The Dothan pricing model revisited
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Abstract

We compute zero coupon bond prices in the Dothan model by solving the
associated PDE using integral representations of heat kernels and Hartman-
Watson distributions. We obtain several integral formulas for the price P(¢,T")
at time t > 0 of a bond with maturity 7" > 0 that complete those of the

original paper [7], which are shown not to always satisfy the boundary condition
P(T,T)=1.
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1 Introduction

In the Dothan [7] model, the short term interest rate process (r).cr, is modeled

according to a geometric Brownian motion
d?”t = ATtdt + O'TtdBt, (11)

where the volatility o > 0 and the drift A € R are constant parameters and (By)er,
is a standard Brownian motion. In the Dothan model, the short term interest rate r;

remains always positive, while the proportional volatility term or; accounts for the
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sensitivity of the volatility of interest rate changes to the level of the rate r;.

On the other hand, the Dothan model is the only lognormal short rate model that

allows for an analytical formula for the zero coupon bond price

P(t, T) =E |:€7 ftTTsds

Ft}, 0<t<T,

cf. [7], and it is commonly referenced in the bond pricing literature, cf. e.g. [5].
Other lognormal interest rate models include the BGM [4] model. For convenience of

notation we let p = 1 — 2X\/0? and write the solution of (1.1) as
Ty = roexp (O’Bt — pa2t/2) , te Ry,

where po/2 identifies to the market price of risk, cf. e.g. [13], Section 4.2. By the
Markov property of (1;)icr, , the bond price P(t,T) is a function F'(,7;) of , and of

the time to maturity 7 =T — t:

P(.T) = F(r,1) = B [~ I

rt], 0<t<T (1.2)

In addition, by a standard arbitrage argument, F'(7,r) satisfies the PDE

oF 1, , O*F OF
E(T, r) = 50 r W(T, r)+ )\’/’W(T, r)—rF(r,r) L3

F(O,T‘):l, T€R+.
The zero coupon bond price given in [7], page 64, cf. also [5] page 63, is

F(r,r) =

P/2

_ o0 & 2.2 2
—e 7P /8/ sin(2y/z sinh a)/ wsin(ua)e ™7 /% cosh (%) ‘F (—g + Zg) duda
0 0

T
QP/2

+WKP(2\/E), (1.4)

+oo
with z = 2r/o?, where I'(z) = / t*te7tdt, » € C, R(z) > 0, is the Gamma
0

function and
00 1 +oo
Ky(r) = / e~ N2 cosh(wz)dz = 5/ emreoshztwz g, zr € R, (1.5)
0 —o0
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is the modified Bessel function of the second kind of order w € C, cf. page 376 of [1]
or page 181 of [14]. A proof of (1.4) is given in [7] in case p = 1, while the argument
given therein is not complete in the general case p € R. We will show in particular
that (1.4) does not satisfy the correct initial condition F'(0,7) = 1, » > 0, for all
values of the parameter p, although it satisfies F'(7,0) = 1 for all p > 0 and 7 > 0.

In Section 2 we obtain a bond pricing formula based on the joint probability density of
[15]. As an example, Figure 1 provides a numerical comparison between the result of
Corollary 2.3 below and Relation (1.4) as functions of 7 > 0 with = 0.06, o = 0.5 and
p = —0.8441, in which the bond price given by (1.4) appears to be an underestimate

that can become negative and does not match the terminal condition P(T,T) = 1.
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Figure 1: Comparison between Relations (2.9) (straight line) and (1.4) (dotted line).

As can be expected from (1.2), tractable expressions for the bond price P(t,T") are
more difficult to obtain for large values of p € R. We also derive an analytical formula
for the pricing of bond options in Proposition 2.4. Note that related techniques have
been applied to the pricing of Asian options, cf. e.g. [2], [6], [8], and references therein.

In Section 3 we present other expressions for P(t,7'), which are closer to the origi-
nal formula (1.4), by solving the PDE (1.3) using a heat kernel representation and

Gamma functions, and in Corollary 3.3 we obtain another probabilistic interpretation



for P(t,T) using hyperbolic cosine random variables.

2 Probabilistic approach

In [15], Proposition 2, the joint probability density of

0

has been computed in the case o = 2, cf. also [10]. Applying Brownian rescaling, this

density can be written for an arbitrary variance parameter o as

P (/ e7Bspo%s/2 g ¢ du, B, —poT/2 € dy) (2.1)
0
o oy/2 2
= ge_pUy/Q_PZUQT/S eXp _21 _'_ € Y 9 46 y/ , o _7- d_udy’
2 o2u ou 4

u>0,y€ R, >0, where
ve™ /(2

23t

O(v,t) = / ¢ &/ gmveoshE ginh (¢) sin (€ /t) dE, v,t > 0. (2.2)
0

The following result is obtained by applying (2.1) to the computation of the condi-

tional expectation (1.2).

Proposition 2.1 The zero-coupon bond price P(t,T) = F(T — t,ry) is given for all
peR by

_ 2(1+2?) 4z o*r\ du dz
I _ a?p?7/8 9.
(r.r)=e / / exp( o?u >9 (0 247 4 ) u 2Pt (2:3)
Proof. 'We have

F(T—tr) = P(tT)

T
—Tt/ 6J(Bs—Bt)_U2p(5_t)/2d8) ‘}“t} (2.4)
t

=Tt

T—t
—T/ ea(Bt+S—Bt)—02ps/2dS>:|
0 r=r¢




Tt ,
= [E lexp (—r/ eoBs=0 ps/2ds)}
0 T=r¢

= / / e P (/ 7B p7*s/2 g ¢ du, B, € dy> ,
0 —00 0

with 7 := T — t, and the conclusion follows from the change of variable z = e“¥/2,

using (2.1). O

The above formula involves a triple integral which can be difficult to evaluate in
practice. Next we present alternative representation formulas under some integrability
conditions that involve only double integrals and special functions as in [7], and are

more appropriate for numerical computation.

Corollary 2.2 The zero-coupon bond price P(t,T) = F(T — t,r) is given for all
peR by
8\/_ 2,2 2 2
F ) = —o?p?7 /84272 /(0% T) 2.5
) = 25)

—2¢2/(o?7) Slnh(g) sin (47‘-5/(0—27—)) 2 %
/ / V/1+ 2zcoshé + 22 o (@\/1+2zcosh§+z/a> dﬁzp.

Proof. Relation (2.3) can be rewritten as

4zr 1 + z o’ dv dz
— —°P°T/8 Z )=
F(r,r)=e / / exp ( o2 Vo ) 0 (v, 1 ) sl (2.6)
after the change of variable v = 4z /(0%u). Now, applying the Fubini theorem we have
o 4zr 1+ 22 o’r\ dv
— — 0 — ) — 2.7
/0 P ( vor U2z ) (U’ 4 > v (2.7)

2nt /(o) oo 4 > 4 1+ 2zcosh§ + 22
S e~ 2/ in (%f) sinh(f)/ exp (— T2 _ yo 12208 §tz ) dvdg,
0

71'3027‘/2 o°T V02 2z

since the integrand in (2.7) belongs to L'(R2) as it is bounded by

1 2(m?—€2)/(0%7) g (
V) e“\" 7T sinh(€) ex v
(&) ot 2 () exp

1422 4dzr
z vo? )’

Next we have

/°° ( drz 1+2zcosh§+z2) drz [ ( 1+2,zcosh§+z2) du
exp | — —v dv=— exp | —u —2r —
0 0

vo? 2z o2 uo2



4Z\/§K1 (\/g\/l + 2z cosh & + 22/0>

o V/1+ 2z cosh§ + 22 ’
where we used the identity
v [ 22\ du
K,(z) = ST /0 exp <—u — @> o v € R, (2.8)
cf. [14] page 183, provided R(2%) > 0. O

The next corollary provides an alternative expression for the bond price using a double

integral, which is however valid only for p < 1.

Corollary 2.3 The zero-coupon bond price P(t,T) = F(T — t,r) is given for all
p<1by

0o 2
o202y /2 o°T dv
F(r,r) =2e"77 /8/0 (v*+8r/c*)"" 6 (v, T) K, (\/02 + 87“/02) prasy (2.9)

Proof. From Relations (2.6) and (2.8) we get

o] 2 00
o218 o°T v (v A dz dv
F(r,r) = e /0 0 (v, e ) /0 exp ( 5, %\ 3 + o)) iy
o8] 2 p/2
o —02p27'/8 0T 2 8_T 2 g _d'U
= 2 /0 0 (v,—4 ) (v + = K, V% + 2| et

where, letting

n2/(2t) oo ] Vi
N —£2/(2t) ; _ t/2+m2/(2t) —22
C(t) = 55 e sinh(§)d¢ = _ﬂge i e " dr < oo,

t > 0, we have applied the Fubini theorem as

//‘9( >exp(—21(1+z) f;j)
< 07/4/ / exp(——1+ 2) 4m>dz‘jfl

= 4?6’(027/4)/0 Kl(@m/0> 2 dz

dv dz

v ZP+1

z+1zpt1
< 00,
for all p < 1, since from [1] page 378 we have K;(y) ~ /216’3/. O
Y—00 y



Figure 2 provides a numerical comparison between the result (2.9) of Corollary 2.3
and (1.4) as functions of r > 0 with T'— ¢ = 10.8, ¢ = 0.6, and p = —0.48. Here the
bond price given by (1.4) may also become negative and does not match the terminal
condition F'(0,7) = 1. In addition it is numerically less stable than (2.9), given that

the same numerical algorithm has been used for the discretization of integrals.

We close this section with an analytical formula for the price of a bond option, obtained

from the probability density function (2.1) and the same argument as in Corollary 2.2.

Proposition 2.4 The price of a bond option with payoff function h(x) is given by

E [eXp <— /tT 7’st) hF(S—T, rT))‘ft]

8 2 2 & 2
— \/_ 27r /(o?1)—p3c T/S/ Z_p_lh(F<S - T, rte—pa 7/222))
0

o2 7r3T

y /”e_x%zﬂsmh(s)sin<47rs/a27>> (¢8_ N err He-g)) dedz.
0

V(z+ef)(z+e7)
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Figure 2: Comparison between Relations (2.9) (straight line) and (1.4) (dotted line).

3 PDE approach

In this section we derive another integral representation for the solution of the bond

pricing PDE for p € (—o0,0), which is closer to Dothan’s original formula (1.4). The
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Dothan PDE (1.3) can be transformed into the simpler equation

%_Z(S,y) _ <H+%2> U(s,y)

(3.1)
U0,y) =e P, y € R,
under the change of variable
23/2 p 2 23/2
Flr.r) = ( ﬁ) U (E,mg( f)) ,
o 4 o
102 1,,. e : L :
where H := 5502 + 56 Y is a Hamiltonian operator with Sturm-Liouville potential,
Y
cf. [9], hence the solution U(s,y) of (3.1) is given by
Uls,y) = 6_8p2/2/ qs(y, w)e " dr, (3-2)
where the kernel gs(x, y) of (e7*)scr, can be expressed as
2 OO —u?t/2 T
a(r,y) = = ue sinh(7u) Ky, (€¥) Ky (€¥)du, (3.3)
™ Jo

t>0,z,y €R,cf. [3], page 115, and [9] page 228. As a consequence the zero-coupon
bond price P(¢t,T) = F(T —t,r,) is given for all p € R by

oy = (220 o (2 g (25))

2P(9 p/2 2,2 00 2v/2
= iexp <—J P T) / e Pqy2r4 <log ( 7“) ,y) dy.
oP 8 e o

Using the integral representation (3.3) of the kernel ¢:(x,y) we obtain the following

result which clearly does not coincide with Dothan’s formula (1.4) when p < 0, due
QP/2
to the absence of the Bessel function term I—Kp(2\/§) in (3.5) below.

['(p)

Proposition 3.1 The zero-coupon bond price P(t,T) = F(T — t,r) is given for all
peR by F(r,r) =

2p+1 2\ o] oo
(—\/_T)e_pQ"QT/S/ e_py/ wsinh(ru)e ™7 3K, (V81 /o) Kiy (¢! dudy, (3.4)
0 0

m20P

r>0,7>0.



From a computational point of view the above formula actually involves a triple
integral of a Bessel function, which can be simplified to a double integral of a Gamma

function under some additional conditions on p.

Corollary 3.2 The zero-coupon bond price P(t,T) = F(T — t,r) is given for all
p<0by F(r,r)=

p/2 0 00 9
x—2€p2"27/8/ sin(2/x sinh a)/ ue="*7°7/3 cosh (%) ’F (—g + 2%)‘ sin(ua)duda,
m 0 0

(3.5)
r>0, 7 >0, with z = 2r/o>.
Proof. First, from (3.4), after the change of variable z = ¢¥, we notice that
21+3p/2 —p2027 —o2u?r

F(r,r)=rP?"—— e p /8/ / ue /8 sinh(7mu) Ky, (2) Ky, (\/ /0) p+1,

and we note that

/ Pt e~/ sinh(ru) Ky (2) Ko (\/8_7‘/0> ‘dudz

< C/ ue " 7/3 sinh(ru)du X sup / z7P1 Kiw(z)‘dz < 00,
0

o weRy Jo

where C' > 0 is a constant. From this bound we can apply the Fubini theorem, hence

from Proposition 3.1 and the relation

2 1
(-5 -
2 2 272~

w(e)e P dydu, weR,

we get
201 (\/2r)P o o0
F(T, 7’) = g—@ep2027/8/ usinh(ﬂu)Km(@/g)e"2"27/8/ Kw<€y)€7pydydu
T 0 .
2r)P o0 9
T4o 0
xp/2 5 o o0 5 o ™ o0 p u 9
= —e 7P 7/8/ we—20T/8 cosh <—> / sin(2+/z sinh a) sin(ua)da |T (—— + i—) du,
T 0 2 0 2 2

which yields (3.5) for all p < 0, where 2 = v/2r/0 and we used the integral represen-

1 Feo
W/O sin(zsinh t) sin(ut)dt, z € Ry, p € R, that can be

derived from the relations on pages 182-183 of [14]. O

tation K;,(z) =

9



Finally we derive a probabilistic representation of the bond price that can be useful for
Monte Carlo estimation, using the hyperbolic cosine distribution with characteristic

function u — (coshu)?, p < 0, cf. [12].

Corollary 3.3 For all p < 0 we have

23p/2y-p/2

F(T, 7”) = F(_p) 6—027'p2/8 E [Zpe—a2TZ§/8 Sinh(ﬂZp>Kizp<\/8_T/U)] ,

woP
r >0, 7 >0, where Z, is an hyperbolic cosine random variable with parameter —p.

Proof.  We use Relation (3.6) above and the fact that the density of Z, is given by

1 +oo ] 271)72 P U 2
-t 1y (oosh ) Pdy = ——— )F (__ _ '_) ’ R,
U o /_OO e " (coshy)Pdy ) 5~ i3 u €
cf. [12], page 300. O

Note added in proof

The result of Corollary 3.2 can be extended to all p € R using spectral expansions for

the Fokker-Planck equation, cf. [11] and the references therein.
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