xY. For example, if X and Y are of the form X =Y = R, X Z, consider
the filtration (F;)ier,, where F; is generated by

{o([0,s] x A) : 0<s<t, AeBy(2)},

where B.(Z) denotes the compact Borel subsets of Z. In this case it is well-known
that w — 7w is Poisson distributed with intensity p under 7,, provided 7(w,-) :
R, x Z — R, x Z is predictable in the sense that w — 7(s, z) is F;-measurable for
all 0 < s <t ze€ Z cf. eg. Theorem 3.10.21 of [2]. Here, Condition (4.1) holds for

16



the partial order
(s,2) 2 (t,y) <= s>t (4.4)

on Z x Ry by taking Cy = [\, 00) x X, A € R, and the cyclic Condition (3.8) is
satisfied when 7(w,-) : Ry x Z — R, X Z is predictable in the sense of (4.1).

Next, we consider other examples in which the binary relation < is configuration de-
pendent. This includes in particular transformations of Poisson measures within their

convex hull, given the positions of extremal vertices.

2. Let X = B(0,1) denote the closed unit ball in R?. For all w € Q¥ let C(w) denote
the convex hull of w in R? with interior C(w), and let w, = w N (C(w) \ C(w)) denote
the extremal vertices of C(w). Consider a measurable mapping 7 : 2% x X — X such

that for all w € QF, 7(w,-) is measure preserving, maps C(w) to C(w), and for all
w e X, :

T(we, ), x € C(w),

T(w,z) = ' (4.5)

x, r e X\ Clw),
i.e. the points of C(w) are shifted by 7(w, -) depending on the positions of the extremal
vertices of the convex hull of w, which are left invariant by 7(w,+). The next figure
shows an example of a transformation that modifies only the interior of the convex

hull generated by the random measure, in which the number of points is taken to be

finite for simplicity of illustration.

17



Next we prove the invariance of such transformations as a consequence of Theorem 3.3.
This invariance property is related to the intuitive fact that given the positions of the
extreme vertices, the distribution of the inside points remains Poisson when they are

shifted according to the data of the vertices, cf. e.g. [7].

Here we consider the binary relation <, given by
r=2,y <= xzellwU{y}), weQr, ryeX.

The relation =<, is clearly reflexive, and it is transitive since x <, y and y <, 2
implies

r € ClwU{y}) Cc CwU{z}),
hence x <, z. Note that <, is also total on C(w) and it is an order relation on
X \ C(w), since it is also antisymmetric on that set, i.e. if x,y ¢ C(w) then

r=2,y and y=,T

means ¢ € C(w U {y}) and y € C(w U {z}), which implies x = y. We will need the

following lemma.
Lemma 4.1 For all z,y € X and w € Q% we have

T2y = DxT(Wu y) =0, (46)
and

2,y = Dyr(w,x)=0. (4.7)
Proof. Let z,y € X and w € QF. First, if # A, y then we have z ¢ C(w U {y})
hence 7(w U {y},x) = 7(w,z) = = by (4.5). Next, if x <, y, i.e. x € C(wU{y}), we
can distinguish two cases:

a) r € C(w). In this case we have C(w U {z}) = C(w), hence 7(w U {z},y) = 7(w,y)
for all y € X.

b) 2 € ClwU{y}) \Cw). If y € C(wU {z}) then z = y ¢ C(w U {x}), hence
T(wU{z},y) = 7(w,y). On the other hand if y ¢ C(w U {z}) then y A, = and
T(wU{z},y) = 7(w,y) = y as above.
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We conclude that D,7(w,y) = 0 in both cases. O

Let us now show that 7 : Q% x X — QX satisfies the cyclic condition (3.8). Let
t1,...,tx € X. First, if t; € C(w) for some i € {1,...,k}, then for all j =1,... k we
have t; <, t; and by Lemma 4.1 we get

DtiT(w, t]) = 0,

thus (3.8) holds, and we may assume that ¢; ¢ C(w) for all i = 1,... k. In this case,

if £;41 mod k Rw t; for some ¢ = 1,... k, then by Lemma 4.1 we have
DtiT(watH—l mod k) = 07

which shows that (3.8) holds. Finally, if t; <, t; =<, -+ = t2 =<, t1, then by
transitivity of <, we have t; =<, tx =<, t1, which implies t; = ¢, ¢ C(w) by antisym-
metry on X \ C(w), hence Dy 7(w,t;) = 0, and 7 : Q% x X — X satisfies the cyclic
Condition (3.8) for all £ > 2. Hence 7 satisfies the hypotheses of Theorem 3.3, and

7.7y = m, provided 7(w,-) : X — Y maps o to u for all w € Q¥.

5 Moment identities for stochastic integrals

In this section we prove a moment identity for Poisson stochastic integrals of arbi-
trary orders in Theorem 5.1, whose application will be to prove Proposition 3.1. More
precisely, given F : Q¥ — R a random variable and u : ¥ x X — R a measurable
process, we aim at decomposing E, [0,(u)"F] in terms of the gradient D, while re-

moving all occurrences of J, using the integration by parts formula (2.8).

In Theorem 5.1 and in the rest of this section we will use the notation

el =gl ... el sp=(51,...,8) € X", b>1

Sp S1 Sp?

Moreover, by saying that v : Q% x X — R has a compact support in X we mean
that there exists a compact subset K of X such that u(w,z) = 0 for all w € Q% and
re X\ K.
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Theorem 5.1 Let F : QX — R be a bounded random variable and let u : QX x X —

R be a bounded process with compact support in X. For alln > 0 we have

n n b
By [0, (u)"F] =) Y (=1)""* ) Ce,0Bs / e F [ et us™ dab(ﬁb)] , (5.1)

a=0 b=a l1++lag=n—>b
1,y laZO
lat1,eo) lp=0

where do®(s,) = o(dsy) -+ o(dsy), Lo = (l1,...,1,), and
c rqt+q—c—1 l—|-~--—|—l +p+q_1
Cﬂa,a—‘rc: Z H H <l 1—|—+lp L _1) (52)
0=rct1<-<ro=a+c+1l q=0 p=rg41+qg—c+1 1 p—1 p q

Before turning to the proof of Theorem 5.1 we consider some examples.

1. For n = 2 and F = 1, Theorem 5.1 recovers the Skorohod isometry (2.9) as follows:

E, [, (w)?] = E, [ /X 2 usluSQU(dsl)a(dSQ)] a=0,b=2
_9E, [/X sy (I + Dsl)uSQU(dsl)a(dSQ)} a=1,b=2]

+ B, [/X \u31]20(d81)] a=1,b=1]

# By | [ (04 D (T4 Dayyuo(dsn)oss) a=2,b=2

= E, [ ; |u5|2a(ds)] + E, [/XQ A51A52(u51u52)o(d51)a(d32)] . (5.3)

2. For n =3 and F = 1, Theorem 5.1 yields the following third moment identity:

E, [6,(w)?] = U u U(dsl)] a=1,b=1]

_3E, /Xu (I+ Dy, )us,0 (dsl)a(d32)] a=1b=2]
+3E, /X (I + Dyy)usy (I + Dy u,0(ds1 )o (dSQ)] 0 =2b=2]
B, [ /X syttt (ds1)o (dSQ)a(d33)] a=0,b=3]
+3E, / e, (I + D, Yusy (I + D, s, (dsl)a(dSQ)a(dS?,)] a=1,b=3]
- 3E, /X3(I + Ds,)(I 4+ Ds,)usy (I + Dg, )us,(I + Ds,)us,

a(dslsa(dSQ)a(ds;g)] [a=2,b=3]
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+Ea' |:/ 3(I+DSl)(I+DSZ)u53(I+DSl)(I+D83)u82(I+Dsz)(l—i—DsS)usl
X

J(dsl)a(dSQ)a(d33)] [a=3,b=3

= E, {/X ug’la(dsl)] + 3E, [/X? uleglu;U(dSl)U(dSz)}

+3E, [/ A51A52(uslugz)a(dsl)a(d@)} + E, [/ Ay Agy Ay, (Usy Usy sy )o(dsy)o(dsa)o(dss) | -
X3 X3
(5.4)

3. Noting that Cyg, . defined in (5.2) represents the number of partitions of a set of
ly+---+41,+a+c elements into a subsets of lengths 1+41y,...,1+1, and ¢ singletons,
we find that when FF = 1 and u = 14 is a deterministic indicator function, and

Theorem 5.1 reads

E,[(Z - \)"] = é A® i@(—l)c(2> S(n —c,a—c)

for Z — X = §(14) = w(A) — 0(A) a compensated Poisson random variable with
intensity A = o(A), where S(n, ¢) denotes the Stirling number of the second kind, i.e.

the number of ways to partition a set of n objects into ¢ non-empty subsets. This

coincides with the moment formula
Ex[(Z=N)" =) A"Sa(n,a),
a=0

where S3(n, a) denotes the number of partitions of a set of size n into a non-singleton
subsets, which can be obtained from the sequence (0, A, A,...) of cumulants of the

compensated Poisson distribution, through the combinatorial identity

So(n, a) = za:(—nc(”)sm —ca—c¢), 0<a<n,

C
c=0

which is the binomial dual of

n

S(m,n) = (Z)&On—hn—k%

k=0
cf. [17] for details. The proof of Theorem 5.1 will be done by induction based on the

following lemma.
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Lemma 5.2 Let G : QX — R be a bounded random variable and let u : QX x X — R

be a bounded process with compact support in X. For all n > 0 we have

d
Ey [05(u)"G] = Z Caa Lo /Xd SLG H 5;\spul§§_rkp dad<5d>] (5.5)
p=1

0=kg<--<kg=n

0<d<n
- E CﬁdEo-

d—1
+ kg—1—1_+ + kp—1—k d
/ 4 50' (gsd_lu) Eﬁd_l (usdG) H Esdil\spusg P da (sd) Y
0=kg<-<kg=n X

p=1
1<d<n

d—1
-1
where cg, = H <k]z 1 >, Rq = (ko, ... kg) € NTL,
P+

p=0
Proof. The formula clearly holds when n = 0, while when n > 1, the first summation
in (5.5) actually starts from d = 1. The proof follows by application to [ =n — 1 or

[ = n of the following identity:
E, [0,(u)"G]| (5.6)

= E : Chiq

0=kj11<<ko=n

Eo

5] 5141 Si4+1 S141\Sp  Sp

/ So(efw)i el Geluy, el eh | yleithe dal+1(5l+1)]
Xi+1 =1

l
LD DID DR

d=1 0=ky4<--<ko=n

d
+ + kpa—kp g d
/ ) e. G H Eo sy Ush do (sd)]

I+1 d—1

_ + kg—1—1_+ + kp—1—k d
E E ca, Eo / ) 0o(es, ) e (us,G) H Eap s lsr do®(sq)
d=1 0=kg4<---<ko=n X p=1

I+1

l
= A+> Bi—) Ci (5.7)
d=1 d=1

which will be proved by induction on [ = 0,...,n. First, note that (5.6) holds for
[ =0 as by (2.4) and (2.8) we have

En 600016 = Ex | [ 0 D1y 6al0) Gt
= E, { /X uslejléa(u)”_lelea(dsl)} —E, [G /X usléa(u)”‘la(dsl)}
= E, { /X g, (g, +5U(€;u))"_1slea(dsl)} —~E, {G /X uslég(u)"‘la(dsl)}
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= AO _Cla

which also proves the lemma in case n = 1. Next, when n > 2, for [ =0,...,n — 1,
using the duality formula (2.8) and the relations €] d,(e5u) = efuy,, + d,(c5, u),
cf. (2.10), and D, =€}  — I, we rewrite the first term in (5.6) as

+2

&=
[

E : Chipq

0=kjy1<-<ko=n

EU / €5l+1G€5lusl+l (5 u51+1 _'_5 ( 5l+1 > 85l+1\5p “rdo (5l+1)

1
XU+ o

5 S 5 Sp S
oo 1+1 141 i 1+1\sp  Sp

_ + Nk o+ +, ki—k + kp_1—kp 7 I+1
= E Crpa Eo / 50(551+1u) el Gelud TPl e wp T dot T (514)

0<k;y1<-<ko=n
+1
_ + kl+1 1—k [+1
- § : Cﬁl-&-lEU /H_(f (551+1 ) 51+1G 51+1\s p v do (5l+1)
1<k;11<--<ko=n X
I+1

—k l
+ Z Cﬁl—o—lEU /l 51+1GH 51+1\s p T do +1(51+1)

0=kjy1<--<ko=n

= E : Chiq

1<kj41<--<ko=n
I+1

+ + ki =1+ H kp—1—kp 1+2
Eo /Xl+2 gsl“usl“DsH‘z 5‘7(65l+1u) 51+1G 5l+1\8p sp do (5l+2)

I+1

+ Z CﬁlﬂECf / gnglGH 5l+1\sp kde'Hl (5l+1>

0:kl+1<-~<k0:n

= E : Chiq

1§kl+1<-~~<k0:n
+1

+ + + kip1—1_+ H _1—kp 1+2
be [/Xﬂr‘z “oea Utz Csipn 5U(€5H1u) EﬁHlG Corii\sp sp do (5l+2>

i l+1
_ § + kip1—1_+ 1— 1+2
CﬁHlEU /l+2 50(651+1u) a1 usl+2 85l+1\5pu w T do (5l+2)

1<k 41 <-<ko=n /X

r +1

E + + kp—1—k I+1

+ CRZ_HEU /l ) €5l+1G H€51+1\Spu85 de (5l+1)
Ozkl+1<"'<k’0:’ﬂ L/ X+ p=1

= A + By — Cigo,
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which proves (5.6) by inductionon [l =1,...,n — 1, as

n+1

n—1 n—1

B, [6,(u)"G] = Ag=C1 = —C1+ Y _ As—Aap1 = —Ci+ > Bip1—Casa = Z Bi— ch.
d=0 d=0

OJ

Proof of Theorem 5.1. We check that in (5.1), all terms witha =0and 0 <b<mn-—1
vanish, hence in particular the formula also holds when n = 0. When n > 1 the proof

of (5.1) is obtained by application to ¢ = n or ¢ = n + 1 of the following identity:

B0 F = (1S Y Covene 53)

a=0 i+ +lgy1=n—c—a

11, slgt1 20
a+c
+ a+1 + 1+l a—‘,—c
E, /+ o(eru)lerrel F H £, uqu»ss \sp sy " A0 T (S0 4c)
Xa+tc = ol p—
c—1 n—>b a+b
+3 -1y > Csanka| [ P ] ey T2 a1 o™ (510
b=0 a=0 l1+l~+lal:7;6b—a Xoat g=a+1 p=1
Lola>
c—1
- Dc+ E gb;
b=0
which will be proved by induction on ¢ =1,...,n + 1. First, we note that since

S bt +p—1 )
C a — P )
La, 11_[1(11+..._|_lp_1+p_1
the identity (5.8) holds for ¢ = 1 from Lemma 5.2. Next, for all ¢ = 1,...,n — 1,
applying Lemma 5.2 with n = [,,; and

=¢c/F ﬁ edu,, Hssa\sp i:l”
g=a+1
and fixing s1, ..., Sqte, We rewrite the first term in (5.8) using (5.2) and the change
of index
kq—p =p+my+---+my, 0<p<d,
as

_]-)C Z Z C£a+1,a+c

a=0 l1++lgp1=n—c—a
U1,y lg4+1=>0
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a+c

la 1+1 a+c
b | [ atetareer TT et ITet, v oo

g=a+1 p=1
n—c lat1
S Y el Sy (e
- - Lat1,0+cC H
a=0 11+.4.+la+1:n7c7a d=0 my1+-- mg= la+17d p— ml + + mp_l + p 1
I1,ees la+120 mMy,..., mg>0
a+c+d a a+d
+ + + 1+ + 14+my— a+c+d
X Eq / €5a+dF H s0aWsq oura\sp Usp ! H Ssara\sp Lo “do (Sa+c+a)
Xa+c+d
q=a+d+1 p=1 k=a-+1
n—c a+1
DO SRS SED DEN | | SASARL A
a+1,aTC
my+ -+ my,_ -1
a=0 1+ +lgp1=n—c—a d=1 mi1+-+mg=lg11—d p=1 1 + + p—1 +p
I,0slgg1>0 my,...,mg>0
a+c+d
+ mq .+ +
X Ey / s Oo(eq , w)™ey H s,
Xa+tec q:a+d
a+ct+d—1
+ 1+p H + 14+mp_q_c a+c+d
X H€5a+d71\5pu5p 55a+d,1\spu Sk do (5a+c+d)
k=a+c+1

a’+c

n—c a’ ,
1+1 ’
_ c + 2 a' +c
= (-1) E E Ce,,avclis / . T F H 5 s, H €5 N\sp sy do® T (Sa4e)

a’=0 l’ +-- +l//=n c—al q=a '+1
oty
LZ

(5.9)
n—c
c+1
1) § E Cﬂa/+1,a’+c+1 (510)
a’=0 l, el /+1—n—c—a/—1
oo, l’,Hzo
a’+c+1
1+1!
+ + p 0 +ctl
x E, / / 15 (e, u) “+igl F H 55,uqu55 sy Usp | dO (Sarter1)
Xa “+c+ g=a +1

= &+ Depa,
under the changes of indices
L4+l =b+-+la+m+-+my, a=a+d,
n (5.9) when d =0, ...,l,41, and
L4+l =b+- -+l +m+-+my, a+1=a-+d,
n (5.10) when d = 1,...,l,+1. Noting that in (5.10), the summation on a’ actually
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ends at ' =n — ¢ — 1 when ¢ < n. We conclude the proof by induction, as
E, [0o(w)"F] =D — Dpy1 + & =& + Zpb — Dy = Z&”
b=1 b=0

and by the change of indices (a,b) — (a,b —a) in (5.1). O

6 Recursive moment identities

The main results of this section are Propositions 6.1 and 6.2. Their proofs are stated
using Lemma 2.4 above and Proposition 6.3 below, and they are used to prove the
main results of Section 3. In the next theorem we use the notation A, of Definition 2.5
and let

Ag = Ay - Ay, s; = (S0, .-, 55),

and

do"*(sy) = o (dso) - - - o (dss), sy = (S0, -+, Sb),

0<j<b.

N+1

Proposition 6.1 Let N > 0 and let u € ILo1 be bounded with u € ﬂ LY LE (X))

p=1
/Xb+1

b a
Agy o+ A, ( H uquulS’;> ‘dabﬂ(sb)] < 00,
o+ +l,<N+1,1ly....0,>1,0<j<a<b<N. Then foralln=0,...,N

g=a—+1 p=0
we have d,(u) € L"(QX 7,) and

and

E,

E,[0,(uw)"™] = S <Z)Eg [5(,@)‘? /X u;l—’f“a(dt)} (6.1)

n a n b a
33y s (et | [ A (T1w Tt o)

a=0 j=0 b=a lo++la=n—b J g=a+l  p=0
1gs-sla>0

where
Coly = (=1)"" (?) Ce,bs
0

and Csg, p, is defined in (5.2).
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Proof. When u : QF x X — R is a bounded process with compact support in X
this result is a direct consequence of Lemma 2.4 and Proposition 6.3 below applied
with n =k and ly +k — b = n —b. We conclude the proof by induction and a limiting
argument, as follows. Let (K),>; denote an increasing family of compact subsets of X

such that X = U K,. The family of processes u! (W) == w1k, (), r > 1, converges
r>1
in ILy; to u as r goes to infinity, hence &, (u(™) converges to 6(u) in L*(QX,7,) as r

goes to infinity. Clearly the result holds for N = 0 by applying the formula to the
process u") which is bounded with compact support by letting  go to infinity. Next,
letting N > 0 and assuming that d,(u) € L™ (Q*, 7,) and that (6.1) holds for all
n=0,...,N, we note that for all even integer m € {2,..., N + 1} we have the bound

§m< ) (65 (u)m—2]"/ "2 |ut|m-ko<dt>H

k=0 00
m—1 a m-—1
ORI LT (T e TT ) o

a= j 0 b=a lo+ +la m— b 1 q a+1
which, applied to u((w), allows us to extend (6.1) to the order N + 1 by uniform

b+1(5b>] 7

,,,,,

integrability after taking the limit as r goes to infinity. U

Let us consider some particular cases of Proposition 6.1. For n = 1, Relation (6.1)
reads

Ey [64( [/ lus |20 ds}

E, . Ay, (us ugy)o (dSl)U(dSQ)] [a=0,b=1,j
X

+ B, Asl(uslu52)a(d81)a(d52)] [a=1,b=1,j
L/ x2

+ E, / Ag Ag, (usluSQ)a(dsl)a(dSQ)] [a=1,b=1,j
L/ x2

=E, | [ |us|?o(ds)| + E, As; Asy (usy s, )o(ds1)o(dsa) |
TAERCIRATS

which coincides with (5.3). On the other hand for n = 2 Relation (6.1) yields the
third moment

E, [55(w)] = E, [ /X u‘;’a(ds)} 28, [5@) /X uga(ds)]
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_9E, [ /X A (ugousl)a(dso)a(dsl)] a=0b=1j=0]
+ B, [ /X A, (us()usluSQ)U(dso)a(dsl)] a=0,b=2j =0

o [ /X 2 Aso(usougl)a(dso)a(dsl)} +2E, [ /X Ay )o(dso)o(dsn)| fa=1b=1,5=0]

+ 3E, [/)(2 ASOAsl(uSOugo)a(dSO)a(dsl)] [a=1,b=1,j=1]
- E, _ - ASO(u50u51u52)0(d50)0(d81)] [a=1,b=2,7=0]
—F, _ - ASOASI(Usousl'LLSQ)O'(dSO)O'<d81)O'(d82):| [a=1,b=2,j=1]
+ E, - - ASO(USOUS1U52)U(dSO)U(d81)U(d82):| [a=2,b=2,j=0]
# B | [ 8y g ol dsa)o s o) a=20=2=1
+ B, _ - AgyAs Ag, (U30U31USQ)O'(dSO)O'(d81)O'(dSQ):| [a=2,b=2j=2]

_ 5, [ /X ug’a(ds)] 28, [5@) /X uga(ds)] + B, [ /X sy Dyt o(dso)o(ds1)

+ 3E, [/ ASOAsl(uSOU;)U(dso)a(dsl)] + E, [ Ay Asy Ag, (usyus, us, )o(dso)o(dsy)o(dsz2) |,
X2 X3
(6.2)
which recovers (5.4) by the duality relation (2.8). As a consequence of Proposition 6.1

and Lemma 7.2 in the appendix, when the process u satisfies the cyclic condition

Dy u, (w) - - - Dy gy (w) =0, weQX, ...ty e X, (6.3)

B, [0, (u)"] = : <Z) E, l&,(u)k /X u?k“a(dt)} (6.4)

b a
A . L+ | g b+t
fo 2o (TL o Tt ).

q=a+1

i.e. the last two terms of (6.2) vanish when n = 2. In case X = R, x Z, Condi-

tion (6.3) is satisfied when wu is predictable, by the same argument as the one leading

to (4.3).
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The next Proposition follows from Proposition 6.1 and is used to prove Proposition 3.1.

Proposition 6.2 Let N > 0 and let u € Ly be a bounded process such that u €
N+1

ﬂ L>®(Q%, L2(X)) and the integml/ uyo(dt) is deterministic, for alln =1,..., N+

X
Agy - A, ulsf’ ’da“Jrl 5.)| < o0,
[l ([T ot

o+ -+l <N+1,ly,....0,>1,0<a< N+1. Then for alln =0,...,N we
have §,(u) € L"(QX 7,) and

p=1

1, and

Es

n—1

B, [6,(u)™] ZO< ) / n—+ o (d) B, [5,(u)"]
+ ) > <;‘) ConE, /X N 1A53Hu1+lr} do?*( 5]]

0<j<a<b<n loJr +lg=n—b
1oy lqg >0
lag1eeslp=0

H/ 4y ().

qg=j+1

Proof. 'We apply Proposition 6.1 after integrating in s;j4q, ..., s, and using (2.13).
U

Consequently if u : QX — R satisfy the hypotheses of Proposition 6.2 and is such

that
/ Agy - (”u )d(ﬂ“ i) =0, (6.5)
XJ+1

me-a.s., forall lo+---+; < N+1,0p>1,...,[; > 1, 7=1,...,N, or simply the

cyclic condition
Dyyug, (w) - - - Dyjugy(w) = 0, we®, t,... teX,

7=1,...,N, cf. Lemma 7.2 below, then we have

B, [6,(u)"] = nz_l (Z) /X WA E, [6,(u)*],  n=0,...,N,

k=0
i.e. the moments of ¢,(u) satisfy the same recurrence relation (5.8) as the moments

of compensated Poisson integrals.

The next proposition is used to prove Proposition 6.1 with the help of Lemma 2.4.
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Proposition 6.3 Let u: Q¥ x X = R and v : QX x X — R be bounded processes
with compact support in X. For all k > 0 we have

E, [ /X vség(eju)ka(ds)] ~E, [5U(u>k /X vsa(ds)}

+ZZ( )i PN Ceuk, /X A, (vso 11 uquu%) o 5b)],

a=0 5=0 b=a li+-+lag=k—0b g=a+1 p=1
I, la>0

where Cg, p, is defined in (5.2).

Proof.  This proof is an application of Theorem 5.1 with F' = v,. Using Proposi-

tion 7.1 below and the expansion

[0 8)-3 % &, -a,
1=0

1=0 0<ig<--<i;<j
we have, up to the symmetrization due to the integral in o(dsg)---o(ds,) and the

summation on Iy, ..., [,,

et vsy(I + Ds,) ( H £] usqngga\sp 1+lp>

g=a+1

— ( I—|— Ay) > (Uso (I + Dy,) (H u1+lp H usq>>
=1 q=a+1
- ( I + A, ) (vso Hu1+lp u5q>
q=a+1
b
+ ( I+ AsZ > (vso S0 (H ul-l-lp H u3q>>
g=a+1
= ( (I + A, > (vso Hu1+lp usq>
i=1 g=a+1
a a b
+ ( ) Asl e As]- <U50Dso (H u;:_lp H usq>>
7=0 J =1 g=a+1

a b

_ 1+l 1+1

= ¢gf Vs, H £, usqnsﬁa\sp P4 E () ANgy e A (UsoHUsp P H u5q>,
p=1

g=a+1 q=a+1

hence by Theorem 5.1 apphed to G = v, with fixed s € X we have
E, [ / w6, (T + Ds)u)ka(ds)}
X
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k
Z Z Ceop

N
S}

a=0 b:O i+ +lg=k—b
11,0 rla>0
1+1 b+1
E, {/b 15 vsy (I + Dy, ( H €, usqngsa\sp p) (sb)]
Xt q=a+1
k k—a
_ b—a 1+l b+1
= E (—1) E Ce, vEs /b S H £, uqu€5 \s,Us, " d0”(8p) | (6.6)
a=0 b=0 L+ tla=k—b Xbtt g=a+1
11,sla>0
k a a k—a
b—a
+ § <) (—1) § Ce, b
a=1 j=0 J b=0 I ++la=k—b
11,5lq >0

k a k—a b a
+ZZ (j) Z(_l)bfa Z Ce, v Es /Xb+1 Ag (’030 H Us, H@:%) do’b+1(5b)] ;
a=1 j=0 b=0 i+ tla=k—b g=a+1 p=1

where we identified E, [5g(u)k / vsa(ds)l to (6.6) on the last step, by another ap-
X
plication of Theorem 5.1 to F' = [, vso(ds). O

7 Appendix

In this appendix we state some combinatorial results that have been used above.

Proposition 7.1 Let u: Q% x X — R be a measurable process. For all0 < j,p <n
we have the relation

n

Hejj\spusp = (ﬁ (I+A,) ) 11w (7.1)
=0

p=0

for mutually different s, = (so,...,s,) C X.
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Proof.  We will prove Relation (7.1) for all n > 0 by induction on j € {0,1,...

Clearly for 7 = 0 the relation holds since

n n
+ _
Us, H Eglls, = Usg | | Us, + Usg E D= ug, -+ Dz, us,
p=1 p=1

Next, assuming that (7.1) holds at the rank j € {0,1,...,n—1} and taking {s, . ..

ElU---U:nZ{SQ}

n
= Us Husp + E DEouso tee D:nusn
p=1

E()U”-UEn:{So}
s0%=0

= (I+24) [ s,

p=0

X mutually different we have

p=

n

0

J

i=0
i#p

;H\spusp = H (] + l{p?ﬁj+1}Dsj+1> H(I + Dsz’)usp
p=0

n

> IT111¢+ D.)Dz,us,,

EOU<~-UEnC{Sj+1} p=0 7,;0
Sj 195 41 7P

> (ﬁlntAsl)HD U,

Eou<-4u5nc{s]~+1} 1=0
Sj+19E 41
E E D@gDEouso e D@nD:nusn
EOU<-<UEnC{5j+1} OgU---UOn={50,51,..-» S]'}
Sj+1¢5j+1 ERLASHTIES Sjg@j
§ D@ouSO tre D@nusn

OgU---UBOn={50,51,..-» S]'}
ERLASh I Sjg@j

—+ E g DEOD@ouSO".DEnD@nuSn
EOU»-»UEn:{5j+1} OgU--UBn={50,51,.--» Sj}
‘Sj+1¢5j+1 50€00,.--» Sjé(aj

(ﬁ([ + Asi)> ﬁ us, + A, <f[ (I+A, > 11w
(H(I + Asl.)> 11w,
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Finally in the next lemma, which is used to prove Corollary 3.2, we show that Rela-

tion (6.5) is satisfied provided Dgu.(w) satisfies the cyclic condition (7.2).

Lemma 7.2 Let N > 1 and assume that u : QX x X — R satisfies the cyclic condition
Dyyuy, (w) - - - Dyjugy (W) = 0, wes, tot,...t; € X, (7.2)
forj=1,...,N. Then we have
Agy - A (g (w) -y, (w)) =0, weQ®, tot,... tj € X,

forj=1,...,N.

Proof. By Definition 2.5 we have

J
At() “ e Atj Hutp et Z D@()uto PR D@j“‘tj? (73)
p=0

G)Ouu-ue)j:{to,tl ,,,,, t]-}

to,...,t; € X, 7 = 2,...,N. Without loss of generality we may assume that
{to.t1,...,t;} are not equal to eachother and that ©g # 0,...,0; # 0 and ©,NO, = 0,
0 <k # 1< jin the above sum. In this case we can construct a sequence (ki,...,k;)
by choosing

to # ty, € Op, ty, € Oy, ..., tk, , € Oy, ,,
until ty, = to € O, , for somei € {2,...,j} since OgN---NO; = 0 and OyU---UO; =
{to,t1,...,t;}. Hence by (7.2) we have

Dy

k1 utUDt’Q utkl o Dtk’i—1utki—2 Dtko utki—1 - O’

by (7.2), which implies

DeoUtODekl Uy, " 'Daki_1utki_1 =0,
since
(tkl,tkz, ... 7tki,17t0) € O x @kl X e X @ki717
hence
DGOUtODekl utkl tee D@kj Utj = O,
and (7.3) vanishes. O
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Again, in case X = R, Condition (7.2) holds in particular when either Dsu;, = 0,
0 <s <t asin (4.2), resp. D, = 0, 0 < s < t, which is the case when u is

backward, resp. forward, predictable.
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