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Abstract

Using heat kernel estimates obtained in [18] and the Feynman-Kac formula,
we investigate finite-time blow-up and stability of semilinear partial differential
equations of the form %(m) = Aw(z) =V (z)wi(x)+v () G(we(z)), wo(x) > 0,
z € R%, where v and G are positive measurable functions subject to certain
growth conditions, and V is a positive bounded potential. We recover the
results of [19] and [14] by probabilistic arguments and in the quadratic decay
case V(1) ~y00 a(14]2]?)71, a > 0, we find two critical exponents S, (a), 3*(a)
with 0 < S.(a) < 8*(a) < 2/d, such that any nontrivial positive solution blows
up in finite time if 0 < § < B (a), whereas if 5*(a) < /3, then nontrivial positive
global solutions may exist.
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1 Introduction

Consider a semilinear Cauchy problem of the form

Ouy
ot

where 8 > 0 is constant, ¢ > 0 is bounded and measurable, and A is the generator of a

(2) = Auy(x) +u; ™ (2), up(z) = ¢(z), r € RY, (1.1)

strong Markov process in R?. It is well known that, for any non-trivial initial value ¢,
there exists a number T}, € (0, 0o such that (1.1) has a unique mild solution « which
is bounded on [0, 7] x R? for any 0 < T' < T, and if T}, < oo, then [|u(+)||oc — 00 as
t 1+ T, When T, = oo the function u is called a global solution of (1.1), and when

T, < oo one says that u blows up in finite time or that u is nonglobal.

The blow-up behaviors of semilinear equations of the above type have been in-

tensely studied mainly in the analytic literature; see [1, 3, 7, 12, 13] for surveys. In
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the case of the fractional power A = —(—A)®2 of the Laplacian, 0 < a < 2, it has
been proved that, for d < /3, any nontrivial positive solution of (1.1) is nonglobal,
whereas if d > «a/f, then the solution of (1.1) is global provided the initial value
satisfies ¢ < yG® for some r > 0 and some sufficiently small constant v > 0, where
G, r > 0, are the transition densities of the stable motion with generator —(—A)®/2,

see [2, 4, 10, 11, 15].
Critical exponents for blow-up of the semilinear equation

3ut

ot
where ¢ > 0 and V is a bounded potential, have been studied in [14, 18, 19], where
it is proved that if d > 3 and

(2) = Auy(w) = V(@)u(@) +u; (@), wole) = (), z R, (1.2)

0<V(x) r € R, (1.3)

c_ @
— 14|z
for some a > 0 and b € [2,00), then b > 2 implies finite time blow-up of (1.2) for

all 0 < f < 2/d, whereas if b = 2, then there exists f,(a) < 2/d such that blow-up
occurs if 0 < 8 < fi(a). It is also proved that if

Viz)> ——— 2R, (1.4)

for some a > 0 and 0 < b < 2, then (1.2) admits a global solution for all 8 > 0 and
all non-negative initial values satisfying ¢(x) < ¢/(1 + |z|?) for a sufficiently small

constant ¢ > 0 and all o obeying o > b/f.

In this note we give conditions for finite time blow-up and for existence of non-

trivial global solutions of the semilinear problem

8ut

E(m) = Aug(z) — V(z)u(z) + v (2)G(ug(2)), uo(w) = (x), ze€RY  (1.5)

where V', ¢ are as above, and v, G are positive measurable function subject to certain
growth conditions. Using heat kernel estimates obtained in [18] and the Feynman-
Kac representation of (1.5) we prove that, for dimensions d > 3, condition (1.3) with

b > 2 entails finite time blow-up of any nontrivial positive solution of (1.5) provided
G(2) > k2" 2>0 and w(x) > 2541]3t1/2 (z), (z,t) €RI xRy,

where k > 0 and 3, ¢ are positive constants satisfying 0 < 5 < 2(1+()/d. (Here and

in the sequel, B,(z) denotes the open ball of radius r centered at x).
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We also prove that Eq. (1.5) admits nontrivial global solutions if (1.4) holds with
b < 2 and v(2)G(2) < Kt 2P >0, z > 0, for some positive constants x, ¢ and 3.

As to the critical value b = 2, we investigate Equation (1.2) with a potential
satisfying either (1.3) or (1.4), and with more general nonlinearities. We prove that,
in dimensions d > 3, there exist critical exponents S(a), *(a), both decreasing in
a > 0, given by

2(1+¢) — 4ac

N 2(1+¢) 2(1+¢)
d+ 2ac < B(a)

0 < Bi(a) = " d+min(L, a(d + 4)-2/64) ST ad

where ¢ > 0 is independent of a, and such that

a) If0 <V(z) <

< 1 o then (12) blows wp in finite time provided 0 < < 6.(a).
T

b) If V(z) > then (1.2) admits a global solution for all 8 > 5*(a).

1+ |x]?

We remark that the blow-up behavior of (1.2) with potentials of the class we are
considering here remains unknown when S,(a) < 5 < *(a), but notice that in the
(unbounded) case V(z) = a|z|72, it can be deduced from [1], [8] and [5] that (1.2)

admits a unique critical exponent f(a) < 2/d, given by

2
T 14d/2+Jat[@d-27/4

pla)

Namely, if V(z) = a|z|72, then no global nontrivial solution of (1.2) exists if 3 < S(a),
whereas global solutions exist if §(a) < . However, the approaches of the papers
quoted above are specially suitable for the potential V() = a|z|~? and do not apply

to our potentials, which are bounded on R? in the subcritical case.

In the case of the one-dimensional equation

%(x} = —(=A)uy(2) = V(@) ug(z) + £t G(ue(2)),  uo(x) = (z), z€R, (1.6)
where G(z) satisfies a suitable growth condition with respect to 2'™?, we show that,
for every a € (1,2] and ¢ > 0, any nontrivial solution of (1.6) blows up in finite
time whenever 0 < f < 1+ a( and V : R — R, is integrable. The same happens
when 3 = 1 + a¢ and the L'-norm of V is sufficiently small. We were not able to
investigate here the blow-up properties of (1.6) in the general case d > 1. From the
perspective of our present methods, such investigation requires to derive sharp heat

kernel estimates for the operator A, — V', which is a topic of current research.
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Let us remark that the heat kernel bounds from [18] play a major role in our
arguments. In Section 2 we briefly recall such estimates, and derive some other ones
that we will need in the sequel. These estimates are used to obtain semigroup bounds
in Section 3. In Section 4 we investigate finite time blow-up of solutions using the
Feynman-Kac approach developed in [2] (see also [9]). Section 5 is devoted to proving
results on existence of global solutions.

We end this section by introducing some notations and basic facts we shall need.

Let A, = —(—A)*2 denote the fractional power of the d-dimensional Laplacian,

0 < a < 2. We write (S§):>0 for the semigroup generated by A, — V| i.e.

Siely) = /d o(x)pf (z,y)dr = fi(y),
R
where f; denotes the solution of

of:

2L (0) = Bafilw) = V@ (@), folw) = (o),

and p%(z,y), t > 0, are the transition densities of the Markov process in R? having

A, — V as its generator. Recall that from the Feynman-Kac formula we have

pite.0) = Gila—v)E: e (= [vovas) [we =]

where (W)ser, is a symmetric a-stable motion, and G, t > 0 are the corresponding

a-stable transition densities. In case a = 2 we will omit the index o and write

1 _l=l?
Gt([L’) = W@ i, WS Rd, t>0,

for the standard Gaussian kernel, and

o) = Gl = [exp (= [ VO as) wi=u] . o0

where (Wy)ser, is a Brownian motion.

2 Heat kernel bounds of A —V

Recall that from Theorem 1.1 in [18] we have:

Theorem 2.1 Letd >3, b >0, a >0, and assume that

Viz) > ¢ r € RY,

T 14|zt
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There exist constants ¢y, cy,c3 > 0, and ai(a) > 0, such that for all x,y € R? and

t > 0 there holds
( /2 1-b/2 /2 1-b/2 '
CQGt(Cg(LU — ’y)) eXp | —¢1 <W) —C <W> Zfb < 2,

pt(x7 y) <

—ai(a) —ai(a)
c2Gi(es(r — y)) max (%’ 1> " max (%Zw 1) 1 if b= 2,

([ 2Gy(cs(r —y)) if b> 2.

We also recall the following estimates, cf. Theorem 1.2 in [18].

Theorem 2.2 Let d > 3 and assume that, for some b > 0 and a > 0,

a

o<V <
@) < T

r € R (2.1)
There exist constants cy,c5,c6 > 0, and as(a) > 0, such that for all t > 0 and

z,y € R? there holds
coe 2 Gy(ea(r —y))  ifb<2,

pi(a,y) = et Gy (calw —y)) fb=2,

c6Gi(cy(z —y)) if b> 2.
Remark 2.3 Notice that from Proposition 2.1 of [17] we have
a1 (a) = min(1,a(d +4)"2/64), a>0.

Moreover, from the arguments in [18], pp. 391-392, it follows that cs = ca for some

¢ > 0 independent of a.

Let B, C R denote the open ball of radius r > 0, centered at the origin. Notice that,
under (2.1), Lemma 4.5 and Lemma 5.1 of [18] imply the more precise statement: for

t>1and z,y € RY,

666_265t13 1/2 (SL’)].B 12 (y), if 0<b< 2,
ajyt

ajt
pt(xu y) >
Cﬁt_QQ(a)_d/QlBGQtl/Q (x)lBa2t1/2 (y)7 lf b - 27

where ¢s, ¢g, a1, ay are positive constants and ag(a) = ca is a linear function of a.

We complete the above results with the following estimate, which yields an exten-

sion of Theorem 2.2 to the case a € (1,2], though only in dimension d = 1.
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Theorem 2.4 Let d = 1 and a € (1,2], and assume that V() is integrable on R.
Then, for all x,y € R,

for —Ctl=le ~q
Dy (SE, y) > e o Gt (:L‘ - y)lBtl/a< )1Bt1/a (y) t>0, (2'2>
where C > 0 is a constant.

Proof. Using (1.7) and Jensen’s inequality we have

t
i) = Gilo = e (.| [ v as e =y ).
0
From the scaling property of stable densities we obtain, for y € B,1/a and x € B,i/a,

Gz —2)GE (2 —y) sVt — 5) G (sTV (2 — 2))GR((E = 5) V(2 — y))
Gy — ) =Gt (y — x))

S_l/a(t _ S)—l/a
t—1/a ’

IN

Ca

0<s<t,

for some C, > 0. Hence

E, [/ V(We) ds‘Wa—y} // Gaz_x()ﬁ;() =Y g ds
< OQ/RV(Z) dz/ot Sl/ait_l—/a) T s

1
= Catll/o‘/V(z) dz/ sVl — )"V ds. (2.3)
R 0

3 Semigroup bounds

In this section we establish some bounds for the semigroup (Si)icr, of generator

A — V. The following proposition will be used in the proof of Theorem 5.2.

Proposition 3.1 Let aj,as,0 >0 and 0 < b < 2, and assume that

Vi) > ——— and 0<p(x) < , z € R4
)2 TP <o) < T
i) If b < 2 then for all e € (0,1) we have
1Sipl0e < ot o070, t>0,

for some c. > 0.



i1) If b =2 then for all € € (0,1) there exists c. > 0 such that
HStngoo < Cst*(lft‘)Oq(al)fd/Q, . O’
provided o > d.

Proof. i) If b < 2, applying Theorem 2.1 we obtain

Swoly) = /R ) o(x)py (v, y)dx

t1/2 1-b/2
Co /]Rd ©(x) exp (—01 (m) ) Gi(es(z —y))dx

£1/2 1-b/2
< — _ G —y))d
S C2€Xp €1 (1 T t(ls)/Q) /[r|§t(1—5)/b} p(z)Gyi(cs(x —y))dx

e / (@) Cilcs(x — y)d,
{lz|>t0-2)/v}

IN

hence

t1/2 1fb/2 UoCo
Sip(y) < azexp (—Cl (—1 n t(l—e)/2) =

i1) Let now b =2 and ¢ € (0,1). From Theorem 2.1 we know that

t1/2 —Ocl(al) t1/2 —oq(a1)
Sip(y) < CQ/gp(:t) max (m, 1) max (m, 1) Gi(es(z —y))dx

£1/2 —ai(a1)
< Cg/ ¢(x) max (—, 1) Gi(cs(x —y))dz
{|z|<ts/2} 1+ ‘LL’|

£1/2 —ai(a1)
— 1 G —y))d
i /{|w>t5/2}¢<$) e (1 + |z|’ ) ealo —y))d

£1/2 —ai(a1)
caf eo(ihm)  Glab-ndire [ oGial- )i
{lal<t=/2) 1+ {la]>t=/2)
—(1-¢)ai(a ©2 —d/2
< et~ (el 1)/2/ o(x)Gy(cs(x — y))dx + t / o(x)dx
{|lz|<t=/2} (47T)d/2 {|z|>te/2}
<

€2 —(1-e)ai(a1)/2—d/2 / —(o—d)e/2—d/2
t o(x)dx + crt :
(4mr)d/2 {la] <t</2)

Hence for some ¢. > 0 we have
St@(g) S Cet*(1*€)041(a1)/2*d/2’ ye Rd, t> 1’

provided (1 — e)ay(a1) < (0 — d)e. O



The following lemma will be used in the proof of Theorem 4.1.

Lemma 3.2 Let d > 3, b > 2, and let p : RY — R, be bounded and measurable.
Assume that

0<V(z) <

1+ |z|>
Then, for allt > 1 and y € R? we have

Sep(y) > cot 15, (1) / () dz,

B,1/2

where ag = 0 if b > 2, and az(a) = ca for some ¢ > 0 when b = 2.

Proof. Let y € Bjj2. Due to Theorem 2.2 and self-similarity of Gaussian densities

we have

Seoly) = /R , o(@)pi(z,y) dx

> et / (@)Gilealz — y)) do

(1/2

> CQt_O‘Z(“)_d/Q/ QO(x)Gl(Cﬂ_l/Q(x —y))dx
B,1/2

> cot”(“)dﬂ/ o(x) dx.
B

(1/2

O

The next lemma, which will be needed in the proof of Theorem 4.1 below, provides
lower bounds on certain balls for the distributions of the bridges of the Markov process

(Xi)ier, generated by A — V.

Lemma 3.3 Assume that d > 3 and let (Xt)teR+ denote the Markov process with
generator A — V. If for some b > 2,

0< V(z) ¢

< e R?,
=W E T e

Then there exists cg > 0 such that for allt > 2, y € B2, x € By and s € [1,t/2],
]P)x(XS S le/g ’ X; = y) > 08t72a2(a)7

where as(a) =0 when b > 2 and as(a) = ca when b = 2.



Proof.  Since V(x) > 0, the Feynman-Kac formula (1.7) yields pi(x,y) < Gi(y — z),
t >0, z,y € R% An application of Theorem 2.2 and of the Markov property of
(XS)S€R+ give

Px(XS c le/g | Xt — y) > / pt—s(?J,Z)pS(z,x) dZ
B 12 pt(y,x)
1 / Gi_s(ca(y — 2))Gs(ca(z — )
LRV

d
C%Sag(a) (t _ 5)a2(a) Gt<C4(y - :C)) ’

2 08t72a2 (a)

)

where we used Lemma 2.2 of [2] to obtain the last inequality. O

We conclude this section with the following lemma, which will be used in the proof

of Theorem 5.2.

Lemma 3.4 Letd >3 and V(z) >0, x € R%. Assume that

S a
T 14|z

V(z)

holds for all |x| greater than some ro > 0, where a > 0 and 0 < b < 2. There ezists
v > 0 such that for all bounded measurable D C R,

Sip(x) < ept™ )z eRY (3.1)
or all sufficiently large t, where cp does not depend on x and t.
[ y large t, p

Proof. By Theorem 2.1 we have

wiey) < aGileste— e (—o ((555) +(555) ) 62

for certain constants ¢, ¢y, c3,¢4 > 0. Condition (3.1) is obviously fulfilled for any
positive 7 if b = 0, hence let us assume that 0 < b < 2. For any bounded measurable

D c R* we have, provided ¢ > ||D||? := sup,p [|y||?,

t

Silp(zr) < cz/DGt(c;g(:zc—y))e_c(lﬂy”)c4 dy

Co /d
(mt)i J, ™

ept~ ),

IN

IN

with v = (d —2)/2 > 0. 0



4 Explosion in subcritical dimensions

Recall that if u;, v; respectively solve

Ouy
ot

81),5

(y) = Aus(y) + Ge(y)ue(y), E(y) = Avy(y) + & (y)ve(y),

with ug > vy and (; > & for all t > 0, then u; > vy, t > 0. In particular, if ¢ > 0 is

bounded and measurable, and if u; is a subsolution of

dwy 1+8

g(y) = Awy(y) + kwp " (y),  wo =, (4.1)

where k, 8 > 0, then any solution of

81)15 B

.5;@):gy%@)+muxyﬁwy% vy = ¢,

remains a subsolution of (4.1).

Theorem 4.1 Letd>3,b>2, >0 and a >0, and assume that

a

0<V(z) < ——, c R?.
< uﬁ_1+uw T
Let G : Ry — R, be such that
G
(2) > k2, z >0, (4.2)
z

for some k > 0. Let v: R, x R* = R, be a measurable function satisfying
w(@) > €15, , (@) (43

for some ¢ > 0. Consider the semilinear equation

5’ut (.73)
ot

= Auy(z) — V(2)u(z) + v (2)G(uy(z), uo(w) = p(z), = €RY  (4.4)
where p > 0 is bounded and measurable.

a) If b > 2 and
2(1+¢)
d )

then any nontrivial positive solution of (4.4) blows up in finite time.

0<pB<
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b) If b=2 and
1+ (C—=2ac  2(1+()

0<B<pula) = ac+d/2 < d

where 2ac < 14+¢ and ¢ > 0 is given in Remark 2.3, then any nontrivial positive

solution of (4.4) blows up in finite time.

Proof. Let g; denote the mild solution of

(2) = Agy(x) — V(@)glx) + vt<m>%gt<x>, go(x) = (),

dg:
ot

where f; = Sy satisfies

of:

M) = Af@) = V@) @), folw) = pla)

By the Feynman-Kac formula (1.7) we have

) = [ oot o [ o) SLED 0~y ar

Let ag(a) = 0if b > 2, and as(a) = ca if b = 2. Then, for y € B/, and for certain
positive constants K, Ky, K3, we have by Lemma 3.2 that

a) = [ eomeaE [ew i [ X)) s

X :y} dx

t/2
> / p(x)pi(x,y) By | exp / [pst~W0RPeali | (X,) ds
Rd 1

$1/2

Xy = y] dx
t/2
- / o(z)pe(z,y) exp Kg/ §67dB2=Pe2( P (X € Bop|X, =y) ds | dx
R 1

t/2
> / p(@)pe(w,y) exp (Kst“"(“) / se A0/ peale) ds) da
Rd 1

> / (@), y)de oxp (Kots— - (Bras@q1y
Rd

where we used Lemma 3.3 to obtain the fourth inequality. The above argument shows

that g eventually grows to +o0o uniformly on the unit ball B; provided
¢—dB/2 — (B +2)az(a) > —1.

This condition is satisfied for all 0 < 5 < 2(14-()/d if b > 2, and for all 0 < 5 < (. (a)
if b = 2. Since g is subsolution of (4.4), the comparison result recalled at the beginning

of this section shows that the solution u; of (4.4) also grows to +o0o uniformly on Bj.
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A well-known argument [6] involving Condition (4.2) then shows blow-up of (4.4). For
the sake of completeness we include this argument here. Given ¢ty > 1, let 4 = w4,

and K(ty) = inf,ep, uy (2). The mild solution of (4.4) is given by

i) = [ mteio@du+ [ [ pesde )6 0) dyds

Thus, for all ¢t € (1,2] and x € By we get from Theorem 2.2:
t
ww) = [ pleiwdrs [ [ pena ) dyds
B 0 By
t
> CGK(tO)/ Gi(ca(r —y)) dy + HCG/ SC/ Gis(ca(w — y))ﬁiw(y) dy ds.
B 0 B

Since ¢ := ¢;  mingep, min,ep 9 Po (W5 € Be,) > 0, we have

min () > EcgK (o) + ke /t ¢ (min 4, (2)) P ds.
0

xEBl CEEBl
It remains to choose ty > 0 sufficiently large so that the blow-up time of the equation
t
o(t) = EcoK (ty) + Kécg / so 8 (s) ds
0

is smaller than 2. O

The following result gives an explosion criterion which is actually valid for any o €
(1,2] and d = 1; its proof uses Theorem 2.4 instead of Theorem 2.2 and Lemma 3.3.
Here the potential V' need not be bounded.

Theorem 4.2 Let € (1,2], 8 > 0 and assume that V : R — R, is integrable.
Then the solution of

Ju
T (@) = (=8 Pu(a) = V(o) + sl (@), wole) = olo), v ER,
blows up in finite time whenever 0 < 8 < 1+ a(. If 5 =1+ a( the same happens

provided [, V(2)dz is sufficiently small.

Proof. Let g, denote the mild solution of

99

o7 (1) = —(=8)"g,(x) = V(2)gi(x) + Wt fL(@)g(@),  go2) = pla), zER,

where f; = P,y satisfies

of:

5 (%) = —(=2)*2fi(x),  folz) = p(a),
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and (P,)cr, is the a-stable semigroup. The Feynman-Kac formula and Jensen’s

inequality yield

9:(y) >

/R o(2)G (x — y) exp (E { /0 t (—V(Wg) + s (Psgo(wg))ﬁ) ds’Wf‘ - yD dz,

where, for any ¢t > 1,

t t
B | [ oo afwy =] = am | [,

Wi = y}
t

2 C2/ ]P)x(Wsa S le/a | Wta — y)siﬁ/a‘FCdS
1

t
> 05/ s¢ Bl
1
_ % 1-B/a+¢ _ 1).
S — —1);
T7¢—fja’ )
here we applied Lemma 2.2 of [2]. The last inequality together with (2.3) renders

1-1/a <5 1 —B/a
gily) > e Gt e V@ det g (Pl

Y

hence by the same steps as in the proof of Theorem 4.1 (comparison result for PDEs
and blow-up argument of [6]), finite time explosion occurs if § < 14+a(, orif § = 1+a(
and [, V(z) dz is sufficiently small. O

Since 0 < V(x) < (1+ |z|°)™!, z € R, and 1 < b < 2 imply integrability of V(z) on
R, Theorem 4.2 yields a partial extension of Theorem 4.1 to the case 0 < a < 2.

5 Existence of global solutions

We have the following non-explosion result, which is a generalization of Theorem 4.1

in [9].

Theorem 5.1 Consider the semilinear equation

%(az) = Awy(z) = V(@)w(z) + t°G(wy(z)),  wolz) =p(x), zeRY (5.1)

where ¢ € R, ¢ is bounded and measurable, and G : Ry — Ry is a measurable
function satisfying

0< <M\ 2€(0,¢), (5.2)




for some X, B,c > 0. Assume that p > 0 is such that

A / 1Sl dr < 1
0

and
00 1/8
ol < e (128 [ "ol eliar) 53
0
Then Equation (5.1) admits a global solution ui(x) that satisfies
0 < w(z) < Sip () zeRL ¢>0.

1/8’
(1= 28 s relSwellear )

Proof. This is an adaptation of the proof of Theorem 3 in [16], see also [9]. Recall
that the mild solution of (5.1) is given by

u(z) = Sep(x) —I—/ 7S, G(u.()) dr. (5.4)

0

Setting
t -1/8
B<t>=(l—w /rﬂ\srsaufodr) s
0

it follows that B(0) = 1 and

d

t -1-1/8
G50 = sl (1220 [ FUsielizar) = lsiplLE 0,
0

hence .
B(t) =1+ )\/ || Spp||2, B2 (1) dr.
0

Let (t,7) — v;(x) be a continuous function such that v;(-) € Co(R%), t > 0, and
Sip(x) < wv(x) < B(t)Sip(z), t>0, v € R (5.5)

Let now
R(v)(t,z) = Sip(x) +/0 7S, G (v.()) dr.

Since v.(z) < B(r)||Sr¢|loo, 7 = 0, we have from (5.5), (5.3) and (5.2) that

Rw)(tz) = Sip(z)+ /0 tr<st_r<G(“7")vr> () dr

T
t

r(B(r) 1Sl % Se—rvr () dr

t

r B ()18, 0112 Se—r (Srip(x)) dr

< Sip(x) + A

< Spp(x) + A

S— —
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0

= sipto) (140 [ HS.pLB 0 ar).
where the last inequality follows from (5.5). Hence
Sip(x) < R(v)(t,x) < B(t)Sip(x), t>0, r€R%
Let
ud(x) = Sip(x), and ul(z) = R(u™)(t,z), n€N.

Then u)(z) < ul(x), t > 0, z € R%L Since S; is non-negative, using induction we
obtain

0 < ul(z) < ul(z), n > 0.
Letting n — oo yields, for t > 0 and = € R,

Sp()
(1= 28 Jy réllSvplledr

0 <wux) = lim ui'(z) < B(t)Sip(z) < 0.

>1/6 <

Thus, u,; is a global solution of (5.4) due to the monotone convergence theorem. [J

As a consequence of Theorem 5.1, an existence result can be obtained under an

integrability condition on ¢.

Theorem 5.2 Let G : R, — R, andv : Ry xR? = R, be measurable functions such
that G(2) < k12'8, 2 > 0, and vi(x) < KatS, (t,7) € Ry x R, where B,(, k1, ko > 0.
Let 0 < b <2, a>0, and assume that

i) If b < 2, then the equation

%(:B) = Auy(x) — V(z)u(z) + v () G(ue(2)), wy = ¢, (5.6)

admits a global solution for all 3 > 0.
i1) If b=2 and

B> p(a) = —dz(j;(iz)

then (5.6) admits a global solution.

15



Proof. Clearly, it suffices to consider the semilinear equation

ou
S a) = M) = V(wha(o) + stu (@), wlo) =ele),  (57)
for a suitable constant x > 0. Suppose that for some o > 0,
C
< e R¢.
0_g0(x)_1+|x|a, x €

i) Assume that o > b(1 + ¢)/3, and let € € (0,1) be such that (1 —¢)8o/b > 1+ (.

From Proposition 3.1.i we get

/ 1Sl dt < 1,
1

provided C' is sufficiently small.

it) If b=2and 8 > 2(1 +()/(d + a1(a)), let € € (0,1) be such that 3(d/2 + (1 —
g)aj(a)) > 14 (. From Proposition 3.1.ii there exists o > d such that

/ €S oSt < 1

1
provided C' is sufficiently small. O

Remark 5.3 An alternative proof of Theorem 5.2-1) consists in letting the initial
value ¢ in (5.7) be such that
p(z) < 7511p(2),

for a sufficiently small constant 7 > 0, where D C R? is bounded and Borel measur-

able. By Lemma 3.4,
Sip(x) < 78S11p(xr) < Tep(l+ t)*(1+7)7

thus showing that [ ¢¢[|S;¢||” dt can be made arbitrarily close to 0 by choosing 7
sufficiently small. By Theorem 5.1 we conclude that (5.7) admits positive global

solutions.

Remark 5.4 In the same way as in the above remark we can deal with the semilinear

System
¢ %(w) = Auy(x) — Vi(2)ue(z) + ug(z)vg(x),  up(x) = p(2),
(5.8)
\ %(x) = Av(z) — Va(z)v(x) + ug(x)vg(z),  wvo(z) = (),

16



where x € R%, d > 2, ¢, > 0, and

a1
N T
1+ |zfr

a2

Vi ~
1(z) 14 |z’

Va(x) z € RY, (5.9)

with a; >0 and b; > 0,7=1,2.

Theorem 5.5 [f max(by,be) < 2, then (5.8) admits nontrivial positive global solu-

tions.

Proof. Without loss of generality let us assume that b := b; < 2. Let (S})¢>0 denote
the semigroup with generator L = A — V;. By Lemma 3.4, there exists v > 0 such
that

SMp(z) <ept U,z eRY

for all sufficiently large ¢t > 0, where ¢p does not depend on x and t. The proof is

finished by an application of Theorem 1.1 in [10]. O
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