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Abstract

Accurate estimation of species divergence times from the analysis of genetic
sequences relies on probabilistic models of evolution of the rate of molecular
evolution. Importantly, while these models describe the sample paths of the
substitution rates along a phylogenetic tree, only the (random) average rate
can be estimated on each edge. For mathematical convenience, the stochastic
nature of these averages is generally ignored. In this article we derive the
probabilistic distribution of the average substitution rate assuming a geometric
Brownian motion for the sample paths, and we investigate the corresponding
error bounds via numerical simulations. In particular we confirm the validity
of the gamma approximation proposed in Guindon [5] for “small” values of the
autocorrelation parameter.
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1 Introduction

The comparison of homologous nucleotide or amino-acid sequences collected from

multiple species or populations serves as a basis to infer divergence times [26, 20, 16,
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9, 19, 22, 11]. In short, aligned homologous genetic sequences are used to estimate a
phylogenetic tree with the length of each branch corresponding to an expected num-
ber of substitutions that accumulated at individual sites of the alignment. Fossil data
and /or prior knowledge about the overall substitution rate help translate this number

of substitutions into calendar time units.

The hierarchical Bayesian estimation framework is well suited to the inference of
model parameters in this particular context. The objective is then to estimate the
joint posterior probability density of the model parameters, including the phyloge-
netic tree topology, the pathwise average rate of substitution along edges, the rate
of substitution at the nodes of the tree (or the midpoint of each edge, as in Rannala
and Yang [18]), the node ages, plus other parameters generally considered as nuisance
parameters. The posterior density of a particular combination of parameter values is
then proportional to the product of the likelihood, i.e., the probability of the sequence
alignment given the model parameters by the prior probability (density) of these val-

ues, cf. Felsenstein [3].

In a pioneering work, Thorne, Kishino and Painter [22] implemented such an approach,
assuming a simple model describing the variability of substitution rates during the
course of evolution. Specifically, in their model, the substitution rate follows a ge-
ometric Brownian process, i.e., the logarithm of the rate at the end of a branch is
normally distributed with mean set to the logarithm of the rate at the beginning of
the branch, and variance proportional to the time elapsed along that edge. Mean
reverting stochastic processes such as the Ornstein-Uhlenbeck process or the Cox-
Ingersoll-Ross (CIR) process were also used afterwards, cf. respectively Aris-Brosou

and Yang [2], and Lepage et al. [13].

While these models define priors on the rate trajectories, i.e., priors on the sample
paths of the rate process, only average rates can be estimated from the available data.
For instance, given the observed differences between two sequences and the time to

their common ancestor, one can only estimate the expected rate at which substitu-



tions accumulated in the corresponding time period. Hence, while rate trajectories
lend themselves to statistical modeling, they are not identifiable from the available
data. For this reason, it is necessary to derive average rates conditional on the corre-

sponding trajectories.

The approach used to derive these averages is of course of central importance. Thorne,
Kishino and Painter [22] and subsequent studies used deterministic functions of the
rates at both extremities or on the mid-point of the corresponding branch. This sim-
plification therefore amounts to considering the average substitution rate conditional
on the rate at the branch extremities as a constant. However, in the general and more
realistic setting where finite time intervals are considered, the average substitution
rate is a random variable and should therefore be treated as such. Considering a
given branch, a random “trajectory” then describes the fluctuation of rates at any
individual site of the alignment. While the trajectories at different sites are distinct,
they are all governed by the same stochastic process with single drift and diffusion
parameters. Such a model thus authorizes a given branch to evolve rapidly at a first
site and slowly at a second, while another branch can evolve slowly at the first site
and then fast at the second, in a manner similar to that of the covarion model (Tuffley

and Steel [23]).

Lepage et al. [13] were the first to acknowledge and tackle this issue. Assuming a CIR
model for the rate trajectories, they derived analytical expressions for the transition
probabilities between character states along the phylogeny. Lepage et al. [12] have
given an application of the techniques of Lepage et al. [13], however they have ignored
the stochasticity of the pathwise average rate by equating it to its expectation under
the CIR model.

Guindon [5] suggested that average substitution rates are approximately gamma dis-
tributed when rate trajectories are governed by a geometric Brownian process. This
approximation is convenient from a computational perspective as it does not incur

any extra calculation in the derivation of the likelihood compared to the traditional



“fixed-average” approach. The first and second moments of the gamma distribution
conditional on the rate at the branch extremities were approximated by a Taylor series

in order to calculate these values in practice.

In this paper, we give closed form integral expressions for the probability density of
the (random) average rates of substitution using Bessel functions. We compare those
expressions to the gamma distribution approximation of Guindon (2013) and show
that it is accurate in a broad range of biologically realistic conditions. We also provide
explicit formulas for the first two moments of the average rates and we use them as

an alternative to the Taylor series approximation applied in Guindon (2013).

We proceed as follows. After presenting the Bayesian estimation of divergence times
and the modeling of substitution rates in Section 2, we present closed form formulas
for the conditional distribution of pathwise averages of rates in Section 3. Section 4 is
devoted to the gamma approximation of these quantities. Section 5 contains the proofs
of our main results, including the computations of conditional mean and variance

needed for the approximations.

2 Bayesian estimation of divergence times

In this section, we present the phylogenetic model used to estimate divergence times
from the analysis of molecular and fossil data. We then describe how the posterior
probability of the parameters of interest can be estimated in a Bayesian framework.

Let 7,, be a reconstructed phylogenetic tree [15, 4] with n tips. It is a rooted, binary
tree with unique leaf labels and ultrametric edge lengths. Let R be a vector of 2n — 1
substitution rates at the vertices of 7,, and X the vector of 2n — 2 average rates along
the edges of the tree. Let T be the vector of n—1 (internal) node heights distinct from
the tips. For simplicity, we omit other (nuisance) parameters from the phylogenetic

model.

The data consist in an alignment of n homologous sequences. Each sequence in the



alignment is of length [ and S;; represents the character (i.e., a nucleotide, amino-acid
or unknown character) observed in the sequence corresponding to the i-th tip in 7,
at the j-th column in the alignment. Let S denote the whole alignment. Calibration
information is usually incorporated in the analysis through fossil data. This source of
information is used to date some of the internal nodes, corresponding to the ancestor

of groups of species for which fossil information, denoted as F, is available.

Samples from the posterior probability density of the parameters of interest are ob-

tained using Markov Chain Monte Carlo. It is usually decomposed as follows:
pr RTIE,S) o [ Pa(SIX. T, )p (X, RIp(RIT, 7)p(T. 7 [F)X,

where Pr(S|X, T, 7,) is the conditional probability of the alignment given the phy-
logeny, and is computed efficiently using Felsenstein’s [3] peeling algorithm. The
quantity p(R|T, 7,,) represents the rate trajectories, i.e., the joint probability density
of the rates at every node in the tree given the node heights, whereas p(T,7,|F) is
the joint density of node heights given the fossil information, which can be calculated
under a variety of models, the most popular ones being Kingman’s coalescent [8] and
the birth-death process [21]. The function p(X|T, R) represents the conditional den-
sity of the (random) average rates given the times elapsed along each branch of the
phylogeny and the substitution rates at each node. As indicated previously, the vector
X of substitution rates is usually considered deterministic by equating every value in
X to the arithmetic average of the pairs of values in R corresponding to each edge

extremities, and to zero otherwise.

In this paper we focus on the actual distribution of X|T, R and present an analytical
approach to the exact calculation of [ Pr(S|X, T, r,)p(X|T,R)dX, by assuming that
the distribution of the rate of evolution R; at time ¢ on a given edge given T, 7, is

modeled by a geometric Brownian bridge. Precisely we take

t t
log R; = logx + T log(y/z) + oU; = logx + T log(y/x) + o(Wy — tWy/T),



conditioned to start at logx and to end at logy, where

t
Ut = Wt - TWT, te [O,TL

is the standard Brownian bridge on [0, 7] with Uy = Ur = 0, cf. [22], [10], and o is
the rate autocorrelation parameter. The pathwise average substitution rate along a

branch of length 7" (in calendar time units) is given by Az /T, where

T
AT = / RSdS. (21)
0

The character state X; (typically a nucleotide or an amino-acid) at time ¢t € R, is

modeled as in [5] as the time-changed process
Xt - YAz

where (Y})ier, is a continuous-time Markov chain with finite state space {1,...,n}

and infinitesimal n x n generator matrix Q, and A; is the random time change
t t ,
A = / R.ds = RO/ e?Ws—po S/2d3, teR,.
0 0
We note that the transition probabilities of (X;);cr, are given by

P(Xr=b| Xy =a, Ry=s, Rr=1)
- E[l{XT:b} | XO = a, RO =, RT - y]

Il
&

[1{YAT:b} | Xo =a, Ry =z, Rr =y|
E[l{YAsz} | Yo=a, Ap, Ro=2, Rr=y]|Yo=a, Ry=x, Rpr =1

eATQ]

Il
&

[
= E ob | Yo=a, Ry=x, Rp =1
= EH@ATQ]QJ) | Ry =z, Rr =]

- [hiy(_Q)]a,ba 1<a,b<n,

where P, := ¢*Q, z > 0, is the transition semigroup of the continuous-time chain

(Yy)ter, and R, (X) is the conditional Laplace transform

h’iy()\) =F [GXP(—A/\T) ‘Ro =x, Ry =y, A>0, xz,y>0. (2.2)



By diagonalization of the symmetric matrix Q = M DM where D = diag(\y, ..., \,)
and A\; =0, Ay, ..., A\, are the eigenvalues of Q, this allows us to compute the transi-

tion probabilities of (X;)icr, as
P(Xr=b| Xo=a, Roy==, Rp =y) =M 'D(z,y)M]a.,
where D(z,y) is the diagonal matrix

D(z,y) = diag(1, 1T (=), ... BT (—=\n)).

Try ey

Note that if Q has only non-zero entries then A\; = 0 is an eigenvalue of Q with
eigenvector (1,...,1), while all other eigenvalues Ao, ..., \, are strictly negative, cf.
e.g. Theorem 2.1 in Chapter 10 of [7], and correspond to eigenvectors u?, ... u(™ €
R"™ which are orthogonal to the invariant distribution (7q,...,m,) of (Y;)ier,. The

matrices M and M~! then take the form

T T Lowuy™ ey
My1 -+ My, X 1 uéQ) . ugn)

M = ) . and M™— =| ,
Mn,l T Mn,n 1 ug) . U;n)

By (2.2) we have hl (A1) = hl,(0) =1 and limy o0 hL,(A\e) = 0, k = 2,...,n, when
T tends to infinity, hence

lim [P(Xp =b| Xo=a, Ry ==, Rr=y)|i<apcn = M 'D(z,y)M]i<ap<n

T—00
WP 00 --- 0 My, -+ My,

1 0 --- 0 T Tp

10 --- 0 Myy -+ My,
10 - 0 Myy -+ My,
B 7T1 ... ’ﬂ'n

7T1 .. 7TTL
L 7T1 ... ﬂ'n




which recovers the limiting distribution of (Y;).er, -

Finally we note the scaling property
T T e
Ap = / eWepo®t/2qy 4 / Vo P2 = — / Vet 2qe T >0, (2.3)
0 0 0

g

where < denotes equality in distribution, which shows that the probability distribution

of the average rate Ar/T depends only on the product o7

3 Closed form expressions

In this section we show how the Laplace transform
hey(N) = /0 e *dP(Ar =z | Ry =z, Rr =), A >0, (3.1)

defined in (2.2) can be computed in closed integral form using Bessel functions, and
we provide closed form expressions for the conditional mean and variance of Ar. The

proofs of the results of this section are deferred to Section 5.

In the next lemma we use the function

72 /(271) oo
ve
9(1],7') = W ;

in order to evaluate the conditional distribution of A given Ry = x and Ry = y.

6_52/(27-)6—1; cosh & smh(ﬁ) sin (’/Tf/T) d& U, T > 0, (32)

Lemma 3.1 For all x,y > 0 we have

P (AT € du ‘Ro =z, Rp = y) (3.3)
B T (log(y/x))*  _z+y 4y 0T\ du
AT ( 202T 2 ou f o?u ' 4 u’ u=0.

From Lemma 3.1 we will deduce a closed form integral expression for the condi-
tional Laplace transform A} (\) = E [exp (=A\Ar) |Ro ==z, Rr = y} of Ar. Note

that 0(v, 7) is difficult to evaluate numerically due to the oscillating behavior of its

integrand, cf. [6], [17] for several attempts to the numerical computation of the func-

tion O(v, 7). As will be shown subsequently, the numerical evaluation of this integral

8



expression (3.3) fails for small values of T' due to the highly oscillating behavior of
its integrand, making the gamma approximation described in [5] preferable in this

parameter range.

In the next proposition we use the modified Bessel function of the second kind

¢ oo 2
Ki(z) = = exp | —u— du (eER, 2€C, R(*>0, (34)
C 24’+1 0 p 4u u<+17 ? Y ’

cf. [24] page 183, to compute the Laplace transform (3.1). Note that the expression
(3.5) below is more complex than the closed-form expressions available for the CIR

model, compare for example with Relation (3.51) of [1] or Relations (23)-(24) of [12].

Proposition 3.2 For all x,y, A > 0 we have

T
hay(A) = (3.5)
A/ he T/ ® e /(67T) . <47r§> b )Kl (\/ 8A\/x + 2\/ry cosh § + y/a) .

e sin | ——= | sin
m3202p(y /)T Jo o?T ‘ VT +2y/Ty coshé +y 3

The numerical evaluation of (3.5) can be done by standard integral discretization
methods, however the integral is also oscillating due to the presence of the term
sin(47¢/(0*T)), making the numerical scheme unstable for small values of 0T, as

observed above for 0(v, 7).

For the next proposition we will need the functions

ar(z) = — <<I> (loﬁ+lﬁ) ~9 ( ez _ lﬁ)) :

o?p(z) VorT 2 Vo?T 2
and
1 log 2 log 2z
br(z) := P + UQT)—(I)( — 02T>),
7(2) o2q(z) ( ( o?T o?T
where
1 (02T /24108 2)* / (20°T) 1 —(0?T+10g 2)* /(20°T)
7)) = ———e \7 08%) L) and 2) = ———=e \7 " T87 7,
P(2) V2ro?T (=) V2ro?T
z > 0, and

1 X
d(x) = E/ e V' dy, r € R,

9



is the standard Gaussian cumulative distribution function. In the next Proposition 3.3

we derive the closed form expressions of E[Ar | Ry = x, Ry = y| and Var[Ar | Ry =

Proposition 3.3 We have

E[Ar| Ry =z, Rr =vy| = zar(y/z) (3.6)
_ x log(y/z) \ 1 /57\ _ g (losly/z) 1 5
- i (* (T +397T) —* (V7 —377)).
and
El(Ar)? | Ro = 2, R —y] = %(be(y/a:) (4 yarly/r),  wy>0. (37)

From Proposition 3.3 we also obtain the equivalences as T' tends to infinity

1
E [AT’RO =z, Rp = y] ~ =\/2nTxye” T3, [T — oo, (3.8)
o
and
2
E [AQT Ry=uz, Ry = y] ~ —axyV 2mTe”’ /2, [T — o0, (3.9)
o

hence both quantities tend to infinity as 7" goes to infinity.

In addition we can also use the short time asymptotics for E[Ar | Ry = x, Ry = y]
and Var[Ar | Ry = x, Rr = y| of Proposition 5.1 in Section 5 to derive the Laplace

transform approximation
BE,(N) = E [exp (A7) }Ro —, Ry =y

/\2
~ 1= AE[Ar | Ry==z, Ry =1y —|——E[(AT)2 | Ro =x, Ry =1y

2
A=) s Tty y-—a X (y-2)
log(y/) g (2(105-;“@/96))2 (log(y/x))?’) 2 (log(y/a)? 5,

(3.10)

in small time 7.
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4 Gamma approximation

In order to approximate the distribution of Ay we will use the gamma probability

density function

gP-le=e/m, x>0, (4.1)
with mean and variance

E[X]=pn,  Var[X] =g’

where I'(a) = / t*le~tdt, a > 0, is the gamma function. The shape parameter

0
B > 0 and the scale parameter 7 > 0 can be estimated from the mean and variance

of X as

CvalX], (BX) BIX]
E[X]’ Var [ X] n

The next proposition is a consequence of (4.2) and Proposition 3.3.

s (4.2)

Proposition 4.1 For any x,y > 0, the gamma random variable with scale parameter

2 <$ br(y/x)

o2 \"ar(y/)

nrle,y) = —x—y)—x@mMm, (4.3)

and shape parameter

ar(y/x)

has same first and second moments as Ap given {Ry = x, Ry = y}.

Br(z,y) ==

Based on Proposition 4.1 we will use the approximation

e_u/nT(xvy) (u/nT<x y))_l'i'ﬂT(zvy)
P(A Gdu‘R =z, R :y>2 ’ du, u> 0.
’ ’ ' nT('Can) F(BT(xay))
(4.5)
Note that from (3.8)-(3.9) we have the equivalences

2

nr(z,y) ~ /@y T8, [T — o), (4.6)
o

and

ra,y) =TT T T o] (@.1)

11



as T becomes large. On the other hand, by Proposition 5.1 in Section 5 and (4.2) we

also have the short time limits
%IE% nr(xz,y) =0 and 7111% pr(z,y) = +o0. (4.8)

Figure 1 represents nr(z,y) as a function of 7', together with its large time approxi-

mation (4.6) when ¢ =1 and x = 0.0001, y = 0.001.

1.2
exact value of N (X,y) =i=i=i=m=
large time approximation of n(x,y)

1 /
/
| /
/
yd

Figure 1: Graph of T+ nr(z,y) in (4.3) and its large time approximation (4.6).

Tyley)
o
[0

In Figure 2 we plot fr(z,y) as a function of T, together with its large time approxi-

mation (4.7) with o = 1.

a
“| exact value of Br(X,y) =i=i=\=m=
1 large time approximation of Br(x.y)
1
1
v
3 %
v
A}
A3
Ay
A3
— N,
= S
=< 2 x
— kY
B \
N,
.
N,
-,
-,
N,
1 - — e
~.,
\ ~'~,
\ ~,
T — S,
\\\'"m.,-
e ——
e —— a
o
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

T

Figure 2: Graph of T+ Br(z,y) in (4.4) and its large time approximation (4.7).

Figure 2 shows in particular that we should require ¢?7° < 6 in order to have

Br(z,y) > 1 so that the approximating gamma probability density with parameter

12



pr(z,y) does not tend to infinity at 0, as observed in the graphs of actual densities
in Figures 4 to 6 below. Similarly, the condition Br(x,y) > 2, i.e. 02T < 4, would
be required in order for the derivative of the gamma probability density to vanish at
the origin. Note also that in order to have P(Ry/Ry > 2) in the interval [1073,0.25]
we need to choose o*T within [0.05,1.05]. For this range of parameter values, the
expected value of the (random) average rate as approximated using the gamma distri-
bution is reasonably close to the corresponding exact values. Based on these remarks,
when 7' = 1 we will retain the range [0,2] for the values of o within the domain of
validity of the gamma approximation in the numerical simulations described in the

following sections.

In Figures 3-6 we compare the density approximation (4.5) with the closed form
expression (3.3) for "= 1 with x = 0.0001, y = 0.001 and 0 = 0.57, 0 = 1 and 0 = 2,
respectively. It turns out that the numerical implementation of the integral expression
(3.6) fails for values of 0T < 0.5 due to instabilities in the oscillating integral (3.2)
of O(v,7), while the performance of the gamma approximation (4.5) is better for o

lower than 1.

8000 T T T
gamma approximation =i====
integral expression =

7000

A=
6000 oS

5000
4000 /
3000

2000

\«
\Y
1000 .

4 N,
.,
J |
> ~rai,

density

o
o 0.0001 0.0002 0.0003 0.0004 0.0005 0.0006 0.0007 0.0008 0.0009 0.001

u

Figure 3: The integral expression (3.3) vs its gamma approximation (4.5) with ¢ = 0.57 and
1 =38.84.

T,y

The graph of Figure 6 confirms that the gamma approximation can no longer be used

to fit the actual probability density when ﬂ;yy < 1.
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4000 T T N T
gamma approximation ==i===
integral expression
3500
3000
2500
g 2000
1500 l
1000 g
/
4
500 \
j/ \
o __’y T —
o 0.0002 0.0004 0.0006 0.0008 0.001 0.0012 0.0014 0.0016 0.0018 0.002
u
Figure 4: The integral expression (3.3) vs its gamma approximation (4.5) with o =1 and 3} , =
11.80.
'gamma approxir!nation ---------
integral expression =
2000
1500
= g
3 I
4 1000 i
i
H
!
4
!
500 !
!
s
!
5' \'*vm.,_‘ ,
°© o 0.0005 0.001 0.0015 0.002 0.0025 0.003
u
Figure 5: The integral expression (3.3) vs its gamma approximation (4.5) with ¢ = 2 and 3} , =
2.144.
2000 T o N
gamma approximation =
integral expression
1500
g 1000 \
500 \\
. R \\
° o 0.0005 0.001 0.0015 0.002 0.0025 0.603
u
Figure 6: The integral expression (3.3) vs its gamma approximation (4.5) with o = 4 and 3} , =
0.1014.
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Transition probabilities

From Proposition 4.1 the Laplace transform of Ar also admits the gamma approxi-

mation
hf,y()\) =E [GXP (=AA7) |Ro==x, Rr=y| =~ (1+ AUT(fE?y))iBT(x’y) ’ (4.9)
A >0, z,y > 0, hence the transition probability approximation
P(Xr=0b| Xo=0a, Ry=2, Ry =y)|li<apcn =~ M 'D(x,y)M
where D(z,y) is the diagonal matrix
D(z,y) = diag (17 (1+ donr(w, y)) 7 (L4 A (x, y))fﬁT(x’y)) :
From (4.6)-(4.7) we find that

W) = E [exp(—AAT) ’RO — 2, Rp= y}
) —04/ 7rT/26_"2T/4

12

2
(1+;\/@63U2T/8

[T 2\ .
~ exp (—a %e"’2T/4 log <1 + —2\/$ye‘5"2T/8)>
o

3
~ exp (—g(O'QT)?’/Q ge_UQTM)’

which shows that the gamma approximation (4.9) tends to 1 as T tends to infinity,
although the exact value of Al (A) in (3.5) tends to 0 when A > 0, as can be checked

in Figure 7.

For numerical simulations of the transition probabilities P(X; = b | Xo = a, Ry =

x, Ry =y) we consider the Jukes-Cantor model

[ —1+1/n 1/n 1/n
1/n —1+1/n --- 1/n
Q- : : : :
i 1/:n 1/n —1%:—1/71_

15



with limiting distribution (my,...,m,) = (1/n,...,1/n) and

[ 1/n 1/n I/n - 1/n ] L =1 -~
~1/n —1/n —1/n --- 1—1/n L1 0
M= | : : : and M™'=|: @
—1/n —-1/n 1-1/n --- —1/n 1 0 -
| -1/n 1-1/n —-1/n -~ —1/n | 1 0 0
with eigenvalues (Ay, Ao, ..., A,) = (0,—1,...,—1), which yields

[P(Xt =) ‘ XO = a, RO =T, RT = y)]lgmbgn

1/n+(1- 1/n)h£y(1) (1—h£y(1))/n (1—h£y(1))/n
_ (1—h£y(1))/n 1/n—|—(1—1/n)h;€y(1) (1—h£y(1))/n
(1— 1T, (1)/n A= WT,)/n o Unt (L= 1/n)hT,(1)

Figure 7 compares the gamma approximation (4.9) in the Jukes-Cantor model with

n = 4 with the integral expression (3.5) evaluated by a standard discretization.

We check in Figure 7 that the numerical evaluation of (3.5) fails with divergent in-
finities for “small” values of 0T < 0.5, due to the oscillating behavior of the integral,
while the gamma approximation performs well until 7' ~ 50, i.e. o7 ~ 0.5% x 50 =
12.5 or 0 >~ 3.5 when 7' = 1. A Monte Carlo simulation of hgy(/\) is plotted together

with the other estimates for verification, including the small time estimate (3.10).

0.05

T
Monte Carlo

gamma approximation =i=i===
integral expression =s==ss=s==:

small time approximation lﬂ
0.04

0.03

(Fhy, 1))4

0.02

/ ..........
—
,,,,,,
0.01

asspsmn s

o 20 40 60 80 100

o

Figure 7: The integral expression (3.5) vs the gamma approximation (4.9) with o = 0.5.
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In Figure 8, which is plotted in large time and also includes the small time estimate
(3.10), we note that the integral expression (3.5) yields the expected convergence of

(1 — L ,(X)/4 to the limiting probability 1/4 (when n = 4) as T' tends to infinity.

T
Monte Carlo
gamma approximation =i=i=i==
integral expression =s=ssssss:

small time approximation

(M)

eesrT——
4 5 6 7 8

Figure 8: The integral expression (3.5) vs the gamma approximation (4.9) in logarithmic time scale
with ¢ = 0.5.

5 Proofs

Proof of Lemma 3.1. By [25], Proposition 2, the joint probability density distribution
of

T
(/ RerWS’p"QS/QdS, Wr —pJT/Q)
0

can be written as
T 2
P (/ WP 824 s e du, Wi — paT/2 € dy)
0

o oy/2 2
— ge—pay/2—p202T/8 exp _21 +e? 0 dev/ : o T d_udy
2 o2u o2u 4 U

T
— o Poy/2-P?*T/3p (/ e”Veds € du, Wy € dy) ,
0

y€ R, u,T >0, cf. also [14] for a review of related results, and [1] for extensions to

certain diffusion processes. The conclusion follows from the relation

T
P </ €UWS—p023/2dS c du, GO'WT—pO'QT/Q c dy)
0
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1 1 4
— _efp%?T/Syflfp/zeXp (_2 +y> ( vy 04 >7dy,

2 ou oy’
u >0, T > 0, combined with the lognormal distribution

d]P)<60'WT—p02T/2 _ y) _ 1 e—(pa2T/2+logy)2/(20'2T).

yV2ro?T
U

Proof of Proposition 3.2. By scaling it suffices to do the proof for x =1 and o = 1.

By the Fubini theorem we have

/OOO e exp (—21:”) (4{ %) Z“ (5.1)

2TFQ/T\/— ey A€\ . > 1+ 2,/ycosh& +y
/ 2/ gin ( T )smh({)/o exp (—)\u—2 - )—d{,

7r3T

since the above integrand belongs to LI(R%F) as it is bounded by

2 2 1
(&,u) = 2™ )T ginh(€) exp (—)\u _o y) :

u

Next we have

/ooeX <_)\u_21+2\/§cosh§+y>%_\/ﬁlﬁ (\/8/\\/1+2\/§cosh§+y>
o u? V1+2y/ycoshé +y

u

where we used the identity (3.4) above. Hence we find

E [exp (—A\A7) ‘ Ry = y] = /°° e P <AT € du ‘RT = Z/)

0

v [ oy (21500 (A1)
2 0 u U u

V2 Y (ogy)?/(2T)+2n2/T /OO o—2T (%) sinh(f)Kl (V 8Ay/1+2,/ycosh + y) «
0 T V14 2y/ycoshé +y

When o # 1 we conclude the proof by the scaling argument

)\ o2T
exp (—;/ ve_pt/th> ‘Ro =z, Ry = y] )
0

y > 0, that follows from (2.3). O

E |exp (=AAr) |Ry =z, Rr = y] =F

18



Next we prove Proposition 3.3 which contains the closed form expressions of E[Ar |

Rr = z] and Var[Ar | Rr = z].

Proof of Proposition 3.3. By scaling it suffices to do the proof for ¢ = 1. Under

conditioning we write

Ry = o We=tWr/T)+tllog2)/T 4 < [0 7,

hence
T
E[Ar | Ry = 2] = / B[R, | Ry = =dt
0

T
. / 6t(log z)/T+t(T—t)/(2T)dt
0

T
_ / oH((log 2)/T41/2)~12/(2T) g4
0

T
e(T/2+logz)2/(2T)/ ef(th/2flogz)2/(2T)dt

0
) T/2—logz )
e(T/Q—Hogz) /(2T)/ e~ /(2T)dl’

—T/2—log z

) (o) VTHVT/2
_ JTe(T/2H08 )/ (2T) / 2y
—(logz)/\/T—\/T/Q

2 logz 1 logz 1
= V2rTeT/2H0s2)/(2T) (<I> (— + —\/T) -0 (— —= T)) :
VT =~ 2 vT 2

from which we conclude by (2.3). Next we have

t 2
(/ eWt—tWT/T—I-t(log Z)/Tdt) ]
0

T t
_ 2/ / e(s—i—t)(logz)/TE[BWS—SWT/T-i—Wt—tWT/T]det
0 0

E[(A7)? |Rr=2]=F

T t
- 9 / / 6(s—l—t)(log 2)/T+(t(T—t)+s(T—s)+2s(T—t))/(2T) det,
0 0

T t
_ 26(3T/2+10gz)2/(2T)/ e—t/ e—(3T/2—s—t+logz)2/(2T)d8dt
0 0

T —(log z)/VT—3v/T+2t/VT
— 26(3T/2+10g2)2/(2T)\/T/ e—t/ e_yQ/zdydt
0 —(log 2) /NT—5VT+t/NT

T logz 3 2t
_ \/arT T2 og ) 2 / 10 (_ N —) it
0 vT 2 VT
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2\/ﬁ (3T /2+log 2)2/(2T) /T tq)( log 2 3\/?—1— t )dt
— nle e — — = —
0 vT 2 VT

By integration by parts we have

T logz 3 2t 2 (T 2
e—t(I) (__ o _ﬁ + _) dt = e / 6—t—(3T/2—2t+10gz) /(2T)dt
/0 ﬁ 2 ﬁ s 0

v (<222 OVT) <o te (<1524 VT

T
_ /i/ o~ (2t=T—log 2)?/(2T)—(3T/2+log 2)?/(2T)+(T+log 2)*/ (2T) 4
7T J,

v (22T - te (<1224 VT

R ORIE S

T
(o))
and similarly,

T logz 3 t
el (—— — VT + —) dt
/0 vT 2 VT

_ logz 1 logz 3 T _ 2
T t—(3T/2—t+log z)* /(2T)
—e P — — V1 —|—<I><————\/_Z)—|— / et ( dt
( VT 2 ) V' 2
_ logz 1 logz 3 )
T
= —e 0| — —NT )+ (== - ZVT
( V1 2 ) < V1 2

e T logz 1 ) ( logz 1 ) )
+— (o - + VT ) -0 (- ~VT)).
z ( ( VT = 2 vT 2
Consequently we have

E[(Ar)Y] = 2V2rT (q> (logz +VT

i )
(

—2V2rT ((I) (k\)/g; + %ﬁ) — 9

= 2\/27r_T<<I><1(\)/g;+\/T)—cI>

—2(1 4 2)V2rTeT/>Hos2)/(2T)

_ P (10?,2 - \/T)) o(3T/2+log 2)/(2T)~5T /8~ (log z) /2

logz 1 T)) (6(3T/2+logz)2/(2T)—T n 6(T/2+logz)2/(2T)>

log z _ ﬁ)) e(T+1ogz)2/(2T)

(5 2) o (1)),

which yields (3.7) by (2.3). O




We close this section with the proof of the small time equivalents on the conditional
mean and variance of Ay used for (4.8) above. Note that the Taylor series mean and
variance approximations of [5] can also serve as alternative estimates of E[Ar | Ry =

x, Ry =y] and Var[Ar | Ry =z, Rr =y in small time.

Proposition 5.1 As T tends to zero we have

— _ g Y- o272 Tty Y- o(T?
Bldr [ Ro =, Re=yl =Ty rmy to T (2<log<y/x>>2 <1og<y/x>>3)+ g;)

and Var[Ar | Ry = z, Ry = y] = o(T?).

Proof. By a scaling argument it suffices to take x = 1. We have

5 (log 2)/Vo2T+Vo2T /2
g (log 2)/Vo?T—V/o?T 2

1 ogz

1

1
_ g/ eJQT/S-i—(logz)/2—y2U2T/8—(ylogz)/Qdy
1

1
T;/EGO'QT/S 6_y202T/8—(y10gZ)/2dy
-1

12

T 1
T\/E (1 + O’QT/S)/ e*(ylogz)/Z (1 - y202T/8) dy + O(TQ)

-1

T 1 2T2 1
_ ;/E (1 + O'QT/S) / ef(ylogz)/2dy _ 016 e(logz)/2 / ef(ylogz)/Zdey + O(TZ)
1 -1

ellogz)/2 _ p—=(logz)/2

2T2 1
= Tz (1+0%T/8) - 016 \/E/ e~ WloeA)/ 220y 4 o(T?)
-1

log z

-1 2T2 1
_ T\/E (1 +O_2T/8) \/E /\/E . g \/2 6_(y10gZ)/2y2dy+0(T2)
-1

log z 16
22 z—1 o°T? ' —(ylog2)/2, 2 2
= (T +°T%/8) gz~ 16 \/2/16 viee 222 dy + o(T7).

Now we have

1 1 0
\/; 6—(ylog2)/2y2dy — \/; (/ 6—(ylog2)/2y2dy +/ e—(ylogZ)/Zdey)
-1 0 -1
1 1
0 0
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8 (log 2)/2 ’ 2 8 —(log 2)/2 )2
fry S - d _ — d
Al e m ) v

8 (logz)/2 ) —(log 2)/2 )
= qopV? / e Vytdy — / e Yy dy
(log 2) 0 0

= (lig—\/zz)?’ (2 — 27 Y2(((log2)/2)? +log z +2) — (2 — ZI/Q(((log 2)/2)* —log z + 2)))
= — (1052)3 (((log 2)/2)* +1og z + 2 — z((log 2) /2)* + zlog z — 2z)
= —@ ((1 —2)((log 2)/2)* + (1 + 2)log z 4+ 2(1 — z)) ,
which also shows that
' —ylogz, 2 7. __ 1 2 2 2 2
z/_le Yy dy = ~llog2)? (1= 2*)(log2)* +2(1 + z%) log z + 2(1 — 2%)) .
Hence

z2—1 o?T?

log z 16

z—1 o2T?
T 1 1 2(1 — T?
log 2 +2(logz)3 (T +2)logz+2(1—=2))+0o(T7),

ar(z) = (T+0°T%/8)

1
\/z/ 6—(ylogz)/2y2dy+0(T2)
-1

which yields (5.2). Next we have

(log 2)/Vo?T+Vo>T
br(z) = @e<m+(logz)/ﬁ>2/2/ g eV 2y

o (log 2)/Vo?>T—o>T
1

-1

1
2 — 252 _
— 2Te° T/2/ e Yo T/2 ylogzdy
—1

12

o’T !
2T (1 + T) / (1 — 32T /2)e V"8 *dy + o(T?)

1

2T 1 2T2 1
= 2T (1 + UT) / e*ylogzdy . g Z/ yzefylogzdy + 0(T2)
_ —1

X 2
S e
=T <1 + UZT) leog_zl + 2(?552)3 (1= 2*)(log2)* +2(1 + 2% log z + 2(1 — 2%)) + o(T?)
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hence

E[(An)? | Ro=a. Re = 1) = 2 (abr(y/a)~@-+9)ar(y/e)) = T2 U0z,

(log(y/x))

x,y > 0. U

Note that (5.2) above can be recovered intuitively at the first order as

T _
E[Ar | Ry=z, Rp =y| = x/ eWDsu/*) gt 4 o(T) = TZ{ =4 o(T).
0 0g z

Conclusion

In this article we give closed form integral expressions for the probability distribution
of the pathwise average of evolutionary rates, assuming a bridged geometric Brown-
ian model with diffusion parameter o governing the time-dependent fluctuation of the
rate itself. The average substitution rate along a branch of a phylogeny whose length
corresponds to T' calendar time units is then obtained by integrating over the Brown-
ian trajectories conditional on the rates at times 0 and 7'. Using these expressions we
have assessed the validity of the gamma approximation of the average rate distribu-

tion using a distribution fit based on closed form expressions of the first two moments.

Due to the oscillating behaviour of the function (3.2) involved in the expressions of the
exact probability density (3.3) and its Laplace transform (3.5), we observe numerical
precision issues when rate fluctuations are mild and/or the time intervals considered
are short (02T < 0.5 for both the conditional density (3.3) and the Laplace trans-
form (3.5)). In this situation, our results indicate that the distribution of the average
rate is well approximated by a gamma distribution, which is not hampered by numeri-

cal precision issues and therefore provides a relevant alternative to the exact approach.

When 02T > 4, corresponding to stronger rate fluctuations and/or longer periods of
time, the gamma approximation is no longer accurate, as can be seen in Figure 6. In
such situations, the approximating distribution of the average rate along a branch is

gamma with a small shape parameter, i.e. with a large proportion of small average
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rates and few very large values, which is far from the actual density function. As a
result the limiting distribution of the transition probabilities between character states
(i.e., nucleotide, amino-acids or codons) in large time does not match the expected

limiting distribution, which is clearly not satisfactory, as illustrated in Figures 7 and 8.

Our experience with the analysis of real data sets suggests that o?T is generally
smaller than 4. The gamma approximation is therefore likely to perform well in prac-
tice. To the best of our knowledge, the software PhyTime, part of the PhyML package
(see http://code.google.com/p/phyml) is the only one implementing the gamma ap-
proximation studied here. It is relatively straightforward to verify that the condition
o?T < 4 is met from the output generated by this computer program. Future release
of this software will also implement the exact Laplace transform derived in Equa-

tion (3.5) as an alternative to the gamma approximation for large values of o2T.
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6 Addendum - error bounds in the Wasserstein
distance

In this section we present some bounds for the error generated by the gamma approxi-
mation, based on the Malliavin calculus and the Stein method. Although no numerical
estimates are deduced, this provides a link with recent research on Wasserstein type
distance estimates between probability distributions based on the Malliavin calculus,

cf. [NP09], [PT13] and references therein. Recall that letting

- /0 " pwaw,

denote the first order integral of f € L?([0,T]) with respect to Brownian motion, the

Malliavin gradient is the operator D, defined as

DiF = ka [1 (1), i(fn)), t€[0,77,

where the random variable F' has the form F = g(I1(f1),...,I1(f,)), the function
g is in the space C'([0,T]") of continuously differentiable functions on [0,7]", and
fis-oos fu € L2([0,T]), n > 1. We denote by (F;)seqo,r] the filtration generated by the
Brownian motion (W;)sco,r) built on the Wiener space W as the coordinate process
Wi(w) = w(t), w € W, cf. Chapter 1 of [Ust95]. Recall also that the inverse (—L)~"
of the Ornstein-Uhlenbeck operator —L can be defined as

1
(=L) " (F(w) — E[F]) = / E[F(aw + V1 — a?®) | wlda
0
for F € L*(Q) with E[F] = 0, where @ denotes an independent copy of the w on the

Wiener space, cf. § 1.2 of [Ust95], [NP09], and § 5.3 of [Pri09] for details.

We consider the Wasserstein type distance

d(X,Y) = sup [E[A(X)] = E[R(Y)]], (6.1)

where

H = {h € Cj(R) + max{|[hlloc, [IN'[loc, [I1" ]I} < 1}.
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From Theorem 3.1 of [NP09] the distance between the law of Az and the gamma-
(B(2),n(z)) distribution I'z,, can be bounded as

d(Ar,T.) < K/ E[(2n(2)Ar — (DAr, D(=L)=' (A7 — E[Aq])))?,

for K > 0 a constant, while by Corollary 3.4 of [PT13] we have

d(Ap,T.) < K\/E[(2n(2)Ar — (DA, E[D.Ap | F)))2]. (6.2)
Next, in Propositions 6.1 and 6.2 below we show how the quantities
T
(DAp,—DL ' (Ar — E[Ag])) = — / DiAr DL Ay — B[Aq])dt
0

and T
(DAr, E[DAr | F)) = / DA E[Di Ay | F]dt
0

appearing in (6.2) can be computed.
Proposition 6.1 For all T > 0 we have

T T SsAt
Ar, . )= —po” e Wuto* (T~ udsdt. .
<DA E[D AT ‘ FD / / eUWS o (s+t)/2/ oWy+o*(T u)/2d dsdt (6 3)
0 0 0

Proof. We have
Dteh(f) — f(t)eh(f),

and
E[Dteh(g) | E] = g(t) [ |JT_'t]
= g(t)efo g*() dS/QE[ Ii(9)—Jf5 g2(s)ds/2 ’ JT_']
= g(t)e 0 g°(s)ds/2 fo 8)dWs— [y g%(s)ds/2
— g(t)e dWs+f d8/2

This yields
T
(D.e") E[D.e9 | F]) = eh(f)/ flu)g(u)elo 9 DAWs+f g (/2 gy, (6.4)
0
which yields (6.3) by taking f = ol and g = o1y O
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Under conditioning we write

Rt _ ZE(y/I)t/TeaUt _ x(y/g(;)t/T@U(Wt_tWT/T)7

where
t
Ut = Wt - TWT, te [O,T],
is a standard Brownian bridge with Uy = Ur = 0. For a < b we have
t—b
Cov(Us, Uy) = o t ).
which yields
E[Vi] = vo + (v ; %) :
and )
Varlyy) = 72022

where V; := log R,. Taking

f =0 ((1 — S/T)l[gys] — (S/T)l[s,T]) and g=a0 ((1 — t/T)l[oﬂg] — (t/T)]_[tyT])

in (6.4) yields
<D_€‘7(Ws*(5/T)WT),E[Dieg(Wt*tWT/T) |f]>

T

_ oW (s/T)Wr) / F()g(u)els 9@t [ 2 @as/2 gy,
0
T

— e”(WS_(S/T)WT)/O ((1 - %) 1,6 (u) — (s/T) 1y (u)>

t t u 2
X ((1 - T) Lio(u) — L] (U)) elo 9()AWs ], 9% ()ds/2

T
+6U(WS(S/T)WT)<8/T)<t/T)/ e/ T) W =Wu)+(t/T)*(T=w)/2 g,

sVt

t
—1{s<t}6”(W5_(S/T)WT)(1 —s/T) (t/T)/ o (L=t/ D Waut(1—=t/T)2(t—uw)/2 g,
S

1o WV (1 _ T (/T / T TIWat (/TP (T—u) 2,
t

As for (6.2) we have the following result in the unconditional case.
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_ eo(I/VS—(s/T)WT)(l . S/T)(l . t/T) / 6(1—t/T)Wu+(1—t/T)2(t—u)/2+(T—t)(t/T)2/2du
0



Proposition 6.2 For all T > 0 we have
T T
AT
(DAr EDAr | Fl) = [ [ 2 ereririzgonon:
o Jo
2 2 2
) (1 i, /Tth 21 (3 (/) — @ (Wi M))) et
Proof. Letting g € L*([0,T]) and v* = fOT g*(s)ds > 0, we find
1
(~L) (MO = Bt = [P OO | 1y (g)da
0
1
_ / pali o)+ (1—a22 /2,
0
1
_ 61/2/2/ eah(g)fa2u2/2d&
0
1
L 2@ / (@) v-av)? /2,4,

0
v=T1()/v
_ Loep (@ / C ey,

v —Ii(9)/v
= @e“”e“@””“” (@ (1h(9)/v) = @ (Li(9) /v = ¥)).
and
Dy (L) (1 — B = YR, (0P (@ (1 (g) ) — 0 (1 (0) v — )
= V0D, (@ (1))~ & (1)~ )

+@eﬂ/z (® (L(g)/v) = (Li(g)/v — v)) Dye 1712

_ ﬁg(t)eﬂ/?e(h(g))Q/vQﬂ (6—(11(9)/V)2/2 _ e—(ll(g)/v—V)2/2>
+\{/—23_7T€”2/2€”1(g”2/"2/2 (@ (Li(9)/v) — @ (Ii(g)/v —v)) g(t) 11(9)
_ %g(t)e”Q/Q (1 _ 6Il(g)—u2/2)
+\{/—23_7re”2/2g(t)11 (9)e MR (@ (1 (g) /v) — @ (Li(g) /v — v))
= I (e ) YT )y g) P (@ (14() ) — B ()~ ).
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Hence, for any f € L*([0,T]) we have

(DD, D=Ly (o) — i)
L(f) +u2/2<f7 9) (1 Lg)—v?/2 |\ /op ) 1( ) eU1(9)?/(2v?) (P (h(g)/u)—fb(h(g)/’/_’/))) ;

2
which, taking f = o1y, g = 01}y, and v* = fo s)ds = o*t, gives
(Dees 2, () M e 05
_ 5N\ te—p(s+t)o'2/2€aW5+cr2t/2
t

X (1—60Wt02t/2—|— 2:W6W2 /2 < <Wt/\/_> (Wt/\/g—a\/a)),

and yields (6.6) by integration in (s,t) € [0,7] x [0, T]. O
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