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Abstract

These notes are an elementary introduction to classical potential theory and to its
connection with probabilistic tools such as stochastic calculus and the Markov property.
In particular we review the probabilistic interpretations of harmonicity, of the Dirichlet
problem and of the Poisson equation using Brownian motion and stochastic calculus.
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1 Introduction

The origins of potential theory can be traced to the physical problem of reconstructing a
repartition of electric charges inside a planar or a spatial domain, given the measurement
of the electrical field created on the boundary of this domain.

In mathematical analytic terms this amounts to representing the values of a function h inside
a domain given the data of the values of h on the boundary of the domain. In the simplest
case of a domain empty of electric charges, the problem can be formulated as that of finding
a harmonic function h on E (roughly speaking, a function with vanishing Laplacian, see
§ 2.2 below), given its values prescribed by a function f on the boundary OF, i.e. as the

Dirichlet problem:
Ah(y) =0, y€E,

h(y) = f(y), y€IE.

Close connections between the potential theory and the theory of Markov processes have
been observed at early stages of the development of the theory, see e.g. [Doo84] and ref-
erences therein. As a consequence, many potential theoretic problems have a probabilistic
interpretation or can be solved by probabilistic methods.

These notes aim to gather some analytic and probabilistic aspects of potential theory into a
single document. We partly follow the point of view of Chung [Chu95] with complements on
analytic potential theory coming from Helms [Hel69], some additions on stochastic calculus,



and probabilistic applications found in Bass [Bas98].

More precisely, we proceed as follow. In Section 2 we give a summary of classical analytic po-
tential theory: Green kernels, Laplace and Poisson equations in particular, following mainly
Brelot [Bre65], Chung [Chu95] and Helms [Hel69]. Section 3 introduces the Markovian set-
ting of semigroups which will be the main framework for probabilistic interpretations. A
sample of references used in this domain is Ethier and Kurtz [EK86], Kallenberg [Kal02],
and also Chung [Chu95]. The probabilistic interpretation of potential theory also makes sig-
nificant use of Brownian motion and stochastic calculus. They are summarized in Section 4,
see Protter [Pro90] Ikeda and Watanabe [IW89], however our presentation of stochastic
calculus is given in the framework of normal martingales due to their links with quantum
stochastic calculus, cf. Biane [Bia93]. In Section 5 we present the probabilistic connection
between potential theory and Markov processes, following Bass [Bas98|, Dynkin [Dyn65],
Kallenberg [Kal02], and Port and Stone [PS78]. Our description of the Martin boundary in
discrete time follows that of Revuz [Rev75].

2 Analytic potential theory

2.1 Electrostatic interpretation

Let E denote a closed region of R", more precisely a compact subset having a smooth
boundary OF with surface measure o. Gauss’s law is the main tool for determining a
repartition of electric charges inside F, given the values of the electrical field created on JF.
It states that given a repartition of charges ¢(dz) the flux of the electric field U across the
boundary OF is proportional to the sum of electric charges enclosed in F. Namely we have

/ o(dz) = € / (7i(2), U () (dz), (2.1)
E oF

where ¢(dx) is a signed measure representing the distribution of electric charges, ¢ > 0
is the electrical permittivity constant, U (x) denotes the electric field at = € dE, and 7i(x)
represents the outer (i.e. oriented towards the exterior of E) unit vector orthogonal to the
surface OF.

On the other hand the divergence theorem, which can be viewed as a particular case of the
Stokes theorem, states that if U : E — R™ is a C! vector field we have

/ div U () = / (), U(2))o(d), (2.2)
E

oF

where the divergence div U is defined as

aiv () = Y Ui ).

The divergence theorem can be seen as a mathematical formulation of the Gauss law. As a
consequence, Gauss’s law, associated to the divergence theorem allows us to interpret U(z)



as the induced electric field on the surface OE, or equivalently by saying that divU () is
proportional to the density of (electric) charges in E.

This leads to the Maxwell equation
q(dz) = o div U (z)dz, (2.3)
where ¢(dx) is the distribution of electric charge at = and U (x) is the electric field at x.

When ¢(dz) has the density ¢(z) at z, i.e. ¢(dz) = q(z)dz, and the field U(z) derives from
a potential V : R™ — R, i.e. when

U(z) = VV (),
Maxwell’s equation (2.3) takes the form of the Poisson equation:

AV (x) = qa), (2.4)
where the Laplacian A = div V is given by
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In particular, when the domain E is empty of electric charges, the potential V' satisfies the

Laplace equation
AV (z) =0.

As mentioned in the introduction, a typical problem in classical potential theory is to re-
cover the values of the potential V' (z) in E from its values on the boundary OF, given that
it satisfies the Poisson equation. This can be achieved in particular by representing V' (x),
x € FE, as an integral with respect to the surface measure over the boundary OF, or by
solving the Poisson equation for V' (z).

Consider for example the Coulomb potential

q 1 n
Viz) = , reR ,
( ) €0Sn, Hx_y”n,Q \{y}

created by a single charge ¢ at y € R", where so = 27 and s3 = 4w, and

27‘('”/2

T Tn/2)

is the surface of the unit n — 1-dimensional sphere in R™. The electrical field created by V
is
Uz) =VV(z) = q Ty x € R"\ {y}.

cosn |z —y["1




Figure 2.1: Electrical field at y = 0.

Letting B(y,r), resp. S(y,r), denote the open ball, resp. the sphere, of center y € R and
radius r > 0, we have

/ AV (z)dx = / (fi(z), VV (x))o(dx)
B(yr) S(yr)

— / (7i(x), U (2))o(da)
S(y,r)
q

Y

€0

where o denotes the surface measure on S(y, 7). From this we deduce

q(dx) = qdy(dx)

i.e. we recover the fact that the potential V is generated by a single charge located at y.
We also obtain a version of the Poisson equation (2.4) in distribution sense:

1

AN, —
= yln=2

= sp0y(dx),
where the Laplacian A,. On the other hand, taking £ = B(0,r) \ B(0,p) we have OF =
S(0,7)US(0,p) and

/ AV(2)de = / (i), VV (2))o (dz) + / (7i(x), VV (2))o (dz)
E S(0,r) S5(0,p)
= c¢sp—cSp, =0,

hence 1
Ap—— =0, zeR"\{y)
o=yl ? MW

The electrical permittivity eg will be set equal to 1 in the sequel.



2.2 Harmonic functions

The notion of harmonic function will be first introduced from the mean value property. Let

1
oy (dy) = Wa(dy)

n

denote the normalized surface measure on S(z,7), and recall that

/f dx—sn/ "1/5(% dz)dr.

Definition 2.2.1. A continuous real-valued function on an open subset O of R™ is said to
be harmonic, resp. superharmonic, in O if one has

f(z) = fy)oy (dy),
@ = [ 1w
resp.
f(x) = f(y)oy (dy),
@z [ s
for all x € O and r > 0 such that B(x,r) C O.

Next we show that the equivalence between the mean value property and the vanishing of
the Laplacian.

Proposition 2.2.2. A C? function f is harmonic, resp. superharmonic, on an open subset
O of R™ if and only if it satisfies the Laplace equation

Af(z) =0, €O,
resp. the partial differential inequality

Af(x) <0, x € 0.

Proof. In spherical coordinates, using the divergence formula and the identity

d
o fwrroetn) = [ @ Vi)t
T J5(0,1) S(0,1)
S Af(y + rz)dz
Sn JB(0,1)

yields

/ Af(z)dz = r”_l/ Af(y+rx)de
B(y,r) B(0,1)

= s,r" 2 / (x,Vf(y+rz))od(dx)
5(0,1)

n—2i

fly +rz)o?(dx
ar Json, ( )oi (dx)

= Spr



= = od(dx).
a2 0 /S LSt

If f is harmonic, this shows that

/ Af(x)dx =0,
B(y,r)

for all y € E and r > 0 such that B(y,r) C O, hence Af =0 on O. Conversely, if Af =0

on O then
| t@oin)
S(y,r)

is constant in r, hence

F(y) = lim f(2)o(dz) = /S L @@, r>o

P=0.J5(y,p)

The proof is similar in the case of superharmonic functions. (I

The fundamental harmonic function based at y € R™ are the functions which are harmonic
on R™\ {y} and depend only on r = ||z — y||, y € R™. They satisfy the Laplace equation

Ah(z) =0, x € R",
in spherical coordinates, with

&k

ah(r) = Ty 0D

" a(r)

In case n = 2 the fundamental harmonic functions are given by the logarithmic potential

1
P log ||z —yll, =#y,
hy(z) = (2.5)

—"_007 €r = y?

and by the Coulomb potential in case n > 3:

1 1
(n = 2)sn [lz —y[I"~*’

T #y,

hy(x) = (2.6)

+00, r=y.



More generally, for a € R and y € R™, the function
2 e -yl
is superharmonic on R", n > 3, if and only if a € [2 — n, 0], and harmonic when a = 2 — n.
We now focus on the Dirichlet problem on the ball E = B(y,r). We consider
1
ho(r) = ——log(r), r >0,
52

in case n = 2, and
1

ho(r) = (n— 2)spr 2’

r >0,

if n > 3, and let

2
% r

r i =y+—slrx—y
Y

denote the inverse of x € B(y, r) with respect to the sphere S(y,r). Note the relation

o=l = [emv- e
r |z —yl| r
= (z—y) - (x =),
lz -yl ‘ r ly — ||
hence for all z € S(y,r) and = € B(y,r),
. |z — 2|
|z =z =7 ’ (2.7)
|z -yl
since
o — ol 2 m‘y\ o~z
.T—y —Tr = ||T z
lz—=yll lly—=|

Figure 2.2: Graph of h, and of ho(||ly — |||z — *||/r) when n = 2.



The function z + h,(2) is not C? hence it is not harmonic on B(y,r). Instead of h, we will
use z -+ hg«(2), which is harmonic on a neighborhood of B(y,), to construct a solution of
the Dirichlet problem on B(y, 7).

Lemma 2.2.3. The solution of the Dirichlet problem (2.10) for E = B(y,r) with boundary
condition h,, x € B(y,r), is given by

ly —zllllz =«

JfFéiM)<
Proof. We have if n > 3:

ho <||y—33||||z—l‘*||> _ 2 1

*H>, z € B(y,r).

r

r (n = 2)snllz —yl|"=2 ||z — 2*||"2
ran
S )
EErci
and if n = 2:
o (L=l =1y Ly (el )
T S2 r
1 -
= ho(y) — —log <”yH) :
S92 r
This function is harmonic in z € B(y,r) and is equal to hy on S(y,r) from (2.7). O

The next figure represents the solution of the Dirichlet problem with boundary condition
hy on S(y,r) for n = 2 as obtained after truncation of Figure 2.2.

Figure 2.3: Solution of the Dirichlet problem.

2.3 Representation of a function on F from its values on 0F

As mentioned in the introduction, it can be of interest to compute a repartition of charges
inside a domain F from the values of the field generated on the boundary OF.



In this section we present the representation formula for the values of an harmonic function
inside an arbitrary domain E as an integral over its boundary OF, that follows from the
Green identity. This formula uses a kernel which can be explicitly computed in some special
cases, e.g. E = B(y,r) is an open ball, in which case it is called the Poisson formula, cf.
Section 2.4 below.

Assume that F is an open domain in R™ with smooth boundary 0F and let
Onf(x) = ((z), Vf(z))
denote the normal derivative of f on OF.

Applying the divergence theorem (2.2) to the products u(z)Vu(z) and v(x)Vu(z), where
u,v are C? functions on E yields Green’s identity:

/ (u(2) Av(x) — v(x) Au(z))dz = / (@) (@) — v(2)Ohu(z))do(@).  (2.8)
E OE
On the other hand, taking v = 1 in the divergence theorem yields Gauss’s integral theorem
Opv(z)do(z) =0, (2.9)
oF

provided v is harmonic on FE.

In the next definition, h, denotes the fundamental harmonic function defined in (2.5) and
(2.6).

Definition 2.3.1. The Green kernel GF(-,-) of E is defined as

GP(2,y) = holy) —we(y), @,y €E,
where for all z € R, wy is a smooth solution to the Dirichlet problem

Awg(y) =0, y€eE,
(2.10)
wz(y) = hz(y), y € OFE.

In the case of a general boundary JF, the Dirichlet problem may have no solution, even when
the boundary value function f is continuous. Note that since (z,y) — hy(y) is symmetric,
the Green kernel is also symmetric in two variables, i.e.

GF(z,y) = GF(y,z), z,yeR",

and GF (+,+) vanishes on the boundary 0F. The next proposition provides an integral rep-
resentation formula for C? functions on E using the Green kernel. In the case of harmonic
functions, it reduces to a representation from the values on the boundary OF, cf. Corol-
lary 2.3.3 below.

10



Proposition 2.3.2. For all C? functions u on E we have

= ulz E.TZO'Z Exz ul\zjaz X . .
u(x)—/aE<>ana<7><d>+[EG<,>A<>d, € (2.11)

Proof. We do the proof in case n > 3, the case n = 2 being similar. Given x € E, apply
Green’s identity (2.8) to the functions w and h,, where h, is harmonic on E \ B(z,r) for
small enough r > 0 to obtain

/ ha (y)Au(y)dy —/ (ha(y)Onu(y) — u(y)Onha(y))do(y)
E\B(z,r) oF

1 1 n—2
on=2 /S(:c,r) (snrn_?anugl) + Snrn_lu(y)> da(y),

1 0 o n—2
— a —_— = no_ _ .
Py =l T gplesr T

since

In case u is harmonic, from the Gauss integral theorem (2.9) and the mean value property
of u we get

/ ha (y)Au(y)dy — / (hz(y)Onu(y) — u(y)Onha(y))do(y)
E\B(z,r) OE

- / u(y)o® (dy)
S(z,r)

= u(x).

In the general case we need to pass to the limit as r tends to 0, which gives the same result:
w@ = [ hdu@dy+ [ (@@)0ha) - ha@)Oul)dw). (212)
E\B(z,r) OF

Our goal is now to avoid using the values of the derivative term 0,u(y) on OF in the above
formula. To this end we note that from Green’s identity (2.8) we have

/ wa(y)Au(y)dy = / (wa(y)Ouu(y) — u(y)Owwa(y))do (y)
E oE
— /a (he()Duy) = u(0)u0s ) () (2.13)

for any smooth solution w, to the Dirichlet problem (2.10). Taking the difference between
(2.12) and (2.13) yields

u(z) = /E (haly) — w(y)) Au(y)dy / w()On (e () — wa(y))do(y)

= /GEacyAu dy+/ u(y E(x,y)do(y), x € E.
oF



Using (2.5) and (2.6), Relation (2.11) can be reformulated as

1 1 1
0 = g (O ) ot

1 / 1
+ Au(z)dz, x € B(y,r),
=% Sy o — a2 (®:7)

if n >3, and if n = 2:

u(x) - (u(2)0p log ||z — z|| — (log ||z — z)Onu(z))o(dz)
52 JoE

—/ (log ||z — z||) Au(z)dz, x € B(y,r).
E

Corollary 2.3.3. When u is harmonic on E we get
u@) = [ u),GPay)doly),  w€E. (2.14)
oFE
As a consequence of Lemma 2.2.3, the Green kernel GE®7)(.,y) relative to the ball B(y,r)
is given for x € B(y,r) by

1 r |z — || >
_10g( 1Y, eBun ) o4y
52 ly — || [|z — *|
B(y,r) — 1 —
G (x,Z) - log <||Z y||> ) S B(y,?”) \ {‘T}’ r=y,
59 T
L 00, Z=ux,
if n =2, and
1 1 2 1 >
— — - T z€ By,r)\{z}, z=#y,
U%ﬂﬁan—ﬂWQ [l —yl["=2 |z — 2|2
GBI (g, 2) = 1 1 1
9 _ B —
(n o 2)Sn HZ _ yHn_2 rn_27 S (y7 T) \ {.’L'}, &z y7
+00, zZ=u,

if n > 3.

12
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Figure 2.4: Graph of z — G(x,z) with x € E = B(y,r) and n = 2.

The Green function on £ = R", n > 3, is obtained by letting r go to infinity:

1

R™ _
R T P

= hy(2) = hy(x), x,z € R (2.15)

2.4 Poisson formula

Given u a sufficiently integrable function on S(y,r) we let T2 () denote the Poisson
integral of u over S(y,r), defined as:

1 r? —|ly — =l

TBWr) () = —
“ (x) SnT JS(y,r) ||’Z - ZCHH

u(z)o(dz), x € B(y,r).

Next is the Poisson formula obtained as a consequence of Proposition 2.3.2.

Theorem 2.4.1. Let n > 2. If u has continuous second partial derivatives on E = B(y,r)
then for all x € B(y,r) we have

u(z) = ZB01 (2) 4 / GBW) (2, 2) Au(z)dz. (2.16)
B(y,r)
Proof. We use the relation

u(z) = / w(2)0,GBW) (2, 2)o (dz) +/ GBW (2, 2) Au(z)dz, x € B(y,r),
S(yr) B(y,r)
and the fact that

1 ly — x| ||z — ¥ 12—l —y|?
> O, GBWT) = —— 0,1 =
ZOn (,2) = = Onlog { = Iz — 2| (n—2) sprl|z — 2|2

13



if n = 2, and similarly for n > 3. O

When u is harmonic on a neighborhood of B(y,r) we obtain the Poisson representation
formula of u on E = B(y,r) using its values on the sphere E = S(y,r), as a corollary of
Theorem 2.4.1.

Corollary 2.4.2. Assume that u is harmonic on a neighborhood of B(y,r). We have

1 r? —|ly — 2|
u(z) = — ————u(2)o(dz), x € B(y,r), (2.17)
ST JS(y,r) |z — ||
for alln > 2.

Similarly, Theorem 2.4.1 also shows that
u(z) <TYUI(@), @€ Bly.r),

when u is superharmonic on B(y,r). Note also that when = = y, Relation (2.17) recovers
the mean value property of harmonic functions:
ot [ ut)old)
—_— u(z)o(dz),
snr™ 1 sty

and a similar property for superharmonic functions.

u(y) =

The function ) )
re — |z =yl
2y
|z — 2]

is called the Poisson kernel on S(y,r) at = € B(y,r).

Figure 2.5: Two Poisson kernel graphs on S(y,r) for n = 2 for two values of x € B(y,r).

A direct calculation shows that the Poisson kernel it is harmonic on R™ \ (S(y,r) U {z}):

2 12
Ay =27y (2.18)

Iz — ||

14



hence all Poisson integrals are harmonic functions on B(y,r). Moreover Theorem 2.17 of
du Plessis [dP70] asserts that for any z € S(y, ), letting = tend to z without entering S(y, )
we have

lim Z2W") (2) = u(z).

T—z

Hence the Poisson integral provides a solution to the Dirichlet problem (2.10) on B(y,r):

Proposition 2.4.3. Given f a continuous function on S(y,r), the Poisson integral

1 r? —|lz — yl”
IB(y’T)(x) - ——f(2)o(dz), z € B(y,r),
f ST JS(y,r) H$ - an

provides a solution of the Dirichlet problem

Aw(z) =0, € B(y,r),

’U)(ZC) = f(l’), T € S(y,r),
with boundary condition f.

Recall that the Dirichlet problem on B(y,r) may not have a solution when the boundary
condition f is not continuous.

In particular, from Lemma 2.2.3 we have
720 = T b, e Bl
- lz = yl|”
for n > 3, and
1 —
Z,?(y’r)(z) = hy(2) — - log (nyH> ) x € B(y,r),

® T

for n = 2, where z* denotes the inverse of = with respect to S(y,r). This function solves
the Dirichlet problem with boundary condition h,, and the corresponding Green function
satisfies

GBr) (x,2) = hg(2) — I,i(y’r)(z), x,z € B(y,r).

When z = y the solution Z}Z(y’r)(z) of the Dirichlet problem on B(y,r) with boundary

condition h,, is constant and equal to (n —2)"1s;1r>~™ on B(y,), and we have the identity

1 2 _ 2
/ r == ly — 2] o(dzr) = r2 z € B(y,r),
S(y,r)

STl |z — z||”

for n > 3, cf. Figure 2.6 below.

15



2.5 Potentials and balayage

In electrostatics, the function « +— hy () represents the Coulomb potential created at z € R"
by a charge at y € F, and the function

- /E hy (2)a(dy)

represents the sum of all potentials generated at x € R™ by a distribution ¢(dy) of charges
inside F. In particular, when = R"™, n > 3, this sum equals

we | G (z,y)q(dy)

from (2.15). The definition of potentials originates from this interpretation.

Definition 2.5.1. Given a measure p on FE, the Green potential of p is defined as the
function

v GPula) = [ 6P g)n(dy),
where G¥(z,vy) is the Green kernel on E.

Potentials will be used in the construction of superharmonic functions, cf. Proposition 5.1.1
below. Conversely, it is natural to ask whether a superharmonic function can be represented
as the potential of a measure. In general, recall (cf. Proposition 2.3.2) the relation

= u(z Bz, 2)o(dz Bz, 2)Au(z)dz x .
ua) = [ @06 o) + [ GFadu@d  weB (219)
which yields, if E = B(y,r):
u(x)zl',f(x)—l—/ GE(x,2)Au(z)dz, x € B(y,r),
E

where the Poisson integral ZF is harmonic in general from (2.18). This formula can be seen
as a decomposition of u into the sum of a harmonic function on B(y,r) and a potential.
The question of representing superharmonic functions as potentials is examined next in
Theorem 2.5.3 below, with application to the construction of Martin boundaries.

Definition 2.5.2. Consider
i) an open subset E of R™ with Green function G¥,
ii) a subset D of E, and
iit) a non-negative superharmonic function v on E.

The infimum on E over all non-negative superharmonic function on E which are (pointwise)
greater than u on D is called the reduced function of u relative to D, and denoted by RE.

16



In other terms, if ®,, denotes the set of non-negative superharmonic functions v on E such
that v > v on D, we have
RD = inf{v € ®,}.

The lower regularization

RD () := lim inf R (y), r e L,

Yy—x

is called the balayage of u, and is a superharmonic function.
In case D =R" \ B(y,r), the reduced of h, on D is

thy (Z) = hy(z)l{z¢3(y7r)} + hO(T)l{zEB(y,r)}v z € R™ (2.20)

y i~ N
Y N\
’/%%WWN§
et S NS WNNNN N
S S TN
Mﬂﬂlq;;wm ‘:‘: INURNRNN

0%t fesh prttiinnait
A6 - Sy S “
LK S
1.8 - . \ KL S
4 (1.3 e > ‘
- e - e >4
2 —
oL >
X ’ e §
27 g2 y

Figure 2.6: Reduced of h,, relative to D = R?\ B(y,r).

More generally if v is superharmonic then RY = If(y’r) on R?\ D = B(y,r), cf. p. 62 and

p. 100 of Brelot [Bre65]. Hence if D = B¢(y,r) = R"\ B(y,r) and x € B(y,r) we have

mf:(yﬂ‘) (2) = I}i(%”) (2)

— (IIw —yllllz —a:*||)
T

rn—2 1
= , z € B(y,r).
(n —2)sylle —yl|"72 ||z — z*||"2

17



Figure 2.7: Reduced of h, relative to D = R?\ B(y,r) with = € B(y,r) \ {y}-

Using Proposition 2.3.2 and the identity

in distribution sense, we can represent %Zj(w) on E=B(y,R), R>r, as

mfyc(y,r)(x) _ /S( o %hB:(y’r)(Z)anGB(y’R)(«T,Z)U(dZ) +/B( o GB(y’R)(x,z)O',?f(dZ)
y’ y7

= ho(R) + / GBWR) (2, 2)0¥(dz), z € B(y, R).
S(y,r)
Letting R go to infinity yields
REWN) (1) = / GF" (2, 2)o¥(dz) = / ha(2)o¥(d),
S(y,r)

Y S(y.r)

and we recover (2.20) since h; is harmonic on R" \ B(y,r) when = ¢ B(y,r) and when
x € B(y,r) we have

R0 1) = /S( )ho (Hy —z||z —= H> oU(d2) = hy <Hy —zflly —= H) — ho(r).
y,r

r T

More generally we have for the following result, for which we refer to Theorem 7.12 of
Helms [Hel69).

Theorem 2.5.3. If D is a compact subset of E and u is a non-negative superharmonic
function on E then RE is a potential, i.c. there exists a measure p on E such that

siaf(x)z/EGE(x,y)M(dy), ek (2.21)

If moreover R2 is harmonic on D then y is supported by D, cf. Theorem 6.9 in Helms [Hel69)].
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2.6 Martin boundary

The Martin boundary theory extends the Poisson integral representation described in Sec-
tion 2.4 to arbitrary open domains with a non smooth boundary, or having no boundary.
Given F a connected open subset of R™, the Martin boundary AE of F is defined in an
abstract sense as AF := F \ E, where E is a suitable by constructing a compactification of F.

Next we show that every non-negative harmonic function on E admits an integral represen-
tation using its values on the boundary AFE. For this, let u be non-negative and harmonic
on E, and consider an increasing sequence (E,),en of open sets with smooth boundaries
(OEy)nen and compact closures, such that

oo
E = U E,.
n=0

Then the balayage B2 of u on E,, coincides with u on E,,, and from Theorem 2.5.3 it can
be represented as

Ry (x) = : GP(x,y)dpn(y)

where p,, is a measure supported by 0F,,. Note that since
Ry (2) = u(2),
for all x € Ey, k > n, and

lim GE(:L“,y)‘yeaEn =0, r ek,

n—oo

the total mass of u, increases to infinity:

lim p,(E,) = .

n—o0

For this reason one chooses to renormalize u,, by choosing xg € £ and letting

fin(dy) = GE(xQ,y),u,n(dy), n €N,
so that [i, has total mass
fn(Er) = u(zo) < 00,
independently of n € N. Next, let the kernel K, be defined as

G (x,y)

Koo(2,y) == GE(z0,1)’

z,y €E,

with the relation
R () = [ Ko o))

The construction of the Martin boundary of E relies on the following theorem by Constan-
tinescu and Cornea, cf. Helms [Hel69], chapter 12.
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Theorem 2.6.1. Let E denote a locally compact and non-compact space and consider a
family ® of continuous mappings

f:E— [—00,00].
Then there exists a unique compact space E in which E is everywhere dense, such that:

a) every f € ® can be extended to a function f* on E by continuity,

b) the extended functions separate the points of the boundary AE = E\E in the sense that
if v,y € AE with © # vy, there exists f € ® such that f*(x) # f*(y).

The Martin space is then defined as the unique compact space E in which E is everywhere
dense, and such that the functions

{y— Kyy(z,y) : z € E}

admit continuous extensions which separate the boundary E \ E. Such a compactification
E of E exists and is unique as a consequence of the Constantinescu-Cornea Theorem 2.6.1,
applied to the family

O :={z— K;(z,2) : z€ E}.

In this way the Martin boundary of E is defined as
AE:=E\E.

The Martin boundary is unique up to an homeomorphism, namely if z¢, z, € E, then

Ko (z,2)
K. =07
Z‘O (x’ Z) K'ro (1’67 Z)
and
K ( ) Kwé)(xwz)
o\Ly %) = 75— %
0 Kzé(a:o,z)

have different limits in £’ which still separate the boundary AFE. For this reason, in the
sequel we will drop the index zg in K, (z, z).

Theorem 2.6.2. Any non-negative harmonic function h on E can be represented as
h(z) = K(z,z)v(dz), r€eE,
AE
where v is a non-negative Radon measure on AE.

Proof.  Since f[in(Fy,) is bounded (actually it is constant) in n € N we can extract a
subsequence (fin, )ken converging vaguely to a measure p on E, i.e.

im [ f@in(dn) = [ fantdn), e CB),

k—o0
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see e.g. Ex. 10, p. 81 of Hirsch and Lacombe [HL99]. The continuity of z — K(z,z) in
z € E then implies

h(z) = lim RE(z)

n—o0

= lim 9" (2)
k—o0

= lim [ K(z z)vp,(dz)

k—o00 E
= /K(z,x)ﬂ(dz), r € k.
E

Finally, v is supported by AFE since for all f € C.(E,),

lim [ f(@)in, (dz) = 0.

- k—o0 Ek

[E f(@)u(d)

When E = B(y,r) one can check by explicit calculation that

r? — o —y|?

lim Ky(l’7 C) = ) z € S(y,’l“),
(—z

Iz — ||
is the Poisson kernel on S(y,r). In this case we have
p=o,

which is the normalized surface measure on S(y,r), and the Martin boundary AB(y,r) of
B(y,r) equals the usual boundary S(y,r).

3 Markov processes

3.1 Markov property

Let Co(R™) denote the class of continuous functions tending to 0 at infinity. Recall that f
is said to tend to 0 at infinity if for all € > 0 there exists a compact subset K of R" such
that |f(z)| <e for all z € R"\ K.

Definition 3.1.1. An R"-valued stochastic process, i.e. a family (X;)ier, of random vari-
ables on a probability space (U, F, P), is a Markov process if for all t € Ry the o-fields

Fli=0(Xs : s>t)

and
Fri=0(Xs : 0<s<1).

are conditionally independent given Xi.
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This condition can be restated by saying that for all A € F," and B € F; we have
P(ANB | X;) = P(A| Xy)P(B | X4),
cf. Chung [Chu95]. This definition naturally entails that:
i) (X¢)ier, is adapted with respect to (F3)ier, , i.e. X; is Fy-measurable, ¢t € Ry, and
ii) X, is conditionally independent of F; given Xy, for all u > t, i.e.
E[f(Xe) | Fs] = E[f(Xy) | Xs], 0<s<t,
for any bounded measurable function f on R™.

In particular,
PX, e A|FR)=E[14(Xy) | F] =E[14(X,) | X¢] = P(X, € A| Xy), A € B(R").

Processes with independent increments provide simple examples of Markov processes. In-
deed, for all bounded measurable functions f, g we have

Elf (X, Xe,)9(Xeys -, X, ) | X
= E[f(Xy —Xe+x,..., Xy, —Xe+2)9( X, — Xp+x,..., X, — Xt + 2)]a=x,
= E[f(Xy —Xe+x,..., Xy, — Xe +2)]a=x, E[¢g(Xs, — Xie +2,..., X5, — Xt + 2)]a=x,
= E[f(Xy,...,X,) | Xe] Blg(Xs,, ..., Xs,) | Xil,

0<s1 <" <sp <t <ty <0 < 1y

In discrete time, a sequence (X,,)nen of random variables is said to be a Markov chain for
all n € N, the o-algebras
Fn=0({Xr : k<n})

and
.7:n+ =oc({Xr : k>n})

are independent conditionally to X,,. In particular, for all 7, -measurable bounded random
variable F' we have
E[F | F,) = E[F | X,], n € N.

3.2 Transition kernels and semigroups

A transition kernel is a mapping P(z,dy) such that
i) for every x € E, A P(x,A) is a probability measure, and

ii) for every A € B(E), the mapping = — P(x, A) is a measurable function.
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The transition kernel 15 associated to (X;)ier, is defined as
pst(z,A) =P(X; € A| Xy =1x) 0<s<t,
and we have
pst(Xs,A) =P(X; € A| Xs) =P(Xy € A| Fy), 0<s<t.

The transition operator (T ;)o<s<¢ associated to (X;)ier, is defined as

Ts,tf(x) = E[f(Xt) | Xs = .iL'] = an f(y)l’LS,t(x7dy)7 r e R"™

Letting ps () denote the density of X; — X we have

oo(, A) = / pealy — 2)dy, A€ BR"),
A

and
Tsif(z) = o f@)psi(y — x)dy.

In the sequel we will assume that (X;);cr, is time homogeneous, i.e. pus; depends only
on the difference ¢ — s, and we will denote it by p;—s. In this case the family (704+)ier L s
denoted by (T;):;cr, and defines a transition semigroup associated to (Xi)icr, , with

(@) = BIf(X) | Xo =] = [ [plr.dy). xR
It satisfies the semigroup property
T Tsf(x) = E[Tsf(X:) | Xo = ]
IE[IE[f(XH—S) ’ Xs] ‘ Xo = $H
E[E[f(XtJrs) ’ fs] | Xo = xH
= E[f(Xtts) | Xo = 2]
— Tt+5f('1")7

which leads to the Chapman-Kolmogorov equation

fst(T, A) = pis * p(z, A) = / s (2, dy) e (y, A). (3.1)

n

By induction we obtain

Po(Xigsees X0, € By Bu) = [ oo [ oy o) iy, (0o o),
Bl n

for0<t; <---<t,and By,..., B, Borel subsets of R™.
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If (X¢)ter, is a homogeneous Markov processes with independent increments then the den-
sity pi(x) of X, satisfies the convolution property

psit(z) = / Ps(y — x)pe(y)dy, z e R,

which is satisfied in particular by processes with stationary and independent increments such
as Lévy processes. A typical example of a probability density satisfying such a convolution
property is the Gaussian density, i.e.

B 1 1 5 n
pi(z) = WQXP <_2t||x||R”> ) z € R™

From now on we assume that (7})icr, is a strongly continuous Feller semigroup, i.e. a
family of positive contraction operators on Co(R™) such that

1) T5+t = TSTt, S,t Z O,
ii) TtC()(Rn) C Co(Rn),
i) T,f(z) — f(z) as t — 0, f € Co(R™), z € R™.

The resolvent of (T});cr, is defined as

Ryf(x) := /00 e M, f(z)dt, x € R",
0
i.e. -
Ryf(x) =1E, {/ e)‘tf(Xt)dt} , x € R",
0

for sufficiently integrable f on R", where IE, denotes the conditional expectation given that
{Xo = z}. Tt satisfies the resolvent equation

Ry~ R, = (u— NBaR,, A p>0.
We refer to [Kal02] for the following result.

Theorem 3.2.1. Let (T})icr, be a Feller semigroup on Co(R™) with resolvent Ry, X > 0.
Then there exists an operator A with domain D C Cy such that

Ry' =)\ - A, A > 0. (3.2)

The operator A is called the generator of (T});cr, and it characterizes (1})icr, . Further-
more, the semigroup (7})scr, is differentiable in ¢ for all f € D and it satisfies the forward
and backward Kolmogorov equations

dIi f
dt

dIif
dt

=TiAf, and = AT:f.
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Note that for the Gaussian transition density p;(x,y), the integral
o I'(n/2-1)
T,y)dt =
A P 27w =y
n—2

28p |z — y|["
= (n/2 = 1)hy(z)

is a Newtonian potential for n > 3. Hence the resolvent Ryf associated to the Gaussian
semigroup T} f(x fR” y)pt(x,y)dy is also a potential in the sense of Definition 2.5.1,
since:

Rof(z) = Amﬂﬂ@ﬁ

= E, UOOO f(Bt)dt}

= /]R" f(y) /Ooopt(x,y)dtdy

-2
_n / f(y) _dy.
2sn Jge |z — gl
More generally we have

Ryf(x) = (M—A)*lf( )

_ / e MT, f(z)

_ /0 Mt ()
0

_ /O —)\tth

= / y)e~ pt(x y)dydt

8

8

8

= F(y) g™z, y)dy, zr € R",

where g*(z,y) is the A-potential kernel defined as

oMz, y) = / e Mpy(z, y)dt,
0

and R) f is also called a A-potential.

Recall that the Hille-Yosida theorem allows one to construct a strongly continuous semi-
group from a generator A.

In another direction it is possible to associate a Markov process to any time homogeneous

transition function satisfying po(z,dy) = 0,(dy) and the Chapman-Kolmogorov equation
(3.1), cf. e.g. Theorem 4.1.1 of Ethier and Kurtz [EK86].
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3.3 Hitting times

Definition 3.3.1. An a.s. non-negative random variable T is called a stopping time with
respect to a filtration Fy if
{r <t} € F, t> 0.

The o-algebra F is defined as the collection of measurable sets A such that
An{r <t} e R
for all £ > 0. Note that for all s > 0 we have
{r<s}, {7 <s}, {r>s}, {r>s}eF.

The strong Markov property for the process (Xi);cr, states that for any P-a.s. finite F4-
stopping time 7 we have

E[f(X(r +1)) | Fr] = E[f(X(?)) | Xo = 2lo=x, = Tif(X5), (3-3)

for all bounded measurable f.

The hitting time 75 of a Borel set B is defined as
g =inf{t >0 : X, € B},

with the convention inf () = +o0o. A set B such that P,(7p < o0) for all z € R" is said to
be polar.

In discrete time it can be easily shown that hitting times are stopping times, from the

relation
n

{r8 <n}°={rp >n} = ({Xx ¢ B} € Fn.
k=0
In continuous time the situation is more complicated. From e.g. Lemma 7.6 of Kallen-
berg [Kal02], 7p is a stopping time provided B is closed and (X¢);cr, is continuous, or B
is open and (X;)er, is right-continuous.

Definition 3.3.2. The last exit time from B is denoted by lp and defined as
Ip =sup{t >0 : X; € B},
with lg =0 if T3 = +00.

We say that B is recurrent if P,(Ip = +00) = 1, x € R", and that B is transient if 5 < oo,
P-as., ie. Py(lp =+o00) =0,z €R"

The M-capacity C*(B) of a Borel set B is defined as
Cr/\(B) — ]Ey |:/ eATBcdy:| ,
and it is finite when B is bounded. A given set B is said to be polar if C*(B) = 0.
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3.4 Dirichlet forms

Dirichlet forms provide a functional analytic approach to the Dirichlet problem. A Dirichlet
form is a positive bilinear form £ defined on a domain ID dense in a real Hilbert space H,
such that

i) the space ID, equipped with the norm

£l = I IF +ECF ),

is a Hilbert space, and

ii) for any f € ID we have f A1 € ID and

E(f AL FAL) <ES )

The classical example of Dirichlet form is given by H = L?(R") and

&)= [ Y L wa
i=1 " ¢

The generator £ of £ is defined by Lf =g, f € ID, if for all h € ID we have

E(f, h) - _<gah>H-

It is known, cf. e.g. Bouleau and Hirsch [BH91], that a self-adjoint operator £ on H =
L?(R™) with domain Dom(L) is the adjoint of a Dirichlet form if and only if

<£f7 (f - 1)+>L2(R”) <0, f € Dom(‘c)

It is in turn the generator of a strongly continuous semi-group (F;)ier, on H = L2(R™) if
and only if (P,)er, is sub-Markovian, i.e. for all f € L*(R"),

0<f<1=0<Pf<1, teRy.

We refer to Ma and Rockner [MR92] for more details on the connection between stochastic
processes and Dirichlet forms. Coming back to the Dirichlet problem

Au =0, €D,
u(z) =0, x € 0D.

If f and g are C' with compact support in D we have

= of g
[ o@aswar==3 [ St @i =-¢(.0)
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Here, ID is the subspace of functions in L2(R") whose derivative in distribution sense belongs
to L2(R™), with norm

n 8f 9
2 2
Il = [ 1rPae+ [ 3[57 ] e
Hence the Dirichlet problem for f can be formulated as

E(f,9) =0,

for all g in the completion of C2°(D) with respect to the || - || jp-norm. The capacity of an
open set A is defined as

C(A) =inf{|lullp : weID and u>1 on A},

and is connected to the notion of A-capacity C*, cf. Fukushima et al. [FOT94]. The notion
of zero-capacity set is finer than that of zero-measure sets and gives rise to the notion of
properties that hold in the quasi-everywhere sense, cf. Bouleau and Hirsch [BH91].

In discrete time, a sequence (X, )nen of random variables is called a homogeneous Markov
chain with transition kernel P if

E[f(X,) | Fn] = P ™ f(Xm), 0<m<n. (3.4)

4 Stochastic calculus

4.1 Brownian motion and the Poisson process

Let (2, F, P) be a probability space and (F;)icr, a filtration, i.e. an increasing family of
sub o-algebras of F. We assume that (F;);cr, is continuous on the right, i.e.

Fo=()F teRy.
s>t

Recall that a process (M;)ier, in L'(Q) is called an Fy-martingale if E[M;|F,] = M,
0<s<t.

For example, if (X¢);c(0,7] is a (non homogeneous) Markov process with semi-group (Ps ¢)o<s<t<T

satisfying
Poif(Xs) = E[f(Xy) | Xo] = E[f(Xy) | Fs], 0<s<t<T,

on CZ(R™) functions, with
Pt o Pru = Psu, O0<s<t<uc<T,
then (P 7 f(Xt))eo,r) is an Fi- martingale:
E[Prf(Xe) | Fs] = E[E[f(X7) | Fi] | Fs] = E[f(X7) | Fs] = Porf(Xs),

0<s<t<T.
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Definition 4.1.1. A martingale (M;)ier, in L*(Q) (i.e. E[|M;[*] < oo, t € Ry) and such
that
E[(M; — M,)?*|F)=t—s, 0<s<t, (4.1)

1s called a normal martingale.

Every square-integrable process (M;);cr, with centered independent increments and gener-
ating the filtration (F;)icr, satisfies

E[(M; — M,)*|F,) = E[(M; — M,)?], 0<s<t,
hence the following remark.

Remark 4.1.2. A square-integrable process (My);cr, with centered independent increments
18 a normal martingale if and only if

E[(M; — M,)*] =t — s, 0<s<t.

In our presentation of stochastic integration we will restrict ourselves to normal martingales.
As will be seen in the next sections, this family contains Brownian motion and the standard
Poisson process as particular cases.

Remark 4.1.3. A martingale (My)iecr, is normal if and only if(MtQ—t)te]R+ is a martingale,
i.e.
E[M? —t|F)=M2?—5 0<s<t.

Proof. This follows from the equalities
E[(M; — M,)?*|F,) — (t —s) = E[M? — M2 —2(M; — M,)M,|F,| — (t — 5)
= B[M? — M?|F,| — 2M,E[M; — M,|F,] — (t — s)
= ]E[Mt2|~7:8] —t— (]E[M3|F8] - 3).

Throughout the remainder of this chapter, (M;)icr, will be a normal martingale.

We now turn to the Brownian motion and the compensated Poisson process as the fun-
damental examples of normal martingales. Our starting point is now a family (&,)nen of
independent standard (i.e. centered and with unit variance) Gaussian random variables
under 7y, constructed as the canonical projections from (RN , Bpy, nv) into R. The measure
~N is characterized by its Fourier transform

o0
a—E [ei(smﬂ(m} =E [eizzozo gno‘"} = H eon/? = eiélla”%(m, a € (A(N),
n=0

Le. (§,a)pm) is a centered Gaussian random variable with variance HaH?Q(N). Let (en)nen
be of L?(R,) denote an orthonormal basis(e,,),en be of L2(R,).
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Definition 4.1.4. Given u € L?(R.) with decomposition

o0

U = Z(u, €n)en,

n=0

we let Jy : L2(Ry) — L2(RN,4N) be defined as

[ee]
= Z Enlu,en).
n=0
We have the isometry property
o o
E[lJ1 ()] =) Nu,en) PE&P] = Y [(u,en)® = [ullFog, ). (4.2)
k=0 k=0

We have

—Liu,en) 1
[ iJ1(u ] H E [ i&n (U,en } H e 2 L2(JR+) = exp (—2Hu||%z(R+)> )

hence Jyi(u) is a centered Gaussian random variable with variance [ul|7. Next is a

(Ry)*
constructive approach to the definition of Brownian motion, using the decomposition

o0 t
1oy = Zen/o en(s)ds
n=0

Definition 4.1.5. For allt € R4, let

Bi(w) = Ji(1jp,) = an /en s)ds. (4.3)

A, e
. ‘,W WI\WW/\JJW WWM,MWAWW\/

M
vl

o Ml
) AT, \\

_1j5 o Wf/m\ \ MWM\M M W

EA e

o 0.2 0.4 0.6 0.8 1

Sy
o
§

Figure 4.1: Sample paths of one-dimensional Brownian motion.
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Clearly, By — Bs = J1(1}54)) is a Gaussian centered random variable with variance:
B((B; — By)?) = BIA (L)) = [ lZa, =t — 5. (1.4)

Moreover, the isometry formula (4.2) shows that if ws,...,u, are orthogonal in L?(R)
then Ji(u1),...,Ji(u,) are also mutually orthogonal in L?(2), hence from Corollary 16.1
of Jacod and Protter [JP00], we get the following.

Proposition 4.1.6. Let uy, ..., u, be an orthogonal family in L*(R.), i.e.

<ui,u]'>L2(R+) :0, 1§Z7’é]§n
Then (J1(u1),-..,Ji(uy)) is a vector of independent Gaussian centered random variables
with respective variances ||u1\|%2(R+), ey |Jua H%Q(R”.

As a consequence of Proposition 4.1.6, (B;);er, has centered independent increments hence
it is a martingale.

Moreover, from (4.4) and Remark 4.1.2 we deduce the following proposition.
Proposition 4.1.7. The Brownian motion (By)icr, is a normal martingale.

The n-dimensional Brownian motion will be constructed as (B, ..., Bf);cr, where (B} )er,,
. (Bf")ter, are independent copies of (B)er, -

The compensated Poisson process will provide a second example of normal martingale. Let
now (7,)n>1 denote a sequence of independent and identically exponentially distributed
random variables, with parameter A > 0, i.e.

E[f(r1,...,m)] = A" /OOO e /OOO e*)‘(sﬁ'"ﬂn)f(sl, oy Sp)dsy e dsy,
for all sufficiently integrable measurable f : R} — R. Let now
T,=1+ 47y, n>1.
We now consider the canonical point process associated to (1 )x>1.

Definition 4.1.8. The point process (N;)ier, defined by

Ne=> 1 e0(t), teRy (4.5)
k=1

is called the standard Poisson point process.

The process (N¢)ier . has independent increments which are distributed according to the
Poisson law, i.e. for all 0 <ty <t1 < -+ < iy,

(Ntl - Nt()? MR 7Nt'n - Ntnfl)
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is a vector of independent Poisson random variables with respective parameters
(At —t0)s -+, Altn — tn—1))-

Compound Poisson processes provide other examples of normal martingales. Given (Yj)r>1
a sequence of independent identically distributed random variables, define the compound
Poisson process as

N
Xy =) Y, teRy.
k=1

The compensated compound Poisson martingale defined as

X — MIEY;
M, = Mj te Ry,
)\V&F[Yl]

is a normal martingale.

4.2 Stochastic integration

In this section we construct the It6 stochastic integral of square-integrable adapted processes
with respect to normal martingales. The filtration (F;);cr, is generated by (M;)icr, :

Fi=o0(Ms : 0<s<t), teRy.
A process (X;)ier, is said to be Fi-adapted if X; is Fy-measurable for all t € R.

Definition 4.2.1. Let L? (2 xR), p € [1,00], denote the space of F;-adapted processes in
LP(Q x Ry).

Stochastic integrals will be first constructed as integrals of simple predictable processes.

Definition 4.2.2. Let S be a space of random variables dense in L*(2, F, P). Consider the
following spaces of simple processes: let P denote the space of simple predictable processes

(ut)ier, of the form

n
up =Y Filgn  m(t), teRy, (4.6)
i=1
where F; is Fyn  -measurable, i =1,...,n.

One easily checks that the set P of simple predictable processes forms a linear space. Part
(i7) of the next proposition also follows from Lemma 1.1 of Tkeda and Watanabe [TW89],
p- 22 and p. 46. For any p > 1, the space P of simple predictable processes are dense in
LP(Q x Ry) and LP,(Q x R,) respectively.

Proposition 4.2.3. The stochastic integral with respect to the normal martingale (My)icr, ,
defined on simple predictable processes (us)ier, of the form (4.6) by

/ wdMy = Fi(My, — My,_,), (4.7)
0 i=1
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extends to u € L2,(2 x Ry) via the isometry formula

E [ /0 " wdM, /O h utht} =D [ /0 h utvtdt] . (4.8)

Proof. We start by showing that the isometry (4.8) holds for the simple predictable process
U = Z?:l Gil(ti—hti]’ with 0 =1ty <t < - -ty

E [(/OOO utht>2] ~E (zn: Gi(M;, Mti1)>2

=1

n
E Z |Gl‘2(Mtz - Mti—l)z
=1

+2IE Z GiGj(My; — My, |)(My; — My, )
1<i<j<n
==ZE|WA@ My, )2 Fr ]
+2 Y B Gj(My, — My, ) (My, — My, )| Fi; ]
1<i<j<n
::ZEWP My, 2| Py
+22 — My, ) E[(M;, — My, )| F, ]
1<i<j<n

E ZIGz‘\Z(ti—ti—l)] = E[|lul?2g, )
i=1

The stochastic integral operator extends to Lgd(Q x R4) by density and a Cauchy sequence
argument, applying the isometry (4.8) with s = 0. O

Proposition 4.2.4. For any u € de(Q x Ry) we have

E [/ usd My
0

In particular, fg usdMs s Fy-measurable, t € R.

t
t:| :/ ude& t e R+.
0

Proof. Let u € P have the form u = G1(,4), where G is bounded and F,-measurable.

i) If 0 < a <t we have

E {/ usd My
0

t]zmmm—mwu
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= GE[(M,— M,)|F]
= GE[(My,— M)|F]+GE[(M; — M,)|F]
— (M, — M,)

— /0 1[0’t](S)U5dM5.
ii) If 0 < t < a we have for all bounded F;-measurable random variable F':
E {F/ udes] =E[FG(M,— M,)] =0,
0

hence

E [/ usd My
0

This statement is extended by linearity and density, since from the continuity of the condi-
tional expectation on L? we have:
2

t [e%s)
E (/ usdMy — E [/ usd M
0 0
i t [e%s)
(/ usdMs — E [/ usdM
| \Jo 0
= lim E (]E
E

ft} =E[G(M, — M,)|F]=0= / 1j0,4(8)usdMs;.
0

= lim E

n—o0

)]
[ /0 : udM, — /0 " uadM, J-"tDZ]

n—oo
0o 2
< lm E ( / uPdM, — / udes> ‘]—“t
<

oo 2
lim E (/ (ul — us)dMs> ]
n—oo 0

= lim]E/ |u?—us|2ds}
L/ 0

n—o0

= 0.

In particular, since Fo = {0}, Q}, the Ito integral is a centered random variable:

E [ /0 h udeS] = 0. (4.9)

The following is an immediate corollary of Proposition 4.2.4.
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Corollary 4.2.5. The indefinite stochastic integral <f0t uSdM5> " of u € Lgd(Q xRy) is
teR L

a martingale, i.e.:
t
E [/ urdM
0

Recall that since the Poisson martingale (M;)ier, = (V¢ — t)icr, is a normal martingale,

T
/ Utht
0

is defined in It6 sense as an L2(£2)-limit of stochastic integrals of simple adapted processes.

]:5]:/ urdM,, 0<s<t.
0

4.3 Quadratic variation

We now introduce the notion of quadratic variation for normal martingales.

Definition 4.3.1. The quadratic variation of (My)ier,, is the process ([M, M]t)icr, defined

as
t
[M,M]; = M? — 2/ MgdM,, teR,. (4.10)
0
Let now
mt={0=t <ty <---<tp_, <ty =t}
denote a family of subdivision of [0, ], such that |7"| := max;—1,_, [t} —t]' | converges to

0 as n goes to infinity.

Proposition 4.3.2. We have
n
= i n— Mp )? >
(M, M]; = lim E(Mti M | )?, t>0,
1=

where the limit exists in L*(Q)) and is independent of the sequence (m™)nen of subdivisions
chosen.

Proof. As an immediate consequence of the definition 4.7 of the stochastic integral we have
t
My(My — M) = / MgdM, 0<s<t,
S
hence

[M, Mg — [M, M)y | = Mg — Mg —2 M,dM,
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hence

2
= 4K (Z/ i lvtn] Ms _Mt?—1)dMs)
= 4F Z/ (Ms—Mtyl)zdsl

IN

4t|7r\.
(]

Clearly, from the definition (4.3), Ji(u) coincides with the single stochastic integral I (u)
with respect to (B;)icr, -

Proposition 4.3.3. The quadratic variation of Brownian motion (Bp)ier, is
[B,B]t:t, t€R+.

Proof.  (cf. e.g. Protter [Pro90], Theorem I-28). For every subdivision {0 = ¢ < --- <
t" =t =t} we have, by independence of the increments of Brownian motion:

n 2 n 2
<t =D (B - Bt?f) = E <Z(Bt? — By )? = (1} - t?_1)>
i=1

=1

2
n Bt’.l _ Btﬂ 2
- S en | (BBl
i=1 ti - ti—l

n

= E(Z2° - 1) (¢ — 1)

1=0
< tnE[(Z* - 1),

where Z is a standard Gaussian random variable. O

A simple analysis of the Poisson paths shows that the quadratic variation of the compensated
Poisson process (M;)ier, = (Nt — t)ier, is

[M, M]; = N, teRy.
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Similarly for the compensated compound Poisson martingale

Xt — M E[Y;
M, = t—[l], teR,,
AVar[Y]]
we have
N
(M, M), =) Vi, teR,.
k=1

Definition 4.3.4. An equation of the form
t
[M,M]t:t+/ psdMs, te€ Ry, (4.11)
0

where (¢1)ier, 15 a square-integrable adapted process, is called a structure equation, cf.
Emery [E90].

Definition 4.3.5. The angle bracket (M, M), is the unique increasing process such that
M} — (M, M), teRy,
s a martingale.
As a consequence of Remark 4.1.3 we have
(M, M), =t, teRy,
for every normal martingale. Moreover,
[M, M)y — (M, M), t e Ry,

is also a martingale as a consequence of Remark 4.1.3 and Proposition 4.2.4, since by Defi-
nition 4.3.1 we have

t
[M, M]; — (M, M); = [M,M]tt:Mftz/ MgdM,,  teR,. (4.12)
0

We say that the martingale (M;)icr, has the predictable representation property if any
square-integrable martingale (X;);cr, with respect to (F)icr, can be represented as

t
X =Xo+ / usdMg, t€ R+, (413)
0
where (u¢)ier, € L2;(Q X Ry) is an adapted process such that ulym € L*(Q x Ry) for
all T > 0. It is known that Brownian motion and the compensated Poisson process have
the predictable representation property. This is however not true of compound Poisson pro-
cesses in general.

As a consequence of (4.12) and (4.13) we have the following proposition.
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Proposition 4.3.6. Assume that (M;)icr, is in L*(2) and has the predictable represen-
tation property. Then (My)icr, satisfies the structure equation (4.11), i.e. there exists a
square-integrable adapted process (¢¢)ier, such that

t
[M,M]t:t—i—/ ¢sdMs, teRy.
0
Proof.  Since ([M, M]; — t)icr, is a martingale, the predictable representation property

shows the existence of a square-integrable adapted process (¢;):cr, such that

t
[M,M]t—t:/ godM,,  teR,.
0

In particular,

a) the Brownian motion (Bj);ecr, satisfies the structure equation (4.11) with ¢; = 0,
since the quadratic variation of (By)ier, is [B,B]; = t, t € Ry. Informally we have
AB; = £V At with equal probabilities 1/2.

b) The compensated Poisson martingale (M;)ier, = A(V; — t/AQ)t€R+, where (Ny)ier, is
a standard Poisson process with intensity 1/\? satisfies the structure equation (4.11)
with ¢, = A € R, t € Ry, since

[M, M]; = >Ny =t + A\M;,  t€R,.
In this case, AM; € {0, \} with respective probabilities 1 — A"2At¢ and A\2At.

The Azéma martingales correspond to ¢y = SMy, 5 € [—2,0), and provide other examples
of processes having the chaos representation property, but whose increments are not inde-
pendent, cf. Emery [E90]. Note that not all normal martingales satisfy a structure equation
and have the predictable representation property. For instance the compensated compound
Poisson martingale does not satisfy a structure equation and does not have the predictable
representation property.

4.4 Ito’s formula
We consider a normal martingale (M;)icr, which satisfies the structure equation

d[M, M), = dt + ¢dM,.

Such an equation is satisfied in particular if (M;);er, has the predictable representation
property, cf. Proposition 4.3.6.

The following is a statement of Ito’s formula for normal martingales, cf. Emery [E90],
Proposition 2, p. 70.
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Proposition 4.4.1. Assume that ¢ € LO5(Ry x Q). Let (X;)icr, be a process given by

t t
X =X +/ ugd My +/ veds, (4.14)
0 0

where (us)scr, , (Us)scr, are adapted processes in L2,([0,t] x Q) for all t > 0. We have for
feCH?(Ry x R):

! f(37Xs* + ¢sus) — f(*s?Xs*
Ps

/t f(s. X, +¢sus>—f< X2) — bas 2 (s, X.)

/88Xvsd+/8

J( X+ dsus) — f(Xs-)
Os

f(t, X¢) — f(0, Xo) )dMs (4.15)

ds

If s =0, the terms

and

f(Xs + ¢sus) - f(Xs) - ¢susf/(Xs)
2

have to be replaced by their respective limits us f'(X,-) and 2u?f"(X,-) as ¢ — 0.

Examples

i) For the d-dimensional Brownian motion (B;):er, , ¢ = 0 and the It6 formula reads

t 1 t
F(B) = £(B) + [ (948 dBu + 5 [ ArBds
for all C? functions f, hence

Tif(x) = IE[f(By)]
t t
= E, [f(:n)+/0 <Vf(Bs),st>H+;/0 Af(Bs)ds]

ok, [f<x>+1 /tAf(Bs)dS]
_ /]E IAf(B

- f<x>+2/mf<>

1
hence (B;);cr, has generator §A.
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ii) For the compensated Poisson process (IV; — t);cr, we have ¢; =1, s € Ry, hence

t
fN.—t) = f(0)+ /0 (F(L+ Ny — ) — (N, — 8))d(Ns — )
+ / (F(1+ N, — ) — F(Ns— ) — f'(Ny — 8))ds.
0

This formula can actually be recovered by elementary calculus. Hence the generator
of the compensated Poisson process is

Lf(z) = f(z+1) - f(z) - f'(2).
We will use the following multidimensional version of the change of variable formula.
Proposition 4.4.2. Let (X;)icr, be a R"-valued process satisfying
dX; = Ydt + ZydMy, X >0,

where (}/;g)teR+ and (Zt)t€R+ are predictable square-integrable R™-valued processes. For any
function Ry x R" 3 (t,2) — fi(z) in C2(R4y x R™;R) we have

t t t 8fs
- sJsAs s sJsAs Xs)ds, .
F00) = 1oX0)+ [ LpXoad+ [ Upxds+ [ SR (4a0)
where )
Lofo(Xs) = is(Ze, VLX) + 22 (fo(Xem + 65Z0-) — fo(Xo0)),s
and

Usfs(Xs) = <Y;,st(Xs)>
+O‘§ (;is(Vst(Xs), Zs® Zs)

+i‘§(fs(Xs— + ¢sZs-) — fs(Xs-) — ¢s(Zs, VfS(XS)>)> ,

with the convention 0/0 = 0.

From It6’s formula we have for any stopping time 7 and C? function w, under suitable
integrability conditions:

Eafu(B] = u)+ | [Tupois + 1B, | ["aumas
— u(e) +E, [ /0 h 1{s§7}u(35)d35] v %]Ex [ /0 ' Au(Bs)ds]

— u(@) + %]Egc [ /0 ’ Au(Bs)ds] , (4.17)
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which is called Dynkin’s formula, cf. Dynkin [Dyn65], Theorem 5.1. Let now
0:Ry xR" 5 RIQR"

and
b:Ry xR" - R

satisfy the global Lipschitz condition
lo(t,z) = o(t,9)|> + [Ib(t, ) = b(t,9)[|* < K[l —y[I?, ¢t €Ry, z,y €R™
Then there exists a unique strong solution to the stochastic differential equation

t t
Xt:X0+/ U(S,Xs>d35+/ b(s, Xo)ds,
0 0

and (X¢)ier, is a Markov process with generator

E—lia (t,x) =——=— o —i—Zb (t,z) 0
_2” | b Ox;0x; pa éhcz

where a = 6710

4.5 Killed Brownian motion
The transition operator for the Brownian motion (B} )te(0,75p) Killed on D is defined as
qP(x,A) = Po(BP € A, 15p > 1),

where
Top =1inf{t >0 : B, € 9D}

is the first hitting time of 0D by (Bt)icr, . By the strong Markov property we have

Px(Bt GA) = Pz(Bt 6A,t<7’3D)+Px(Bt € A,tZTaD)
_ D

q; (x, A) + Py(By € At > T9p)
a0 (x, A) + B[l ayLsrop))
= g (2, A) + B [E[l{p,e Liisrypy | Fropll
= ¢’ (2, 4) + Eo[lysrypy Ell{peayLisropny | Frop]
= ¢’ (=, A) + Exlysry,y E[ls, , eay | Bo=la=5,,,]
= (2, A) + Eu[Trr,p, La(BL ) )L 13751
hence
qP (x, A) = Py(By € A) — By [Ty—r,, 14(BE V15 3]s

and the killed process has transition the densities
ptD(wvy) = pt(x7y) _Ex[pt—TaD(B‘rD@Day)l{tzTg)D}L T,y € D, t>0. (418)
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The Green function is defined as
gD(x7y) = /0 prD(xay)dta

and the associated Green potential is

Gpu(z) = /O gp(z,y)u(dy),
with
ToD
Gofta) = | [ 1(mo].
0
When D = R" we have 75p = 0o a.s. hence Grn = G.

Theorem 4.5.1. The function gp is symmetric and continuous on D?, and x +— gp(z,y)
is harmonic on D\ {y}, y € D.

Proof. The function Gpla defined as

Gotale) = [ anlentatds =, | [ 1aoa]

has the mean value property in D\ A for all bounded domains A in R™, and the property
extends to gp. (I

From (4.18), the associated A-potential kernel is given by

PMasy) = /0 (e, y)dt = g (@, y) + / Py (@, dz), (4.19)
where ~
and

h)(z, A) = E,[e 0P LD eayliryp<oc}]-

5 Probabilistic interpretations

5.1 Harmonicity

We start by two simple examples on the connection between harmonic functions and stochas-
tic calculus. First, we show that Proposition 2.2.2, i.e. the fact that harmonic functions
satisfy the mean-value property, can be recovered using stochastic calculus. Let

. =inf{t e Ry : By e S(y,r)}

denote the first exit time of (B;)cr, from the open ball B(y,r).
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Due to the symmetry of Brownian motion, B; is uniformly distributed on S(z, ) hence
Efu(B) = [ ul)oy(dy),
S(z,r)
On the other hand, from Dynkin’s formula (4.17) we have
1 "
E,[u(B;.)] = u(z) + §IE$ [/ Au(BS)ds] :
0
Hence the condition Au = 0 implies the mean value property
u@ = [ ulg)ojldy). (1)
S(a,r)
and similarly the condition Au < 0 implies
u@ = [ ulg)oyldy). (5.2)
S(x,r)

From Remark 3, page 134 of Dynkin [Dyn65], for all n > 1 we have

BB, - ()
2 n—oo ]Ex [Tl/n] ’

(5.3)

which shows conversely that (5.1), resp. (5.2), implies Au < 0, resp Au = 0, which recovers
Proposition 2.2.2.

Next we recover the superharmonicity property of the potential

Rof(z) = /0 T (@)t (5.4)

- & | [ sl

- / S Fpiey)dedy
0 R»

n—2

= /n ha(y) f(y)dy, — x€R™

2

Proposition 5.1.1. Let f be a non-negative function on R™. Then the potential Ry f given
in (5.4) is a superharmonic function provided it is C*> on R".

Proof. For all r > 0, using the strong Markov property (3.3) we have

oz) = F, [ I f(Bt)dt] IR, [ / Oo f(B»dt}

E, UOT f(Bt)dt] +E, [E UTOO f(Bt)dt‘BTT”
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— E, [ /0 " f(Bt)dt] + By [g(Br,)]

> E,[g(Br,)]
= [ g,
S(z,r)
which shows that g is A-superharmonic from Proposition 2.2.2. O

Other non-negative superharmonic functionals can also be constructed by convolution, i.e.
if f is A-superharmonic and ¢ is non-negative and sufficiently integrable, then

v [ g(y)flz—y)dy
.

is non-negative and A-superharmonic.

We now turn to an example in discrete time, with the notation of (3.4). Here a function f
is called harmonic when (I — P)f = 0, and superharmonic if (I — P)f > 0.

Proposition 5.1.2. A function f is superharmonic if and only if the sequence (f(Xy))nen

1 a supermartingale.

Proof. We have

IE[f(Xm) ’ Jrn] = E[f(men) | Xo = x]m:Xn
Prnf(Xn)
f(Xn).

IN

5.2 Dirichlet problem
In this section we revisit the Dirichlet problem using probabilistic tools.

Theorem 5.2.1. Consider an open domain in R™ and f a function on R™, and assume
that the Dirichlet problem
Ay =0, z €D,

u(x) = f(z), x € 0D,

where
Top = inf{t >0 : By € 0D}

is the first hitting time of 0D by (By)ier, -
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Proof. For all r > 0 such that B(z,r) C D we have

u($) = ]Ex[f(BTaD)]
- ]Ex[]E[f(BTaD) ‘ BTTH
= ]Ex[u(BTr)]

=/ u(y)ol(dy), w €D,
S(z,r)

hence u has the mean value property, thus Au = 0 Proposition 2.2.2. [l

1.5

0.5

-0.5

-1.5

~_

2 I

-2 -1.5 -1 -0.5 ¢} 0.5 1 1.5 2 2.5

Figure 5.1: Sample paths of a two-dimensional Brownian motion.

5.3 Poisson equation

In the next theorem we show that the resolvent

o0
mfe) = B[ e pmod
0
o0
= / e M, f () dt, x € R",
0
solves the Poisson equation. This is consistent with the fact that Ry = (Al — A/2)7! cf.
Relation (3.2) in Theorem 3.2.1.

Theorem 5.3.1. Let A > 0 and f a non-negative function on R™, and assume that the
Poisson equation

%Au(x) —u(z) = —f(x), T ER, (5.5)
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has a Cg solution u. Then we have

u(z) = E, [/000 e—Mf(Bt)dt] , TERM

Proof. By Itd’s formula we have:
¢ 1t ¢
e Mu(By) = u(Bg)+/ e_)‘s(Vf(Bs),st>+2/ e_)‘SAu(Bs)ds—)\/ e~ u(By)ds
0 0 0
t 1 t
= u(Bo)—i—/ e—AS<Vf(Bs),dBS>—2/ e f(By)ds
0 0

hence (B — e — s Uot GASf(BS)ds] :

and letting ¢ tend to infinity we get

0 =u(z) — %Em UOOO e)‘sf(BS)ds} .

When A\ = 0 a similar result holds adding a boundary condition on a smooth domain D.

Theorem 5.3.2. Let f a non-negative function on R™, and assume that the Poisson equa-
tion

%Au(m) — _f(z), xeD,

(5.6)

u(z) =0, x € 0D,

has a Cg solution u. Then we have

=, UO f(Bt)dt} ., weD.

Proof. Similarly to the proof of Theorem 5.3.1 we have

w(B) = u(Bo)+/0t<Vf( /Au
— u(Bo) + /(Vf ),dB.) /f

0= BululBy)] = ule) ~ B | [ s8]

hence

We easily check that the boundary condition u(z) = 0 is satisfied on « € 9D since To9p = 0
a.s. given that By € 0D. O
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Figure 5.2: Sample paths of a three-dimensional Brownian motion.

The probabilistic interpretation of the solution of the Poisson equation can also be formu-
lated in terms of a Brownian motion killed at the boundary 0D.

Proposition 5.3.3. The solution u of (5.6) is given by

n

u(x) = Gpf(x) = / ap (2. 9)f (v)dy

where gp and Gpf are the Green function and the associated Green potential of Brownian
motion killed on 0D.

Proof.  We need to show that the function gp is the fundamental solution of the Poisson

equation, i.e.
ToD [ [ToD
B[ amon] = B[ [ 1amha
0 LJo

[ [ToD
— IE;E /(; 1{BtD€A}dt:|

B o0
z /0 l{BtDeA}dt}

E
= / P.(BP € A)dt
0

= / g (z, A)dt

0

= / /p?(x,y)dydt
0 A

= GD]_A(.T)
_ / gp(e,y)1aly)dy,
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hence

ulz) = B, [ . f<BtD>dt} =Gof@) = [ _on(e.n)I W)y

n

Using the A-potential kernel g* we get the following expression for the solution of (5.6).

Proposition 5.3.4. The solution u of (5.5) can be represented as
> A D
u(z) = /O e t/ a; (,y)f(y)dydt

+/n ) /n gA(Zvy) Ex[e_)\TaDl{BTDaDEdz}l{TaD<oo}]dy-

Proof. From (4.19) we have

u(x) = Ryf(x)
= [ Penswi

_ /R by + [ 1) [ Pl ddy
- /0 e /Rn a” (z,y) f (y)dydt

+ / W) /R i 9\zy) Ew[e_)\TaD1{B%D€dz}1{TaD<OO}]dy'

In discrete time, the potential kernel of P is defined as

o0
=y r
n=0
and satisfies

Y

n=0

ie.
Gla(z) =) _ P.({X, € A}).
n=0
The Poisson equation with second member f is here the equation
(I —P)u=f.

Let
p=inf{n>1 : X, € D}
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denote the hitting time of D C E. Then the function

=E, [Zf(Xk)]7 LS O
k=1

solves the Poisson equation

5.4 Cauchy problem
This section presents a version of the Feynman-Kac formula. Consider the PDE

ou
ot

u(0,2) = f(x).

Proposition 5.4.1. Assume that f,V € C4(R"™) and V' is non-negative. Then the solution
of (5.7) is given by

—(t,x) = fAu(t,:n) — V(z)u(t,x)
(5.7)

u(t,z) =B, [exp (— /t V(Bs)ds) f(Bt)} , teRy, zeR"
0
Proof. Let
3 t
Tof(z) = T, [exp (— / V<Bs>ds> f(Bt)] . teR,, zeR"
0

We have

it (@) = B e (= [ V(B 1B

- B few (— / t v(Bu>du> exp (— / - V<Bu)du) f(Bt+s>]
7]

- w.[p [p( VB 1B

_ R, :exp< ) [p( t+SV(Bu)du> F(Biss) .7-"”

_ _exp( tv du)E{exp< )du) BBy = ]B]
_ R, 'exp< tv du) . f }

)
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hence (T})ier . has the semigroup property. Next we have

Lif(x) - fla) _ 1 (Em [exp <_ /O t V(Bu)du> f(Bt)] = f(x))

t t
= Lm0 - 1)+ o (~ [ VB 1] o0,

hence _
dT; 1
ot — A
@ ==V

and

Moreover this yields
1 t
[ttty = 1@+ [ [ Adwide.gas

t
= S@+3 [ [ A s

for all sufficiently regular functions f on R™, hence after differentiation with respect to t,

Gpt _ 1
E(%Z/) = §Axpt(l“,y)- (5.8)

From (5.8) we recover the harmonicity of h, on R™\ {y}:

Aghy(z) = A, / pe(, y)dt

= / A:):pt SU y

> Op
; 5 &)
= 2tgrglopt(x,y)—2}grg)pt(x,y)

= 0,
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provided x # y. The backward Kolmogorov partial differential equation

ou
_E(

u(T,z) = f(x),

t,x) = %Au(t,aﬁ) — V(z)u(t,x),

can be similarly solved as

u(t,z) = B, [exp (— /tT V(Bs)ds> f(BT)‘Bt - x] . teR,, zeR"

Indeed we have
exp <— /O t V(Bs)ds> u(t, By)
— exp (— /OtV(BS)ds) E, [exp <— /tT V(Bs)ds> f(BT)‘Bt}
exp (— /Ot V(Bs)ds> E, [exp <— /tT V(Bs)ds> f(BT)’]-“t]

-, [exp (- /0 TV(Bs)ds) f(BT)‘]:t],

t € Ry, z € R" which is a martingale by construction. Applying It6’s formula to this
process we get

exp <— /Ot V(Bs)ds> u(t, By) = u(0, By) + /Ot exp <— /08 V(BT)dT> (Vyu(s, Bs),dBs)

% /Ot exp <_ /OSV(BT)dT> Ayu(s, By)ds
—/OtV(BS)exp <_ /OSV(BT)dT> u(s, By)ds

t 5 ou
—|—/ exp —/ V(B;)dr | —u(s, Bs)ds.
0 0 88

The martingale property shows that the absolutely continuous finite variation terms vanish
(see e.g. Cor. 1, p. 64 of Protter [Pro90]), hence
ou

1
§AIU(S, Bs) — V(Bs)u(s, Bs) + g(s, Bs) =0, seR;.

5.5 Martin boundary

Our aim is now to provide a probabilistic interpretation of the Martin boundary in discrete
time. Namely we use the Martin boundary theory to study the way a Markov chain with
transition operator P leaves the space F, in particular when E is a union

o0
E=|]JE.,
n=0
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of transient sets F,, n € N. We assume that F is a metric space with distance § such that
the Cauchy completion of E coincides with its Alexandrov compactification (E, ).

For simplicity we will assume that the transition operator P is self-adjoint with respect to
a reference measure m. Let now G denote the potential

o0

Gf(x)=> P'f(x), =z€cE

n=0

with kernel g(-, ), i.e.

Gﬂ@=iéfWMWwWN@% rek,

for a given reference measure m. Fix z¢g € Ej. For f in the space C.(F) of compactly
supported function on E, define the kernel

_ 9(z,2)
kxo(l',Z) = m, l’,ZGE,
and the operator
_ Gflx) _
Koof@) = 20 = [ @) fGmi@z), e

Consider a sequence (f,)nen dense in C.(F) and the metric defined by

d(z,y) = Zgn‘Kmofn(x) — Koo fn ()]
n=1

where ((,)nen is a sequence of non-negative numbers such that
o
> Gl Kap fulloo < 00
n=1

The Martin space E for X started with distribution 7m is constructed as the Cauchy com-
pletion of (E,0 4+ d). Then K, f, f € C.(E), can be extended by continuity to E since for
all € > 0 there exists n € N such that for all z,y € F,

’Kzof<m) - Kzof(y)’
< |Keo f(x) — Koo fr(2)| + | Kao fr(2) — Kag frn(Y)| + [ Kao fu(y) — Kao f ()]
< e+ Gd(z,y),

and, from Proposition 2.3 of Revuz [Rev75], the sequence (K, fn)nen is dense in {K,,f :
fec(B)}

If € AE, a sequence (zp,)neny C F converges to x if and only if it converges to & for the
metric § and (Ky, f(zn))nen converges to Ky, f(z) for every f € C.(E).

Theorem 5.5.1. ([Rev75]) The sequence (X,)nen converges Py -a.s. in E and the law of
Xoo under Py, is carried by AE.
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