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1 Introduction

Consider the Lévy-type potential
1 .
V@):%x+—a%2—/n (7 — 1 icklgyen)(dk), ceR,  (L1)
2 R\{0) )

where b,0 € R and the Lévy measure v satisfies fR\{O}(l A k*)v(dk) < oo, and the
pseudo-differential operator V(iV) given by

V(iV)u(p) = —bu'(p) — %U”(p) - / (u(p + k) — u(p) — ku'(p)Lr<1y)v(dk),
(1.2)

cf. [12] and the references therein. In this paper we consider the partial differential

equation
%(t,p) = —U(p)u(t,p) — V(iV)u(t,p), (t,p) € (0,00) xR )
U(O,p) :g<p)7 pE]R

with prescribed initial condition g(p) and we derive the Feynman-Kac type formula

it =& [se)e (- [ v€) as) [ =], (1.0)

for the solution u(t, p) of (1.3), cf. Theorem 2.1 in Section 2.

Here, (&§)cr, is a real-valued Lévy process on (€2, F,P), whose characteristic function

is given by the Lévy-Khintchine formula
E [exp (—ix - &)] = exp (—tV (x)), (1.5)

with
2

Vi) =ibo+ Gt = [ (e = 1u(an)
2 R\{0)
where fR\{0}<1 ANE*)v(dk) < oo and the Lévy measure v(dk) will be chosen symmetric

under time reversal k — —k so that (1.2) reduces to

2

VEvu) =~ ) = G )~ [ o+ ) )k



The function U(p) in (1.3) is sometimes called killing rate (see Section 3.5 in [1]). We
shall, however, avoid the term ‘killing” which is inappropriate to our time reversible

framework, and refer simply to the ‘rate’.

Note that formulas such as (1.4) have been implicitly used in the literature, for ex-
ample for the construction of subsolutions and the derivation of blow-up criteria for

semilinear PDEs of the form

it p) = w2 (1p) ~ VVI(Lp). (7)€ (0.00) x B
u(0,p) = 9(p), pER,

where ¢ is a nonnegative function, 8 > 0, see e.g. [4], [17], when V (iV) = —(—A)/2

is a fractional Laplacian power, 0 < o < 2, and [16] for the generator

Vo) = = [l K) —ule) ok

of the standard gamma process.

In this paper, based on Feynman and Hibbs’ suggestion that in the momentum repre-
sentation of (Euclidean) quantum physics, the underlying stochastic processes should
belong to some class of time reversible jump processes (cf. [10]), we apply our result

to the momentum representation

2

Hu(p) = FHI  u(p) Hu(p) = u(p) + V (ihV)u(p). (1.6)
of the original (configuration representation) Hamiltonian

2
H=-"nyvy

where A is the Planck constant and J is the Fourier transform

Fu(p) = e~/ My (z)d,

W

for any rapidly decreasing function u(-) € S(R), with inverse

F1o(z) e hy(p)dp, () € S(R).

\/ﬁ



The corresponding Euclidean version of the associated Schrodinger equation in mo-

mentum representation (in the sense of [22] and [21]) reads

on* N
~h(tp) = Hi' (t.), (17)

which is one of the two adjoint equations whose positive solutions are needed to pro-

duce quantum-like probability measures in [22] and [21].

In addition we will consider a general rate function U(p) instead of p?/2 in (1.6) and

deal with the equation

ﬁ%(t,p) = —U(p)n*(t,p) — VERV)n*(t,p), (t,p) € (0,00) x R
(1.8)
17(0,p) = 9(p), pER,

instead of (1.7) with initial condition g(-) € S(R). Finally we will study the limiting
behavior of (1.8) as h approaches 0.

Usually there are two different methods to derive a Feynman-Kac type formula:

e martingale methods combined with the It6 formula (see for example Section 5.7

of [14] and Section 3.19 of [23]), or

e semigroup methods (see Section 6.7.2 in [1], Section 3.19 in [23] and Section 1.5
of [11]).

The first method is generally applicable under the main assumption that the par-
tial integro-differential equation (1.3) has a solution with suitable growth assumption
(see Proposition 4 in [18] and Theorem 4.1 in [6] for more details by using stochastic
integrals driven by Lévy processes). However, an unbounded rate U(p) function is
not compatible with the conditions of [18] and [6]. In this paper, we use the second
(semigroup) method to prove the existence (and even the uniqueness) of a solution
for (1.3) and to induce a Feynman-Kac type formula for the solution simultaneously.
It is also known that the semigroup method (with infinitesimal generator) only works

for (at least) bounded rates. In order to deal with the unbounded rate, in this paper
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we use this method in a weaker form (explained at the beginning of Section 2) which

is explicitly presented in Theorem 2.1 and Theorem 2.3.

In addition we also study the limiting behaviors of the solutions given by Feynman-
Kac type formulas in terms of large deviations. In particular we show in detail that
these limiting behaviors have exactly the same patterns as the semiclassical limits of
(Euclidean) quantum mechanics in several special cases, and we derive precise asymp-
totics as well for the drift terms in both configuration and momentum representations.
The reader is referred to [28] for more about the underlying notion of Euclidean quan-

tum mechanics.

This paper is organized as follows. In Section 2 we present the Feyman-Kac formula
(1.4) and its proof. The limiting behaviors of the solution given by Feynman-Kac

type formula are then studied in terms of large deviations in Section 3.

2 Feynman-Kac type formulas

Let A be the infinitesimal generator of the semigroup

Tof(x) = E[f(&)|50 = ],

of a time-homogeneous Markov process & where f is in a space B of bounded mea-

surable functions with the uniform norm, and such that

i sup | 1) = £ (@)

t—0t+ 4 t

— Af(z)| =0, feB.
For every f in the domain of A, the function

u(t, z) := Tif(x) = Eu[f(&)]

is the unique (in the sense of boundedness) solution of

ou

a(t’m) = Au(t,z) with u(0,z) = f(z).



The main ideas for the derivation of Feynman-Kac type formulas by semigroup meth-

ods for differential equations of the form

ov

E(t,x) = Av(t,z) — c(z)v(t,z), v(0,z)= f(x) (2.1)

with rate ¢(z), can be formulated as follows, see Section 3.19 of [23] and Section 1.5

of [11] for details.

The idea of the semigroup method is to show that

Af(z) = Af(z) — c(z) f(x)

is the infinitesimal generator of the new semigroup
t
Tifle) = . | gy (- [ eteas) |
0

i.e. v(t,z) :=T,f(z) is a solution of (2.1). This only holds under (strong) assumptions,
including the boundedness of ¢(x), cf. [23]. Note that in this case the derivative

ov
a(7j7x) = Av(t,x) — c(x)v(t, z)

is uniform in x, in the sense that

: v(t+h,x) —v(t, )
e[

— (Av(t,z) — c(z)v(t,x))| =0, (2.2)

for every fixed ¢ > 0. However, pointwise convergence is sufficient in (2.2) for the
analysis of a differential equation, and we choose to weaken the boundedness condi-

tion on ¢(x) when deriving our Feynman-Kac formulas.

In the sequel, (& )i>0 will be a Lévy process defined on (2, F,[P) whose characteristic
exponent is given by (1.5), and which is Markov with respect to the increasing fil-
tration Py = 0(&,0 < s < ¢). Furthermore, (&):>0 has a modification (still denoted
by (&:)t>0) which is right continuous with left limits. We say that the process ¢ has
bounded jumps if there is C' > 0 such that

sup |& — &-| < C  as.

>0



It follows from Corollary 2.4.9 of [1] that £ has bounded jumps if and only if v has a
bounded support.

We denote by
S(R,C) = {f() : R — C with sup ‘xmf(")(azﬂ < oo, Vm,né€ N} ,

the Schwartz space of all infinitely differentiable rapidly decreasing functions with
bounded n-th derivatives f™(z) on the real line R to the complex plane C, with
S(R) = S(R,R).

Theorem 2.1. Assume that the rate function U(p) is smooth and such that
Ulp) = clpl*,  [p[>C, (2.3)
for some ¢ > 0,a > 1 and C' > 0, and that its derivatives satisfy
U ()] < e(n) (L+1pI"), |pl > C, (2.4)

for some c(n), k(n) > 0. Then (1.4) is a solution to (1.3) provided v has moments of
all orders and g € S(R).

Proof. Throughout this proof we take U(p) = p*/2 without loss of generality. For any
bounded measurable f(z), let T, f(z) = E[f(& + x)] denote the semigroup associated
with the Lévy process & started at {; = 0. For any function g € S(R), the infinitesimal

generator A of & is
o
Ag(z) = by'(z) + —-¢"(x) +/ (9(z + k) — g(x)) v(dk),
R\{0}
see Theorem 3.3.3 in [1]. We also define

Tigto) = E[steen (—3 [ lef as)

and let Ag(z) := Ag(x) — 22g(x)/2.

foziv]



Step 1: We show for each fixed x € R and g € S(R) that

lim 7 (Tig(x) - g(2)) = Ag(x). (2.5)
By the relation
Tglo) - ofa) = [ T Ag(a)ds (26)

which follows from martingale arguments, cf. e.g. Section 3.19 of [23], we get

t—0+ t—0+

Y & 1 1 /(%
~ i / E[(Ag<ss>—§|gs|29<ss>) exp (—5 / &2 du) \sozx} s

1 to
— i [ | (A6 - JieuPoten ) eso (-5 [ 16 du) | & =] as

t—0t

lim ¢! (ﬁg(x) — g(:r;)) = lim ¢! /Ot T, Ag(z)

The first term is easily to be computed as
1

1t
lim | E {Ag(fte)exp <—§/0 &ul? du) ’ §o = SE} df = Ag(x)

t—0t 0

since Ag(x) is bounded and continuous in z. The second limit

t—0t

‘ 1 ) 1 t0 N N
lim E{fte'g(&e)exp (—5 [ led du) (so:x} 0 =gx) (27
0 0

since z%g(z) is bounded and continuous in z which is from the fact that g € S(R).
However, here we present another proof of (2.7) which works for any (only) bounded
and continuous g. The reason why we give this proof is that, in Theorem 2.3 below,
the initial g is only assumed to be bounded and continuous, and such a proof is needed
there. Under the existence of moments of all orders for v we have the moment bounds

sup E[(&)™ [& =] <00, m>1, (2.8)
te(0,1]

cf. e.g. [2] and Relations (1.1)-(1.2) in [19]. We write

1

t6
lim [ E [|§t9\2g(§w)exp <—%/0 |€u)? du) ‘ & = :c} do

t—0t 0
1

= lim [ E [|§t0|29(ft0) ‘ o = 56] df
0

t—0t
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to
¥ hm/ {sm 9(w) <exp (—%/0 &P du)—l) \50:1} a0

= T+1I,

with I = 2?g(z) because of (2.8). The second component vanishes by noting that

(exp (—% /Ow €] du) . 1)2 ‘ £ = x] d = o(t).

Step 2: We show that Tyg(-) € S(R) for all g € S(R) and ¢ > 0. From the indepen-

E

dence and stationarity of increments of & we have

Tig(o) = st (5 [ 6l as) [ &=4]
_E [g(a T o) exp (—%/0 &+ af? ds)] |

hence by the bound E[|&[*] < oo, k > 1, the n-th partial derivatives 0"T,g(z)/dz™

can be bounded as

<%)2 < c(n)(1 + 2*M)E {exp (—% /Ot €5 +af? dS)} (2.9)

for some positive constant ¢(n) depending on n and an integer k(n) depending on n.

For any positive integer m, we analyze the part with expectation in (2.9) as follows
L t 1N
tn(4 o) sxfm (oo )
t 1 2
] | e 2) P ( 5 ( +3 / & ds) )] (2.10)
t 1t 2
Leo| i € ds|>taprz} €XP | —5 (55 + ;/0 €s d8> =l + (s,

For /5, it follows from Tchebychev type estimates that

1 t 1 t 2m
wp({orff fon]> ) SWE[(/O ) ]

+E




Thus sup,, |7|™¢; < oo holds since E[(&;)*] < oo. It is easy to see that for large enough

—tlx[/2

|z| we have (1 < e , which yields

" Tog(x)

D < Q.

sup |x™

T

Step 3: In this step, we replace g(z) in (2.5) by ﬁg(x) to get

O+ Tg(x o ~
TH9D) _ Aig(e). Tuole) = gla).
In this step, we show that the right-hand derivative can be replaced by the two-sided
derivative 0T,g(x)/0t. To this end, we just need to show that the right-hand derivative

AT,g(x) is continuous in ¢. Let us recall
— - 1~
ATig(x) = ATyg(x) — o Tig(x).

The continuity in ¢ is then easily from the definitions of A and YN} with the help of
(2.6) repeatedly. O

Note that in Theorem 2.1 the condition (2.3) (i.e. U(p) > c|p|* for some a > 1)
is necessary in general since in the first inequality of (2.10) we need the convexity
of ¢|p|* in p. However, condition (2.3) can be weakened to any a > 0 by assuming
in addition that the process (&:):>0 is a subordinator, i.e. a one-dimensional a.s.
non-decreasing Lévy process, cf. Section 1.3.2 in [1], which will remain a.s. positive

provided & > a, > 0. For instance, Theorem 2.2 applies in case U(p) = p'/2.

Theorem 2.2. Assume that (& )i>0 is a subordinator and that in addition to (2.4) the

smooth rate function U(p) satisfies
Ulp) = clpl*,  lpl>C,

for some ¢ > 0,a > 0 and C > 0. Then (1.4) is a solution to (1.3) provided v has

moments of all orders and g € S(R).

10



Proof. We adjust (2.10) to make the arguments go through for the new (possibly not

convex) function cp®. Namely we write

E {exp <— /tU(gs + z) ds)} <E {exp (—c/t (& +x)° ds)}
0 0
B Loy o ([ (64 ds)) (211
+E |:1{°J: SUPp<s<t §s>:c1/2} exp <_C/ (55 + m)a dS):| =L+ by, x>0,
o= 0

with /1 < exp (—ctaz“/ 2) for large = as above. The second term is estimated as
by <P(w: suppeyi&s > 2V/?) =P (w: & > 2!/?), then Tchebychev type estimates

complete the argument. O]

The condition g € S(R) in Theorem 2.1 is somewhat restrictive and can also be
relaxed into assuming only continuity and boundedness of g if we restrict ourselves to
a special family ((;)i>o of Lévy processes which are real-valued pure jump processes

with infinitesimal generator

Af(p) = / (o + k) — F(p))uldh)

for bounded f(-) : R — R, where u(R) < oo and p(dk) is symmetric under k — —k,
cf. e.g. Section 4.2 of [9]. In this setting we consider the partial integro-differential

equation

Ou,

W(tﬂﬁ = _U(p)u*(tvp) + /R(U*(typ + k) - u*(t7p>>/ub<dk)7 (tap) S (07 OO) x R

u.(0,p) = g(p), pER,
(2.12)
where U (p) is continuous and satisfies ¢; < U(p) < co(1+|p|M) for some ¢; € R, ¢y > 0
and M > 0. This allows us in particular to work in the momentum representation of

(Euclidean) quantum mechanics with a general potential U(p) instead of only p?/2 as

in [21].

11



Theorem 2.3. Suppose that p(dk) is symmetric under k — —k, u(R) < oo, and

U(p) is continuous and satisfies
¢ < U(p) < eo(1+ [p™)

for some ¢; € R,co >0 and M > 0. If the initial condition g of (2.12) is continuous
and bounded, and [, |k|*M u(dk) < oo, then

u(t,p) =E [g(ct)exp <— /Ot U(G) dS)

is a solution to (2.12).

o= p} (2.13)

Proof. The proof is quite similar to that of Theorem 2.1 by replacing S(R) with the
space of bounded measurable functions on R. Since p(R) is finite the finiteness of the
moment sup,c(o 1) E[({)*"] follows directly from the assumption [p |k[** u(dk) < oo
by e.g. [2] or Relations (1.1)-(1.2) in [19]. In Steps 2 and 3 we need the boundedness

and the continuity in = of the new semigroup

B t
Tigtr) = |stcrem (- [ U6 as) [ =
0
which follow from the boundedness and the continuity of g(z). n

There are a number of ways to prove that (2.13) is the unique (bounded) solution
to (2.12) under additional appropriate assumptions. For instance, if the rate U is

bounded, then the Gronwall’s lemma implies the uniqueness.

3 Limiting behaviors

This section is concerned with the limiting behavior of solutions and drift terms as &
tends to 0. We start in Section 3.1 with an illustration of how large deviations (of in-
tegral forms) can be applied in the case of pure jump processes. Detailed formulations
are then presented together with some close connections with the semiclassical limits
discussed in [15]. Finally we provide precise asymptotics for the drift terms in both
configuration and momentum representations of Euclidean quantum physics. See also
[20] for recent large deviations results for continuous Bernstein processes, and [27] in

the case of jump processes.
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3.1 An illustration with pure jump processes

To illustrate the analysis of limiting behaviors of solutions defined through (1.4) and

(2.13) we consider the limit as A tends to 0 of the solution

u'(t, p) = E" [eXp (—hl /Ot U(ch dS) ’ (o = p} -

to (2.12) when g = 1 and ((/")¢>o is the pure jump processes with infinitesimal gener-

ator

Af(p) =1 / (f(p+ k) — F(p)p(dk).

R
Besides the time symmetry assumption and u(R) < oo, we further impose the bounded

support condition
ﬂ([_N7 N]c> =0, M([_Na —-N + 6]) >0, M([N -6 N]) >0, Ve > 0,

on the measure i, for some N > 0. The trajectories of ((")g<.<; belong to the space
D([0,¢]) of all right continuous functions with left limits (equipped with the uniform
norm). It has been shown in [25] (see Theorems 3.2.1, 3.2.2 and 4.1.1 therein) that
the family (¢")o<s<; satisfies a large deviation principle over D([0,t]) with the action

functional S(¢) := fot Lo(¢'(s))ds for absolutely continuous function ¢(t) where

Lo(u) = sup(xu — Ho(z)), Ho(x)= /R(e”:k — D)p(dk).

zeR

More precisely, for any measurable set I' C D([0,¢]) we have

— inf S(¢) < liminf/iln P"(¢" €T) <limsup hInP"(¢" € T) < —inf S(¢) (3.1)
—

¢ele h—0 el

where I'° (resp. T') is the interior (resp. closure) of T'.

It is proved from (3.1) through Varadhan’s integral lemma (see Section 4.3 [8]) that

;lii_r}(l)hlnEh {exp (—hl /Ot U(Cf) dS) (C{} = P]

= (— /Ot U(¢(s) +p) d8—5<¢))

¢€D0 ( [07t
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= L (— /O L(¢'(s), d)(s))ds) :
where L(¢/(s), #(s)) = Lo(¢'(s))+U(p(s)+p) and Dy([0,t]) is the subspace of D([0, t])

with initial position 0. For general g satisfying suitable boundedness and smoothness

conditions, we may also deduce the asymptotic expansion
t
ul(t,p) =exp (A~ sup (— / L(¢'(s), ¢(s)) ds) > ikl + o(h"?)
p€Do([0,1]) 0 0<i<n

as h — 0, by means of precise asymptotics for large deviations which have been

established in [26] and Chapter 5 of [25].

3.2 Harmonic oscillator Hamiltonian

In this section we turn to (1.4) and take

Ulp)=p°/2, b=v=0, and o*=1

in the characteristic exponent (1.5), i.e. (&)ier, = \/f_i(Wt)teRJr, where (W})ier, is a

one-dimensional Wiener process on the real line.

In order to show the connection between large deviations and semiclassical limit of
(Euclidean) quantum mechanics we consider @"(t,p) := u(1 — ¢, p) for t € [0,1]. It
follows from (1.3) with initial g(p) = exp (—p*/h) that the positive function @"(t, z)

satisfies the final value problem

ha—m(t ) = —h—QA‘h(t )+1 *a"(t,p), (t,p)€[0,1) xR
8t 7p - 2 Uu >p 2p U 7p ) 7p ) (32)
u"(1,p) = exp (—p*/h), peER.

From Schilder’s large deviation formula (see [24]), @"(t,x) admits the asymptotic

expansion

(¢, p) = exp (-% (/tl (%|q’(7)|2 + %W) +p|2) dr +a(1) +pl* + 0(1))>
(3.3)

14



as h — 0, where ¢(7) := ¢(7 — t) and ¢ is a minimizer of

mt ([ (060 + o)+ o8 ) s+ fota - 1)+

¢€Ap([0,1—1]

with Ay([0,1 — ¢]) being the space of all absolutely continuous functions on [0, 1 — ]
having initial value 0. In terms of ¢ itself, the variational problem can therefore be

rewritten as on [t, 1] :

1 1 1
i Sl +3 ) d 1) +p]*).
i (U (G Jlate) 40 ) s lat1) + )

If ¢ is smooth, then it satisfies an ordinary differential equation

¢"(s) — (¢(s) +p) =0, s€(0,1—1t), ¢0)=0and ¢'(1—t)+2(¢p(1—t)+p)=0.

It is again equivalent but more appropriate for us to rewrite this in terms of ¢ as
q"(s) = (a(s) +p) =0, s€(t,1), q(t)=0andg(1)+2(q(1)+p)=0.

We note that (3.3) has a quite similar expression as the semiclassical limit (5.38) in
[15]. Actually, we can match exactly these two expressions by investigating the exact
order o(1) in (3.3). By applying precise large deviations of [24] to VAW, we get the

expansion

W) = (14 o()K() (3.4
<o (=1 ([ (300 + gt + o) ar + ) 401

as h — 0, where K(t) = E [exp (—% 014 W2 ds — Wﬁt)] . In order to compare (3.4)
with (6.8)-(6.9) in [15], we note that K (t) = (27 F(t))~"/? where

F(t) = % (cosh(1 —t) + 2sinh(1 —¢))

solving the following ordinary differential equation on [t,1] (cf. (1.9.3) page 168 in

[51)
F'(r)=F(r), T€lt1], F(1)=1/2n), FQ1)=-1/7.

15



In particular, these final boundary conditions satisfy the condition (6.9) of [15]:
|F'(1)| + |F(1)] > 0. This means that the associated (forward) semiclassical Bern-
stein diffusion Z of [15] is absolutely continuous with respect to our & = /AW and
with linear drift B(z,7) = F'(7)F~!(7)z (the constant 4, there, is zero). The semi-
classical analysis done here for (3.2) is valid for Gaussian final boundary condition
u"(1,p).

Equation (3.2) is the forward description (involving the usual increasing filtration
representing the past information about the system) of the semiclassical expansion,

and we can similarly consider the following backward description

hauz(t ) = h—QAuh(t )—1 2ul(t,p), (t,p) € (0,1] xR
@t 7p - 2 * 7p 2p * ap 9 ap ) (35)
u"(0,p) = exp (—p*/h) , peER

associated with a decreasing filtration. For simplicity, the same Gaussian boundary

condition has been chosen. In this case, the solution u/(t, p) admits the expansion

ul(t,p) = Ko(t) - (1 +o(1)) (3.6)

<ep (—3 ([ (G + 3lactr) +57) dr + 1) +5F) )

where ¢, is the minimizer of

t /1 1
inf Sld' ()P + Slals) + 2)d5+ t) + 2>,
g€ Ao ([0,1) </0 (2“1< )"+ Sla(s) +pl lq(t) + pl

and the coefficient K,(t) = E [exp (—%fot W2ds — Wf)] . Then we have K,(t) =
(2 F,(t))~'/2 where F, solves the same ODE as F before but with initial boundary
conditions on [0,#] : F,(0) = 1/(2r) and F/(0) = 1/m. Then F.(7) = 5=(coshT +
2sinh 7). The same semiclassical diffusion Z as before, now considered with respect
to a decreasing, or backward, filtration has a drift B,(z,7) = F.(7)F, '(7)z. Again, the
whole manifold of semiclassical diffusions follow from the analysis of general Gaussian
initial condition (cf. [15]). The special Gaussian Z defined via (3.4) and (3.6) is of

zero mean and covariance ¢(7) proportional to F,(7)F (1), 0 < 1 < 1.
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3.3 Pure jump Hamiltonian

The operator H = —h?A/2 + p*/2 of equation (3.2) is called Harmonic oscillator
Hamiltonian expressed here, in this special case where configuration and momentum
play a completely symmetric role, in terms of the momentum variable. We can gen-
eralize (3.2) to include more general Hamiltonians and derive precise large deviations
as (3.4) having similar connections with the semiclassical limits of (Euclidean) quan-
tum physics, see [15], [25] and [26]. In particular, we illustrate below an example
with pure jump processes as mentioned in Section 3.1. Consider the following partial

integro-differential equation with final condition

o
n () = = [ (6 1) = ot )l a) + UG 6 ), (1.9) € 0,1 x B

o"(1,p) =exp(—1/h), peR.
(3.7)

If we consider a special potential V(z) = 1 — cos(ax) for some o > 0, this case
corresponds to p(dk) = 1(6a(dk) + 6_o(dk)). For a particular U(p) = p? — p, it has
been proved in [26] that " has the asymptotics

3t p) = P(t) - (1+o(1)) - exp (-% (/tlL(Z’(s) 5(s))ds + 1>) (3.8)
as i — 0, where L is defined in Section 3.1 with
S(z) = /t 1 ((z'(s) /a)In (z'<s)/a+ (#'(s)/a)” + 1) +1—1/(2(s)/)* + 1) ds
(3.9)

for absolutely continuous z(s), the function Z(7) is the unique minimizer of

/L ))ds

over Ag([t,1]), and P(t [exp( ft S ds)] with

s

o(s—t) —o(s—t)
. \/e +e W,
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and

o(r) =In (Z(7)/a+ /F(D)/aP +1).
We further remark that the unique minimizer z satisfies the following ordinary differ-

ential equation

#(s) — (23(s) +p) = 1) VIFG)P L a2 =0, se(t,1), 2t =0and Z(1) = 0.

Again (3.8) is the forward description of the semiclassical expansion. Let us now

consider the backward description by using

ol
h%(t’p) - /R(Uf(t’p + k) — v(t,p))u(dk) — U(p)vl(t,p), (t,p) € (0,1] xR
00, p) = exp (—1/h) , pER.

(3.10)

In this case, we have
vt p) = Py(t) - (14 0(1)) - exp <—% (/Ot L(Z.(s), z.(8))ds + 1)> (3.11)

as h — 0, where z, is the unique minimizer of fot L(Z'(s), z(s))ds over Ay([0,¢]) (of

course the action functional S defined by (3.9) now has the integral interval [0,1]),

Pt) =K [exp (— /Ot &2 ds)}

with ¢, = ay/(e2(®) + e=0<(5)) /2I¥, and

0.(r) = In (=(r) o+ VLT [P £ 1)

and

3.4 Precise asymptotics for drift terms

In [7], Bernstein processes were studied as stochastic deformation related to Feynman
path integral. These processes were first introduced in [3], and now are also called
local Markov processes, two-sided Markov processes or reciprocal process in literature,
see [13]. In configuration representations, basically they are diffusion processes over a

finite time interval with prescribed initial and final distributions. In the momentum
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representation, the drift parts (terms) can be expressed as hVul(t,p)/ul(t,p) with
ul(t,p) defined in (1.3). In the free case (that is, the potential is identically zero), the
drift has an explicit form which is independent of & (cf. Section 5.1 in [7]). Our goal
in this section is to derive precise asymptotics as h — 0 for the drift terms in both
configuration and momentum representations. In order to have explicit comparisons
with the results in [7], here we adopt some new notations which are slightly different
from those in previous sections. For instance, the solution u”(t,p) is now denoted as
n(t,q) or 7'(t,p), and the potential is still denoted by V' (with different expressions)

which is fully explained each time when it is used.

3.4.1 Configuration representation Hamiltonian

We consider a Hamiltonian H = —h*/\/2+V in configuration representation, where V'
is a potential in Kato’s class. The backward description of the semiclassical expansion
is

on?
ot

h—*(t,q) = h;Anf(t, q) = Vignl(t,q), (t.q) € (0,00) xR

(3.12)

e—1%/(2h)

h
10, q) = |
1-0,9) = Z0=

We aim at finding precise asymptotics for AVn!(t, q) /n"(t, q¢) as A — 0. To this end, we

q € R.

introduce the space Cy([0,¢]) which consists of continuous functions with zero initial
value, C}([0,¢]) whose elements are in Cy([0,¢]) and continuously differentiable, and

three functionals

Po) = = [ Vo) +gas + LU,

2
G(9) = / VI((s) + a)ds + (6(2) + q).
S(@) =5 | o2

for absolutely continuous ¢ € Cy([0,t]), and S(¢) = 0o otherwise. Now we state the

main result of this section.
Proposition 3.1. Assume that
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(A.1) the potential V(-) : R — R is bounded below and has up to fourth order

continuous deriwvatives with V"(q) > 0, and
(A.2) the supremum of F' — S over Cy([0,1]) is reached uniquely at ¢. € C§([0,]).

Then we have the equivalence

Viita) T
") (G(¢*)+ h “”)’

as h — 0, where

K;=E :exp (%F”(d)*)(W, W))}

K = G(o.) - K;

Ri = E fexp GF"<¢*>(VV’ W>) (%G”w*)(w, W)+ G0 W) FO(6.)(75)

1

# GO V) + 5600.) (PO ) |.

Remark 3.2. On the interval [0,t], the unique maximizer ¢, satisfies the ordinary

differential equation

¢:(1) = V'(9u(7) + q) = 0, with ¢.(0) =0, ¢, (t) = —(¢.(t) + q),

with in particular G(¢.) = —¢.(0). In order to express the dependence of G(¢p.) on q

and the time t we can use the transform ®.(1) = ¢.(t — 7) + 7 - ¢ and in this case
(1) = V'(@u(7) = 7 g+ q) = 0, with .(t) = qt, ©,(0) = @(0) +¢
from which G(¢.) = —¢/.(0) = P (t) — q.

Remark 3.3. In the formulation of Proposition 3.1, all functional derivatives are in

the sense of Fréchet derivative. For instance,

Flg.) (W) = — ( [ V) + amis + (0.0 + q>wt)

0

and F"(6.) (W, W) = = (fy V"(6.(5) + q)W2ds + WE).
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Proof of Proposition 3.1. The solution to (3.12) can be written by a Feynman-Kac

formula as

h(t.0) = =B [exp (3 O/A)) | (3.13)

where the functional F is defined in Proposition 3.1. Then the derivative of (¢, q)

with respect to ¢ is written as

an(t,q):—%- \/;T_hIE [G(\/ﬁW) exp( FOVR W))} (3.14)

with the functional G as above. From precise asymptotics for large deviations of

integral forms (cf. [25] and [26]), expansions for (3.13) and (3.14) can be proved as

follows, respectively,

Wt o) = e (L
m(t,Q)@E{ pl(hF(\/f_iW))] -
= o (3 (F0) = S(6)) - (15 + (1)
and
Vil(t, q) = % { exp( (\/_W)ﬂ
| U (3.16)
— 4 o (5 (F0) = 50)) - (K5 + it ofh).
as h — 0. Combining (3.15) and (3.16), it follows that
pVnita)  —exp(F(d.) = S(@)) /h) - (K¢ + Kih+ o(h))
ni(t,q) exp (; (F

(6:) = 5(6)) - (K3 + o(D)
~— (o) + gn o))

as h — 0. OJ

3.4.2 Momentum representation Hamiltonian

Consider the complex-valued potential

0.2q2

V(q) =1bq + + / ( —igk _q + qu{?l{|k|<1}) (dk‘)
2 R\{0}

21



which yields the pseudo-differential operator

2

VRS )utp) =~ ) KTl ()= [ (ot ) i) (k)

where the Lévy measure v(dk) is assumed to be symmetric under the time reversal
k— —k.

The resulting Hamiltonian H = p?/2 4+ V(ihV) is the momentum representation of
H = —h*A/2 + V. Then the backward description is the following partial integro-

differential equation,

o Loz -
t,p) =—3D * t,p) — V(ihV * t,p), t,p) € 0,00 xR
5 (LP) = —5p ik (t,p) = VERV)IL(E p), (tp) € (0,00) (3.17)

7(0,p) = e /M, peR.

h

Because of the jumps, in this section we consider the space Dy(]0, t]). In order to obtain
the precise asymptotics for AV#(t,q) /i (t,q) as h — 0, we define three functionals
over Dy([0,1]) :

F6) = = [ 1005)+ pPds = 5lo(0) ol
Ge) = o) +p+ [ (60 +p)ds,

5(6) = / Lo/ (s))ds.

for absolutely continuous ¢, where Lo(u) = sup,cg(zu — Ho(x)) and

o2

Ho(z) = bx + + /R\{O}(emk — v (dk),

and S(¢) = oo otherwise.
The operator V (ihV) is associated with a family of Lévy processes which satisfies a

large deviation principle under suitable assumptions on Hy, cf. Conditions (A)-(E) in

Sections 3.1 and 3.2 of [25], which are assumed to hold in the following proposition.
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Proposition 3.4. If the supremum of ' — S over Dy([0,t]) is reached uniquely at
¢, € CL([0,1]), then following precise asymptotics holds:

Vﬁf(tap) ~ (A 0

as h — 0.

Remark 3.5. The unique mazimizer ¢, satisfies an ordinary differential equation on
[0,¢] :
d

— (E6@]gy ) = 3(7) + D, with 6.(0) = 0, Liw)l, ) = —(3.(8) + ),

from which it follows G(¢,) = —Lo(u)],=g: (0)-

Proof of Proposition 3.4. The solution to (3.17) is written as a Feynman-Kac formula

it = =8 [ (7)) (319
V2rh h

where (£]');er, defined on (2, F,P") is a real-valued Lévy process for each fixed A

whose characteristic function is given by the Lévy-Khintchine formula

E" [exp (—% - gf)] = exp <—%V(az)>

with V(z) = ibe + Za? — Jevo) (e7™* — 1) v(dk). The derivative of 7"(¢,p) with
respect to p is

1 1
h \orh

It is again from [25] and [26] that expansions for

(31
itit.p) = B! {exp ( )}
36

Vil(t.p) = - B G e (€. (319)

8) and (3.19) are

(3.20)
= e (3 (P = 5(6) ) - (o + of1)
and
Vil(t) =~ - B (G e (LFE)
(3.21)
vt (% (F(@)—S@L))) (o + Kuh + o(h))



for ¢ being a diffusion process with diffusion coefficient o + fR\ 0 ¢ ®FE2y(dk) and
z:(t) = Ly(u)l,—g, (- It follows from combining (3.20) and (3.21) that

Vi(t.g) P (£ (F(8.) = 5(2))) - (Ko + Kb+ o(h) L
it q) exp (4 (F(d) = 5(0.)) ) - (Ko +0(1)) (661 o)
as h — 0, which completes the proof. O
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