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Abstract
It is known that the multiple Poisson stochastic integrals Ip,(f,), In(gm) of
two symmetric constant-sign functions are independent if and only if f,, and g,,
satisfy a disjoint support condition. In this paper we present some examples in
which this property extends to some variable-sign functions.
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1 Introduction

The independence of two Gaussian random variables can be characterized by the
vanishing of their covariance, and this property has been extended to multiple Wiener
integrals in [9], [10], by stating that the multiple integrals I,,(f,), Im(gm) with respect

to Brownian motion are independent if and only if the contraction

/ fTb(xl""7xn—17z)gm(y17'"7ym—1az)dz:07
0

vanishes, z1,...,%y_1,%1,..,Ym-1 € R, where L*(IR,)°" denotes the subspace of

L*(R4)®" = L*(R’}) made of symmetric functions.



A proof of necessity has been provided in [2] using standard probabilistic arguments,
while the original proof of [9], [10] relied on the Malliavin calculus. In addition, I,,(f,)
is independent of I,,,(g,,) if and only if

E((Ln(f0))*(In(9m))*] = El(In(fn))*] X El(Ln(gm))°], (1.1)

cf. Corollary 5.2 of [7]. Independence criteria for multiple stochastic integrals with

respect to other Gaussian processes have been obtained in [1].

Coming back to the case of single integrals I;(f) with respect to Brownian motion,
when X ~ N(0,s) and Y ~ N(0,t — s) are two independent centered Gaussian

random variables it is well known that
X-Y ~ Il<f), with f = 1[0,5] — 1[87,5},

is independent of

X—FY’i[l(g), Wlthg: 1[073] +1[s,t};
since (f, g) = (Ljo,s — Ls Lio,s) + Lsgg) = 0.
The situation is completely different when X ~ P(s) and Y ~ P(t—s) are independent

centered Poisson random variables with means s and ¢ — s, in which case X —Y is no

longer independent of X + Y. Although we may also write
X =Y = L(f)="hIps— L)

and

X+Y ~1i(9) = hi(1p,g + L)

where [1(f) is the compensated Poisson integral of f, independence can occur only

when fg = 0, as follows from Proposition 3.1 below.

When I,,(f,) and I,,,(g,,) are multiple Poisson stochastic integrals on R, the condition

I ®(1) I (T1y o Ty Y1y Une1) = fa(@1, o T0) G (Y -y Yne1, ) = 0, (1.2)



Tlyee s Ty Y1y -5 Yn—1 € Ry, is sufficient for the independence of I,,(f,) and 1,,(g.)
on the Poisson space, due to the independence of increments of the Poisson process,
since by symmetry of these functions, the supports of f,, and g,, can be respectively

contained in two Borel sets of the form A" C R, and B™ C R with ANB = 0, cf. [5].

On the other hand, it has been claimed in [4], [5] that (1.2) is also a necessary condi-
tion for the independence of I,,(f,,) and I,,,(g) on the Poisson space. A similar result

was stated independently in [8].

However that necessity claim was proved only when the functions f,, and g, have
constant signs. More precisely, the necessity condition therein is based on the relation
(1.1) which, unlike on the Wiener space, turns out to be weaker than the indepen-
dence of I,,(f,) and I,,,(¢,) when f,, and g,, have variable signs, as was shown in [7]

by a counterexample for n = 2 and m = 1, cf. also Remark 3.4 below.

In this note we present some examples in which (1.2) holds as a necessary and sufficient
condition for the independence of I,(f,,), In(gm) when f,, and g, are allowed to have

variable signs. Namely we treat the following cases:
- tensor powers: f, and g,, take the form f, = f°* and g,, = ¢°'",
- integrals of first and multiple orders: f, € L?(R,)°" and g; has constant sign,
- Integrals of 1°* and 2°¢ orders: f, = f o g, without sign restrictions on f, and g,

for which we show that f, ®{g,, = 0 is necessary and sufficient for independence. The
question whether (1.2) is a necessary condition for independence is still open in full

generality.

In Section 2 we recall the necessary conditions for independence obtained in [4], [5].
The examples of multiple integrals with variable-sign kernels for which the disjoint
support condition is necessary and sufficient are given in Section 3. Finally in Sec-

tion 4 we consider the expectation of multiple stochastic integrals.



The results of this paper are stated for a standard Poisson process on the half line
R, however they can be extended without difficulty to Poisson measures on metric

spaces.

2 Necessary condition for independence

We start by recalling some results of [4]. Given f, € L*(R)°" a symmetric square-
integrable function of n variables on R}, the multiple stochastic integral of f,, with

respect to the standard Poisson process (N;)icr, is defined as

In(fn):n!/ooo/otn / Flbis e b)) d(Ne — 1)« d(Ny, — ). (2.1)

We will need the multiplication formula

2(nAm)

]< Z ]n—i-m s nms) (22)

cf. e.g. Proposition 4.5.6 of [6], provided

n\[m k
hnms = k! n ok m
" 2 (k)(k>(s—k) s
s<2k<2(sAnAm)

isin L2(Ry )% 0 < s < 2(nAm) where f, 0, g, 0 <1 < k, is the symmetrization

in n+m — k — [ variables of the function

fn ®kgm Li41y--- wnayk-i-la-"?ym) =

/ / fn mla"'axn)gm<xla"'7$k>yk+17"'7ym)dxl"'dxl'

for f, € L*(R:)*" and g, € L3(R.)°" such that f, ol g, € L2(R.)m+m k-,
0<I<k<nAm.

The following proposition shows that f, 0¥ g,, = 0 is a necessary condition for the
g 19 y

independence of I,,(f,) and I,,(gm)-



Proposition 2.1 Let f, € L*(R,)°" and g,, € L*(R,)°™ such that

E((1n(fu))*(In(gm))*] = E[(In(fu))*] X El(In(gm))’].

Then we have f, o9 g,, = 0.

Proof.  ([4]) If I,(f,) and I,,,(g,,) are independent, then I,,(f,,)ln(gm) € L*(Q) and

using the isometry formula

E [[n(fTL)Im(gm)] = n!<fnagm>L2(R+)®”1{n=m}a (2'3)
for f, € L*(Ry)°™, gm € L*(R;)°™, we get

(n+m)! | fo 0 gm [2m,yonem> nIml | fo ® g 12, yonim

= nlm!| f, ‘%2(R+)®”| 9m |%2(R+)®m

= E[L(f)% E [Ln(gm)?] = E [(L(£.)Im(gm))’]

2(nAm)

= Z (n + m — r)‘ | hn,m,r |%2(R+)®n+m—r
r=0

> (n+m)! | hamo \%2(R+)®n+m +(n+m =D hnma |%2(R+)®”+m*1

> (n+m)! | fuogm [Tom,ymnim +nmn+m =D fo0f gm [72m, yenrm

from (2.2), which implies f, o? g,, = 0. O

It follows from Proposition 2.1 that if I,,(f,) and I, (g,) are independent then we
have f, o¥ ¢g,, = 0. However, f, o g,, = 0 is in general only a necessary and not

sufficient condition for f, ®Y g,, to vanish, since

(fr 0 Gy fr 0% Gm) < (fn @% Gy fro @Y Gim),

which follows from the fact that f,, 00 g,, is the symmetrization of f,®%g,, in n+m—1

variables.

A counterexample for which we have f, 0 ¢, = fn 01 g = 0 and f, @Y g, # 0 can

be found in [7], Example 5.3, as

fa(s,t) = (2.4)



Lisecoy (j—1,-1/21(8) — L—1/2,1/21(8) + L112,11(8)) (Lj—1,—1/21(5) — L=1/2,1/21(8) + 1pa/2,11(5))

and g1(t) = —1j—1,0(t) + 1(0,1(¢). In this example the integrals I5(f2) and I;(g1) are

not independent, however (1.1) holds and therefore (1.1) and (1.2) cannot characterize

the independence of I,(f,) and I,,,(gm)-

In the case n = 2 and m = 1 we are able to show that (1.1) entails fy o] gy = 0 in

addition to fy o} g1 = 0.

Proposition 2.2 Let fo € L*(R,)°* and g1 € L*(R.) such that

E[(L2(f2))*(11(91)"] = El(I2(f2))*] x E[(11(91))"]-

Then we have
faolgr =0, and fyo; g1 =0.
Proof. By the same argument as in the proof of Proposition 2.1 we find

h2,1,1 = f2 0(1) g1 = 0,

and

h2,172 = 2f2 O% g1 = 0.

When fy = f og and g, = h, Proposition 2.2 yields

(Fog)olh=1(/® (gh)+ (h)® f +9 & (Fh) + (fh) @ ) =0,
and
(fog)oih=flg,h)+g(f h)=0,
hence
(g;h) = (f,h) =0,

provided f o g # 0.

(2.5)

(2.6)

(2.7)



3 Variable-sign kernels

In this section we consider examples of kernels f, € L*(R;)°", g, € L*(R,)°™ for
which
fno(ljgm:() = fn®(1)gm:07

in which case the condition

[ @Y g = ful@n, s 1, 2) G (Y1 - 3 Y1, 2) = 0,

L1y oy T 1,Y1s - Ym-1,2 € R, becomes both necessary and sufficient for the in-
dependence of I,(f,) and I,,(gm), and is equivalent to (1.1), which also becomes

necessary and sufficient.

We note that

(fr % Gm» fn ) Gim) (3.1)

1
= Grmo, 2

0EXn4m—1

/ . 1(fn ®? gm)(xla s >$n+m—1)(fn ®? gm)(xau cee 7$Un+m_1)dx1 e dmn—&-m—l
R

—D)l(m —1)!
1
+(n+m—1)!0€;nm

/ 1 fn ®(1) gm(l’b . an+m71)fn ®(1) gm('ralv s 7370'7L+m71)d1;1 e dxn+m*17
Ri '

where

Onm = {0€X,ma @ o{l,....,n—1}) #{1,...,n—1}
oro({n+1,....,n4+m—1}) #{n+1,....,n+m—1}},

and our method of proof will rely on this decomposition to show that f,, ®? g,, = 0.



Tensor powers

In the next proposition we obtain a necessary and sufficient condition for the inde-

pendence of integrals of (symmetric) tensor powers.

Proposition 3.1 Let f, g € L*>(R). Then L,(f®") is independent of I,,(¢®™) if and
only if f&" @Y ¢®™ =0, which is equivalent to fg = 0.

Proof. We have
[t g = (fg) o [ o g2,
hence f°" of ¢g°® = 0 is equivalent to fg = 0 and to
FOm @0 g8 = FRID @ (fg) @ ¢®mD =,
0]
In particular, I;(f) is independent of I;(g) if and only if fg = 0, for all f,g € L*(R).

Integrals of first and multiple orders

Here we consider the case of I,,(f,,) and I;(g1) when only g; has constant sign.

Proposition 3.2 Let f, € L*(R,)°", and assume that g1 € L*(R.) only has constant
sign. Then I,(f,) is independent of I (g1) if and only if f, @ g1 =0, i.e.

folz1, .o xn)gr(xr) =0, Ti,..., T, € Ry,
Proof. We have

fnoYgi(xy,. .., 2,) = %fn(azl, ey Ty) Zgl(xk),

and, as in (3.1),

n n

<fn 01 glafn 01 91> / / f2 iUlv7$n)zzgl($z)91(%)d$1dl’n
i=1 j=1

_ 1/ / P, o)l (@)Pdas - - day

n—1
+ / / f2 (1, ..., 20)g1(x1) g1 (22)dxy - - - dy,

1 1 _
= E(fn @3 g1, fn @) 91>+T<fn QP2 [y 1 @ 1), (3.2)

hence f, of g1 = 0 implies f, ®J g; = 0 since f,, @772 f, > 0. O

8



Integrals of first and second orders

In the next result the necessary and sufficient condition for independence of multiple
stochastic integrals is obtained without any sign assumption on the integrands in the
first and second order case. In this section we work in the tensor case fo = fog, which

does not include Example 2.4, see (3.5) below for an example in the tensor case.

Proposition 3.3 Let f,g,h € L*(Ry). The double Poisson stochastic integral
00 t
Bifog) =2 [ ) [ a(s)dN. = )N, -1
0 0
is independent of the single integral I,(h) = / h(t)d(N; —t) if and only if
0

(fog)®h=0,

which is equivalent to fh = gh = 0.

Proof. We assume for simplicity that (f, f) = (g,g) = 1. If I5(f o g) is independent
of I (h), Proposition 2.1 shows that (f o g) o h = 0 and the conclusion follows from
Lemma 3.5 in case (f?, h){g* h) > 0. Next, if

(f2.h) (g% h) <0,
Lemma 3.6 below shows that
h = Agrz0y = Alggzop, (33)

where
A= (2, B2 = (g2 312 20, (3.4)

In addition we have fg = 0 by Lemma 3.6, and by Proposition 2.2, (2.6) and (3.3),
| sade= [ gtz =0,
0 0

a_ = / 1{g(z)¢0}d1} < 00, and oy = / 1{f($)¢0}d£l: < 00,
0 0

we get

hence, letting

9



which are both finite since h € L*(R. ), we obtain

E[(I(f 0 9))*1(r,(ny=xn}] = E[Il(f)2fl(g)21{h( h= An}]

o k n+k 2
= e T Z (2k:+n / (ZX:f 371) dﬂ?l"'dxk/RHn (ZQ(ZJ@)) dyi - - - dYkin

k=0V(—n)
n+k
— —o_—ag
e 2k+n /Rk Zf ;)day - - d:ck/Rng Yyi)dy - dYpn
k= ov(
B Z k(k+n)
(2k +n)!
k=0V(—n)

On the other hand, being the difference of two Poisson random variables, A1 (h)

has the Skellam distribution.
oo n+k _k

aal

P(Iy(h) =An) = e “=7%* PR TR s

oo El(n + k)!

o n/2
e () gy
n € Z, where
0 2 n+2k
Z.(z) = (z/2) x>0,

— kl(n+ k)
is the modified Bessel function of the first kind with parameter n > 0. It follows that

o e k=0 2k+s)|
E|(I(f 2 ))* | Ii(h) = An] = (i> I%(&f(oﬁa))

a_
which cannot be constant in n because the Bessel function Z,,(x) is not separable in
its variables  and n. Therefore the independence of I1(f o g) with I;(h) imposes

A = 0 which concludes the proof by contradiction with (3.4). O

From the above proof we note again that, although independence of I1(f o ¢g) and
I,(h) is equivalent to (f o g) ®) h = 0, in general the statement (f o g) o{ h = 0 does
not imply (f o g) ® h = 0, as shown by the following example:

f=14,  g=1p, h=14—15g, (3.5)
A, B C R, with AN B = (), where we have
(fog)(g)(l)h’:(1AO]-B>®(1)<1A_1B>:_1A®1B+1B®1A7£0,

10



and (f o g) oy h =0, while (fog)®Jh+#0,ie (1.2) does not hold. In this case the
independence of I5(f o g) and I;(h) does not hold, as in Example (2.4) above.

Remark 3.4 Unlike in the Wiener case, Condition (1.1) is in general not sufficient
for the independence of L,(f,) and I,,(gm), as shown by the example (2.4). Therefore
the search for a necessary and sufficient condition for independence in the general

case has to involve more complex criteria than (1.1).
The next lemma has been used in the proof of Proposition 3.3.

Lemma 3.5 Let f,g,h € L*(R,) such that (f o g) o) h =0 and
(f%. 1) (g% h) = 0.

Then we have (f o g) @) h =0, and fh = gh = 0.

Proof. For simplicity and without loss of generality, we assume that
(f;)={9,9) =1

By Proposition 2.2 we have (f o g) o) h =0, and from (3.2) or (2.5) we find

0 = ((fog)olh,(fog)olh)

= o) @ h (Fog) @) + L((fog) @3 (fog)heh)
= S 00) &Yk (Fog) @A) + g W) + (7% W),

This shows that
(fog)®h=0,

provided (f2,h)(g? h) > 0, and we conclude by Lemma 3.7 below. O

The next lemma has been used in the proof of Proposition 3.3.
Lemma 3.6 Let f,g,h € L*(R.) such that (f o g)o?h =0 and
(g%, h) # (% ). (3.6)

Then we have fg =0 and
h = Alggzoy — Alygzoy,

11



for some X\ # 0 such that
)\2 — <f27h2> <g27h2>

(f, f) (9,9)

In particular it holds that
(g%, h)(f* h) < 0.
Proof. For simplicity of exposition we assume that (f, f) = (g, g) = 1. The condition
(fog) oY h =0 implies
{ ((fog)olh, f®f)={f gh)+{f* h){f g) =0,

((fog)olh,g®g) = (f gh)+(g* h){f g9) =0,
and since (g%, h) # (f?, h) this gives (f,g) = (f, gh) = 0, hence

(fog)oih,(fog)oyh)= %<f27 hy (g h) +((fog) @ h, (fog)®]h)

= LU )+ (U PG + (0,0} 1)

> _%<f27 B2YV2(g? B2V 4 i(&cﬂ B2 + (f2,1%) (37)
e g
Z 07

which shows that ((fog) o}l h,(fog)oih) =0 implies {f%, h?) = (g% h?), and, by the
equality (3.7),
fh=M\f, and gh = —\g,

for some A € R such that
A= (2, R2)2 = {g® h)12.

Hence we have

h'= Al{rz0p — Alggzo}, (3.8)
and

Nfg=n’fg,
which imply that fg =0 a.e. on
{n*=0}={f=h=0}U{fg#0},

hence fg = 0. Finally we note that A # 0 by (3.6) and (3.8). O

12



The next lemma has been used in the proof of Lemma 3.5.

Lemma 3.7 For any f,g,h € L*(R,), the condition (f o g) @\ h =0 is equivalent to
fh=gh=0.

Proof. Assuming again that (f, f) = (g,¢) = 1, we note that since
1
(fog) @Y h=2(f®(gh) + 9@ (fh)), (3.9)

we have

((fog)®Yh,(fog)®]h)= 1((92, h2) + (f2,h%) +2(f, 9)(fg, h*))

4
> (g% ) + (% 0%) = 20 fg, 1) (3.10)
Z i(<92’ h2> + <f2, h2> . 2<92’ h2>1/2<f2, h2>1/2)
_ i(<f2’ h2>1/2 . <g27 h2>1/2>2
> 0.

Assuming that (fog)®Yh = 0, if (fg, h?) # 0 then the equality (3.10) implies f = —g
and fh = gh =0 by (3.9). On the other hand, if (fg, h?) = 0 we have

0=((fo9) @) b, (f0.9) &Y h) = (g% %) + (2, 12))

hence fh = gh = 0. This shows that fh = gh = 0 in all cases, and (fog) ®)h =0 is
equivalent to fh = gh = 0. U

4 Conditional expectations

In this section we present some complements on conditional expectations. Next is an

adaptation of Proposition 3 in [3] to the Poisson case.

Proposition 4.1 Let f, € L>(R,), n > 1, and let A be a Borel set of R, with finite

measure. We have

(fn, 13")

Blln(fa) | (5] = Bl () | h(La)] = 35555

L(13"),
which is a polynomial in I;(14).

13



Proof. For any k > 1, by (2.2) we have

k
14" =) (1),
=0

where ay, ..., a € (0,00), hence
E[In(fn)(ll(lfl))k] = O‘kl{kzn}<fn7 1§n>
YL i 115
<1A, 1A>n n A 9
which shows that (. 15m
ny 13" n
ElL(fa) | 11(1a)] = mhﬂ? ).

By (2.2) we also have
1®n Zﬂl]l 1®l

where (o, ..., [, € R, which implies O'(In(]_%n)) C 0(I1(14)), and

ElL(fa) | 1.A3"M] = E[E[L(fa) | Li(1a)] | To(13")]
= T EIEIL A | D] | )
(fn: 13") + (qeon
<1A71A> [ <1A )
When n = 1 the above result says that
(f1,14)
BI(A) | R = (5L,

(4.1)

(4.2)

which follows by a direct orthogonal projection argument. In particular when X ~

P(s) and Y ~ P(t—s) are independent centered Poisson random variables with means

s and t — s,

X ~ ]1(1[0751) and Y ~ Il<1[s,t])

taking f1 = 14 and A = [0,¢], Relation (4.2) follows from the fact that X + s has a

binomial distribution with parameter s/t given X +Y + t.

14



Finally we note that, contrary to the Wiener case and Proposition 2 of [3], the condi-

tional expectation of an odd order integral given an even order integral is not zero in

general, indeed,

BI5(f5)(I2(g2))*]

does not vanish in general, from the multiplication formula (2.2).
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