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Abstract

We consider a spherical germ-grain model on R? in which the centers of the spheres are
driven by a possibly non-Poissonian point process. We show that various covering probabil-
ities can be expressed using the cumulative distribution function of the random radii on one
hand, and distances to certain subsets of R% on the other hand. This result allows us to com-
pute the spherical and linear contact distribution functions, and to derive expressions which
are suitable for numerical computation. Determinantal point processes are an important
class of examples for which the relevant quantities take the form of Fredholm determinants.
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1 Introduction

We consider a point process ® on R?, i.e. a random locally finite subset of points in R?, and
to each point x; € ® we associate a random radius R; which is independent of x;, and forms a
sequence of i.i.d. random variables distributed according to a given probability distribution .
The spherical germ-grain model = is the union of the Euclidean balls centered around the points

x; € ¢, with radii R;. When ® is a Poisson point process, = is a Boolean model.



The study of random sets can be traced back to the 1930s (see |2, Section 6.1]) and the Boolean
model has been thoroughly studied since its introduction in the 1970s (see Section 3 in [2] for a

summary, and in particular Section 3.1.2 for a wide range of applications).

Lifting the Poissonian assumption introduces some technical difficulties, and indeed many
formulas become more complicated without this assumption. In [2, Section 6.5.2], the authors
present a formula for the capacity functional (see Section 3.1.5 therein) of general germ-grain

models, and derive their two-point probability function
(z1,22) > P(21 €E, 2 € E), 21, 79 € R

assuming that their grains are non-overlapping. Other authors have studied germ-grain models,
see e.g. [9] for their first rigorous construction, and [12] for several formulas for the computa-
tion of their capacity functionals on open balls of R?. The model has also been studied under

additional assumptions on the distribution of @, see [1].

Our main motivation is to compute multipoint probability functions defined by
P(Vi€©1, 2 €, Vj €Oy, 2; ¢ E), 21,..., 2, € RY, (1)

where ©7 and O, are two disjoint subsets of {1,...,n}, see Theorem 1. Another aim of this work
is to derive an expression for the capacity functional which can be implemented numerically, see

Proposition 1 and its consequences.

The above quantity appears naturally when the spherical germ-grain model is used as a model
for wireless networks, as it represents the probability that the nodes in ©; are covered by a net-
work of Radio Frequency (RF) sources while the ones in ©, are not. For example, one of the
main objectives of [7] is the explicit computation of such quantities in the case of the Boolean
model in order to estimate the average throughput in wireless energy harvesting sensor networks,

see for example § V therein.

An important class of point processes is given by the a-determinantal point processes intro-

duced in [15], which are widely used in the modeling of wireless networks [6,8, 17| due to their
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ability to model both repulsion and clustering among mobile users and base stations, see e.g. [5]
and references therein. Therefore we are particularly interested in obtaining concise formulas

when & is distributed as an a-determinantal point process.

In Theorem 1 below we show that the multipoint probability functions (1) can be expressed
using the cumulative distribution function of 4 and the moment generating functional of the point
process . From this result we deduce a formula for the capacity functional of the spherical germ-
grain model at a given compact set A in terms of the Euclidean distance to A, see Proposition 1.

Our results are written in a form which is suitable for numerical computation.

This result is then specialized in Proposition 1 as the expression (12) providing the capacity
functional of the spherical germ-grain model. This leads to formulas for spherical and linear
contact distribution functions in Corollary 1, again in terms of the moment generating functional
of ®. Our examples of application include the Bernoulli point process, Poisson point processes,
and a-determinantal point processes treated in Section 4. In particular, when @ is distributed as
an a-determinantal point process, we exploit the fact that the moment generating functional is a
Fredholm determinant and derive additional bounds on the increments of the contact distribution
functions, see Section 4.3. More generally, our results can be applied to any point process with
known moment generating functional, encompassing doubly stochastic Poisson point processes 3|

and a-stable point processes [4].

Our main results are presented in Section 3, and specialized in Section 4 to some specific

examples for which the moment generating functional is known.

2 Preliminaries on the spherical germ-grain model

We give in this section a short review of the spherical germ-grain model. Let |- || be the Euclidean
distance, and denote by B (z,r) := {y € R? : ||z —y| < r} the open Euclidean ball of R? centered
at € R? with radius r € [0, 00). For a point z € R?, we denote by (z(V), ..., 2(9)) the coordinates

of z.



We consider a simple locally finite point process ® on R?, and we denote the corresponding
expectation by E. For any Borel function f : RY — [0,1] we define the moment generating

functional of ® at f as

Go(f) =E

11 f(x)] :

zed

In the spherical germ-grain model driven by ®, each point in ® is the center of a Euclidean
ball with random radius distributed according to a probability measure p(dz) on [0,00) with
cumulative distribution function F,(r) := p([0,7]), independently of the other radii and of ®.
We let (R;);en be a sequence of i.i.d. random variables, independent of ®, constructed on the
same probability space and with same distribution u, and we let {Y;} denote the points of ®.
We define the marked point process ¥ on R¢ x [0,00) as ¥ := {(V;, R;)}. Each point (z,7) € ¥
models the location z € R? along with the radius r € [0, 00) corresponding to the radius of the

ball centered around it.

We consider the subset of R? covered by the Euclidean balls centered around the points of the

point process P, i.e.,

E= U B (z,r),

(z,r)eT
which consists of all points covered by at least one ball. We call the set = the spherical germ-grain

model, with ¥ as its driving point process.

Note that unlike in e.g. [2] and [14], the spherical germ-grain model that we consider is a
random open set, however our results also hold when replacing the open Euclidean balls with the
closed Euclidean balls, except for Proposition 1 and its consequences, which require the openness
of Z. In addition, our setting is not restricted to Euclidean balls as it extends to non-Euclidean

distances on R? with minor modifications.



3 Main result

Our main result relies on the following well-known Lemmas 1 and 2 pertaining to the spherical
germ-grain model. We start with the following result for the computation of the void probabilities

of U, see e.g. Table 1 page 16 of [10].
Lemma 1. The void probabilities of ¥ are given for any Borel set B in RY x [0, 00) by
P(¥ N B =0) :%(/ Ich(-ﬂ‘)u(dT‘)), (2)
0

where 14 denotes the indicator function of a set A, and B¢ is the complement of the set B in

R? x [0, 00).

Next, the probability that a fixed point in R? is covered by the spherical germ-grain model is

computed in the following lemma.

Lemma 2. The probability that a point z € R? belongs to = is computed as
P(z €2) =1 Ga(Fu(l - —I). 3)
Proof. Given a point z € R? we consider the set
C.={(z,r) eR!x [0,00) : z € B(2,7)}.
Then, we have
2¢ 2 < V(zr,r) eV, 2¢ B(z,r) < VY(z,7) €V, ¢ B(z,r) < ¥YNC, =0, (4
as well as
| v @) = [ 1guaion uldr) = Bule = 21). a e RS )
where we recall that F}, is the cumulative distribution function of p. We obtain
P(-e2) =1 - P =) =1-Ga( [ Tertrnan) =1 GalR(1- 1),
where the first equality follows from (2), the second one from (4) and the third one from (5). O
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We note that the above coverage probability (3) generalizes the known result in the Poisson
setting. Indeed, when @ is the Poisson point process on R? with the intensity measure \(dx) =
cl(dz), for ¢ > 0 a constant and ¢(dz) the Lebesgue measure, its moment generating functional

is given by (15) for Borel [0, 1]-valued functions f, and so (3) yields

P ¢ 2) = Go(B (1 1) =exp(—c [ (1= Fu(lle = 21)) () )
= exp (—c OOO /Rd ﬂ{xeB(z,r)}g(d@#(dT))

= exp (—cvd /0 rd u(dr)), (6)

where vy denotes the volume of the d-dimensional unit ball.

Our main result is the following generalization of (3) to an arbitrary number of points
21,...,2, € RE For all z € RY we take 1216151 |z — 2zx|]| = 400 by convention. Note that this
implies that when ©, = (), the summand corresponding to # = () in (7) below is equal to one.
Theorem 1. Letn > 1 be fived and let zy, . . ., z, € R? denote the (fized) locations of n points. We
consider two subsets of points (z;)ico, and (z;)jeco,, for ©1,02 C{1,...,n} such that ©1NOy = (.
We have

P(Vi€ Oy, €3 ¥ €0y, 5¢32) = Y (~1)"Ge(F( min ||--xl)), (7

kefUO,
6 C e,

where 0] denotes the cardinal of the set 8, and F), is the cumulative distribution function of p.

Proof. We have
]P)(VZ € @1, Zi € E, VJ € @2, Zj ¢ E)
=P(Vi€ O, % €Z|Vj€Oy, 2, ¢2) -P(VjcOy, z ¢Z)

~(1-p(Utagstivicon 5 22)) Pl on 5 ¢3)

1€01

_ (1+ Yo (—D)IP(Vieo, ¢ 2| V€O, z¢ E)) P(Vj €Oy, 2, ¢2) (8)
0 C 01, 040



= > (-D)VIP(Vied, 5 ¢E, Vi€, 2 ¢E)
0 C o,
= > (-D)P(VieduO,, z¢E), (9)
0 C o,
where we have used the inclusion-exclusion formula in (8). At this point we note that when
©, = 0, it is clear that the summand corresponding to § = ) in (9) is equal to one. Letting

0 C O, be fixed, each of the summands in the above equation is computed as

where

A= {(x,r) cRY % [0,00) : x € U B(zi,r)}.

1€0UO9

Additionally, we have

/ Tac(-,r) p(dr) = / Livieouos, | —z)>r} p(dr) = Fu< min || - _ZzH) (11)
0 0

1€0UO2

By applying (11) and Lemma 1 to compute (10), we find

P(Vi€0UB,, % ¢ S) = gq,(F“( min | - —zi||>>.

1€0UOo

The proof is concluded by plugging the above equation into (9). n

In Figure 1 below we plot the two-point probability functions P(zl EZ, 20 € E) for a stationary
Poisson point process and a standard Ginibre point process 6], both restricted to B (0, 10) with
the same intensity 1/m, where p(dr) = exp(—r) dr. Since both point processes are stationary and
isotropic, we have fixed z; at the origin, and plotted the resulting two-point probability function
as a function of ||z; — 29|

As expected from the repulsive nature of the determinantal point process, the coverage prob-

ability of a single point (when ||z; — z2|| = 0 on the graph) is higher when ® is a Ginibre point



© o o o o o
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o
w
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Figure 1: Comparison of the two-point probability functions P(z; € =, z5 € =) of a Poisson point
process (red dot-dashed line) and a Ginibre Determinantal Point Process (blue solid line).

process. In addition, this covering property is preserved when ||z; — 23| increases, i.e. two
given points have a larger probability of being simultaneously covered when ® is a Ginibre point
process than when @ is a Poisson point process.

Interpreting the points z1,. .., 2, € R? appearing in Theorem 1 as n nodes in a wireless net-
work, the theorem provides in computable form the probability that the nodes with indices in
O, are covered by the spherical germ-grain model while the nodes in ©, are not. Such quantities

have been shown to be of interest in the study of sensor networks, see [7].

For example, when ® is the Poisson point process on R? with the intensity measure \(dz),

each term in (7) considerably simplifies since
G (5 (i o = 1)) = exp(= [ (17, (i o 1)) e
= exp (— / / L{r>minicove, m—zin}A(dx)u(dT))
0 Jrd

e (_ [ Moo () u(dm) |

where in the above derivation we have used arguments similar to those in (6) above. The formula
(7) thus extends the results proved in |7, Theorem 2| to the case where the nodes (z;)1<i<, are

not necessarily aligned.



In particular when n = 2, ©; = {1,2} and A\(dz) = c¢{(dx) for ¢ > 0 a constant and ¢(dx) the
Lebesgue measure, Theorem 1 yields the two-point probability function (see [2, Section 3.1.6])

]P)(Zl € E,ZQ S E)

=1- 2eXp<—C’Ud /OOO rdu(dr)) + exp (—C/OOO ((B(21,7) UB (29,7)) u(dr)>

=1- 2exp(—cvd/ rdu(dfr’)>
0

—I—exp(—chd /OOO rd,u(dr)—i—c/”oo ((B (21,7) N B (29, 7)) u(d@)

z1—22(/2
=1-2 exp(—cvd/ T’d/L(dT))
0
h - d+1 1
+ exp (—QCUd/ r p(dr) + cvd/ Dy — o2 (472 <T’ §>Td ,u(dr)) 7
0 I

z1—22||/2

where I, denotes the incomplete beta function. This also recovers Theorem 1 in [7] for the Boolean

model.

In the next Proposition 1 we derive a general expression for the capacity functional of the
spherical germ-grain model as a corollary of Theorem 1. This expression is simple to implement
numerically, especially when the moment generating functional is easily computable, see Section 4
for examples. Other related expressions for the capacity functional have been obtained for germ-
grain models, see e.g. [9, eq. (2.5)] and |2, eq. (6.96)], however, contrary to Proposition 1 these

assume that = is a closed set.
Proposition 1. For any compact set A C R* we have
P(ENA#£0) = 1—Go(F,(d(-,A))), (12)

where

d(w, A) == inf o —yll, =R

Proof. Let A C R? be a compact set, and denote by (z,),>o a countable set which is dense in

A. Since Z is a (random) open set, we have equality between the event {Vz € A, = ¢ =} and



{¥n >0, 2z, ¢ =}. Thus, by Theorem 1 we have

PENA=0)=P(Vz €A, v ¢E) :P(ﬂ{21¢5,---azn¢5}>

n>0

i P(a g5 2 D)

n—o0

- (7, 1))

.....

,,,,,

----------

n—oo

zed zed

Combining the above with the dominated convergence theorem yields

Jim Ga (B min [ —=l)) = Ga(F(d(. A))).

-----

and plugging this into (13) concludes the proof.

Fas, exp (— Z - 10g(Fu(d($’ A)))) - H Fl‘(d(m’A)

(13)

).

]

In the next corollary we compute the capacity functional of Proposition 1 for a class of compact

sets of the form

Ay(r) == {(x(l), oz, ,0) eR*: \/(x(l))2 +-- 4 (x(p))z < T}, 1<p<d,
made of p-dimensional balls in R¢.
Corollary 1. For any p € {1,...,d}, we have
P(EN A1) £0) =1~ Gal(g.). 720,

where for v = (xM ... 2@) € R we let

Grp (T) := FM(\/HI&X { \/(1‘(1))2 R (x(P))2 —7,0 } + (x(erl))2 et (x(d))z),
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The above corollary yields an expression for the spherical and linear contact distribution
functions defined in [2, Section 3.1.7]. Indeed, the spherical contact distribution function Hy(r)
defined by

is obtained with p = d as
Hy(r)=1-Go(F,(max {|-|-7r0})), r=>0.
Similarly, the linear contact distribution function H)(r) is given for p = 1 by

Hi(r) :=P(ENL(r)#0)=1-Go(h.), r>0,

with
L(r)={(t,0,...,0) € R where t € [-rr]}, (14)
and for z = (2, ..., 2®) € R?, we define
2
ho(z) — FM(\/maX Cle®] =0} 4 @@) -0y (a:(d))2>.
4 Examples

4.1 Bernoulli point process

By a Bernoulli point process we mean a binomial point process with one point, i.e. a point
process which has no points with probability p € [0,1] and one point with probability 1 — p,
distributed according to a given probability measure v(dz) on RY, see e.g. [11], pages 27-28.
When @ is a Bernoulli point process, its moment generating functional is given for measurable

non-negative functions f by

Go(f) =p+ (1 —p) [ flz)v(dz).
R
In the next proposition, we specialize Proposition 1 to this point process.

Proposition 2. Assume that ® is a Bernoulli point process characterized by p € [0,1] and the
probability measure v(dz) on RY. Then, for any compact set A C R%, the capacity functional is
given by

P(ENA£0) = (1 p>/ (1 - F,(d(x, A))) v(da).

R4
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The above proposition can obviously be recovered by using the definition of the point process
to compute P(Z N A # () directly. We also remark that Proposition 2 can readily be generalized
to a binomial point process with n points, i.e. a point process with at most n independent points

distributed according to v, each point appearing with the probability p;, i € {1,...,n}.

4.2 Poisson point process

When @ is distributed as the Poisson point process on R? with the intensity measure \(dz),

we recall that its moment generating functional is given for Borel [0, 1]-valued functions f by

Gu() = e~ [ (1= 1) 3. (15)

In the next proposition, we specialize Proposition 1 to the Poissonian setting.

Proposition 3. Assume that ® is the Poisson point process on R with the intensity measure

A(dx). Then, for any compact set A C R?, the capacity functional is given by

P(ENA£0) =1 —exp <_ /Rd@ _ Fy(d(a, A)))A(dx)). (16)

Note that (16) is more explicit than its counterpart equation (3.7) on p. 72 of [2].

4.3 o-determinantal point processes

The class of a-determinantal point processes [15] models a wide range of phenomena [6,8,13]
while having tractable statistics. We recall here some simple facts required for our purposes and
refer the reader to [15] for the details. Let o € {2/m :m € N} U{—1/m : m € N} and let K
be a bounded symmetric integral operator on the space L?(R?) of square-integrable functions on
R?, which is assumed to be locally of trace class. In the following, we identify K with its kernel
which is a function from R? x R% to C. The moment generating functional of the a-determinantal
point process on R? with the kernel K with respect to a reference measure \(dz) is given for
[0, 1]-valued Borel functions f with compact support by Det (Id + oK)~/ where Det stands
for the Fredholm determinant, see e.g. Chapter 3 of [16], and the kernel K is defined as

Kf(ajay) = 1—f(£[) K(l‘,y) 1_f(y>7 l’,yERd.
In the next proposition, we specialize Proposition 1 to the a-determinantal setting.
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Proposition 4. Assume that ® is an a-determinantal point process on R® with a kernel K with

respect to a reference measure A(dx). Assume further that either

(1) the radii of the balls in = are bounded, so that F,(r) =1 for a sufficiently large r; or

(i) the a-determinantal point processes ® is restricted to a compact set.

Then, for any compact set A C R, the capacity functional is given by
P(ENA#0) =1~ Det (Id+ aky) (17)
where Ky is the kernel defined as

= /1~ F.(d(x, 1) K(z.y) \/1 - F(d(. 4). 2.y <R

When @ is a determinantal point process (i.e. o = —1) and the eigenvalues (\,),>1 of K, are

known, the relation (17) allows us to write the capacity functional as 1 — H(l — Ay). In case
n>1
the eigenvalues of K are unknown, the capacity functional (17) still yields bounds of interest in

specific cases, using Fredholm determinants.

Proposition 5. Let the setting and assumptions of Proposition 4 prevail. Assume further that
a = —1, i.e. that the point process is a determinantal point process, that the kernel K 1is a
continuous function on R* x R, and that the distribution function F,, is continuous on R?. Then,

for any compact sets Ay, Ay C R? such that Ay C Ay, we have

PENA £0) —P(EN A, £0)| </ L (d(z, Ay) — Fu(d(x, Ao)) ) K (2, 2) A(da)
X exp<1 + Rd (1—F,(d(z Ag)))K(y,y))\(dy)) (18)
Proof. By [16, p. 45] we have
Det (Id — Ky, ) — Det (Id — Ky,)| < |[Ka, — Ka, ||, exp(1 + max { | K4, [l |Ka,ll }),  (19)

where || - ||; is the trace-norm. Since A; C Ay, we see that K,, — Kj, is again a non-negative

trace-class operator with continuous kernel Ky, (x,y) — Ky, (x,y). Thus, we get
|E, — K |, = /Rd( (A, M) — Fu(d(z, Ag))) K (2, 2) A(de). (20)
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Additionally, we have d(z, A1) > d(x, Ay) and thus

max { KA 1y || B Ay I } = /Rd(l — Fﬂ(d(x,AQ)))K(:U,a:) A(dx). (21)

Combining equations (19), (20) and (21) with the result of Proposition 4, we obtain the upper
bound (18). O

In the next corollary we note that the condition (22) holds e.g. if p has a bounded density.

Corollary 2. Let the setting and assumptions of Proposition 5 prevail and assume additionally

that there exists a number C > 0 such that
|Fu(s) — Fu(t)| < Cls—t|, s,t>0. (22)
We have the following bound on the increments of the spherical contact distribution function:

|Hy(r1) — Hy(rs)| < Clry — 1| K(z,z) A(dx)
B(O,M+T2)\B(0,T1)

X exp(l +/ (1 - FM(HyH - rz))K(y,y) A(dy)), . <Te, (23)
B(0,M+72)\B(0,r2)

where M € [0, 00] is a constant which upper bounds the radii, i.e. F,,(r) =1 for all v > M.

Proof. Applying Proposition 5 with A; = B (0,71) and Ay = B (0, 75) for some 75 > r1, we obtain

< /Rd(FM(maX { ||| — r1,0 } ) — Fu(max { lz|| — 72,0 } ))K(x,x))\(dx)
X exp(l + /]Rd (1 — F#(max { llyl| — 72,0 } ))K(y,y) )\(dy))

EF,(||z]| =) K(x,2) M(dz) + C(ry — 1 K(z,z) \dx
< [ Fulllll =) Ko 2) Xa) + Ol =) | (2,2) M)

B(0,M+r2)\B(0,r2)

xexp(l—l—/ (1—F#(HxH _r2))K(y,y))\(dy)>
B(0,M+r2)\B(0,r2)

< / C(||z| = r1) K (z, z) A(dz) + C(r2 —rl)/ K(x,z) A(dx)
B(0,72)\B(0,r1) B(0,M+7r2)\B(0,r2)

xexp(l—i—/ (1= E, (|| —rg))K(x,x)A(dx))
B(0,M+r2)\B(0,r2)
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< C(ro—m) / K(x,z) A(dx)
B(0,M+72)\B(0,r1)

xexp(l—i—/ (1—Fu(|]xH —rz))K(:r;,x))\(dx)),
B(O,M-i—T’Q)\B(O,T‘z)

which concludes the proof of (23). O
Corollary 3. Let the setting and assumptions of Corollary 2 prevail. We have the following

bound on the increments of the linear contact function:

|Hi(r) — Hi(re)| < O|T2 - 7“1|/ K(z,z) \(dx)

0M+T'2
. exp(1 i / (1= Fu(lyll - r2)>K<y,y>A<dy>), < (24)
B(0,M+r2)

where we recall that C is defined by (22) and M € [0,00] is a constant which upper bounds the
radii.

Proof. Applying Proposition 5 with A; = L£(r;) and Ay = L(rs), where L is defined in (14), for
any v = (z, ... 2@®) € R? we have

F(d(z,Ay)) — F,(d(z,Az)) = Fu<\/max {|z®] = 1,0} i + (g;<2>)2 bt (g;<d>)2>
= By (o] a0} + (60 o+ (1))
< C(\/max {|a®] = 7,0} "+ (@) 4o (@)
_ \/max (0] =15,0 ) + (2@)* 4 + (:c<d>)2)

S C(TQ - Tl)? Ty <Tg,

2
where the last inequality follows since g(r) := \/max { |z =70} + (af )) +- 4+ (x(d))2
is continuously differentiable with ¢/(r) € [—1,0]. Along with the fact that F},(d(y,A2)) = 1 for
|ly|| > M + ro, this implies (24). O
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