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Abstract

We present several functional inequalities for finite difference gradients, such
as a Cheeger inequality, Poincaré and (modified) logarithmic Sobolev inequali-
ties, associated deviation estimates, and an exponential integrability property.
In the particular case of the geometric distribution on N we use an integration
by parts formula to compute the optimal isoperimetric and Poincaré constants,
and to obtain an improvement of our general logarithmic Sobolev inequality.
By a limiting procedure we recover the corresponding inequalities for the expo-
nential distribution. These results have applications to interacting spin systems
under a geometric reference measure.
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1 Introduction

Isoperimetry consists in finding sets of minimal surface among sets of a given volume,

i.e. to search for optimal constants ¢ in inequalities of the form

cl (u(A)) < ps(A), (1.1)
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where ps and p are respectively surface and volume measures and [ is a non-negative
function on [0, 1]. Isoperimetric constants are linked, via co-area formulas, to func-
tional inequalities such as Poincaré or logarithmic Sobolev inequalities. Discrete
isoperimetry has been studied in various contexts, such as reversible Markov chains
[10], [15], graph theory [1, 18], statistical mechanics, cf. e.g. [9].

In this paper we consider the general discrete setting of a probability space
(E,&, 1), and a finite difference gradient d* defined as d¥f = f o7 — f, where
7 : F — E is an absolutely continuous mapping. Typically £ = N and d* f(k) =
f(k+1) — f(k), in this case d* can be used to express the surface measure of a set
as the expectation of a discrete gradient norm. However, E can be a more general,
even uncountable, space. The abstract case of a metric space has been considered in
[5], [2] for a gradient having the derivation property.

In Section 2 we prove a discrete generalization of Cheeger’s inequality [7], i.e. a
lower bound on the spectral gap A, in terms of the isoperimetry constant h,,, using the
arguments of [1] and [18]. When p is the geometric distribution 7 on N with parameter
p € (0,1) we show in Section 3.1 that h, = (1 —p)/p and A\, = (1 — \/p)*/p. The
lower bound for A, obtained from Cheeger’s inequality turns out to be optimal for
the geometric distribution.

A measure i is said to satisfy a logarithmic Sobolev inequality [12] with gra-

dient d and constant C > 0 when
Ent,[f*] < CE, [|[df]*], (1.2)

where Ent,[f] = E,[flog f]| —E,[f]log E,[f] denotes the entropy of f under p. If the
gradient df has the derivation property, (1.2) is equivalent to the following modified

logarithmic Sobolev inequality
C
Ent,[e/] < ZE“ Udf]zef] : (1.3)

Such modified inequalities have been established for Poisson and Bernoulli measures
on N in [3], using the finite difference gradient d™. On the other hand, modified
logarithmic Sobolev inequalities for the exponential distribution have been obtained
in [2] under the additional hypothesis that f is c—Lipschitz, i.e. |df| < ¢, when d has

the derivation property.



In Section 3.2 we adapt the method of [2] to the geometric distribution, which
can be viewed as a discrete analog of the exponential distribution, since the inter-jump
times of the Poisson (resp. binomial) process have exponential (resp. geometric) dis-
tributions. For this we use an integration by parts formula and replace the derivation
rule used in [2] with bounds on the finite difference gradient d*, deduced from the
mean value theorem. As noted in [9], the logarithmic Sobolev inequality does not hold
for d* as stated in (1.3) under the geometric distribution with parameter p (take e.g.
fa(n) =nloga and let a  1/p). We will show that (1.3) does hold for the geometric
distribution under the further assumption |d* f] < ¢, with a constant depending on c.
In Section 3.3, using the Herbst method we obtain a deviation result for the geometric
distribution, which differs from the deviation inequality recently obtained in [13] from
the covariance representation method for infinitely divisible distributions. Although
the integral part [X] of an exponential random variable with parameter A has a geo-
metric law of parameter e, it does not seem possible to apply existing results on the
exponential distribution [2] in our setting. For example when f : N — R is Lipschitz,
f([X]) is not the composition of a Lipschitz function with X. However, exponential
random variables can be approximated in distribution by geometric random variables,
and in this way we recover the functional inequalities proved in [2] for the exponential
distribution.

In Section 4 we obtain a more general result, stating that any distribution p
that satisfies a Poincaré inequality with constant A, for a finite difference gradient
also satisfies a logarithmic Sobolev inequality of modified type for all function f such
that |d* f| < ¢, which implies deviation bounds.

In Section 4.2 we present an exponential integrability criterion.

Let us mention that the results of this paper can be applied to an interacting
spin system under a geometric reference measure, for which a logarithmic Sobolev
inequality and a deviation inequality can be proved, extending the results established

in [9] under Poisson reference measures.



Notation

Given a probability space (F, &, i), let 7 : E— E denote a map absolutely continuous
with respect to u. We denote by d* the finite difference gradient operator defined as

A f=for—f=1f].

where f o7 will be denoted by 7f for shortness of notation. If x € R is such that
uw(f >x) >1/2 and p(f < x) > 1/2, we say that x is a median of f under pu, and

write m(f) = x. We recall that for every median of f we have

B, [If = m(f))) = inf B, [If ).

We will need the co-area formula

+o0o
B [47f] = [ B[4 1pm0]] . (14)

—00

which follows easily from the relations

(b— a)i = / (1{a>t} — 1{b>t})idt, a,b e R.

—00

If £ = N then it is natural to consider the shift 7f(k) = f(k+ 1), k£ € N, and the
associated gradient
dtf(k) = f(k+1)— f(k), keN. (1.5)

Note that given A C N we have
{|[dT14l >0} ={|d"14] > 1} ={ke A : k+1€ AT U{ke A° : k+1€ A},

i.e. {|d*14] > 0} represents a frontier A of A, and E,,[|d"14]] represents the measure
of 0A. Throughout this paper, u denotes an arbitrary probability measure on E, while
7 denotes the geometric distribution with parameter p € (0,1) on E = N.

2 Isoperimetric and Poincaré inequalities

Given a measure p on E, let h, denote the optimal constant in the inequality

WE [ —m(f)] <E, [la* ] (2.1)
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1.e.

E,[|dt
h# = inf Y H f H )
sconst By, [|f —m(f)]]
Several analogs of Proposition 2.1 and Proposition 2.2 below have already been proved

n (1], [15], [18], for connected graphs and for Markov chains, under reversibility or
ergodicity assumptions. The gradient used in our setting is different but the proofs

are similar and stated for completeness.

Proposition 2.1 We have

+
hy— i CwlldLall (2.2)
o<u(n)<t  pu(A)
Proof. We will prove the equality
E,[|d"1
hu = inf . H Hd A” ’
w0 min(u(A), 1 — u(A)
which clearly implies (2.2). Recall that m(14) = 0 if u(A) < 1/2, and m(1,) = 1 if
H(A) = 1/2, and B, [[Ls — m(L)[] = min(u(A), 1 - a(A). Let
+
b e EaldLl
o<p(a)<t  pu(A)

We have
hEy [[1a —m(1a)]] <E, [|[dT14]], A€&, u(A) <1/2.

From the co-area formula (1.4) we have, since m(1yssy) = 0,t > m(f), and m(1ir<yy) =
0, t <m(f):

+o0
E, [|d* f]] Z/_ E, [|d*1psq ] dt

+oo m(f
> / w (1A 1] dt+/ p (A" Lpan|] dt
+o0 m(f
> h E# 1{f>t} dt—i—h/ 1{f<t} dt
m(f) o]
= [(f m(f)) } + hE, [(m ]
= RhE,[[f —m()l,

hence h < h,. This concludes the proof, since the converse inequality is obvious.

O



Let A\, denote the optimal constant in the Poincaré inequality
N Var,[f] < E, [|dF 7], (2.3)

under ., i.e.
g Bl
’ f#const Varu [f]
The next result is a Cheeger type inequality, i.e. a lower bound on A, which shows

that the strict positivity of h, implies a Poincaré inequality.

Proposition 2.2 We have

(VI - 1)2 <\, < 20, (2.4)

Proof.  Given a function f, let ¢ = f — m(f). We have m(g) = 0, which implies
m(g™) =m(g~") = 0. Applying (2.1) to g™~ and g~ we get

hEu[¢°] = huE, [9*2} +hE, [9‘2}

< E, [!d+g+2\ + Id+g‘2l]

= E, [1297d"g" +[dTg"[?| + [2g”dTg™ + [dTg ]
2B, [gF|d g+ g |d g |] + B, [|dT g™+ |dTg ]
2F,, [lg] (|d*g*| +[d"g™[)] +E,. [|d*g"|* +[d g™ ]
2E,, [lgl|d*gl] +E, [|d*g[?]
2l|gll2/ld* gll2 + 1" g3,

ININ A

IN

where we used the relations |[dTg™| + |[dT¢g™| = |[dTg| and |[dTgT|> + |dTg™|* < |dTg|*
This implies

(V14 hy=Dllgll, < d7gll,.

In the general case we have

(v/1+h, —1)*Var,[f] =

(V1+h, — 1)2\/&1"”[9]
( )

< (VI+h =179l
< E,[ld*g["] =Eu[ld"f[),

(=)



therefore A\, > (\/1 + hy, — 1)2. Moreover we have

E, [|[d* f|? E,[|d"1
Ay = in t</[|—f|] < inf AM [1| A|1]4 < 2h,,.
speonst Var [f] = ozace p(A)(1— p(A4))
O
Note that (2.4) also yields an upper bound on h, in terms of A,
hy < Ay + 24/, (2.5)

3 The geometric distribution
3.1 Optimal isoperimetric and Poincaré constants
We take FF = N and the gradient
AT f(k) = f(k+1) — f(k), keN
Under 7 the Laplacian .% = —d+*d* is given by
~ddT () = e+ 1) = £ + 5 Lo (= 1) = £(B),
ie. & =d*+ d” with
d=f(k) = Lpoy(F(k— 1) — f(k)), keN.

Poincaré inequalities for general discrete distributions have been proved in [4], [6],
[8], [17]. Theorem 1.3 in [4] shows in particular that a discrete distribution g on N
satisfies (2.3) if and only if

p({n}) = eu([0,n])(1 = u([0,n])), n =0,

for some constant ¢ > 0. It is easily seen that the geometric distribution 7 with

parameter p € (0,1) given by:
r({k}) =p"(1-p), keN,

does satisfy this hypothesis. We now prove an isoperimetric inequality for the geo-
metric distribution, which will imply a Poincaré inequality from Cheeger’s inequality

(2.4). The proof relies as in [2] on an integration by parts formula under 7.
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Lemma 3.1 Let f : N — R. We have

Eelf] = J(0) + T2 B[] (3.1)

Proof. Letting g = f — f(0) we have the Radon-Nikodym type relation
1

since ¢g(0) = 0, and

E,[d" f] = E,[d"g] = Ex[rg] - Elg] = (}9 - 1) Edlgl = 2P (&, 1] - £(0)).

Note that to some extent, (3.2) characterizes the values m(k) of the geometric dis-
tribution, k£ > 1, except for 7(0). Instead of d* we may use the gradient d~, since

similarly to the integration by parts formula we have the isometry
1 _
E-[N(d"f)] = ]—QEW[N(—d I

for e.g. N(x) =z, N(z) = |z|, N(z) = |z|?, which is equivalent to the reversibility of
the birth and death process with generator . = —d*d". In particular the gradient
norm expectations generally used in the context of graphs and Markov chains [1], [15],

[18], are here of the form
1 _
B[N (d"f)] + SEAN( )] = 2B [N (d"f)]
for N(z) = |z|, N(z) = |z|?, and coincide with E,[N(d" f)] up to a constant factor.

Proposition 3.2 Under the geometric distribution m we have

1—p
hy = —=. 3.3
P (3.3)

Proof. From the integration by parts formula (3.1) we have
B (1f = m(HI] < Brllf = FO)] = 72 [d71F = FO)] < 32 B [l471],
which shows h, > (1 —p)/p. On the other hand, letting f, = lpt1,00), 7 € N, we
have for any n € N such that m([n + 1,00)) < 1/2:
o B wfn)  1-p
T ENf-m(H w(n+1,00) p




In particular, the isoperimetric inequality becomes an inequality for functions of the

form f, = 1pi1,00), With n > —log2/logp.

Proposition 3.3 Under the geometric distribution m we have

1 — 2
A = M (3.4)
p
Proof. Using Cheeger’s inequality (2.4) and Relation (3.3) we get (1 —/p)%/p < Ar.

On the other hand, with f,(k) = a* we have:

E AP
)\7r S Varw[fa] - ( 1)

and taking the limit as a — 1//p we get Ar < (1 —/p)*/p. O

,a*p? + 1 — 2ap
a?p+p—2ap’

a<1/\/ﬁv

Here, the lower bound on A\, obtained from Cheeger’s inequality coincides with the

optimal Poincaré constant. The Poincaré inequality under 7 is not an equality in the

linear case f(k) = a + bk:
%V&rﬂm =E, [|[d*f’].

In fact, from Corollary 5.1 of [8], equality in the linear case holds only under the

Poisson distribution.

Remark 3.4 The lower bound of A\, can be directly obtained from the integration by

parts formula (3.1) under .

Proof. Letting g = f— f(0) we have g(0) = 0 and from (3.1) applied to g*> we obtain:

2 p 472
= —FE.|d
lolly = 2B [d*(s7)]
= LE,, [gd+g+7gd+g]
L—p
p
<15 lgllolld"gll, + lImgll2lld gll,)
D + 1 +
= 2 (Nglald* £l + —lgllolla* £ )
T lgllolld™£11 \/ﬁ\l o1 fl,

QI

p
= gl Al

S



hence

VP
NG

||g||2 < ||d+fH27

and
UV g 1y = LoV 1) < LV 2 o, ™)
p P P
O

Using an approximation in distribution of exponential random variables by geometric
random variables, we recover the Poincaré inequality of Lemma 2.1 in [2] for the

exponential distribution with its optimal constant, cf. [11].

Proposition 3.5 Let Y be an exponentially distributed random variable with param-

eter —logp. We have

4

Var (1)) < o

E[lf(Y)F]
for all Lipschitz function f on R.

Proof. Let X, be a geometric random variable with parameter p°. We have

Var[f(eX)] < —F R [(f(eXg +e)— f(aXa)> ] |

(1= vp°)? 2
It remains to let € go to 0 and to use the convergence of eX. in distribution to the

exponential random variable Y with parameter — log p. O
In a similar way, Proposition 3.2 yields an isoperimetric inequality under the expo-
nential distribution with parameter — log p:

1
log p

E[lf(Y) =m(f(Y))I] < E[l/ (V)]

The above constants h = —logp and A = (log p)?/4 also satisfy the classical Cheeger
inequality A > h?/4 which holds in the continuous case, cf. [7].
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3.2 Modified logarithmic Sobolev inequality

In this section we obtain a modified logarithmic Sobolev inequality for the geometric

distribution 7 on E = N, with d*f(k) = f(k+ 1) — f(k), k € N.

Lemma 3.6 Let ¢ < —logp and let f : N — R be such that d*f < ¢ and f(0) = 0.
We have

26]" pec ef + £12 ) .
Ee [%67] S ey [ef10° 1] (35)

Proof.  From the integration by parts formula (3.1) we have

B, [fPef] = T [d7(f%)
I F A f (1a+ £12 - 20, dTf _
= 1_pIE7r [e (e (|d*fI>+2fd%f) + f2(e 1))}
c c_—1
< B[ (0 P+ 2flar )] + 2SR (1),
hence
B[] < gT e [ef (1477 + 20714 )]
15_‘;661[3# [|d* £|2e/] +2lfepecE” [f26f}1/2E7r [€f|d+f’2}1/2’
which implies (3.5). O

Theorem 3.7 Let 0 < ¢ < —logp and let f: N — R such that |dT f| < c. We have

C

pe
(1 =p)(1 = V/pe)

Proof. From the inequality —ulnu <1 —u, u > 0, we have:

Ent, [ef } <

E. [|[d*fe/]. (3.6)

Ent, [¢/] = E; [fe/] —E, [¢/| mE; [¢/] <E, [fe/ —e/ +1]. (3.7)

Let again g = f — f(0), and let h(v) = ve’ — e’ + 1. We have h o g(0) = 0, and
applying (3.1) to h o g we get :

Ent, [¢!] < E;lhog]
= T Ed*(hog)

11



= —pEﬂ[hO (g+dTg) —hog]

IN

E. [(|d+g|2 +glld*gl) eg*‘d“"] ,
where the inequality
h(a +b) — h(a) < (b* + |ab|)e 1, a,b € R,

follows from the mean value theorem. From Lemma 3.6 and the Schwarz inequality

we obtain:
Ent, [¢/] = ¢/Ent, [¢]
< pef [(ld+gl2+|g||d+g|)€g+'d+g'}-
< pf”“”( ld*gPer) + B, [g2er] VB, [erlatgP] )
<

P (1 N, [largpes]
= e ) B lld7

= P __E, [ld"f]Pe]].

0
In higher dimensions, consider the multi-dimensional gradient defined as
df f(k) = flk+e)— f(k), i=1,...,n,
where f is a function on N, k = (ky,...,k,) € N", (e1,...,e,) is the canonical basis
of R", and the gradient norm
ld* f (k)| = Z dF PRI =D 1k + er) — f(R). (3.8)
i=1

From the tensorization property of entropy, (3.6) still holds with respect to 7" in

any finite dimension n:

Nt en ef pec ®n + 2€f .
Enton [¢/] € i [JA*72€7] (39)

provided |d; f| < ¢, i =1,...,n (we may also take (1—p)~!(1—4/pe®)! as logarithmic
Sobolev constant). Using an approximation in law of the exponential distribution by
renormalized geometric random variables, we recover the logarithmic Sobolev inequal-

ity of Proposition 2.2 in [2].
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Proposition 3.8 Let Y be an exponentially distributed random variable with param-

eter —logp. We have

2
(log p)(log(p) + ¢)

for every c-Lipschitz function f on R.

Ent [ef(Y)} < E [ef(y)]f’(Y)ﬂ ,

Proof. We apply (3.6) to X,, and get for every c-Lipschitz function f:

ot [efEX0) e’pre= ex.) [ f(eXc +¢) —f(f:‘Xs))2
Ente [e75] < (1—po)(1 - \/pse“)Eﬁ [ef ) ( € '

It remains to let £ go to 0. U

3.3 Deviation inequality

In this section we prove a deviation inequality for functions of several variables under

7®" using the Herbst method and the above modified logarithmic Sobolev inequality.

Corollary 3.9 Let 0 < ¢ < —logp and let f such that |d} f| < B8,i=1,...,n, and
|dtf|I* < a2 for some a, B3 > 0. Then for all v > 0,

T (f — Eqen[f] > 1) < exp (— min (%, % — OéQCLp,C)) , (3.10)

where
pe’

T (- Vi)

denotes the logarithmic Sobolev constant in (3.6).

Proof. Assume that |d) f| <c,i=1,...,n. For 0 <t <1, let
H(t) = glog E enle']

with H(0") = E,ex[f]. In order for H(t) to be finite we may first assume that f
is bounded, and then remove this assumption via a limiting argument once (3.10) is

obtained. From (3.6) we have:

. 1 Entﬂ—®n [et'f]

/ 2
R =

13



so that
H(t) < Eqpan[f] + ta’a,,,

hence

Eonle] < exp (tEqen[f] + tP0%ay.), 0<t <1 (3.11)

Finally, using Chebychev’s inequality we obtain from (3.11):

T (f = Eren[f] 27) < inf e "Eron[exp(t(f — Eqon[f]))]

te(0,1]

te(0,1]

2
) r
= exp (— min (42—,r — a2ap7c)) , >0,
ocay .

where we used the fact (see e.g. Corollary 2.11 in [16]) that the above minimum is

. Assume now that f satisfies |df f| < B,i=1,...,n,

< exp < inf (—tr+ tgazap,c))

attained at ¢ = min(1, 5—)

for some 3 > 0. Then c¢f /3 satisfies the above hypothesis and we get
2,.2
(] = Bgenlf] = 1) < exp (— min (m - a)) .
O

Corollary 3.9 implies in particular E,[e®/] < oo for all & < ¢/ and |d* f| < ¢. The
condition ¢ < — log p in Corollary 3.9 is necessary, since f(k) = ck is not exponentially
integrable under the geometric distribution 7 when ¢ > —logp. Whenn =1, a =pj
and r > 2cfa, ., we have

w(f —E:[f] > 1) <exp (—% + cQap,c> < exp (—%) : (3.12)

and if r < 2cfBay .

2
"7 - Edlf 2 ) Sexp (-1 ).

These bounds can be compared to the result of [13] :

w(f —Edlf] 1) < (1 e _p%) exp (_ (% . 1%) og 2t p((ll_—;zf///f) |

r > 0, and to the exact deviation

o)z - ([ ] 1) o)

14



for X a geometric random variable with parameter p, where [z] denotes the integral
part of x € R. Applying the inequality (3.10) to —f, we obtain the concentration

inequality

(| f = Ex[f]| > 1) < 2exp (— min (%, % - a2ap7c)) : (3.13)

Consider the negative binomial distribution v with parameters n > 1 and p € (0, 1),

defined as
n+k—1
o) = ("I ) as et ke

Negative binomial random variables can be constructed as sums of n independent and
identically distributed geometric variables with parameter p. Therefore, if we apply
(3.10) to

flki, oo kn) =0ki+- -+ ky), (k1,...,k,) € N,

we obtain the modified logarithmic Sobolev inequality
Ent, [e¢] < na,E, [|d+¢|26¢] ,

and the deviation inequality

V(o —E)[¢] >r) <exp (— min (ﬁiﬁy % - C2”%c>) ;

where ¢ : N — R satisfies |d¢| < 3, for the negative binomial distribution p. Similar
results can be obtained for the tensor product of negative binomial laws with param-
eters nq,...,ng, namely by replacing a,. = W with (ny + -+ + ng)a,. in
(3.6) and (3.10).

Geometric and negative binomial random variables can be constructed as hit-
ting times of the binomial process, thus they can be viewed as random variables on
Bernoulli space. However, applying to them the Poincaré and logarithmic Sobolev

inequalities on Bernoulli space (see e.g. [14]) yields results that are weaker than the

above inequalities.

4 The abstract case

In this section, we turn again to the general case of a probability space (£, &, u) with

an absolutely continuous mapping 7 : £ — E. We show that modified logarithmic

15



Sobolev and deviation inequalities hold for every measure p on F which satisfies a
Poincaré inequality
AVar,[f] < E, Ud+f’2} (4.1)

with respect to d*, i.e. for every measure p such that A\, > 0. The application of
the general results of this section to the geometric distribution using the spectral gap
value (3.4) of A, allow to recover the inequalities of Section 3.2. However, explicit
calculations show that the results are recovered with worse constants for all p €

Cc

(0,e7¢), especially as p approaches e~¢.

4.1 Logarithmic Sobolev inequality and deviation inequality

Before turning to the main result of this section, we need the two following propositions
whose proofs are adapted from [2], replacing the chain rule of derivation by the mean
value theorem, and postponed to the end of this section. The next proposition is a

generalization of Lemma 3.6.

Proposition 4.1 Let ¢ > 0. For any f on E such that |d* f| < ¢ with ¢®e® < 4\,
and E,[f] =0,
E, [f*e/] < a,E, [|d"f]?e/], (4.2)

2
where Qe = ec((2+0) )\u+c)2'
’ )\M(2 )\#fcec/z)

The next statement is a modification of Proposition 3.4 in [2].

Proposition 4.2 For any f : E — R such that E,[f] =0 and |d* f| < ¢ we have
E, [fz + sz] < eC(H\/g) E, [(f2 + Tf2) e’lfq ) (4.3)

The following is a modified logarithmic Sobolev inequality which holds whenever A, >

0.

Theorem 4.3 Assume that f : E — R satisfies |d" f| < ¢ with c?e® < 4\,

1 c 1+\/i c c
Ent,, [ef] < 2¢ ( A“)Eu [(au,c|d+f’2 + 2%y, [d 7T fI? + 2¢? Hd+f‘|%2(u))€f '
(4.4)
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Proof. It suffices to suppose E,[f] = 0. From the inequality zlogz >« — 1, > 0,

we have )
Ent, [ef} <E, [fef —el + 1] =E, [/ thetfdt] ,
0
hence

1
Ent, [e/] < / to(t)dt,
0

where ¢(t) = E, [(f2+ /%) €], 0 <t < 1, is a convex function which satisfies
o(t) < max(p(0),¢(1)), 0 <t < 1. Moreover, by Proposition 4.2 we have

2(0) < VA 1),
hence
Ent, [¢/] < / e () o1y = VR, (724 ) ef).

Since |dt (7f —E,[7f])| = |d"7f| < ¢, Proposition 4.1 applied to 7 f —E,[7 f] implies:

E, [szef} < €eE, [szeTf}
< 2R, [(7f — B[ f))? e Bl 4 2e%(E,[7 £1)°E,, [e7f]
< 2e°q, Ry, (|7 fPe] + 267 (B[ f])°E, [f]
= 2%, K, [[dTTf’e] + 2e*(E,[d" f])°E, [¢/] .
Hence
Buty 1] < 2 VR, (12 17 el
< L CHEIE, (0 ld* 2+ 260, a1 + 26K, [4* FEDe]

O

We also have

1. 5
Ent, [e/] < 3¢ (+ Au)(aw +2¢%ay, . + 26%)|dT f|oELle’], At f| < e

By tensorization, Theorem 4.3 implies in higher dimensions
E N < e/ AT fI1” + 2e*a,  ||dT T £ + 2e*|dT | d
nt,en [e ] = 5 B ((uelld™ fII7 + 2e*ay c[dTTf1° + 2% dT fll22mmm e
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< mu70||d+f||%°°(En,R")Eu [ef] )
where
1. 5
Mye = 5@ (1+ Au) (&H:C + 262604“’6 -+ 2620)
and
df f(zy, ..., 2n) = 7if(xe,. o mn) — f(T1, ..o 20),
= f(xla ey Ti—1, Ti(xi)a Lit1y - - - al‘n) - f(xla cee axn)a

provided |df f] < ¢, i = 1,...,n. As in Section 3.2, we obtain as a corollary a

deviation inequality for the product measure u®" on E™:

Corollary 4.4 Assume that u satisfies a Poincaré inequality (4.1). Let ¢ > 0 such
that ?e¢ < 4\, and let f such that |[df f| < B, i =1,...,d, and ||d* f|* < o2, for
some o, 3 > 0. Then for all r > 0,
Ar? re
p (f —E"f] > 1) <exp <— min (W, 7 OZZWW:)) . (4.5)
Next we provide the proofs of Proposition 4.1 and Proposition 4.2.
Proof of Proposition 4.1. Set a®> = E,, [f*¢/] and b = E,, [|[d* f|?¢/]. Since E,[f] =0,

the Poincaré inequality (4.1) implies

NE, [f/7] < B, [J4* 7P B, [l (%) ]
1
< ZEN [|d+f|2] E, [|d+f|26f+\d+f|}
< }leCCsz. (4.6)

Applying again the Poincaré inequality to fe//? and using the mean value theorem

we have

A, Var [fef/Q] < E,

i+ f2 (1 + /] +2’d+f‘)2 @f+d+f|]

(i 22

< ¢°E
< e°E, 5

2 2 ,C,2
< (1+§) er2+Ce4a +(1+§) eE,, [|dt fI?| fle’]

18



c2efa?

< (1+C)2 b
) ¢ A

ec(<1+g>b+%>2.

+ (1 + g) e‘abe

IN

Hence

c 212 c
9 972 9 e“c’h e c ac\ 2
a’ =E, [fe!?]” + Var [fe//?] SWJFA_u((lJri)H?) :

which leads to

< e? ((2+ )/ A+ )

a Y

VA (2 = cel?)

from which the conclusion follows. 0
With A\, = (1 — \/p)?/p, the condition ¢®e¢ < 4\, implies ¢ < —logp, p € (0,1),
hence Theorem 4.3 and Corollary 4.4 are weaker than Theorem 3.7 and Corollary 3.9

respectively, when p = 7 is the geometric distribution.

Proof of Proposition 4.2. We have from the Poincaré inequality (4.1):

MEL ] = NVar, [£7] + N(E, [2])?

E, [|d* 2] + Au(®y [£7])7

By (|47 1P (f +70)°] + Au(By [£7])?
2By [f* + 7] + Ey [|dT fI*] By [f7]

3K, [f?] + 27K, [7f7] .

VAN R VAN

IN

Hence for all u > 0,

B[]+ B[] < o [P] 4 aB, 1] @)

with ¢; = 1‘32 + 2 and ¢y = % Let us consider the probability measure
w W

d . le2 + CQTf2
PGB, [ + coB, [ 7]

dj.
By Jensen’s inequality;,
E,u [(leQ + CQTf2) €7|f|} = ]Ep [eilfq EH [leQ + Cng2]

19



> G—Ep[lfHEM [leQ + Cﬂf?] )
From the inequality ab* < a® + |b — al(a® 4+ b*), a,b > 0, we have
I <P +e(fP+7F7),
hence

E, [ fEy [e1f* + cor f?]

E, [l fP + cal fI7f?]
E,

< [(e1 + )| fPP + cac (2 + 7))
< (a+)E, [clf2+027f2} + cocE,, [f2+7f2]
S (Cl + Co + C)]Eu [leQ + CQTfQ} )

where we used the fact that ¢y < ¢;. Therefore,

5¢2 4+ u?\
EP[|f|]§Cl+C2+C:W+C.

Optimizing in u we obtain for u = ¢ /\i:
n

]Ep[lf|]§c<1+ Ai)

O
As in [2] and references therein, we can obtain the following bound.
Proposition 4.5 Let A, B be disjoint subsets of E. We have
u(A)p(B) < 3exp(—y/\e ?d(A, B)), (4.8)

with e = 2\,.
Proof. From the Poincaré inequality on (E?, u®?) we have:
MByea [f7] < Byen[|d] 17 + |d3 f17],

provided E,e2[f] = 0. Applying this inequality to f(x,y) = sinh(tg(z,y)/2), 0 <t <
v with g(z,y) = h(z) — h(y) and |dh| < 1, and using the bound

|sinh(z + ) — sinh(z)| < |yle® coshz, =,y € R,

20



we have:

ME e2[cosh®(tg/2)] — N, = AE,e2[sinh?(tg/2)]
t2

< By (It glete 1 af g el cosh?(tg/2)|
t2
< 5671EH®2 [cosh2(tg/2)} :
Hence
E h? _ L (g et < M
M®2[COS (tg/Q)] = 5 ( M®2[6 ] + 1) ~ m,
and for all ¢ < 7y, if h(z) = d(z, B) then
2\, + t2em
td(A,B ¢ t L
B (A u(B) < Bpez[Laxpe’?] < Eyezle’?] < I, — e
and it remains to take t = \/\,e” /2. O

4.2 Exponential integrability

The Herbst method used in the preceding sections relies on exponential integrability.
Following [2], we obtain a bound of the Laplace transform with respect to any measure

won E., provided it follows a Poincaré inequality (4.1).

Proposition 4.6 Let f : E — R such that E,[f] = 0, with |d*f| < B for some
B >0, and let ¢ such that ¢*e® < 4\,. Then, for every 0 <t < ¢/ we have

[ 2\/— + tfe/?

2\/_ — tfec/2

Proof. We adapt the proof of Proposition 4.1 in [2]. It is sufficient to assume = 1.
We have

(4.9)

dted! (2)] = |e3T@ 3@
t f(7(z))
= —/ esdt
2 /s
t o
< L i@t r@)) g+
S g€ A7 f ()]
t c t
< SO @), cek,
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and applying (4.1) to e2f we get, with u(t) = E,[e!]:

2

N (ult) — ult/2)?) < ectzu(t),

1.e.
4\
S — u(t/2)2.

t) <
u(t) < 4N, — t%e¢

Applying the same inequality for ¢/2 and iterating, we have

- 4 S\
t) < SE S < —FE V(t
ult) H (4)‘;» — ect2/4k) T 4N, — ect? ®);
k=0
with
> 4 ”
V(t) = —_—
0 =11 (")
k=1
where the product converges whenever ¢t < c¢. It can be shown as in [2] that V'V is

convex. Moreover V(0) =1 and V (2;//?) < 4, hence

c/2
7 < 2\/)\_u+te '
N

O

It is easily checked that the assumption of Corollary 4.4 is consistent with that of
Proposition 4.6.
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