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Abstract

We derive sufficient conditions for the differentiability of all orders for the
flow of stochastic differential equations with jumps, and prove related LP-
integrability results for all orders. Our results extend similar results obtained in
[Kun04] for first order differentiability and rely on the Burkholder-Davis-Gundy
(BDG) inequality for time-inhomogeneous Poisson random measures on Ry xR,
for which we provide a new proof.
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1 Introduction

In this paper we consider the regularity and integrability of all orders of the flow of

Stochastic Differential Equations (SDEs) with jumps of the form

[e.e]

dXi(z) = r(t, Xi(z))dt + o(t, Xe(x))dW; + / 9(t, X (), y) (N (dt, dy) — vi(dy)dt),
h (1.1)
with Xo(x) = z, where X;- stands for lim, » X, g : Ry x R x R = R is a determin-

istic measurable function and (W;)er,, N(dt,dy) are a standard Brownian motion
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and a Poisson random measure on RT x R with compensator v4(dy)dt, generating a

filtration (]:t)tZO .

In the diffusion case, the smoothness of the solution flow = — X;(x) of stochastic

differential equations of the form
dXy(x) =r(t, Xy(x)) dt + o (t, Xi(x)) dW, (1.2)

with Xo(z) = x, where r : Ry xR - R, 0 : Ry Xx R — R are deterministic co-
efficients, has been studied in [Kun84], [Kun90]. In Theorem I1.4.4 of [Kun84] and
Theorem 4.6.5 of [Kun90] it is shown that x — X;(z) is k times continuously differ-
entiable when the SDE coefficients of (1.2) are C* functions with globally Lipschitz
derivatives. Such results have been proved in the jump-diffusion case in [Kun04] in
the case of first order differentiability, however, the extension to higher orders of dif-

ferentiability is not trivial and requires us to use the framework of [BGJ87].

Our proofs rely on the Burkholder-Davis-Gundy (BDG) inequality, which states that

for any martingale (M;)icr, and for all p > 1 we have

E[|M; '] < GE[[M,MY?],  teR,, (1.3)

where M} = sup,¢(o 4 | M|, with
/2 e\ r/2
C, = (10p)"? for 1< p<2, Cp=2°, and C, = p (§> for p>2,  (1.4)

cf. e.g. Theorem 4.2.12 of [Bic02] or Theorem 48 in Chapter IV of [Pro04]. When

p = 2 we have

JE[ sup \Ms]p} < CE[(M, M)??], t e Ry, (1.5)

s€0,t]

which implies the bound

E| sup [M.P| < GBI M), teRs,

s€0,t]

for p € [1,2]. However, (1.5) does not extend to any p > 2, see e.g. Remark 357 page

384 of [Sit05]. For this reason we use Kunita’s BDG inequality for jump processes, see
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Theorem 2.11 in [Kun04], which is recovered under a form similar to Corollary 2.14
in [Haull], see Lemma 2.1 and Corollary 2.2 below. This also extends related results
obtained in the case of a standard Poisson process, in [HK05] see Corollary 1 and

Lemma 1 therein, with application to the numerical solution of SDEs.

We proceed by deriving moment bounds for the solutions of SDEs with jumps of the
form (1.1) in Theorem 3.1. Similar bounds have been obtained in Theorem 3.2 of
[Kun04], however, here we work with random (F;);>o-adapted coefficients and under
weaker integrability conditions. Other moment bounds for SDEs with jumps have
been derived using (1.3) in various works, see for example Lemma 1 in [ZWL15] or
Lemma 2.2 in [ZZ16]. However, those approaches rely on the incorrect assumption
that (1.5) holds for any p > 1. Nevertheless, (1.5) is valid for p = 2, and in this case
it has been used in [ZZ16] to derive bounds on E[sup,ep g |Ms|?] for p > 1, see the
proof of Theorem 2.1 therein and also [PW19] for an application of Kunita’s BDG
inequality to SIR population models for any p > 2.

The proofs of Proposition 4.1 on the existence of the flow derivatives and of Theo-
rem 5.1 on their L? integrability rely on Theorems 6-29 and 6-44 of [BGJ87]. For this
reason, in Sections 4 and 5 we will assume that the compensators v, (dy), t € Ry, in

(1.1) are dominated by a (deterministic) measure n on R, i.e.

W(A) <n(4), AeBR), (16)
where B(R) denotes the Borel o-algebra of R, in addition to the following Assumption
(A,), see (A'-r) page 60 in [BGJ8T].

Assumption (A,): For every t € Ry, the functions r(t,-) : R — R, o(t,-) : R — R
and g(t,-) : R x R — R are C"-differentiable and there is a constant C > 0 such that

Fotes
< -
= C? ‘ amk (t7 ‘I')

OFr
%(t, )

ak—l—l
—g<t7 T, y)‘ S Ca

<
¢, Oxk oy

forallk,l=1,...,n with1 <k+1<n, and a function 6 € anQ LY(R,n) such that

g
%(t,x,y) < Ch(y), r,yeR, k=1,...,n (1.7)
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Although the results of [BGJ87] are stated for time-homogeneous SDE coefficients in
(1.1), they remain valid under our time-inhomogeneous Assumption (A,,). For this,
we note that Theorems 6-20, 6-24, 6-29 and 6-44 in [BGJ87] all rely on Lemma 5.1
page 44 therein, which extends to the time-inhomogeneous case thanks to the domi-

nation condition (1.6), see Lemma A.14 of [BJ83] and Theorem 2.1 in [Bic81].

Under (1.6) and Assumption (A,,), in Theorem 5.1 we provide sufficient conditions for

the flow derivative

0" X, (2)

oz

to exist and belong to LP(Q2) uniformly in (z,t) € R x [0,7], i.e

X (x) = (1.8)

supIE{ sup |Xt(")(a:)‘p

z€R t€[0,T7

< 00,

for given orders of derivation n > 1 and of integrability p > 1.

Flow regularity results up to order four of differentiability have also been obtained
in [PT97] based on a different version of the BDG inequality for Lévy processes with
stochastic integrands depending only on time (see Lemma 4.1 page 409 of [PT97]),

with application to the convergence of the Euler method.

As a consequence of (1.8), when f(z) := (x — K)7 is the (Lipschitz) payoff function of
a European call option, we can also express the Delta, or first derivative of the option
price with respect to the underlying price x as

OP,f
ox

() = E[l{Xt i XV (x )], teR,, zecR
More generally, given the transition semigroup (P;)¢>o of (X¢(z))i>0, defined as
Pif(z) =E[f(Xi(2))], teRy, z€R,

we deduce that for any f € C;°(R) the function x +— P, f(z) is C*, with

Rl = S E

Oz well[n]

ol f
ox |7r|

(z, Xo(2)) [T X" (@) ] teR,, z€R,

Bern



by the Faa di Bruno formula, where the sum over 7 runs in the set II[n] of all parti-
tions of {1,2,...,n}, the product over B € 7 runs in all blocks B in the partition T,
and |A| stands for the cardinality of the set A. The moment bounds obtained in this
paper are also applied to the derivation of distance estimates between jump-diffusion

processes in [BP19].

We proceed as follows. In Section 2 we derive two versions of the BDG inequality with
jumps, similarly to Theorem 2.11 [Kun04] and to Corollary 2.14 of [Haull], and we
show that they can be unified in Corollary 2.2. This is followed by moment bounds
for SDEs in Section 3. In Section 4 we deal with the flow derivatives Xt(n) () by
noting that they satisfy an affine SDE, for which moment bounds can be obtained
from Theorem 3.1, see Proposition 4.1. Next, in Section 5 we present our result on

moment bounds for flow derivatives, see Theorem 5.1.

2 Burkholder-Davis-Gundy inequality with jumps

Our moment bounds rely on a version of the BDG inequality (1.3) which uses the
compensator (M, M) of M instead of its bracket [M, M]. Consider the compensated

Poisson stochastic integral process

Kt = /Ot /_OO gs(y) (N(dS,dy) - Vs<dy)d5)7 te R+7 (21)

of the predictable integrand (gs(y»(s,y)eRMR, where N is a Poisson random measure
on R, x R with compensator v;(dy)dt. When p = 2, the BDG inequality (1.3) shows
that

E[K* <2EU/ gs(y dsdy] U/ gs(y z/sdy)d

where K} = supyo |Ksl, since t — fot e (gs(y))2 (N(ds,dy) — vs(dy)ds) is a

martingale. In particular, for any p € [1,2] we have

E[(K;)] < (B[(K)?)"

< 2p/2< [// (9s(¥))? vs( dy)de/2, t€Ry. (2.2)



Lemma 2.1 below extends the BDG inequality to p > 2 with explicit bounding con-
stants, in relation to the BDG inequality stated for 1 < p < 2 in Corollary 2.14 of
[Haull].

Lemma 2.1 Consider the compensated Poisson stochastic integral process (Ki)ier, in

(2.1) of a predictable integrand (gs(y))(sy)er, xr. Then, for all p > 2 we have

B[(7Y] < f)<40p>p/2( N[ awr v 23

k kp/2 p/2*
+2p E p;k — [ / / (gs(y dy)ds) } , teR,.
k=1

Proof. Forr > 1 let

K // (9:())" (N(ds, dy) — vs(dy)ds),

with K" = K,, t € R,. When p > 2, since z |z|P/? is convex, (1.3) entails

E[(£))] < l / / 6.(»))* N(ds dy))p/g]

p 2 t poo o p/2
_pP / [ gs N(ds,dy) — (dy))ds —|—/0 / (gs(y)) vs(dy)ds ]
p 2 p/2
< QP2 lpp / [ (95(%))" (N(ds,dy) — vs(dy)ds) ]
p/2
+ op/2— 1 [ gs vs(dy)ds ]

<o w(;)p B[((K® >> yey et (SB[ ( [ ) wtanas)™].

The recursive application of the bound (2.4) starting from KY = K, yields

E[(K7)] < < )pn/ (Hzp/y 1) (KE) Y]
+;ka <§)pn/2(£[12p/2j1> { // 0.y dy)ds)p/2k]_



Taking n = [log, p] — 1, i.e. p € (2,2"7], by (1.3) we have

E[((KZ))"™] < (10p)E </0t/2 (95())""" N(ds,dy)>p/2n+l}
< e | [ [t ¥as.a)]

= o | [ [t vianas].

since t fo s (gs(y))2 (N(ds, dy) — vs(dy)ds) is a martingale, where we used the

fact that 1o »
alle = (Z(ak)2> < (Z(ak)q> =: ||a[es

k=0 k=0

for any real sequence (ay)geny and 1 < g = p/2" < 2 as on page 410 after Equation (22)
in [PT97] , which allows us to conclude to (2.3). O

From Lemma 2.1 we recover the following version of the Kunita’s BDG inequality

with jumps, cf. Theorem 2.11 of [Kun04] and Theorem 4.4.23 of [App09].

Corollary 2.2 Consider the compensated Poisson stochastic integral process

K, =xz+ /tus ds + /tvs AW, + /t /OO 9s(y) (N(ds,dy) — vs(dy)ds), teRy,

’ ' v (2.5)
of the predictable integrands (us)ser, , (Vs)ser,, (9s(¥))(s)er, xr. Then, for all p > 2
and T' € Ry we have

E[(K7)"]

< o2 (|g;|p+E K/T|ut| dtﬂ +C,E [(/T 02 dt)m] )
e[ [ o wana] < | ([ ot uana)” ).

where C,, is defined in (1.4), and
2 p(logs p)/2 [log, p]—1 k
C, = 2(4()]7)17/2 <Z£) 2 Lop Z P (f)kp/Q < gppplons <2 n (106“0g2p-‘)p/2> '
p =

2 2k \2
t
sup ‘/ Vs
te[0,T 0

Proof. By the convexity of R 5 z +— |z|P, we have

sup ‘/ Ug ds
t€[0,T]

7

E +E

sup |K-[P| < 477! (xp +E
s€[0,7




sup ) gs ds,dz)—us(dz)ds)‘p .
te[0,T]

Further, by the (standard) BDG inequality for Brownian stochastic integrals, the

Jensen inequality for the uniform measure on [0,¢] and the Fubini theorem, we find:

t T p/2
sup ‘/ Us < C,E {(/ v, |2 ds) } :
te[0,7 0 0

Regarding the jump term, by the log-convexity in p of the LP norms, taking n =
[logy, p] — 1, ie. p € (27,2"], and 6 € (0,1) such that 27% = (1 — 0)/p + /2, we

have

AL L™

E

AT P ([ )|
s([// o w) IS <// o i)
< o[ [[ oo o] s [( [ [ i)
f;{// e %@ﬁpﬂ(// oty m@WYQ,ﬂm%

k=1,...,n, after using the Hélder inequality and the bound 2'=%° < (1 —6)x + 0y,
x,y > 0. Hence, substituting this bound in (2.3), we obtain

sup ’ 9o (2) (N(ds, dz) — vy(dz)ds)|
el | [ [ ]

op+1 p(log,
< pploggp(lo )p/2< &)/ [/ / (9:(v))" v dy)dt}
[logop]—1 . &
pp 6 kp/2 p/2
+9P Z o 5 { / / (g:(y dy)dt)
<

(E[// ()P w42

(P



The following consequence of Corollary 2.2 recovers Corollary 2.12 in [Kun04] using

the Holder inequality.

Corollary 2.3 Consider the compensated Poisson stochastic integral process (Ki)iepo,r)

in (2.5). Forallp>2 and T € R, we have

T T
E[(K;)] < 222 (w + TR [ / | dt} + O, TP [ / P dt]
0 0

/ ) (/ tatr ut<dy>)p/2 dtD .

When the integrand g¢;(y) satisfies |g:(y)| < |f(y)||g:| where f(y) is a deterministic

T o0
+C,E [ / / ()P w(dy)dt} TG E
O —00

function of y € R, (gi)ier, is an (F)i>o-adapted process, and (v,(dy))ier, = v(dy),
t € R, is the intensity measure of a time-homogeneous Poisson point process, Corol-

lary 2.3 yields

T T
E[(K;)P] < 2% (\x|p + TP 'E { / | [P dt} + C,TP?7'E { / |v¢|P dt}
0 0

+6, (/Z rrvian 1 ([P ”<dy))m> : [/ ‘gt‘pdt]) |

which recovers related versions of the BDG inequality with jumps such as Lemma 5.2
of [BC86] which is stated for p = 2", n > 1, or Lemma 4.1 of [PT97] which is stated for
p > 2 using a related recursion. We also refer the reader to Lemma A.14 of [BJ83] and
to the proof of Theorem 2.1 in [Bic81], or to [LLP80] and [Pra83], for other versions
of the BDG inequality with jumps.

3 Moment bounds for SDE solutions

In this section, we derive moment bounds for jump-diffusion SDEs, based on the BDG

inequality with jumps given in Corollary 2.2.

The following result provides moment bounds in LP(2), p > 2, on the solution of
SDEs of the form

dX; = ay(Xy)dt + by(Xy)dW, + /00 ctf(z,th)(N(dt, dz) — l/t(dz)dt), (3.1)

—00



whose existence and uniqueness of solutions follows by standard arguments, see e.g.
Theorem 3.1 in [Kun04]. In contrast with Theorem 3.2 of [Kun04], we work with ran-
dom (F)i>0-adapted coefficients and under weaker integrability conditions as Condi-
tion (3.2) in [Kun04] requires integrability of all orders. We let || X||» stand for the

L*>(€2) norm of a random variable X.

Theorem 3.1 Letp > 2 and consider the solution (X¢)i>o of the one-dimensional solu-
tion of the jump-diffusion SDE (3.1), where the coefficients (a:())scpm, (b:())ieio,11,

(ct(2,))ejor are (Fi)i=o-adapted processes such that
jai(@) —a(y)l < arfe =yl |bilz) = bi(y)l <bilz =yl wy R,

where (a;(0))tepo,11, (0:(0))iefo.r) € LP(2X[0, TT), (ar)tepo,r)s (be)icpo.ry € LP([0,T1], L=()),

and

la(z,2) —alzy)l <alz)le —yl, zyeR,

where

/OT H /Z a(2)F ”t(dZ)HZQ dt < oo, /OT H /Z ()P w(dz)|| dt <oo, (32)
and
E UOT (/Z e (2, 0) Vt(dz)>p/2 dt} <oo, E UOT /Z lce(2,0)|P v(dz) dt} < 0.

(3.3)
Then we have

| sup x| < cn7) <
te[0,7

where C'(p,T) depends on the above norms of a,b, ¢, u, v, w.

Proof. 'We have

E UOT |at(Xt)|pdt] < o (/OT ladlELE[|1X.]d + E UOT |at(0)|pdtD C(34)

and

E {/OT|bt(Xt)|pdt} < ort (/OT||bt||{§oE[|Xt|p]dt+lE UOT|bt(0)|pdtD. (3.5)
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Regarding the jump term, we note that

O, TP 1R [ /O ' ( /_ Ttz X)) I/t(dz)>p/ i dt} +CE [ /0 ' /_ : (2, X)) 1(d2) dt}

ey(=, 0)2 yt(dz)>p/2 dt}

<20 e[ [ ([T et wa + |

o0 —00

LG UOT /Z (P X + [eo(z 0)) (d=) dt}
< 93/2-10 v/ 1 UOT ((/_Z leo(2)2 yt<czz)>”/2\xtv’ + (/: ley(2, 0)2 z/t(dz))p/2) dt]
LG UOT /: ()P m(d2)| X P dt} LI GE {/OT /: a2, )7 w(dz) dt]

oo p/2
/_ ()P w(d2)|| E[x?] dt (3.6)

o0

< 23;;/2—15pr/2—1 /
0

[e.e]

N T oo /2
| 9%/2-10 P21 U (/ ez, 0)]? Vt(dz)>p dt]
0

T
+ 2P10p/0

Hence by the BDG inequality of Corollary 2.3 and the bounds (3.4), (3.5), (3.6),
setting

/_Z lci(2)P vi(d2)|| E[X?] dt +20"'C,E VOT /_Z ey, )P v (d2) dt} .

T T
FT) = 47! (xp + TR [ / |at(0)|pdt] Lo, R [ / \bt(0)|pdt}
0 0
- T oo p/2 T ]
+2r71C, <2p/2Tp/2_1E {/ (/ lci(2,0)]? l/t(dz)> dt} +E {/ / lct(2,0) P vi(dz) dt})) :
0 —o0 0 —00
and
G(t) = 7 (TP arll + 2 G b

| lat) wz)

oo

p/2

+ 232710 e/ +2r71C,

| la@l i)

J

o0

t € [0,T], we have

E

t€[0,T]

sup \Xt_|p] < F(T)+JE[ /OTG(t)\Xt\p dt]

< F(T)+ /T G(t)E

sup |Xsrp] dt,

s€[0,t]
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hence by the Gronwall lemma we find

E | sup [X;-[?

te[0,T]

< C(p.T) = F(T)exp < /0 e dt) , (3.7)

which is finite since (as)ejo,r1, (bt)rejo,r) € LP([0, T, L>(£2)) and (3.2)-(3.3) are in force.
Since X;- = X, almost surely, the same bound follows for the moment of order p of
X;. O

Theorem 3.1 applies, in particular, to the solution (X;);>o of the one-dimensional

jump-diffusion affine SDE

dXt = utdt + CLtXtdt -+ ’Utth + thtth (38)
+/ wi-(2) (N (dt,dz) — v(dz)dt) + X~ / - (2) (N (dt, dz) — v (dz)dt),

by taking
a(y) = ay +uy,  b(y) = by +v,  c(2,y) = c(2)y +wi(z), (3.9)

where u, v are in a certain L” space and a, b, c are in L*.

The following uniform version of Theorem 3.1 will be required in Section 4. When
the processes aq, b, ¢, all depend on a parameter o € A, the solution (X, )0 of

the corresponding SDE (3.12) below enjoys the following uniform bound.

Corollary 3.2 Let p > 2. Assume that the coefficients (aa:(x))icpm, (bat(T))icior]:

(Cat(2,2))icpm are (Fi)i=o-adapted processes such that
|004(2) = as (V)] < aaplz —yl, [bas(®) = bar(Y)| <barlz —yl,  zy€eR,

where (aa,:(0))icpo,11; (ba,t(0))eejor) € LP(2X[0,T1), (Ga)icio,r)s (bat)icpor) € LP([0,T], L®(R2)),

uniformly in o € A, with

|Cat(2,2) = cau(2,9)| < Cap(2)|z —yl, =y €R,

with

o [ [ el

p/2 T oo »
dt < oo, sup/ H/ ’ca,t(z)| l/t(dz)H dt < oo,
oo acA JO —00 oo
(3.10)

12



and

sup IE UOT (/OO lcas(z,0)]’ z/t(dz)>p/2 dt} <00, supE UOT /Z lcas(2,0)|” n(dz) dt| < oo.

acA o) acA
(3.11)
Then, for the solutions X, of the SDE
an,t = aa,t(Xa,t)dt + ba,t(Xa,t)th + / Ca,t— (Z, Xa7t—>(N(dt, dZ) — Vt(dZ)dt),
- (3.12)
a € A, we have
supE[ sup ]Xayt\p] < C(p,T) < 0, (3.13)
acA | te[0,T]

where C(p,T) depends on the above norms of a,, by, o, which are all assumed to be

bounded uniformly in o € A.

Proof.  Only the conclusion of the previous proof for Theorem 3.1 is required to be

changed. The bound (3.7) still holds true for X, ; with the functions
T T
Fu()i= 7 (o4 Q17 B | [ lawsopar] + 2o | [ o]
0 0

121G, (QP/QTP/Q_l]E [/OT (/_OO lCor(2,0) 2 Vt(dz))pmdt} +E [/m |Cat(2,0) [P Vt(dz>dtD)

[e.9] —00

and

Galt) := 4" ((QT)’H laa.dll, + 27 Gy T2 [1ba 1%

/_OO |Cat(2)[? Vt(dz)HZQ + oy H /_Z Can(2)I7) Vt(dz)Hoo)’

[e.9]

+ 23p/2715p Tp/271

t € [0,7]. Under the conditions of Corollary 3.2, we have
sup Fi,(T') < 00, sup G4(t) < oo, t 10,77,
acA acA

and the conclusion (3.13) follows likewise. O

4 Flow derivatives

In this section, we show that the derivatives of the flow x — X;(x) of the SDE (1.1)

are solutions of an affine SDE.

13



Convention. Given the gradient V, = ( o .2 ) and F : R* — RP, we denote

0z1) ) Ozq

V.F(z) = (aFi (z)>1<i<p € M, 4(R), and under the identification M, 4(R) ~ RP?, we

8zj
1<5<d

write
V.(V.F)(z) = V?F(z) € Mpga(R) ~ RP.

By successive differentiation of

r(s, Xs(x)), a(s, Xs(as)), g(s, Xs(x), y)

with respect to « and applying Theorem 6-29 of [BGJ87] recursively under Assumption
(A,,), we obtain the following result.

Proposition 4.1 Assume that (1.6) and (A,) hold for some n > 1. Then the flow
x — Xi(x) of the solution to the real SDE (1.1) is n times differentiable on R and,

oFX
fork=1,....n, Xt(k)(x) = 8xkt

(x) is solution of

dXP@) = Y (X)) [T x" @) | da

well[k] Berm

> ]
+/ > %(t,){t(x),y) HX;\Bv(m) (N(dt,dy) — v(dy)dt), (4.1)

—O0 \ rerk] Bem

where, again, the sum over m runs in the set [k] of all partitions of {1,2,...,k}, and

the product over B € w runs in all blocks B in the partition 7.

Proof. For n = 0, Xt(o)(m) = Xy(x) and (4.1) reduces to the SDE (1.1). For n =1,
(4.1) is given by Theorem 6-29 in [BGJ87]:

axMa) = X0

i

(z, X, (2))dt + Xf”(x)g—g(m, X, (z))dW,

X 0) [ 2o Xu(a) ) (Nt dy) — uldy)d). (12)

We continue the proof by induction on n > 1. We assume that

W X X, \T

14



is solution of the n-dimensional SDE
¢ t
Zt(n_l)($) _ Z(n_l)—i—/ T(n_l)(S,Zén_l)) dS—l—/ U(n_l)(S,ZS(n_l)) dWs
0

+ /Ot /_ g, z"V(@),y) (N(ds,dy) — vi(dy)ds) — (4.3)

with

(n—1)

zén_l) = =1 and z; =0, k> 2,

z, Zin—l)
and

a) v~ :]0,7] x R* — R" is given by

r(n=1) (t, z(”_l)) = (r(()n_l), e ,rfln__ll))T = (T(”_Q) (t, z("_2)), Tf,f:l)(t, z("_l)))T,

where

e _ oy . e
7“7(1_11)(8,2(” 1)) = Z e (s,z( 1)) Z|(B| b, (4.5)

well[n—1] Bem

b) o1 1[0, T] x R® — R™ is given by

o= (t, Z(n—l)) _ (Uénfl)7 . ’J(nfll))T _ (O_(n—2) (t, Z(n—Q))7 07(111:11) (t, Z(n—l)))T7

n—

where

||
AN = Y TR LT )

8x|77‘
welln—1] Ben

c) ¢V :0,7] x R* x R — R™ is given by

gV, 27 ) = (g8, gl T = (gD, 2 ), gl (1, 2D )T,

where

g (s, 2"V y) = Z —g(s,z(” Y y) H z‘(B‘ b, (4.7)

Ox!l
welln—1] Berw

where II[n — 1] stands for the set of partition of {1,...,n — 1}. We also assume that
Xt(k)(x) is solution of the SDE (4.1) for k =0,...,n — 1.
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Observe first that (4.3) holds for Z(® = X (z) since in this case (4.3) reduces to (1.1)
with

POt 20) = 1 (1,20), 0O (@) = 0 (1,2@), g0, 20, ) = g(t, 29, y).

Next, regarding Z("), by (1.1) and (4.2) we have

Z0(t) = (?(1) ) - ( (1) ) +/Ot( or <SXX)))(<1> )ds+/0t( g—”é(i()g))dw )dWS
/ / ( (s, ;X fyi%” ) (N(ds, dy) — vs(dy)ds)

which is (4.3) for Z) with
(1) (1)
W (s () _ r(t, 2 ) W (1)) a(t,z")
r(t, z = , ot ) = )
( ) ( or (t, Z((Jl))z(l) ( ) Jdo (t, Z(l))z(l)

0
9(t, 2y ",y
g, 2My) = (89( %) )<)>,

corresponding indeed to (4.4)-(4.7) in this case. We now show that Z( (x) solves
an SDE similar to (4.3), and that X.™ is solution to (4.1) for the index n. Since
Z=1)(z) is solution to (4.3), by Theorem 6-29 in [BGJ8T7], V,wm-1)Z™ Y is solution
of the M, ,,(R)-valued matrix equation

t
Voo Z8 (@) = L + / Voo Y (s, Z0 (2 0oy 207V (2) ds
0
/ V.- (s, Z0 V(@) 0oy 207V () dW

+ / / V.o g™ D (s, 277 (@), y) Ve 27V () (N (ds, dy) — ve(dy)ds).
0 —00

(4.8)
With the notation V, n-1) = (%, 8%1, e %), extracting the first column for the
matrix equality in (4.8) we have
533 (z) = (1,0,...,0)T
¢ (n—1) ¢ (n—1)
aZs aZS
+/ Vo™ (s, Zs(”’l)(x))a—(x) ds +/ V.o (s, 2D ()
0 x 0 Ox

16




t o] . az(ﬁ—l)
+ / / V. g™ (s, 20 (2), y) () (N(ds. dy) — va(dy)ds). (4.9)
0 —00

Next, for the leftmost entry in (4.9) we have
"Xy (2)
Oz

(n 1) n—1 o (n-1) i+1
0X, or,_ . 0 X,
- [ (B 2 ) ) + X S o 20 M) G ) s
=1 7

n—1 U(n iy i+1
( v () 2K <x>+;‘; o 2 >>aaxif%<x>) aw,

(n 1) -1 ( i+1
n— Gn— — aJr Xs
/ / ( ,Zi_ D(m g_ 5,0 D D@)Jl)w@))

( (ds, dy) — vs(dy)ds).
(4.10)

Putting together (4.3) and (4.10) yields an equation for Z(™ () similar to (4.3), and
(4.10) proves ( 1) for X ( ) = 2 X(z). Indeed, from (4.10) we recover the ex-
pressions of i, o and ¢ as in (4 5)—(4.7), which achieves the induction. For

instance, using the expression (4.5) of r" Y we have

n—1 »
o (n=1) n—1 P (n—1)
AP (s ) = AT (o 20) 2 Y e (520)
x n—
i=1 9%
||
_ w9 9 " (n—1)
i DI r=ICE N |
mell[n—1] Bem
il Il
ny O amlr r
=1 i mell[n—1] BEﬂ'
w|+1,
) 9
- A S (H 25| )
ﬂEH[n 1] Bem
ol ‘T (n)
+ Z RIS A (8 o 1] 76
well[n—1] i B€7r

(4.11)

In the second term above we have

.(n 1) H |B‘ -

Ben i j=1

2my#(BemiBl=i)
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#{B e |B’ _ Z»}(Zi(n))#{BeW:\B\:i}—l H (Zj(.n))#{Bem|B|=j}.
1<j<n
J#
(4.12)
We note that II[n] consists of partitions m € II[n— 1] with either the addition of {n} as
a new block, or the completion of an existing block by {n}. In the latter case, if {n} is
added to a block of size j the new partition of I1[n] obtained in this way will have one
block of size j less and one block of size j + 1 more, and there are #{B € 7 : |B| = j}
such blocks. We conclude that the sums in (4.11) and (4.12) are effectively over II[n],

which yields (4.5) for r{", are as follows:

n n alﬂr (n— n
TSL )<S,Z( )) = Z a \7T| S z 1 H Z‘(B‘ 2 .
well[n] Berm

Similar computations yield also (4.6) and (4.7) and achieves the induction proving

Proposition 4.1. O

5 Regularity of stochastic flows

In this section we consider the solution (X;(x))icp,r) of SDE (1.1), for which Propo-
sition 4.1 gives condition for the differentiability of the flow x — X;(z) up to any
order n. The next Theorem 5.1 deals with the integrability of order ¢ > 2 of the
flow derivatives, based on Corollaries 2.3 and 3.2, see also Theorem 3.3 in [Kun04]
which only covers first order differentiability. We let || f(-)||c denote the supremum

of functions f on R.

Theorem 5.1 Let n > 1 and q > 2, and assume that (1.6) and (A,) hold. Then, for
all k=1,...,n we have
supE[ sup ‘Xt(k)(x)|q} < 00. (5.1)
TeR te[0,7)
Proof. Since X(™ in (4.1) is expressed in terms of X *) for k < n, deriving a moment
of order ¢ for X™ requires to show the existence of moments of order ¢ of certain
products of the X®*)  Accordingly, from the Holder inequality, higher moments of

every X®)| k < n, are required in our argument, see (5.5) below. By Proposition 4.1,
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Ok,

Xt(k)(:v) = W(:E) solves the SDE
awr
dX®(z) = ( > oo (X)) TT )
well[k] Berm
alwlg X X! |B|
+H( X2 G X)) [T X)) aw
well[k] Berm
0 a\wlg
+ / ( oo (8 Xl 2) [T x"( ) N(dt,dz) — v(dz)dt), (5.2)
T rellfk] Bem

with Xék)(x) = 0 for k > 2, where the sum over 7 runs in the set II[k] of all partitions

of {1,2,...,k}. In order to prove (5.1) for k = 1,...,n we shall prove

supE{ sup |Xt(k)(x)‘pk} < 00 (5.3)

z€R te[0,T]

by induction, for the order p; defined by

n!
Pe = A7y (5.4)
For k =1, (5.2) reduces to the affine equation
dXM (@) = M XV () dt + 0 aw, + XD (2) / D (2) (N(dt, dz) — v(dz)dt),

of the form (3.8), with Xél)(as) =1 and

or 0o 8g
af = 5o (1. Xi(@), W =0 X(w), o) = 5 (1 Xu(@).y),
see also Theorem 6-29 in [BGJ87]. Since (agl))te[O,T], (bgl))te[o,ﬂ € LP ([0, T], L>(2))
under (A,) and since Conditions (3.2)-(3.3) are satisfied by ¢) with p = p; = nlg
under (1.7), Corollary 3.2 shows that Xt(l)(x) admits a moment of order p;, uniformly

bounded in ¢ € [0, 7], that is (5.3) holds true for k = 1.

Further, we assume that (5.3) holds true with order p; for [ = 1,...,k — 1 and we
show that it remains true for the rank [ = k. We note that (5.2) is thus an affine SDE
of the form (3.8) in Xt(k) (x), with the random coefficients

s,
al) = a—; (t, X¢(z)),

z,t
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x,t %
k dg
CJ(UIE(Z) %(t,Xt(x),Z)
|7
R omr (1B (1
ugl o=y axlﬂ (t. Xu(2)) [ X ),
melllk\{1,...,k} Berm
|7
k) _ "o (30
vl = Y ax\wl (t. Xu(2)) [ X ),
mell[k]\{1,....k} Berm
alwlg
k B
melllk\{1,....k} B€7r

as in (3.9). In order to show that x® (x) satisfies (5.3), we shall apply Corollary 3.2
for every py as in (5.3) to the affine SDE (5.2) written as (3.12) and parameter-
ized by the initial condition x € R, after checking that (aft) )eclo,175 (bgft))te[oﬂ €
L7 ([0,7), L2(2 x R)), (u)iciory, @) ieor) € LPx([0,T] x Q, L¥(R)), and the

zt

conditions (3.10)-(3.11) for ( g? (2))ecpo115 (wgfg(z))te[o,ﬂ hold, as follows.

i) The conditions

T
sup/ Ha Hp’“ dt < o0, sup/ Hb Hp’“ dt < oo,
0 z€R

z€R

follow immediately from Assumption (A,,) on 0r/0z and do/0x. On the other
hand, regarding ¢®, the bounds

/2
/ H/ \c > vy(dz) "t < oo and / H/ z)|Pk Vt(dZ)H dt < oo

follow from (1.7) since sup ||cmt( Moo < ” t, ,y)H

z€R [e's)

ii) We show that (u fcbte[o 1), (v :S;?)te[o,ﬂ € LPx([0,T] x Q), uniformly in 2 € R. Since
the coefficients of (5.2) involve finite sums, we can deal with each summand
separately using the convexity of y € R — |y|P*. For all 7 € II[k] \ {1,...,k},

using (A,,) and Holder’s inequality yields

||
E[/ gﬂ: : H ‘X(‘B‘ )| dt} < C/ H [ X, (15D ‘pklﬂl})m i di
0

Ber Ber
(5.5)

20



Since m € II[k] \ {1,...,k} has at least two blocks, for B € 7, we have |B| < k
and the induction hypothesis (5.3) applies for X(®). Additionally, || < k, and
S0

pi|T| < kpe = pr-1. (5.6)

As a consequence, by the induction hypothesis (5.1) applied to each Xf'B”(x), we

have

SupE{ sup ‘X,fB)(x)‘pk|W} < 00 (5.7)
z€eR te[0,7)

for each B € 7 and (5.5) ensures that

T
SupE{/ \u ]p’“ dt} < 00,
z€R 0

we find:

T
supE [/ |U |pk dt
zeR 0

iii) Verification of (3.2) for w] ( ). Again, since the set I1[k] of partitions of {1,2,... ,k}

.. k
and similarly for vit)

< 00.

is finite and y € R — |y|2, y € R + |y[P*/? are both convex functions, we can

deal with each summand separately. For all 7 € II[k] \ {1,...,k} we have
T
ol
EUO </ Sty (b X
AL vt imar

[ . y

/2
XD ()2 0, dz)>pk dt]

IN

yt(dz )pk/ H]E[]X 12 )\p’“'”'r/'”' dt

o ([ llghe- H @)

where the last bound uses (5.7) for the Xt(lBD(x) with | B| < k due to the induction

IN

hypothesis. This final bound is finite under (1.7), which ensures that

sup B [/OT (/Z ™ (2)|” ut(dz)>pk/2 dt} < o0
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Similarly for (3.3), since y € R — |y|* and y € R + |y| are both convex functions

we have
[ / /- e pkg]X“B' (@)™ wi(dz) dt]
= g;'ﬁ ) (T q
[T Hﬂw dt
< C// Haﬂllj b)) i,

using (5.7) for Xf'BD(x) with |B| < n, and we conclude to

T 00
supE[/ / |w9(ckt)(z)|pk v (dz) dt} < 0.
z€R 0 —00

As a consequence, Theorem 3.1 can be applied to (5.2), which yields

sup E[‘X,fk)(xﬂp’“] < o0,
t€[0,T]
proving the induction hypothesis (5.3) for index k£ and with order p, in (5.4). In

particular, this proves Theorem 5.1. U

Acknowledgement. We thank Yufei Zhang for corrections to Lemma 2.1 and Corol-

lary 2.2.
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