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Abstract
We show that two multiple stochastic integrals I, (fn), Im(gm) with re-
spect to the solution (M¢)ier N of a deterministic structure equation are in-
dependent if and only if two contractions of f, and g, denoted as fn oS gm,
fn ©1 gm, vanish almost everywhere.

1 Introduction

This paper aims to extend the necessary and sufficient conditions for the indepen-
dence of single or multiple stochastic integrals of [12], [14], [15], [16], [17], cf. also
[6], [7], proving and extending results that have been partially announced in [9].
Let (M;)ier, be a martingale satisfying the structure equation

d[M, M), = dt + ¢dMy, (1)

where ¢ : Ry — R is a measurable deterministic function. Such martingales are
normal in the sense of [2], i.e. d < M, M >;=dt, t € R, and they satisfy the chaos
representation property, cf. [3]. Moreover, they have independent increments, and
if (Bt)ier,» (N¢)ier, are independent standard Brownian motion and Poisson
process of intensity ds/¢?, then (My)¢er, can be represented as

t t
ds

M; = / 1{¢S:0}st +/ Os (dNS — 2) , teRy4. (2)
0 0 d)s

We choose to construct the processes (Bi)icr . on the classical Wiener space

(Q1, F1, Pr), where € is the space of cadlag functions starting at zero. We de-
note by (s, Fa, P3) the space

i=N
Qp = {Z 6tz‘ : (ti)izl,...,N € R+, NeNU {OO}} ,
1=1

with the o-algebra and probability measure F5, P> under which the canonical
random measure is Poisson with mean measure g on (R, B(R4)) defined as

1
J(A) = / Las, AcBR,).
An{g#0} D3
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With this notation, (N;)ier, is written as Ny(wz) = w2([0,1]), and (B;)ier, sat-
isfies By(w1) = wi(t), t € Ry. For A € B(R,) we call F3' the o-algebra on Q
generated by all random variables wo — wa(A N B), B € B(R4). The martingale
M is then explicitly constructed as M;(wi,w2) = Xi(we) + Bi(w1), t € R4, on
(Q,]:, P) = (2 X o, F1 @ F2, P ® Pg), where

t
Xt:/ ¢s(st_ds/¢§)v te Ry
0

If f, € L?(R)®", the multiple stochastic integral with respect to M, X, and B of
fn are respectively defined as

oo tn t2 R
L,(f.) = n!/ / fu(te, ... ty)dMy, ---dM,,, (3)
0 0 0
oo tn tz R
IX(fn) = n!/ / Fu(ty, ... tn)dXy, ---dXy, (4)
0 0 0
oo tn ta "
IB(f,) = n!/ / fn(te, ..., ty)dBy, ---dBy,, (5)
0 0 0

where fn is the symmetrization in n variables of f,,. We note the relation

=S (%) - > (})mady. o

=0 =0

Let L?(R4)°" denote the subspace of L?(R4)®" made of symmetric functions. Let
fn ® gm denote the completed tensor product of two functions f,, € L*(R!) and
gm € L*(RY), and let f, o g,,, denote the symmetrization of f, @ gy, n,m € N.
Since d < M, M >,= dt, we have

E Ly (fu)lm(gm)] = n!(fmgm)L2(R+)®"1{n:m}7 In € LQ(R-i-)onagm € LQ(R+)Om-

(7)
Since (M;);er, has the chaos representation property, any square integrable func-
tional F € L*(Q, F, P) has a chaos expansion

F =Y TI(fa), freL?Ry)* k>0
n>0

A linear operator V : L?(Q) — L*(Q) ® L*(R) is defined by annihilation as
vt—[n(fn) = nInfl(fn(Ut))a te R+> (8)

fn € L3(R4)°™, n € N*, cf. e.g. [5]. This operator is closable, of L?-domain
Domy(V), and its closed adjoint V* : L2(Q) ® L?(Ry) — L?(9) satisfies

V*In(fnJrl) - n+1(fn+1)7
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far1 € LA(R4)°™ ® L?(R4). We denote by Dom; (V) the set of functionals F €
L?(Q2) such that there exists a sequence (F,)nen C Doma(V) converging to F in
L?() and such that (VE,),en converges in L' (2 x R,). The limit of the sequence
(VF,)nen is denoted VF which is well-defined, due to the relation

E[(VFTH U)LQ(R+)] = E[FHV*(U)L neN,

u € Dom(V*) N L>(Q x Ry), and since Dom(V*) N L>°(Q x Ry) is dense in
LY(Q x Ry). For f, € L2(R4)°" and g,, € L2(R4)°™, we define f,, ®! g, 0 <
[ <k, to be the function

(xl-‘rla" xnayk)-‘rlw"aym
Ty,

d(w141) - Ay / I

xn)gm(xla oy Tk Ykt1, - - - ,ym)dxl e dxl
of n+m—k—1 variables. We denote by f, ogc gm the symmetrization in n4+m—k—1
variables of f, ®§C Im, 0 <1< k.
Definition 1 Let S denote the vector space in L?(Q2) generated by
{In(fl ©---0 fn) : fla .. -afn S CC(R+)? n 2 1}'

The vector space S is dense in L*(Q). For F € § and f € L?(R;), we have from
a general result in quantum stochastic calculus, cf. for example Th. IL.1 of [1]:

P / " b (s)dM, = / 5V Fds + V*(fF) + V*(6fVF). )
0 0

This formula is usually stated under the form
|t = [ e+ [ feaat+ [ ousda
0

by quantum probabilists, where fo s)dM is identified to a multiplication oper-
ator. The identity (9) can be easily rewrltten into a multiplication formula between
first and nth order stochastic integrals:

Li(M)1n(fn) = Ing1(faoh) + n/ooo hidn—1(fn(-1))dt +nly(fn 0(1J (oh)). (10)

We note that as a consequence of this formula, every element of S has a unique
expression as a polynomial in single stochastic integrals and conversely, any poly-
nomial in stochastic integrals has a finite chaos expansion.

Remark 1 This implies that each element of S has a version which is defined for
every w = (w1,ws) € Q, since I1(f) € S can be written as

o o0 1
L(f) = _/0 f (s)le{¢S:0}ds+{t :dzm_l}@f(t)—/o 1{¢5¢0}f(8)&d3.

Throughout this paper, F' € S will always refer to the version of F defined via the
above identity.
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From (10), one can prove the following result which shows that the function ¢ ac-
counts for the perturbation of the usual derivation rule for the Malliavin derivative
on Wiener space.

Proposition 1 For any F,G € S we have
Vi{(FG)=FVG+ GV F+ ¢V, FV.G, teR,. (11)

If ¢ € L™ (Ry) then for any F,G € Domz(V), we have FG € Domy(V) and the
above relation holds.

Proof. We first notice that for F' = I;(h) and G = I,(f,), this formula is a
consequence of the multiplication formula (10), since

VoL (W) ()
. <In+1<fnoh>+n | st sids + g, <¢h>>>

L)V (B) + I (fal 1) 0 B) 4 n(n — 1) / T hala(fat, 9)ds

+n(n - 1)In(fn('7t) O(1) ((bh)) + ¢tvtll(h)vtln(fn)
= In(fn)vtll(h) + Ilvtln(fn) + (btvtll(h)vtln(fn)

Next, we prove by induction on k > 1 that

vt(In(fn)Il(h)k) = Il(h)kvtln(fn) + In(fn)vtll(h)k + ¢tvt11(h)kvtfn(fn)~
We have

VeI (fn) L (R)*)
= L(R)*ViIn(fa)T1(R) + In(fu) T2 (h) Vi Iy (h)*
+¢tvt11(h)kvt(ln(fn)jl(h))
= LWL (fo) + L (f) I (W)Y Iy (R)F + Lo (f) 11 (R)F VI (R)
e (f2) VTt (R)VeI1 (R)* + ¢ L (R) Ve Iy () Ve Lo (f)
+¢e 11 (0) VI (R) Vi L (fr) + 67 Ve L1 (R) VeI (R)FV L (fr)
= LWV L (fa) + L(fa) Vel (B 4 6,V 13 (R) IV, 1, (f).

Consequently, (11) holds for any polynomial in single stochastic integrals, hence
it holds for any F,G € S. In order to prove the second part of the proposi-
tion, we assume that F,G € Doms(V) and choose two sequences (F,)nen and
(Gp)nen contained in S, converging respectively to F' and G in L?(Q) and such
that (VE,)nen and (VGp)nen converge to VF and VG in L?(Q x Ry). Then
(¢VE, VG, )nen converges in LY (Q x Ry) to pVEVG, hence (V(F,,G,,))nen con-
verges in L}(Q x Ry) to FVG + GVF + ¢VFVG, and FG € Dom1(V). O

The product rule for V unifies the chain rule of derivation of the Wiener space
Malliavin derivative and the finite difference rule of the Poisson space gradient of
8]
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Proposition 2 For any F € § we have

F (M. + (g + @)1y 00[(1)) — F (M.

V,F = lim (M. + (= + d0) el (1)) — P ), teRy. (12)
e—0 e+ ¢t

Proof. The statement (12) can be more precisely formulated as

F 1 S F
VtF(UJl, wz) — hl’r(l) (wl +e€ [t,oo[vcz2++¢¢t t) (UJl,CUQ)
e— ;

)

where the notation F' refers to the version defined in Remark 1. We first show that
(12) holds for F' = I (f):

lim F(wy + el oo, wa + ¢16:) — Fwr,we)
e—0 I + d)t

= 1{@;&0}% > ¢sf(8)—/0 1{¢5¢0}f(5)id8+¢tf(t)

{s : dN,=1}

o 1
- ¢sf(3)—/0 Lio.popf(5) 5-ds

{s : dN,=1}

.1 >
+1{g.=0p lim = <—/0 F'(8)(Bs + €)Lit,00((5)1 (g, =0y ds

+/ f/(S)BS]-{qu_O}dS)
0
= lyg=03 f(8) + Lig, 201 f(t) = f(t), tER,.

Moreover, the limit (12) satisfies the product rule (11), hence if F,G € S are of
the form F = I1(f) and G = I1(g), we have

lim (FG) (M. + (¢ 4+ ¢:)1j1.00((-)) = (FG)(M.) = FViG+ GVF + ¢:V(FG)

e—=0 €+ ¢
== Vt(FG), te R+.

Thus by induction, (12) holds for any polynomial in single stochastic integrals,
and for any element of S. O

With help of Prop. 11, the following multiplication formula has been proved in
[9], as a generalization of (10). We refer to p. 216 of [2], and to [4], [13], [14], for
different versions of this formula in the Poisson case. In [11] a more general result
is proven, allowing to represent the product I, (fn)Im(gm) as a sum of n Am terms
that are not necessarily linear combinations of multiple stochastic integrals with
respect to (M;)ier, , except if d[M, M]; is a linear deterministic combination of
dt and dMy, cf. [10].
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Proposition 3 The product L,(fn)In(gm) € L*(Q) is in L?(B) if and only if the

function
. n m ) s—i
e E (D
)

$<2i<2(sAnAm

is in L2(R4)°"T™=%, 0 < s < 2(n A'm), and in this case the chaotic expansion of
In(fn)lm(gm) is

2(nAm)

L(fn)Im(gm) = Z In-&-m—S(hn,m,S)- (13)
s=0

The fact that I,,(fn)Im(gm) can be expanded as a sum of multiple stochastic
integrals with respect to (My)icr, is essential in the proof of independence, cf.
Th. 1.

2 Independence of multiple stochastic integrals

In the case of single stochastic integrals, the following proposition extends the
result of [15] to a process that does not have stationary increments. In the case of
multiple stochastic integrals, it extends the result of [17] since it includes a Poisson
component in the martingale (M;)icr, -

Theorem 1 Let f, € L*(Ry)°™ and g,, € L?>(R.)°™. The random variables
I.(fy) and I,,,(gm) are independent and if and only if f,01gm = 0 and f,09g,, =0
., G.e.

a.e
oo
/ falt o, .o Z0)gm(t Tng1, - oy Tnpm—2)dt =0,  dxg- - dTpim—2 a.e. (14)
0
and

fn(xla T2y vy xn)gm(xly Tn41y--- 7xn+m71) = 07 ‘ ¢w1 | dx1d$2 e d-/L'nerfl a.e.
(15)

Proof. If I,,(f,) and I,,,(gm) are independent, then I,(f)Im(gm) € L*(2,F, P)
and following [16],
| fn O gm |2LQ(R+)o(m+m): (n + m)' | fn @ gm |%2(R+)®(n+vn)
> nlm!| f, ‘iz(R+)®n| 9m |2L2(R+)®m
B [L(£2)?] B [In(9m)?] = B [(L(f) I (9m))’]

2(nAm)

= Z (n+m =) hymr ‘%2(R+)®(n+m7r)
r=0
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> (n+m)!| hymo |%2(R+)®<n+m) +m+m =D hym |2L2(R+)®("+’"—1)
+(n +m — 2)! | hn,m,Q |iz(R+)®(n+m—2)
> (n+m)! ‘ fn ®gm |i2(R+)®<n+m) +nm(n+m—1)! f, O(1J 9m |2L2(R+)®(n+m—1)

m(m — 1)

+(n+m—=2)! | nmf, O% gm +n(n—1) 9 fn 0(2) 9m |%2(R+)®(n+m—2) .

We obtain f,, o{ g,, = 0 a.e., and f, o} g, = 0 a.e.

Conversely, if (14) is satisfied, then dPs(w2) almost surely, I, (f,)(-,w2) and

I (gm)(-,wa) are Wiener integrals of square-integrable functions that also satisfy
(14), hence I,(fn)(-,w2) is independent of I,,(gm ) (-, w2) under Py from [16], and
for any u,v € Cp(R),

/01 w( Ly (f)) (L (gm))dPy :/

u(In(fn))dPl/ V(L (gm))dPy, dPy(w2)—a.s.
(o1

(951

If further (15) is satisfied, we choose two version f,, and g, of f, g and let

A= {S : || fn(S, ) HLZ(R_F)O(W,—I)# 0 and qbs 7& 0} y

and
B= {s 2 Gm(s, ) ||L2(R+)o(m_1>7é 0 and ¢s # O} .
Then [, w(I,(fn))dPr and [, v(Im(gm))dPy are respectively F{-measurable and

FB-measurable. Moreover,

0= /o I fa(s:) 2@y yeen—nll Gm(s:0) 2@, yoem—nl és | ds
= / I fa(s:) lp2@eyem—nll Gm(s:0) 2@y el és | ds,
ANB

hence (AN B) = 0 and .7:{4, .7-'23 are independent o-algebras because (Nt)teR+
has independent increments, and

/ (T Fu)) 0L (gon))dP = / u((f))dP / o(In(gm))dP, u,v € Cy(R),
Q Q Q

proving the independence of I,(f,) and I,,(gm). O
The following corollaries, cf. [16], [17], can be extended from the Wiener case to
the martingale (M;)icr,, -

Proposition 4 Two arbitrary families {I,, (fn,) : k€ I} and {Im,(gm,) : L €
J} of Poisson multiple stochastic integrals are independent if and only if L, (fn,)
is independent of Ly, (gm,) for any k € I, 1€ J.
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Proof We start by considering families of the form {I,,(fn)}, {Ix(9x), Im(hm)}. If

I,(f») is independent of Iy (gx) and I,(f,) is independent of I, (hy,), then (14) is
satisfied for f,,gx and for f,, gm. Moreover, dPs(ws) almost surely, L,(f,)(-,w2),
I (gx) (-, w2) and Iy, (hy,) (-, we) are multiple Wiener integrals of square-integrable
functions that also satisfy (14), hence for u € Cy(R) and v € Cp(R?), u(IL,, (1)) (-, w2)
is independent of v(I(gx), Im (hm))(-,w2) under P; from the analog of this propo-
sition in [16], and

[ wtaf)oalon) In(h))dP = [ alTa(F)dPy [ o(Talgn)In(hm)dP,
Q1 951 2

dPQ(WQ)—a.S. B B

We choose three versions f,, gx, and h,, of of f,, gk, hm, and let

A= {s 2 Fulsy ) HLZ(R_'_)O(W,—I)# 0 and ¢4 # 0} ,

B={s :| g(s,) |L2® )ox-07# 0 and ¢s # 0},
and

C={s | fm(s,) L2 )etm-17 0 and ¢5 # 0} .
Since I,,(f,) is independent of Iy (gx) and I,,(f,) is independent of I, (hy,), (15)
holds for f,,, gr and f,, hy,. This implies

o0
0= / | Fn(5:) gy yocnn 1| (5 ) llzaqes yocemn | s | ds

= / I (55 lz2@yyem-oll Ge(s, ) Iz yo—n| ¢s | ds,
ANB

hence pu(ANB) = 0 and in the same way we get u(ANC) = 0, hence u(AN(BUC)) =
0. Consequently, Fi* is independent of FPUYC since (N})ier . has independent incre-
ments. Moreover, [, u(In(fn))dPy and fQ (I.(gx), Im (h.))d Py are respectively

F3 and FPYC-measurable, hence

/Q (T (F)) 0T (g1), Ton (o) )P = / W (fu))dP / (Lt (98). Ton (o)) P,

u € Cy(R), v € Cp(R?), and u(I,(fy,)) is independent of v(Ix(gx), Im(hm)). The
above proof generalizes to arbitrary families of multiple stochastic integrals. O

Corollary 1 Let f, € L*(Ry)°", gm € L*(R1)°™, and
S ={fnopZth « he LARy)™ 'Y, Sy, ={gnom_1h : he L*(Ry)™™ '},

The following statements are equivalent.

(1) In(fn) is independent of Iy (gm)-

(ii) For any f € Sy, and g € Sy, we have fg =0, | ¢ |dt-a.e. and (f,g)r2w,) =0
(13i) The o-algebras o(I1(f) : f € Sy,) and o(l1(g) : g € Sg,,) are independent.
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Proof. (i) < (it) relies on the fact that any f € Sy, and g € Sy, can be written
as f = fno" "1 h, g = gmo™ 1k with h € L?(Ry)°™ !, k € L*(Ry)°™ !, and
that ¢¢f(t)g(t) = (fu @) gm(t,-),h @ k) 2w yontm-2, t € Ry, and (f,9)r2(my) =
(fn o1 gm, h @ k) 2R, yon+tm—2. (ii) < (iii) is a consequence of Prop. 4. O

Let (hg)ken+ be an orthonormal basis of L?(R.y). For simplicity, we denote by

o(Ln(fn)s VI (fn), - vnil—rn(fn))

the o-algebra

ey

. ( Ly(fa), (VIn(fa) i )

L2(Ry)

(Vn_lln(fn)a hkf71 -0 hk":I

) ,k§eN*,1gigj>.
1) [2(Ry)on—1

Corollary 2 The multiple stochastic integrals I,,(fr) and I,,(gm) are independent
if and only if the o-algebras

o(Ln(fn)s VI (fn), - vnil—rn(fn))

and
(I (gm), VI (gm), - - vmillm(gm))

are independent.

Proof. This is a consequence of Th. 1, Prop. 4, and the definition (8) of V. O
Let A denote the Lebesgue measure on (R4, B(R4)).

Corollary 3 If F € Domy(V) and G € L*(Q, F, P) with G = Y., <o Im(gm),
then F' is independent of G if for any m > 1, B

gm ot VF =0 XM Do P _ge and ¢nodVF =0, \" QP —ae. (16)

Proof. Assume that F' =Y -, I,(f,). Condition (16) is equivalent to g, o} f,, =
0 and g, o} fn = 0 a.e. for any n,m € N, since the decomposition VF =
> sondn—1(fn) is orthogonal in L?(€2) ® L*(R4). The result follows then from
Th. 1 and Prop. 4. O

Remarks. a) In the Poisson case, the results of this paper can also be obtained
for a Poisson measure on a metric space with a o-finite diffuse measure.

b) The independence criterion also means that I, (f,,) and I,,(g,) are independent
if and only if their Wick product coincides with their ordinary product:

In(fn)lm(gm) = n+m(fn o gm) = In(fn) : Im<gm>-
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