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Abstract
In this paper we derive a formula for the expectation of random Hermite
polynomials in Skorohod integrals, extending classical results in the adapted
case. As an application we recover, under simple conditions and with short
proofs, the anticipative Girsanov identity and quasi-invariance results obtained
in [6] for quasi-nilpotent shifts on the Wiener space.
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1 Introduction

It is well known that the Hermite polynomial

nl(=p/2)

Hn ) - YT RY) y c ]R, 1.1
(7, 1) Kl (n — 2k)!" v (11)
0<2k<n
with parameter © € R and generating function
g2 N
pte—t2u/2 _ E 0 mHn(a:,u), z,t € R, (1.2)
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satisfies the identity

1
vV 2mo?

where X ~ N(0,0?%) is a centered Gaussian random variable with variance o > 0,

B[H,(X,0%)] =

/ H,(z,02)e /) dz = 0, n>1, (1.3)

since

—~ (2n)l(—0?/2)*

- CEX (3t
- 0,

from the even Gaussian moment E[X?™] = (¢2/2)™(2m)!/m!, m > 0.

The identity (1.3) holds in particular when X is written as the stochastic integral

x- | " (s)dB,

of a deterministic real-valued function f with respect to the standard Brownian mo-
[e.@]
tion (By)ier, and o? is the constant o* = / | f(s)|ds.
0
It is well known, however, that the Gaussianity of X is not required for E[H,, (X, 0?)]
to vanish when o is allowed to be random. Indeed, such an identity also holds in the

random adapted case under the form

E [Hn (/OOO utdBt,/Ooo |ut|2dt)] =0, (1.4)

where (u¢)icr, is a square-integrable process adapted to the filtration generated by

(Bt)ier, , due to the fact that

) (S) oo tn t2
Hn (/ utdBt,/ ]ut\zdt> = nl / Ut,, / U, 4 / ut1dBt1 ce dBtna
0 0 0 0 0

is the n-th order iterated multiple stochastic integral of wuy, - - -,

(Bi)ier, , cf. [4] and [2] page 319.

with respect to

n



In this paper we prove an extension of (1.4) to the random case, by computing in

Theorem 3.1 the expectation
E[H,(6(uw), [ull?)],  n>1,

of the random Hermite polynomial H,(§(u), ||u|*), where §(u) is the Skorohod inte-
gral of a possibly anticipating process (u;)iwcr,. In particular we provide conditions
on the process (u)ier, for the expectation E[H, (0(u), ||ul|?)], n > 1, to vanish. Such
conditions cover the quasi-nilpotence condition of [5] and include the adaptedness of
(ut)ter, , which recovers (1.4) as a particular case since d(u) coincides with the It6

integral when (u;);er, is adapted.

This type of argument has been applied in [3] to the computation of moments and
to the invariance of the Skorohod integral under random rotations, however the case
of Hermite polynomials is more complicated and it leads to Girsanov identities as an

additional application.

Indeed, it is well known that in the adapted case, (1.4) and (1.2) can be used for the
proof of the (adapted) Girsanov identity

00 1 00
FE {exp (/ UtdBt — 5/ |Ut|2dt):| = 1,
0 0

under the Novikov type condition

1 T
E [exp (5/ ]ut\th>
0

Similarly we recover, under simple conditions and with short proofs, the anticipating

< 0Q.

Girsanov identity obtained in [5] for quasi-nilpotent anticipative shifts of Brownian
motion. This also simplifies the proof of classical results on the quasi-invariance of

Euclidean motions [6], cf. Section 4, and on the invariance of random rotations.

The results of this paper can be formally summarized by the derivation formula

t2
%E [ew(“)ﬁ“u“ﬂ —tE [et5<u>*t2<uvu>/2<D*u,D(IH —tDu)’1u>] . (L5)
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for ¢ in a neighborhood of 0, cf. Relation (4.3) below, where D and § respectively
denote the Malliavin gradient and Skorohod integral, showing that

o (80 - 5lul?) | =1

(D*u, D(Ig — tDu) 'u) = 0,

provided

for t in a neighborhood of 0, cf. Corollary 3.3 below for a formal statement.

We proceed as follows. In Section 2 we introduce the notation on the Malliavin
derivative and Skorohod integral used in this paper. In Section 3 we derive our
main formula for the expectation of Hermite polynomials composed with a Skorohod
anticipative integral. Finally in Section 4 we study the applications of Theorem 3.1 to
anticipative Girsanov identities on the Wiener space. These results can be similarly

derived for the Hitsuda-Skorohod integral in the white noise framework, cf. [1].

2 Notation

We refer to [7] and to Appendix B in [6] for the notation recalled in this section. Let
(Bi)ter, denote a standard R%valued Brownian motion on the Wiener space (W, P)
with W = Co(R,,R?%). For any separable Hilbert space X, consider the Malliavin
derivative D with values in H = L*(Ry, X ® R%), defined by

DiF =Y 104 ()0:f(Byys. - Br),  tE€Ry,

i=1
for F' of the form
F:f(Bt17"'7Btn)7 (21)

feCrR",X), ty,...,t, € Ry, n > 1. Let ID,;(X) denote the completion of the

space of smooth X-valued random variables under the norm

k
HUHDp,k(X) = Z HDZUHLP(W,X®H®Z)> p>1,
1=0



where X ® H denotes the completed symmetric tensor product of X and H. For all
p,q > 1such that p~' + ¢ ' =1 and k > 1, let

0: Dy (X ®H) = IDyj—1(X)
denote the Skorohod integral operator adjoint of
D Dpy(X) = Dy (X @ H),
with
E[(F,0(u))x] = EDF,u)xen],  F € Dyp(X), ue Dyp(X®H).

For u € IDy1(H) we identify Du = (Dyus)ser, to the random operator Du : H — H
almost surely defined by the relation

(Du)v(s) = /M(Dtus)vtdt, seRy, vel*(W;H),
0
in which a ® b € X ® H is identified to a linear operator a ® b : H — X via
(a®b)e=alb,c)m, a®be X®H, ceH.
The adjoint D*u of Du on H ® H is given by
(D*u)v(s) = /oo(Dlut)vtdt, seRy, vel*(W;H),
0

where Dlut denotes the transpose matrix of D,u; in R? @ RY. We will use the

commutation relation
Dé(u) = u+6(D*u), u € Dys(H). (2.2)
Finally, recall that Du : H — H is a quasi-nilpotent operator if
trace (Du)” = 0, k> 2, (2.3)
where the trace of ( ¥ is a.s. given for all k > 2 by

trace DU / / tk 1Utk7 Dtk72utk71 L Dtlutl Dtkut1>Rd®Rddt1 cee dtk

In the sequel we will drop the indices in the scalar products and norms in R? ® R,

H, and H ® H, letting in particular ||u|| = ||u| 4.



3 Random Hermite polynomials

In Theorem 3.1 below we extend Relations (1.3) and (1.4) by computing the expecta-
tion of the random Hermite polynomial H, (§(u), ||ul|?) in the Skorohod integral §(u),
n > 1. This result will be applied in Section 4 to anticipating Girsanov identities on
the Wiener space. In the sequel, all scalar products in H and in H ® H will be simply
denoted by (-,-), with [|h]|> = (h,h)u, h € H.

Theorem 3.1 For anyn >0 and u € ID,112(H) we have

ElHos (), Jul)] = S ”— a3 CR e, p(Duyr-tyy

ko 2k
1=0 0<2k<n 1-1

Clearly it follows from Theorem 3.1 that if u € ID,, »(H) and
(D*u, D((Du)*u)y =0, 0<k<n-—2, (3.1)
then we have
E[H,(0(u), [ul*)] =0,  n>1, (3.2)
which extends Relation (1.4) to the anticipating case.

Lemma 3.2 For allk >0 and u € Dy 2(H) we have

k-1 1

(D*u, D((Du)*u)) = trace (Du)**? 4 ZZ; ——

N ((Du)'u, D trace (Du)* 7%,
—i

Proof. From [3] pages 120-121 we have

(D*u, D((Du)*u)) = (D*u, (Du)*™) + (D*u, D(Du)"u)
= trace (Du)"™ + Z ﬁ((l}u)lu, D trace (Du)F=),

0

As a consequence of Lemma 3.2, if Du : H — H is a.s. quasi-nilpotent in the sense

of (2.3) then it satisfies (3.1). This leads to the following corollary of Theorem 3.1.



Corollary 3.3 Let uw € D, 5(H) for some n > 1, such that Du : H — H s a.s.

quasi-nilpotent or satisfies (3.1). Then we have
E[H,(8(w), [[u]*)] = 0.

Recall that when the process (u;):cr, is adapted with respect to the Brownian filtra-
tion we have trace (Du)* = 0, k > 2, cf. [6], and therefore Condition (3.1) is satisfied.
This recovers (1.4) in the setting of adapted processes since in this case 6(u) coincides

with the Ito integral of u € L?(W; H) with respect to Brownian motion, i.e.

d(u) = /OO udBy. (3.3)
Proof of Theorem 3.1. Step 1. We show that for any n > 1 and u € D, (H) we
have
Bl ) = 3 (1) e B ) 0, 60"
+ 3 (—1)’“W!_2WE[5(U)"2k<u,D<u,u)k>]. (3.4)
For F' € IDy; and [,k > 1 we have
B[Fs(u)+!] = %Ew(u)l“] - l;—klE[Fa(u)lH]
= 2 pips ) - S Bl D))
_ %E[Fd(u)l“] _ %E[F(S(u)l_l(u, Dé(u))] — l;—klE[a(u)%u, DF)]
= D2 L gty - MY pes = )
I(1+1) 1 . [+1 I
D it oo y] - L Blo( (. DR

(n—2k:)(n—2k—|—1)E

E[Fo(u)" 1] + [0 (w)" = (u, u)]

2k
. n+t 1 n—2k-+1 (n —2k)(n — 2k +1) n—2k—1 "
= 2L gy - i BIFS()"™ 2 (u, 8(D"u))]
n—2k+1 2k
2 By o, DFY)

7



Hence, taking F' = (u, u)*, we get

E[3(u)"*] = El{u, D3(u)")]
= nE[(u)"" (u, Dd(u))]
= nB0(w)" (u,u)] + nES(u)" (u, 6(Du))]
= nB0(w)" {u,6(D"u))]

n!

p> (_1)k(k; —1)126-1(n + 1 — 2k)!

1<2k<n+1

(n =2k +1)(n — 2k) n—2k—1 k+1
2 B )

= nB3(w)" " (u,8(D"w))]

(£[0(w)" " u, u)"]

E[5(u)" " (u, u)"]

n! n+1
Z (_1>k(;{;_1)!2k—1(n+1—2k)!( 2k

1<2k<n+1
~(n—2k)(n—2k+1)
2k

n—2k-+1 n—2
———— Elb(w) k(U,D<u,U>k>])

- K%Z: H(_l)kmk((:j 11)_! SI1h [6(u)" 25 (u, u)]

E[5(u)" " (u, u)* (u, 6(D"u))]

£ Y D g P g (8"

0<2k<n-—1

#3100 D)

1<2k<n

which yields (3.4) after using (1.1).

Step 2. For F' € IDy; and 0 <7 <[ we have

E[F§(uw) ((Du)'u, §(D*u))] — IE[F&(w)' = ((D*u)™ u, §(D*u))]
= E[(D*u, D(F§(u)'(Du)'u))] — IE[Fé(u) " {(D*u) ™ u, 6(D*u))]
= [E[F§(u) " (D*u, (Du)'u @ DS(u))] — IE[FS(u) " {(D*u) u, §(D*u))]
+E[6(uw)(D*u, D(F(Du)"u))]
= [E[FS§(u)"(D*u, (Du)'u ® D§(u))] + IE[F§(u)"(D*u, (Du)'u @ §(D*u))]
—~IE[F§(w)'"Y(D*u) " u, §(D*u))] + E[6(v)'{D*u, D(F(Du)"u))]

8



= [E[F§(uw){(Du)™ u,u)] + E[6(w){((Du) ™ u, DF)]
+E[F§(u) (D*u, D((Du)u))).

Hence, replacing [ above with [ — 7, we get

ElF ()(u §(D*u))] = UE[F((Du)'u,d(D*u))]

3 (E[F§(u)' " {((Du)'u, 5(D*u))] — (I — i) E[F5(u)' " {((D*u)u, §(D*w))])

E[Fé(u) = (D"u, D((Du)"v))],

Y= o Pl (D) DY+ 3

thus letting F' = (u,u)* and [ = n — 2k — 1 above, and using (3.4) in Step 1, we get

n!

BlHu G ol = 30 (1) o B0 a0} (D)
IDINE mk”—'sz[5<u>nzk<u,D<u,u>k>]

1<2k<n

= 3 UMD Dl )

0<2k<n

(-D)F R n TN |

5 n—2(k+1)—i D i+1

PP =20k + 1) — iDLt (D), w)]
0<2k<n-—1 i=0

(_1)k N n! n—2k—i 7 k
D b X eyt (D) D)
0<2k<n—1 i=1



+ Z (=1) _ZZ:_ (n 2kn_! T mE[(u,u>k5(u)"’2k’i’1<D*u,D((Du)ium

F Y D g " D))

0<2k<n-—1
=Y e EI(Du) 0, Dl u)
- ini2ki2 nl Eé( n—2(k+1)—1 (D )z D< k+1
_OQ;H e 2 a0 ((Du)'u, D{u, u)™ )]
+0<22k:< % _Z_; <n+]i_i)!E[5(u)”2ki((DuYu,D(u,u)’“)]

k2 n! , .
" ogg/;_l (,;;,1 z; (n— 2k - Ty Pl w0 D, D((Du)'u))]
(_1)k n—2k—1

- Y LY o Pl s 0 DD )

0<2k<n—1 1=0

where we applied the relation

(u, u)*((Du) ™ u,u) = %(u,u)k((Du)iu,Dw,u»

1 % 1
1 % 1

which follows from D(u,u) = 2(D*u)u and the derivation property of the gradient
operator D. O

4 Anticipative Girsanov identities

The next proposition is an immediate consequence of (3.2), using the generating func-
tion (1.2). In comparison with Proposition 8.2.1 of [6] we do not require assumptions
on the inverse mapping (I — Du)~! and we show that quasi-nilpotence of Du can be
replaced by the weaker condition (3.1), while working under a stronger integrability
condition. Let Do o(H) = ﬂ DD, »(H).

n>1

10



Corollary 4.1 Assume that u € IDyo(H) with E[®®H14°/2] < o0 and that Du :

H — H is a.s. quasi-nilpotent, or more generally that (3.1) holds. Then we have

1
E {exp (5(u) — §||u||2>} = 1. (4.1)
Proof.  From (1.1) we have the bound

(=%  n!
k'12k (n — 2k)!

2" (=0?)" = Hy(|a], —0%),

Ha(e. 0% < 3

0<2k<n

hence

E

> %'Hn(é(ux Hu||2)|] < E

n=0

Z%Hnﬂé(u)l,—HuII?)l

n=0

— E [€|5<u>|+uuu2/2] < o0.

Consequently, by Theorem 3.1 and the Fubini theorem we have

(e 9]

E[exp (6<u>—§uuu2)} - ;%Hnm(u),uuu?)]

n+1)!

O

This shows in particular that if u € D o(H) is such that ||u|| is deterministic and

Du: H — H is a.s. quasi-nilpotent, or more generally (3.1) holds, then we have
E [09] = edllul®,

i.e. (u) has a centered Gaussian distribution with variance |Ju||?, cf. Theorem 2.1-b)

of [5] and Corollary 2.2 of [3].

More generally, Corollary 4.2 below states an anticipative Girsanov identity (4.2)
that recovers Proposition 8.2.1 of [6] under simpler hypotheses, namely without re-
quirements on the smoothness and integrability of (I — Du)™!.

u € Dy (H) we let

In the sequel, for

1
A =exp (300) = P

11



and we denote by T, the transformation of W defined by
t
T.w(t) = w(t) +/ us(w)ds, teRy, weW
0

Corollary 4.2 Assume that u € Dao(H) with E[ec0HUP/2] < oo for some
e > 1, and that Du : H — H 1is a.s. quasi-nilpotent, or more generally that (3.1)
holds. Then the transformation T, : W — W satisfies the Girsanov type identity

E[F o T, A, = E[F], (4.2)
for all bounded random variables F'.
Proof. For all exponential vectors Ay = elo f(t)dBf_%”fHQ, f e L*(R,), we have

ApoTy, A, = el JOB=LZ f@umd=35I7I7 A

— S =51 = 3 llull® = (f.u)

= Auiy,
hence by Corollary 4.2 we have

E[AfoT, Ay =E[Aif] =1,

and we conclude by density of the linear combination of exponential vectors Ay, f €
L*(Ry), in L*(W). O

In particular, if T,, : W — W is invertible, then by Corollary 4.2 it is absolutely
continuous with respect to the Wiener measure, and
dTxpP
dP

= A,.
We refer to Corollary 8.4.1 of [6] for sufficient conditions for the invertibility of

T, W —=W.

The conditions imposed to obtain the Girsanov identity for Euclidean motions written
as the sum of a rotation and a quasi-nilpotent shifts as in Theorem 8.6.1 of [6] can be

simplified similarly.

12



Finally we sketch the proof of the formal identity (1.5) stated in the introduction, i.e.

t2
%E [e“(“)ﬁ““ﬂ _— [e“(“)’t2<“’“>/2<D*u,D(IH —tDu)’1u>] . (43)

Proof. We have

O pletd-51?) ot 2
0o n—1
5ul —DF lul* . n—2k—I—
= D 1"E|) (z!) > (k;!) HZU“ (D, Di(Duy 1u>>]
n=0 1= 0<2k<n—1-1
S to(u) N (—=1)F [|ul|** n—2k
= (B |y >t Y o (D u D(Du) )
L I=0 n=0 0<2k<n

_ to(u) - n (_1)k ||u||2k * n—2k
= tE My Y g (D"u, D((Du)"*w))
0<2k<n '

= g |y U t"<D*u,D<<Du>"u>>]

— [Pt/ Dry D(1 — tDu)_1u>] .

FEI) = BBl
_ it (n_l k),E[w(u))" (DW=, + (D, (D) )]
— 0l ztk )+ (D"u, D((Du)*u)))
= t;:fef5< ) ((u ,(IH—tDu> u) + (D*u, D((Iy — tDu)"'u)))],
hence
%E[ ) =B [ ((u, (I — tDu)" ) + (D*u, D((Iy — tDu)~'u)))]

13
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