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Abstract

We construct superefficient estimators of Stein type for the intensity param-
eter A > 0 of a Poisson process, using integration by parts and superharmonic
functionals on the Poisson space.
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1 Introduction

Consider a Poisson process (Xi)icpo, ) With intensity w of the form wu(t) = Ah(t),
t € [0, 7], under a probability P,, where (h(t))c(o,r] is a given deterministic function.
As is well-known, cf. [6], or [8], p. 351, Example 2, Ch. XIX, the classical parametric

maximum likelihood estimator (MLE)
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of A on the time interval [0, 7] is obtained by maximization of the Girsanov density,

i.e. under the condition:
d Xr b% Xr
- X1 ,—(AR(T)-T) 1 _ (2T _ Xr ,—(AR(T)-T) 1 —
- (A Te Hh(T,Q) = ( : h(T)) AT [Th(1) =o0.
k=1 k=1
The MLE Ar is efficient in the sense that it attains the Cramer-Rao bound

E, [‘S‘T - )\|2] = %

over all unbiased estimators (r satisfying IE,[(r] = A, for all A > 0, where IE, denotes

expectation under P,,.

In this paper we construct superefficient estimators for the intensity parameter A > 0
when the intensity (u(t))tcpo,r of (X¢)icpo,r) is constrained to have the form u(t) =
Ah(t), t € 10,T].

We use integration by parts and harmonic analysis on the Poisson space, via the
technique introduced by Stein [15] for the estimation of the mean of a standard Gaus-
sian random vector Z in R?, and extended to drift estimation on the Wiener space in

[14], [13]. Recall that Stein’s argument relies on:

a) the integration by parts

]Eu[(Zz' - Mz’)gi(z)] = ]Eu[az’gi(z)]> (1-1)

where IE,, denotes expectation under the standard Gaussian measure with mean

ne R
b) the chain rule of derivation for the partial derivative 9; on R,

c) the existence and properties of non-negative superharmonic functions on R? for

d>3.



Precisely, given an estimator of y € R? of the form Z + gradlog f(Z), where f : R? —

R? is sufficiently smooth, one gets, using the chain rule of derivation,

E,[|Z + gradlog f(Z) — p||34]

= B2 — pllz] + Eu[ll gradlog f(Z) 3] +2ZIE — pi)0;1og f(Z)]

= d+ Eu[” grad log f(Z)H]?@d] + 2,

B )

Zazz log fi(Z)

i=1

(1.2)

VI(Z)

i.e. Z+ gradlog f(Z) improves in the mean square sense over the maximum likelihood

estimator (MLE) Z if d > 3 and /f is superharmonic on R¢.

Integration by parts for g : N — R with respect to the discrete Poisson distribution
P(X =k)=e*/k! k € N, can be written as

E\[(X = X)g(X)] = AEA[g(X +1) — g(X)].

where IE, denotes expectation under the Poisson distribution with parameter A > 0,

and has been used to derive Stein identities for jump processes, such as

E\[X =X+ g(X)P] = A+ Ey\[|lg(X)*] + 2EA[(X — N)g(X)]
= A+ Ey\[|g(X)]] + 20 E\[g(X + 1) — (X)),

cf. [1], [3]. However the absence of chain rule for the finite difference operation
g— g(-+1) —g(-) prevents us from continuing the calculation as in (1.2) above, and
from using superharmonic functions as in the Gaussian case. On a more general level
the derivation property requirement prevents us from using finite difference gradients

on Poisson functionals cf. e.g. [9].

In this paper we apply Stein’s argument on the Poisson space, and construct su-
perefficient estimators for the discrete Poisson law, by replacing the Stein equation

(1.1) with the integration by parts formula of [2], [4], extended to arbitrary intensity
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functions on the Poisson space as in [11], in which the gradient V satisfies the chain
rule of derivation. When wu(t) has the form u(¢) = Ah(t) we apply our result to the
parametric estimation of the Poisson process intensity A > 0 via estimators of the
form

M+ —1 T
T hT) (X7r=0} h(T)

where F' is a positive superharmonic random variable on the Poisson space, ¢ € R is

Vrlog F,

a suitably chosen constant, and Vr is a gradient operator on the Poisson space.

Unlike in the Gaussian case, the Laplacian considered here contains first order terms
and is not the standard Laplacian on RY. As a consequence the d > 3 dimension
condition imposed in the Gaussian case can be waived and superharmonic functionals

can be constructed as functions of d jump times for d > 1.

We proceed as follows. In Section 2 we introduce the Poisson space and derive the
Cramer-Rao bound for a non-parametric estimator of the intensity. Our proof uses
stochastic calculus, and in this respect it differs from the ones usually found in the
literature, cf. e.g. § 1.2 of [7]. In Section 3 we recall the elements of analysis and
integration by parts on the Poisson space which will be needed in Section 4 to construct
superefficient estimators for the intensity of a Poisson process. In case u has the form
u(t) = At, numerical applications and simulations are given in Section 5 using simple

examples of (pseudo) superharmonic functionals.

2 Preliminaries

In this section we state some notation on the Poisson space and Poisson process,
and derive the Cramer-Rao bound. Let 7' > 0 and consider (X)o7 the canonical

process on
Q:{M:Z(Stk L 0<t < <t, <T, nENU{oo}},
k=1

defined as
Xi(w) = w([0,1]), t € 0,7,
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where 0, denotes the Dirac measure at = € [0,T]. Let (7})r>1 denote the jump times

of (X¢)ico,17, i-e. any w € {Xp = n} is written as

n
W = E 6Tk'
k=1

Let PP denote the standard Poisson measure on 2, under which (X;)cr . is a standard

Poisson process, and let (F;):cp0,r] denote the filtration generated by (Xi)icpo,7)-

Definition 2.1. Let P denote the set of functions of the form

t
u(t) :/ u(s)ds, t €[0,7],
0
where 4 : [0,T] — [0,00) is a non-negative function.

Let now u € P. By the Girsanov theorem, the measure P, on €2, under which the
canonical process (X;)cjo,r] is a Poisson process with intensity (t)dt, is absolutely

continuous with respect to P with
dP, = A(u)dP,
where
T Xr
A(u) = exp (- / (iu(s) — 1)ds) [T
0 k=1

denotes the Girsanov density. In the sequel we will denote by IE, the expectation
under P, and let L2(Q2) = L*(Q,P,).

We close this section with a derivation of the Cramer-Rao inequality using stochastic
calculus, for non-parametric estimation of the intensity. In case the intensity is con-
strained to be constant on intervals, our bound can be recovered from the Cramer-Rao

inequality for arbitrary finite dimensional estimators, cf. Theorem 1.5 of [7].

Definition 2.2. An estimator & of u € P is called unbiased if
E,[&] = u(t), t € 0,7,

and adapted if the process (& )iwcpo,r) @5 adapted to the filtration (F;)icio,m generated by
(Xt)te[O,T} .



Here, X; can be considered as an unbiased maximum likelihood estimator of its own
intensity u(¢) under P,, ¢t € [0, T]. From the next proposition, this estimator is efficient

since its mean square error is equal to
E, [\Xt — u(t)|2] = u(t), te0,7]. (2.1)

Proposition 2.3. Cramer-Rao inequality. Letw € P andt € [0,T]. For any unbiased

and adapted estimator & of u(t) we have
E, [|& — uw(t)]’] > u(t), ueP, (2.2)

where for all u € P the lower bound u(t) is attained by & = X,

Proof. Since &; is unbiased, for all v € P and € € R we have
Eu-ﬁ-av[&t] = u(t) + €'U(t) = Eu+av[u(t)] + EU(t),

hence

o) = L Eual— u(b]imo
d

= = [(& — u(t))A(u + ev)]je=o

- E [(& - u(t))d%A(u + fvhe:o]

= B | (6~ u(t) "t log Alu+ >]

= B fl6 = u0) [ L S 0N, ~ i)
= E, -(&—u(t))/o 1{&(8)7&0}%

Note that the adaptedness hypothesis on the estimator & was used to get the last

(@, = i()a)|.

equality above, and that the exchange between expectation and derivative can be
justified by standard uniform integrability arguments. Thus, by the Cauchy-Schwarz

inequality and the It6 isometry, we have

2t) < E[( [ s X~ ats)as)) ]Eun&—uu)m
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= /0 l{u(s)¢0}‘2(€3)‘ ds B, [[& — u(t)[].

It then suffices to take

to get
Var,[§] = Eu[|& — u(®)’] = u(?), (2.3)

which leads to (2.2). As noted in (2.1), 4, = X; is clearly unbiased under P, and

attains the lower bound u(t). O

3 Analysis on the Poisson space

In this section we recall the elements of analysis and integration by parts on the

Poisson space which will be needed for the construction of Stein estimators.

Definition 3.1. We denote by S the space of Poisson functionals of the form

F = folix,—o) + Z Lixp=ny ful(Th, ..., Th), (3.1)

n=1

where fo € R and f,, n > 1, is Ct on {0 < t; < .-+ < t, < T}, and satisfying the

continuity condition
fn(tbatn):fn+l(t1>atnaT)> OétlggtnSTa n e N. (32)

Recall that for all F' € S of the form (3.1), letting

fn(tl,...,tn) = fn (t(l),...,t(n)), nZ 1,
where (t(1,...,%x)) represents the arrangement of (¢,...,t,) € [0,7]" in increasing
order, we have:
E,[F] (3.3)

© 1 (T T
= " Dfgte™N = [ oo [ fulte,. o tn)i(ty) - lty)dty - - dty,
n=1 n! 0 0
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fo + e~ Z o / / _1 t1 , _l(tn))dtl <o dt,

From now we assume that v € P is such that u(t) is lower bounded by a (strictly)
positive constant for all ¢ € R, in order to satisfy the integrability conditions needed

in the sequel.

Definition 3.2. For F' € § of the form (3.1), let
D,F = — 21{XT H}Zym (9kfn(T1,... T,), tel0,T],

for F of the form (3.1), where Oy f, denotes the partial derivative of f, with respect
to its k-th variable.

Let
t
H= {v 20,7 =R : o(t) ::/ v(s)ds, t€[0,T], v € LQ([O,T],u(t)dt)}
0
denote the Cameron-Martin space with inner product
T
(v, )5 = / o(syis)a(s)ds,  v,w e H.
0

We have .
(DF,v)y = / o(t) Dy Fa(t)dt, FeS, wveH.
0

Let L2(€2; H) denote the space of processes (v(t))seo,r] of the form

v(t) :/0 0(s)ds, t €10,7],

. [ 1ot

We now turn to the definition of the operator § adjoint of D. Note that as D has the

such that

< 00.

derivation property, the operator ¢ is different from the Kabanov-Skorohod integral
[5], whose adjoint is a finite difference operator [9]. See [10], [12] for a comparative

study of these gradient and Skorohod type integral operators.



Proposition 3.3. i) The operator D is closable and admits a closable adjoint § :

L2(Q; H) — L2(Q) under P,, which satisfies the integration by parts formula
E,[Fé(v)] = E,[(v, DF)g], F € Dom(D), v € Dom(d). (3.4)

ii) We have
T
d(v) = / 0(t)(dX, — u(t)dt), (3.5)
0
for every Fi-adapted process v € L?(Q; H).

Proof. By standard integration by parts we first prove (3.4) when v € H:

E,[(DF,v) ]

— vaZ/ / /k 'tk $)dsOp fulty, ... ty)a(ty) - - - a(ty)dty - - - dty,
u(T) L(tg) o -
:_e_u(T) ! v u Yl u_l 17"'7u_1 n 17" Wln
;”’;/0 /0 /0 (s) (S>d88tkf"( (t1) (tn))dty - - - dt
0o n u(T) u(T) pti o -
= —6_"”’2%2/ / / b(u~Y(s)) dsa—tkfn(u‘l(tl),...,u‘l(tn))dtl-~-dtn
= ian/ v / U(T uTH (), ()0 (u (f))dy - d,
n=1

o u(T)
_u(T) _1 _1 o -1 ~ T o B
—° Z (n — 1) A dS/ / tl y U (tn 1)a )dtl dtn 1

n=1

:e_“(T)i% n/ /fntl,..., (bt ) - - - )ty - - -t
—e—umi(n_ll)!/o o(s)i / / Fultts ot TYi(ty) -~ it 1)ty -~ b .

n=1

The continuity condition (3.2), i.e
Fooi(tt, oo tumr) = fulty, oo tae, 7). n> 1,
yields
E,[(DF,v)u]

[e%e) T T 3
— T);%/O /0 fu(ty, .. tp)u(ty) - a(t,) Y o(ty)dt, - --dty,

k=1
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T < 1 T T
—e® [ a(sya(s)as SO~ [ / e )ity - ()t - -y
0 0

Next we define §(Gv), G € S, v € H, by
T
0(Gv) = G/ 0(t)(dXy — u(t)dt) — (v, DG)p, (3.6)
0
with for all G € S:

Eu[G<DFaU>H] = Eu[<D(FG)’U>H - F<Dva>H]

= E, {F (G/OTv(t)dXt— <DG=U>H)]
= E,[F5(Gv)],

which proves (3.4). The closability of D then follows from the integration by parts
formula (3.4): if (F,)peny C S is such that F,, — 0 in L2(Q) and DF, — U in
L2(Q; H), then (3.4) implies
| E(U, Go)u]l < | E[F0(Gv)] — E[(U, Go)nl| + | E.[F,0(G)]]
— | Bu{(DF, — U,Gv)u]| + | E,[F0(Gv)]
< DFvya — (U v)ull o Gllz@) + 1 Fallz@l16(Go) |z @),

n € N, hence E,[(U,Gv)y] =0, G € S, v € H, i.e. U = 0. The proof of the
closability of ¢ is similar. Finally, by standard arguments we consider processes of
the form v = G117 where G € S is F-measurable, t € [0,7], for which we have
1;7(s)DsG =0, s € [0, T, which shows from (3.6) that

5(v) = G /0 L1 () (dX, — i(s)ds) = /0 0u(dX, — 1i(s)ds),

hence § extends the Ito integral on all square-integrable F;-adapted processes, and

(3.5) is proved. O
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For all t € [0,T] we let X;(s) = min(s,?), s € [0, T].
Definition 3.4. Let
t
Vi F = (DF, X;)u :/ u(s)DyFds, F € Dom(D).
0

For F' of the form (3.1) we have:

L > “u(t AT
V.F = / D.Fi(s)ds = = > Lixp—my Y %&Jn(ﬂ, T,
0 n=1 k=1

In the parametric case u(t) = Ah(t), t € [0,T], h € P, we have

h(t N\ Ty)
vtF’— Z]-{XT "}Z k ak.fn(Tla"'aTn)> (37)
k=1

which is independent of .

We close this section by introducing a Laplacian on the Poisson space.

Definition 3.5. We define the Laplacian A; by
AF =V, V,F, Fes.

The operator A, is easily shown to be closable, i.e. for any sequence (F},),en of random
variables converging to 0 in L2(€) and such that (A;F,),en converges in L2(Q), we

have

This allows one to define the domain of A;, denoted by Dom(A;), as the set of
functionals F' for which there exists a sequence of cylindrical functionals (F},)nen,
which converges in L2(Q) to F' and such that the sequence (AF},),en converges in
L2(€). We will say that a random variable F' in Dom(A;) is As-superharmonic on €
if

A F(w) <0, w € Q. (3.8)

For example if u(t) = At, then for any F' € S of the form (3.1) we have
AF = —ZI{XT n}th@fn T,...,T,)(t ATy)
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= Y Ve Y EAT)(EAT)RD (o, T)
n=1

k=1

+ 3 Vixemny Y Yon(T)Tedk fu(Th, - - T),

n=1 k=1

which is independent of A. Note that due to the presence of first order terms this
Laplacian differs from the canonical Laplacian used in the Gaussian case, as a conse-
quence the existence of associated positive superharmonic functions is not conditioned
by a lower bound (such as n > 3) on the number of variables, see the examples in

Section 5.

4 Stein estimators

Our aim is to construct a superefficient estimator A of A of the form

S {r
)\T‘l'm,

whose mean square error will be strictly smaller than the Cramer-Rao bound when
&r € L2(Q) is suitably chosen, where Ay = X7 /h(T) is the MLE of A. In agreement
with Proposition 2.3, this estimator will be biased and anticipating with respect to

the Poisson filtration.

The next proposition is our main result on estimation of the intensity parameter
A > 0.

Proposition 4.1. In the parametric case u(t) = Mh(t), t € [0,T], for any F € S of
the form (3.1) the estimator

< . 1 fi(T 1
PPN W () —

W) fu(T) =0 gy Vrlos

of A\, where VpF is given in (3.7), has risk

Bl == 5+ e

2
4 N VvV F
—Ah(1 TV1

e ()+h2(T) Ey, [7
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The proof of Proposition 4.1 will relies on the following two lemmas. First in the
next lemma we construct an unbiased risk estimator by applying Stein’s integration
by parts argument in which we replace (1.1) by the duality relation (3.4) between the

gradient and divergence operators on the Poisson space.
Lemma 4.2. Lett € [0,T]. For any & € Dom(D) we have
E, [|X; + & — u(®)]?] = u(t) + 16720 + 2 Eu [Vi&] .- (4.2)
Proof. We have
B, [|[X; —u(t) +&P] = B [|[Xi = ul®)P] + [1&ll72 ) + 2B (X0 — u(t))é]
= ut) + &l 72 @) + 2B [(Xe — u(t))&] .-

We now use the duality relation (3.4) and Relation (3.5) to get

B, (X —u()&] = B [6(X)&]

E
E, (X, D&) ]

= E, { /0 t u(s)DS&ds]
E

u [vtgt] 9

u

which yields (4.2). O

The proof of Proposition 4.1 is then a consequence of the following result which applies

Lemma 4.2 to processes (& )icjo,r) of the form

u(t)

& = le{XT:O} + Vilog I, te[0,17,

where ¢ is chosen in such a way that { € Dom(D), ¢t € [0,7], and F' € Dom(D) is
such that F > 0 and vF € Dom(4A,).

Lemma 4.3. Lett € [0,T] and let F € S of the form (3.1) such that F > 0, P-a.s.,
F € Dom(4A,), and

8nfn(t1, e 7tn—17 T) =0 and 8kfn(t1, N ,tn> = 8kfn+1(t1, N ,tn,T),
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0<t; < <t, <T, 1<k<n,n>2. Let also
u(t) fi(T)

gt = —m fl (T) 1{XT:0} + Vt log F. (43)
Then & € S € Dom(D) and
2] _ w?(t) | f(T) ’ —u(T) AWF
E, [|X: + & — u(t)]?] _u(t)+u2(T) F(T) e +4E, ok t € 10,77.
(4.4)
Proof. By construction we have ¢ € S, t € [0,T], and from Lemma 4.2:
E, [|X; +& — ut)P’] = u(t) + [&ll72 @) + 2 Eu [Vi&d
_ 0 | A iy g |[VE[
A0 [ADF ), o [, VVeE | VeF]?
u(t) + (T | F2(T) e + E, _2 7 ‘ I3 (4.5)
u?(t) | A(T) [ —w(T) V.ViVF
u(t) + (1) | (1) e +4E, Wia :
O

Proof of Proposition 4.1. Apply (4.3) and (4.4) above at t = T with u(t) = Ah(t). O

As a consequence, the A;-superharmonicity of F' may imply the superefficiency of
X +¢&. Note also that X;+¢, may not be positive and replacing & with max(X;+¢&;,0)

will yield a lower risk since the intensity « is known to be positive.
We close this section with some additional remarks.

Remarks

a) Relation (4.5) established in proof of Lemma 4.3 shows that the A;-superharmonicity
of F' implies

B, (| X + & — u(t)]’] (4.6)
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2

2
u-(?) e M B, [V, log F|? tel0, T
U | t g | ) [7 ]7

fi(T)
< u(t) + (T

Si(T)

with equality in (4.6) when F'is A;-harmonic. Nevertheless the A;-superharmonicity

of /F is a weaker condition.

b) Note that the risk of any non-adapted estimator (; of u(t) can be lowered by

adapted projection, indeed we have

Eu[| B¢ | F] —u®)] = B, [|G—u®)] =B, [|EJG | F] -G
< E, [|G—wl], (4.7)

for all w € P, and in particular

_ u(t) fi(7T) — (u(T)=u(t)

t € [0,T], which is however dependent on the intensity w.

¢) Both estimators X; + & and X, + IE,[¢, | ;] have bias
b(t) = Eu[X; + & —u(t)] = E,[&], t€[0,77,

which, using the relation

V.F|?  V,V,F 4
’ | =25~ ﬁvtvt\/ﬁ,
can be bounded as follows:
() = |E.&]?
S Eu [‘515‘2}
2
_ 9E, [vtvtF]+ 922(15) flT) D) _ 4, V,.VVF |
F w(T) | Au(T) VF
hence when F' is A;-superharmonic we have
2t) | fL(T) |? V,.ViVF
V() < ?L( DAV el g R, |2, tel0,T).
0= @) @) VF 01]
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d) By integration over [0,7], Proposition 2.3 immediately yields, for any unbiased
and adapted estimator ¢ of u € P:

T
IEu [/ |Ct — u(t)\2dt] > ||u||L1([O,T]), u e 7), (48)
0

where the lower bound |lu||11(o77) is attained by ¢ = X. This bound can be

used to derive a nonparametric estimation result for the process (u(t)):ejo,r)-

On the other hand, formal maximization of the Girsanov density A(u) gives

T+ o) = M) [ 25X, ~ du(s) =0

for all v € H, ie. 4 = X;. Hence the canonical process @ = (Xy)co,7] be
considered as an unbiased maximum likelihood estimator of its own intensity
(u(t))teo,r) under P, which is efficient in the sense that it attains the Cramer-

Rao bound
B [I1X = ullgom] = lullz o (4.9)

Given (Xt(l))te[oﬂ, e (Xt(N))te[O,T]a N independent samples of (X¢).c(o.7], the

process

1
Xt:N(X§1)+-~-+X§N))

is a point process with intensity v under P,, which is consistent as 1" tend to 0

and as N goes to infinity, since by independence we have

E. [IX - ulbpn) = 53 [Z/LX ] = ¥ [ o

Similarly to the above, integration over [0,7] and Lemma 4.3 show that for
defined as in (4.3),t € [0,T], & € S, t € (0,7, and

2
—u(T)

f(T)
Si(T)

+41E, {% /0 ' Atﬁdt] ,

16

lul72
, B L2((0.7])
E, |1 X +&—uli2qom| = lulmqom + (T)




hence the A;-superharmonicity of F', ¢t € [0,7], may imply the superefficiency
of (X; 4 &)icjo,r)- Note however that in the general non-parametric case, the

estimator (X; + & )icjo,r) of v is dependent on w.

6

Poisson path
Intensity -----—---
Stein estimator ---------

(0] 0.2 0.4 0.6 0.8 1
Time

Figure 4.1: u(t) =3t, t € [0,T]; N =5.

Figure 4.1 represents a sample path of the process X; + &, t € [0,7] when
u(t) = At, A = 3.

5 Examples

In this section we present some examples of estimators satisfying the hypotheses
of the previous sections, and we test their superefficiency. In the parametric case
u(t) = Ah(t), t € [0,T], the percentage gain of an estimator Ay of A over the MLE
Ar = Xr/h(T) is defined as

EullAr = AP = BullAr = AP _ o AA(T) = EullAr =

100 B[ — A2 ()

In the sequel we assume that u(t) = At, t € [0, 7], hence (4.1) reads

H(T)
S(T)

VrVrVF
VF

2
4
e—u(T)

~ A
Eu[|>‘T - )‘|2] = Tz

T
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and \p is superefficient, i.e. its gain is positive, provided v'F is Ap-superharmonic

and f{(T)/f1(T) vanishes or is small enough.

The positive As;-superharmonic functionals we consider are of the form

T 0 n
VE= [ 0N =Y Loy > (),
0 n=1 k=1

where g, : [0,7] — (0,00), k > 1, and

gi(t1) + -+ gnltn) >0, 0<t1y <---<t, <T, n=>1l

Then, & defined from (4.3) as

9:(T)
gt = —thi (T) 1{XT:0} + Vt log F

9,(T) . (t /\ Tk gk(Tk)

— /)y 2§1 D
() Hr=% W= L g () + -+ gu(T5)
9,(T) / )

= lix,.—0) — — tAs s)dNg,
7 (T) {Xr=0} \/F o ( )gNS ( )

belongs to Dom(D) provided
ge(T) =0, and g (T)=0, k=2,
and for the condition Arv/F < 0 to hold it suffices that
g.(z) + zgi(z) <0, rel0,T], k>1
a) Let g1(x) =T(14+ 3) —z and g, =0, k > 2, i.e.
F =1{x,5n (BT +T —Th)?,

with 8 > 0. We have from (4.3):

2
& = 1{XT:0}/8—Tt+1{XT21}m(t/\Tl)?

and
V.VWVF = -Ti1 04(T1)1ix,>13 <0,
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(5.3)



hence

- A4 4 T
2 _ —\T 1
Bulbr 3 = 7+ g™ g e re
A 4 _p 4T T N
- Z R B )
T et T, fraT—20

The gain of this estimator is equal to the function of \T"

4 (T T \ 4 S 4
_ N =T :4/ —)\T:cd . —\T
T/O AT+T—z° 7 13 1+ 6—z e

R —" 1
> 4o / Mz g,
= 7 <0 1148 de AT 32
e AT <((>\T)2 — AT +1)eM —1 1)

4

BAT 1+ 1/B)AT B

which is strictly positive (i.e. A is superefficient) provided 3 > 2A71T—1

Figure 5.1 represents the gain of Ay as a function of 3.
40
Al
20
Il
/
|

[0} 5 10 15 20 25 30 35
beta

gain %

Figure 5.1: Gain as a function of § with A =1 and N = 1.
b) When k£ > 2, conditions (5.2) and (5.3) are not compatible and as a consequence,
superefficiency of A will be dependent on the value of A\. We take
g(x) =C,  gi(z) = —(=log((c+2)/(c+T))™,  2<k<N,

g =0,k>N, WithC’ZZ]kvzl(—log(c/(c+T)))ak and o, > 1,2< k< N. In

this case, Argy is not everywhere negative as shown in Figure 5.2, with ap = 2,

19



k=2,T =1, and ¢ = 0.01, but this suffices to achieve superefficiency for most

values of A, see below.

L L L L L L L L L )
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Figure 5.2: Graph of Args

Figure 5.3 represents the gain of Ar as a function of A, with 10® samples, oy =

a3 = 27 N = 37 and C' = 92(0) + 93(0)

14

12 /
10

gain %

[0} 5 10 15 20 25 30
lambda

Figure 5.3: Gain as a function of \.
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