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Abstract

We develop an integration by parts technique for point processes, with ap-
plication to the computation of sensitivities via Monte Carlo simulations in
stochastic models with jumps. The method is applied to density estimation
with respect to the Lebesgue measure via a modified kernel estimator which is
less sensitive to variations of the bandwidth parameter than standard kernel es-
timators. This applies to random variables whose densities are not analytically
known and requires the knowledge of the point process jump times.
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1 Introduction

Kernel estimators for the density ¢p of a random variable F' from a random sample
{F(k)}r=1.. .~ of ' have been introduced in [17], [14]. More precisely in [17], finite
difference estimators of the form

1 1 &
or(y) =~ EE[l[_g,g}(F —y)] =~ SNT S 1wm(F(R)—y),  yeRy, (11
k=1
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have been constructed, and extended in [14] to estimators of the form

ort) = i o (MY, (12)

where K : R — R, is a kernel satisfying

/_Z K(z)dzr = 1.

The performance of kernel estimators is dependent on the choice of the bandwidth pa-
rameter h, whose optimal value is function of the number N of samples, i.e. it should
decrease as N increases. It is known since [17] that the optimal rate of decrease of
h in the mean square sense is N /4 for the finite difference estimator, while in [14]

optimal values of h have been obtained for kernel estimators, in terms of N and K.

On the other hand, integration by parts and related Malliavin calculus techniques can

be used to represent the density ¢r of F' with respect to the Lebesgue measure as

¢mw=%Pw$w=Emme, (13)

under certain technical assumptions, cf. e.g. § 2.1 of [13] on the Wiener space, where
W is a random variable called a weight. This provides another way to estimate the
density of I’ with respect to the Lebesgue measure by Monte Carlo methods: denoting
by {F(k)}k=1,. ~ a random sample distributed according to the law of F' we have

1 N
or(y) ~ N > W (k)L p@<y), (1.4)
k=1

where {W (k) }r=1._n denote independent random samples of W. The interest in (1.4),
compared to kernel estimators, is that it is independent on the value of a bandwidth
parameter. Note however that in addition to the samples of F', this estimator requires
the knowledge of the random path of the underlying stochastic process in order to
evaluate W. On the other hand, the integrability of the weight W in (1.3) entails the
existence of the density of F with respect to the Lebesgue measure, thus excluding

discrete random variables from this approach.

More generally, the Malliavin calculus has been applied to sensitivity analysis in

continuous and discontinuous financial markets, cf. [10], [9], [11], [7], [6], [2], [1]
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0
and in insurance, cf. [16], to express derivatives of the form —E[f(F;)] as

78

0
a¢

where (F;) is a family of random variables in Sy depending on a parameter ¢ € R.

- B (F)] = EWf(F), (1.5)

Here, W, is a weight independent of the function f, which need not be differentiable: in
particular the estimation of density (1.4) corresponds to f = 1(_s ) and F, = F' —y,
with W independent of y. Note that in mathematical finance, each value of the
bandwidth parameter h in the finite difference

1

o P (Een) = f(Ee-n)]
yields a different estimate of the corresponding sensitivity (also called “Greek”), see

e.g. [5], p. 40, whereas (1.5) is again independent of a bandwidth parameter.

In Proposition 3.3 below we derive a general integration by parts formula for point
processes, extending the results obtained in the Poisson case in [3], [8], [15], [11], [16],
with potential application to sensitivity analysis and density estimation for stochastic
models in finance, insurance, and engineering. Using this integration by parts formula

we obtain an expression of the form (1.3)-(1.4):

or(y) = EWlipey] ~ Zl{F <y W (k), (1.6)

for the density of a random functional F' of a point process with respect to the
Lebesgue measure. This expression requires the knowledge of the characteristics (the
Janossy densities) of the underlying point process in order to compute the weight
W, while the density of F' may be unknown or not analytically computable and thus

requiring a numerical estimation.

It turns out that the performance of the corresponding estimator (1.6) decreases when
y is large, in which case the term W1lip<,, has a large variance. This problem is

tackled by a localization procedure, mixing (1.6) with a standard kernel estimate:

e Ry T

w7 w e (7).
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where K is a kernel supported in [0, 00) and

f(@) =100 () (1 - /Om K(y)dy) , =weR

As shown in Section 6, this estimator combines the advantages of Malliavin type es-
timators (1.6) and kernel estimators (1.2), in that it is little sensitive to values of
the bandwidth parameter h, while at the same time it does not present the above
mentioned variance problem. Actually, (1.7) recovers with a simple proof an analog
of Theorem 2.1 proved in [12] on the Wiener space. The optimization results of [12]
in terms of kernel K and bandwidth parameter h also apply here and are used in

numerical simulations, cf. Figure 6.3.

We proceed as follows. In Section 2 we review some properties of point processes, and
in Section 3 we establish the integration by parts formula (Proposition 3.3) which will
be our main tool for density estimation. In Section 4 we present an application of
the integration by parts formula to the computation of sensitivities, in particular for

functionals of the form .
P / h(t)dX,, (1.8)
0

where h is a C! function and
N
Xt = Z Yka le R+>
k=1

is a compound log-normal renewal process with random marks (Y%)g>; independent
of (Ni)ier, - These results are used in Section 5 to construct a modified kernel density
estimator. Simulations and comparisons of different methods for density estimation
are presented in Section 6 for functionals of the form (1.8) with h(t) = e~ ¢t € [0, 7.
Such functionals can be used to express risk reserve processes for insurance portfolios
in which the accumulated amount of claims occurring in the time interval (0,¢] is

given by X;, cf. e.g. [16].

2 Point processes

Let -
Nt = Z 1[Tk,oo)<t>7 te R—l—? (21>
k=1



be a point process with increasing sequence of jump times (7})r>1, generating the
filtration (F;)icr, on a probability space (Q2, F, P). Set Ty = 0 and let the inter-jump
times of (V;)er, be denoted by 7, := T, — Tj—q, k > 1.

Definition 2.1. Let T > 0. We denote by Sr the subspace of L*(Q), Fr) made of

functionals of the form

F = fol{n,—oy + Z Ynp=nyfo(Th, .. 1), (2.2)

n=1

where fo € R and f, is C* and symmetric in n variables on [0,T]", n > 1, T > 0.

The set of F' € Sy for which the expansion (2.2) is finite is denoted by S{; and is dense
in LP(Q), Fr), p > 1. The expectation of F' equals

4 =1 [T T 4
E[F] ng,ofoJrZE/ / Faltsy .o t)irm(te, . to)dty - -db,,  (2.3)
n=1 "0 0

where jr, : R? — Ry, n > 1, are nonnegative symmetric functions on [0, 77" called
the Janossy densities, and jro € Ry, cf. [18], §5.3 of [4], and references therein. In

other terms we have
P(Tl € dtl, T, € dtn, Np = n) = ij(tl, e ,tn)dtl . 'dtn,

0<t1 <ty <---<t, <T. We turn to some examples of point processes and their

Janossy densities.

Poisson processes
In the case of Poisson processes with arbitrary deterministic intensity A(¢) we have
T
Jran(te, .o tn) = A(t1) - - M(tn) exp (—/ )x(t)dt) )
0

i.e. for the standard Poisson process with intensity A > 0 we have

Jra(tis . tn) =AML Lt €0,T).
Renewal processes

A point process (IV;)ier, as in (2.1) is called a renewal process with inter-occurrence
time distribution function Z(z) and density z(x) if the random variables 7, = T}, —

Ty_1, k > 1, are independent and identically distributed with

Z(x)=P(m, <z)= / 2(y)dy, reRy, k>1
0
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Since the sequence (7x)g>1 is i.d.d., for 0 <t} <ty <--- <t, <T we have

P(Tl Gdtl,...,THEdtn,NT:n)
= P(Tledtl,t1+T2€dt2,... n1+Tn€dtn,Tn+1>T—t)
= Z(tl)Z(tQ — tl) N Z(tn — tn_1>(1 — Z(T — tn))dtl N dtn,

hence the Janossy densities jr.,(t1,...,t,) are given by

[e.e]

(s o) = 2(0) 2t — 1) - - - 2t —tn_l)/ +(s)ds, (2.4)

T—t,
for 0 <ty < --- <t, <T. The value of jr,(t1,...,t,) on (t1,....t,) € [0,T]" is

obtained by symmetrization:

Jra(ts, - t) = Jra(tay, - - tw)), t,...,t, €10,7],

where (t(1),...,tu)) denotes the sequence (t1,...,t,) in ascending order, see §5.3 of
[4].

3 Integration by parts

Definition 3.1. Given w € C'([0,T)), let D,, denote the gradient operator defined on
F € St of the form (2.2) by

Zl{NT n}z (Tk) 8fn (T, ..., Ty).

Let C3([0,T]) denote the space of w € C'([0,T]) such that w(0) = w(T) = 0. In the
sequel we assume that jr, € C'([0,7]"), n > 1. Next, we state the definition of the

divergence operator.

Definition 3.2. Given w € C}([0,T]) and G € Sr, let
T
D:]G = G/ w'(t)dNt — GDw lOg |GjT,NT(T1> c. aTNT)|> (31)
0
with the convention 0/0 = 0.

Fix p,q > 1 satisfying 1/p+1/¢g = 1 and let Dom,(D,,), resp. Dom,(D},), be defined
as the sets of functionals F' € LP(Q,Fr), resp. F € LI, Fr), for which there
exists (F,)nen in Si converging to F in LP(Q, Fr), resp. in L4(Q, Fr), and such that
(DwFy)nen, resp. (DiFy)nen, converges in LP(§2, Fr), resp in L9(§2, Fr). In the next
proposition we extend the integration by parts formulas of [3], [16] to the setting of

point processes.



Proposition 3.3. Let w € Cy([0,T]). The operators D,, and D}, are closable and
can be extended to their closed domains Dom,(D,,) and Dom,(D?) with the duality

relation

E|GD,F|= E[FD, G, F € Dom,(D,), G € Domy(D}). (3.2)

Proof. For any F € Srji we have

an/ / Z tk af”(tl,7tn)]T,n(t177tn)dt1dtn
= Zni/ / folte, ..o t) Zai( (tk)jrn(ts, ... tn)) dty - - - dt,
- Z / / fulty, - ta)jralty, . 1)

, olog jrn
X <Zw (tr) + Zw(tk)%(tla e tn)) dty---dty
k=1 k=1
T
= E |:</ u/(t)dNt—leong,NT(Tl,...,TNT)> F:| s
0
hence for all F,G € S{w we get
E|GD,F] = E[D,(FG)— FD,G]
T
= F |:F <G/ U)/(t)dNt - GDU, lOng’NT (Tl, ce ,TNT) - DwG):|
0
= E[FD;G].

Let now (F},)nen, (Fn)neN be two sequences in 8{1 converging to a same F' in LP(Q), Fr),
and such that both (D, F,),en and (Dan)neN have limits denoted by U and V in
LP(Q, Fr). For all G € S} we have

(U=V,G)pz| = lim (DyF, — DyFy, Ghral
— |nh_)ngo<F” — F,, DG 12|
< DGl lim ||Fy = Bl
0,

hence U = V, P-a.s. This shows that D, can be extended to F' € Dom,(D,,) by
letting
D,F = lim D,F,

n—~o0
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for any sequence (F},)nen in Dom,(D,,) converging to F'in LP(€2, Fr), and such that
(Dy ) nen converges in LP(Q, Fr). A similar argument applies to D}, and allows us

to extend the duality relation (3.2) to all ' € Dom,(D,,) and G € Dom,(Dy)). O

We note the following:

Remark 3.4. Let F' € Sy such that F' € LP(Q, Fr) and D,F € LP(Q,Fr), resp.
D! F e L1(Q, Fr). Then F € Dom,(D,,), resp. F' € Dom, (D).

Proof. It suffices to approximate F' written as in (2.2) by the truncated sequence

Fo = folyny—oy + Z Linp=ny fu(Th, .., 1), m > 1

n=1
and to note that (DyFy,)m>1, resp. (DX F,)m>1, is convergent in LP(§2, Fr), resp. in
L1(Q, Fr). O
This remark allows us to prove the following lemma, whose hypotheses will apply in

the sequel.

Lemma 3.5. Let p > 1 and assume that there exists ¢ > 0 such that

ajT,n
Oty

k = 1,...,n,t,...,t, € [O,T]n, n > 1. Then leongvNT(Tl,...,TNT) € LP(Q,fT).

(tr, ... t)| < (3.3)

jT’I’L (tl,...’tn>

Proof. From (2.3) we have

1Dy 10g jr Ny (Th, -+ s Tvg ) I

ST Ry )

< wlbeoTe ™,

p
(9 n

w( gT (trs o t)| (b, t)|2Pdt - - - dty

=1 2

hence Dy, log jrn, (Th, ..., Tn,) € LP(Q, Fr), and log jrn, (T4, ..., Tn,) € LP(Q, Fr)

follows in the same way. U

We now turn to the calculation of Dy, log jrn,(11,...,Tn,) for examples of point

processes satisfying (3.3) for all p > 1.

Poisson processes

In the case of a Poisson process with arbitrary deterministic intensity A € C} (R, ) we

have . .
log jrng (T, ..., Tny) = / log A(t)dN; — / A(t)dt,
0 0

8



and

. T )\,(t)
leogjnNT(Tl,...,TNT) = — w(t) )\(T,) dNt
0
Renewal processes
In this case, (2.4) yields:
Dw 1Ong,NT(irl) ce aTNT)
N Nop—
| T Tg) R PO Tin) NS 2 (T = T
1-— Z(T — TNT) 1 Z(Tk — Tk—l) 1 Z(Tk+1 — Tk)
r Tn1— T (Ty, — T, —
_ / w(t)( ( Ni+1 N) Z( N N 1))dNt
0 (Tnys1 —Tn,)  2(Tn, — T,-1)
(TNT+1 B TNT) w(TNT)Z(T B TNT)
w<TNT)
(TNT+1 - TNT) 1 - Z(T - TNT)
Z'(Tn, — Tn,-1) w(Tny)2(T — Ty)

= /O(w(t—m)—w( ))Z(TM T, )dNt_ 1 —Z(T —Tw,)

Log-normal renewal process

In this example the inter-arrival times are independent and identically distributed
according to the log-normal distribution with parameter ¢ > 0, i.e.
¢—(logz)?/(20%)
2(x) = —————, x > 0.

ox 21T

In other terms T} — Ty_; = €%, where (& )r>1 is an iid. sequence of standard

Gaussian random variables, and

Nr

: w(Ty,) log(Ty, — Ti—1)
D,l Ty,....Tn,) = — (1
og jr.nr (Th Nr) ; T — T, ( + o2
2
B NTz_l w(T}) (1 log(Ty+1 — Tk)) B w(Ty, e (1080 =Tnr) /(20%)
Ty — T o2 oV21(T — Ty, ) (1 — Z(T — Ty,))

Nr Nr—1
w(Ty) L w(Ty,) L
kz:; Ty — Tk—1< o) kz:; Thr — Tk( o )
w(TNT)6—(1og<T—TNT>)2/<202>
oV2r(T — Tn, ) (1 — Z(T — Twy,))
w(TN )6_(10g(T_TNT))2/(202) Nr 14+ U—lgk

= /T - 0= 20 —To)) + ;(w(Tk) - w(Tk—1))7Tk T,
)

2
- w(TNT) (log(T TNy ) /(202) N /TNT w/(s) 1+ U_1§1+N5 n
o2r(T — Ty, )(1 — Z(T —Ty,))  Jo '

T14N;
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In the simulations of Section 5 we will take w(t) = (T —t), t € [0,7]. In this case

we have
T
/ w'(t)dNt — Dw long,NT (Tl, c. ,TNT)
0
Ty 6—(log(T—TNT))2 /(202)  Nr Nr

B (1 . Z(T —Ty,))o/2r + Z(T = 2T) - Z(T — T — Thmr) (L + 07 &)

—(log(T~Tny))* /(202) Nt
e
= — 1| Ty, — 0t (T — Ty — Ty—1)&k-
((1 — Z(T — Tn,))oV/2r ’ ;

4 Sensitivity analysis
Let I = (a,b) be an open interval of R and consider the derivative
0 oF;
F,
Bl =B |

where (F¢)ce(ap) @ family of random variables differentiable in a parameter ¢ and f is

<F¢>] ¢ € (ad) (4.1)

a C! function on R. This expression can be approximated by finite differences as

1

B (o) = F(F ) (42)

while (4.1) fails when f is not differentiable, e.g. when f = 1jg ).

Proposition 4.1 below provides an expression for this derivative without using finite
differences or requiring the differentiability of f. This formula will be applied in Sec-
tion 5 to numerical simulations which will be compared to the results given by kernel

estimates.

In the sequel and in Propositions 4.1, 4.2 and 4.3 we consider a family (F¢)ce(ap) of
random functionals, continuously differentiable in Dom,(D,,) in the parameter { €

(a,b), such that for some nyg € N,
D, F; #0, a.s. on {Nr > ng},

where w is a given element of C}([0,T]) and the function f : R — R is assumed to

satisfy f(F¢) € LP(2, Fr), for all ¢ € (a,b).
Proposition 4.1. Assume that

OcF¢
1{NT>"°}D F € Dom,(Dy,)), ¢ € (a,b). (4.3)

10



Then we have

0

SCEUR) | Np 2 na] = EWVCF(F) | Ne 2m. CE(@b). (44)

where the weight W, is given by

. O F;
WC = Dw <1{NT>7L()}D F ) C € (CL, b)
Proof. Assuming first that f € C;°(R) we have from Proposition 3.3:
0 [ OF,
a—CE[l{NTzno}f(Fc)] = E _1{NT>no}f (F¢) 85}
[ O F;
= E 1{NT>no}D F D (f(Fc))}
[ O F;
- E _f(FC>D (1{NT>7LO}D F ):|

The extension to the general case is obtained from the bound

0
ac Elfa(F)1Ny>ne}] — [ch(Fc)]' < |[f(Fe) = fulF) 2o IWe LNy 2oy I e

and an approximating sequence (f,,)nen of smooth functions. O

In the next proposition we focus on a sufficient condition for (4.3) to hold. These

conditions can be checked using (2.2).

Proposition 4.2. Assume that F, € Sr, ¢ € (a,b), andlet 1/¢'+1/p' =1/q, p' < ¢,
such that O:F; € Domgy (D), DywF; € Domyy (D), and (DyF;)™" € L* ({Ng >
no}). Then (4.3) holds and we have

a%E[f(Fc) | Np > g = EWef(F) | Ne 2], C € (D),

where the weight W, is given by

W, Lvezna) (5 p /Tw’(t)dN—Dlo 0:-Fejrna(Th, ..., T )\+M
¢ DwFC ¢4¢ 0 t wl0g |O¢cL ¢ )T Np L1y -y LNy DwFC

and belongs to L1($2, Fr).

Proof. Since F; € Sy we have from (3.1):

O Fr
Dy, (1{NT>n0}D F)

11



O:F, T . O F
1{NTZ”0} DquCQ (/(; w/(t>dNt - Dw logJT,NT(Tl, c. ,TNT)) — Dw (1{NTZnO}—DiFC’C)
L{Ny>no) / .y . DuDyF

7 F th—le F, T,...,T [
Dk OcFe ; w'(t)dNy og |0cFejrnyg (Th Np)| + Do,
—ch‘?CFC) .

In order to apply Proposition 4.1 we need to check the domain condition

O F:

vz o g € Doma (D),

which is satisfied from Remark 3.4, provided W, as in (4.5) belongs to L(2, Fr). By

Holder’s inequality we have

Wellze < [[(DwF |0cFe Do Do Fel| o

1112
) e v 2o |
T
—1 .
+||(DwFe) HLq,({NTZnO}) H(‘)CFC /0 w' (t)dN; + O Fe Dy 1og jrng (Th, - - ., Tivy.) + DoOc Fy

< H(Dch)_lHL2q’({NTzno}

|/ " (an,

which allows us to conclude by Lemma 3.5. O

/

P

10 Fe || 2o X (4.6)

/

+ HDw long,NT(Th s 7TNT>HL21’/ + ||Dw8CFCHL2P/ + ||DwaFC||L2q’) )
L2p

In the case of a Poisson process with deterministic intensity A € C'(R,) we have

O F; ( /T , /T N(t) DwaFC) DwaCFC)
We=1 n —_— w (t)dN; — w(t dN; + — .
¢ 7 ~{Nr2no} (DwFC o ()N, o ( ))\(t) "D F Dy Fy

In general we assume that the Janossy densities jr, are known in order to compute
the weight W, while the density of F' may not be analytically computable, or unknown

as in the following example.

Consider now a compound point process of the form
Ny
Xt = Z Yka le R+>
k=1

where (Y%)r>1 is a sequence of random marks independent of (V;)icr, and such that
there exists ¢ > 0 such that Y, > ¢ > 0 a.s., & > 1. We make the additional
assumption

jT,n(tla .. ,tn) S Cg, tl,. .. ,tn c [O,T]n,

k=1,...,n,n>1.

12



Proposition 4.3. Consider g : (a,b) — R and h : [a,b] x [0,T] — R two C* functions
such that g—? does not vanish on [a,b] x [0,T], and let
T
Fe=9(0)+ [ HCtaXe = gl¢ Zyk 1), Celab)
0

Let a > 0 and
w(t) =t*(T —1)°, te0,7].
Then (4.3) holds whenever ng > 2« and we have

0
a¢

where the weight W, belongs to L4(Q2), ¢ € (a,b).

= E[f(Fe) | Nr > nol = E[W f(F¢) | Nr > nol, ¢ € (a,b).

Proof. 'We have
, T oh
OFe=9g(Q)+ | H7(¢1)dXy,
o 0¢
which belongs to LP(Q2) for all p > 1. Since the gradient D,, does not act on Y,

k € N, these random variables can be considered as constants in the integration by

parts formula (3.2) and we have

DuF =~ [ wlt)G(.0dXe

Moreover there exists ¢; > 0 such that
oh
E(Qt) > >0, (¢,t) € [a,b] x [0,T7,

hence for any p’, ¢’ such that 1/¢' + 1/p’ = 1/q we have

T on o
1 ey = 105 |05 ]
,]Tn(tlv“‘7tn)
_ dty - dt,
Z E A A e e
—2q’
22aq 1/2 1/2 n
- dty - - -dt,
o 0102 nzr;o n! / / 1
22aq 0o CEL n ) —OJQ/
< = - t dty---dt,

22aq’ oo n 1 2n+1 n/2 1/2 ,
= ; § il -+ T / pnoi=2ed g,
(cre2)?? < nl \ 424 I'(n/2) Jo

no

13



n 1+4aq’ -n/2
_ _og! “% (4 2 T
(@e)™ > ) ( T2 —2aq) )
which is finite whenever ng > 2aq’ > 2«, hence we can apply Proposition 4.2. U

In practice one can choose ng = 1 provided « € (0,1/2). Note that at least four jumps

can be required in other situations, see e.g. Proposition 3.2 of [1] in the Poisson case.

For example, taking h((,t) = e~ the weight W, corresponding to the sensitivity

0
a—CE[l{NTzno}f(Fc)] = E[LinyonoyWe f (F0)] (4.7)

with respect to the parameter ¢ > 0 is given on { Ny > ng} by

_1 foT w(t)te_Ctht B fOT te=Std X, <f0Tw(t)(Cw(t) . w/(t))e—(tht

We = —=+
: ¢ fJwestdx, ¢ [ wt)e<tdX, T w(t)e<tdx,
T

— / w'(t)dNt + Dw 1Ong7NT(T1, ce ,TNT)) .
0

5 Density estimation

In this section we apply the above results to the computation of the conditional density
or(- | Nr > ng) of arandom variable F' with respect to the Lebesgue measure, written

as the derivative

d
¢F(y\NTZn0)=—d—yE[f(F—y) | Nr > ng), y €R,
with f = 1(,o0), 1.6. we take F$ =F —(, ( € R.

Kernel estimators

The standard kernel estimator of the density ¢ with respect to the Lebesgue measure

is given by

Or(y) = %E {K (%)} ~ ﬁil{ (W) , (5.1)

where K is a continuous positive function such that

/_Z K(z)dz = 1.

14



Malliavin estimators

Taking F}, = F' — y, Proposition 4.2 yields the following corollary.

Corollary 5.1. Assume that F' € Sy and let 1/¢' + 1/p' = 1/q, p' < ¢, such that
Dy, F € Domy, (D,,), and (D, F)™' € L*7 ({Ny > ng}). Then we have

%E[l{NT>no}f<F )] = E [Wligony F(F —1)].

for f bounded and measurable on R, where

1Ny T DD, F
W= % (/ w'(t)dN; — Dy log jrng (T, ..., Tny) + ) (5.2)
w 0

belongs to LI(€).

In particular, taking f = —1j) we get

¢r(y | Nr = no) = —d%E[l[o,oo)(F—y) | Nz > no| = —E[Wljeo)(F' —y) | No = nq],

(5.3)
y € R, where the weight W is independent of y and of any bandwidth parameter.
Here the condition {F > y} in (5.3) with y > 0 actually ensures the integrability of
Wl oo)(F —y) on {Np > 1}. This yields the estimate

1{NT>n0}
Np > . 4
¢r(y | Nr > ng) ~ “NP(Ny > ng) E W (i F(i) —y) (5.4)

In case F = fo (t)dX; the relation

Duper = [ wto) (G tu(e + Sric ot ) ax

yields

1{nyon 4 :
= —F N (/0 w'(t)dN; — D, log jr.ng (11, - - -, Tvy)
)

Jo wt)GH(¢, )X,
ST w(t) (2 (¢, ' (t) + %(g,ww(t))czxt) |
S w(t)2e(¢,tdx,

(5.5)

Modified kernel estimators

When D, F' is close to 0, the value of W becomes large, due to the division by D, F

in (5.5), hence when y is small the term W1y .o)(F —y) is allowed to be non-zero for
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small values of F', and it has a large variance. A variance reduction technique called
localization had been introduced in [9] to deal with related problems on the Wiener
space. Here we apply a similar procedure to construct a modified kernel estimator

using Malliavin weights. For this we will consider a decomposition of the form

1[0,00) = f + 9,

where ¢ is a C! function. In the following proposition we obtain an analog of Theo-
rem 2.1 in [12], via a somewhat simpler argument, under the hypotheses of Proposi-

tion 4.1.

Proposition 5.2. Assume that F € Sy and let 1/¢' + 1/p' = 1/q, p' < ¢, such that
Dy, F € Domyy (D,,), and (D, F)™' € L* ({Ng > no}) and let f a function on R such
that f(0) =1, f(z) =0, z <0, and 1) f" € L*((0,00)). We have for all n > 0:
¢F( ‘ NT > no) (56)
1
= —F [Wf( ) ‘NT > no} - 5E [1{F>y}f <—77 y) ‘NT > no] ) y €R,
where W is given by (5.2).

Proof. Letting g = 1jp,o) — f we have

d
¢r(y | Nr > ng) = —d—E[l[o,oo)(F —vy) | Np > ny

g b () een] (552 e

— _F [Wf( ) ‘NT > no} _ %E [1{F>y}f <¥) ‘NT > no] . yeR,

where W is given by (5.5). O

Letting K () = —1(0,0c)() f'(x), this leads by Monte Carlo approximation to a family

of corrected kernel estimators:

L{Np>no} -y L F()—y

N > T 0 S\ J . ~\)—J

6r(y | Nr = mo) = NPNTMOZ)( (FO=0) - war (FR=2)).
(5.7)

depending on n > 0. Note that (5.6) is an equality, whereas the standard kernel

estimate
F—y

1
¢F(y|NTZn0)25E {K (T) ‘NTZHO] , y € R,
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is only an approximation.

The method for the determination of an optimal kernel f : R — R and bandwidth

parameter 17 > 0 by minimization of

F—y 1 F—y 2
o (01 (552) b (2] e

E

of [12], page 446, also applies here and yields
f(x) = 10,00 (z)e ", r e R,

and 7Nopy = ||W||221( for any A > 0. Note that the criterion of optimality for n

{Np=zno})’
is not linked to the number of samples N, as is the case for the optimal decrease in

N~1/4 of the kernel estimator bandwidth parameter h.

6 Numerical results

Our results are illustrated by Monte Carlo density estimations with 10000 samples for

the random variable .
F, = a(r)/ e ""dNy,
0

where (N;)ier, is a log-normal renewal process and 7' = 5, ¢ = 0.3, and «(r) =
exp((1+r)? — 1) is a parameter chosen to enhance the readability of the simulation
graphs. Clearly the law of F}. has a Dirac mass at y = 0, and we are interested in the

values of the density on R\ {0} with respect to the Lebesgue measure.

Kernel estimators

We start by comparing several kernel estimators in Figure 6.1, with

™

K(z) =2

1 1/2,1/2)(7) cos (7)),

and n =1,0.1,0.01.

17



1.2 T T
h=1
‘ h=01
h=0.01 ---------
1
0.8 K
.
(N
{
/
2 0.6 i
(72} m
2] '
[ A
[a)
0.4 f
0.2
0
1.5 2 2.5 3 3.5 4 4.5 5 55
y

Figure 6.1: Kernel estimations of ¢, with 10000 samples and r = 0.2.
Malliavin estimator

For the Malliavin method we use the expression (5.3) where the weight W is given by

L{Nr>no} /T , .
= — = w'(t)dNy — Dy log jr Ny (T4, ..., Ting
) [ w(teran, \y O e (Ths - Ty

Ji w)rwlt) — /() aN (6.1)

fOT w(t)e "td N,
is independent of y and of any bandwidth parameter. The result of this estimation is

shown in Figure 6.2 below.
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Figure 6.2: Probability density of F, for r = 0.2 (Malliavin method with 10000 samples).
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The graph labeled “exact value” has been obtained by finite differences with 107 sam-
ples. Ome can check in Figure 6.2 that although the Malliavin estimator (5.3) yields
more precise values than the kernel estimator (5.1) when y is large, it behaves badly
for small values of y due to a higher variance of W1y .o)(F —y) in this situation. This
phenomenon is dealt with by the modified kernel estimator introduced in Section 5

by localization.

Modified kernel estimators

Figure 6.3 shows the result of this modified kernel estimation for n = 1,0.2,0.01,
for comparison with the standard kernel estimate of Figure 6.1. The modified kernel
estimator does depend on a parameter called 7, but it appears more stable and less
sensitive to variations of n than standard kernel estimators are sensitive to the value
of the bandwidth parameter h. In our setting we found 7., = 0.1963 by Monte Carlo

simulation and we used the optimal kernel K (z) = 190 (x)e™".

1.2

0.8

0.6

Density

0.4

0.2 /

1.5 2 2.5 3 3.5 4 4.5 5 55

Figure 6.3: Modified kernel estimates of ¢, with 10000 samples and r = 0.2.

7 Conclusion

Both Malliavin and modified kernel estimators are consistent. The performances of
kernel estimators are dependent on the choice of a bandwidth parameter 7. The

results of the Malliavin method are independent of n but may be degraded as the
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weight variance increases. In the examples considered in the paper, the latter performs

better than the other estimators.
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