Discrete chaotic calculus and covariance identities *
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Abstract

We show that for the binomial process (or Bernoulli random walk) the orthogonal
functionals constructed in Kroeker [14] for Markov chains can be expressed using
the Krawtchouk polynomials, and by iterated stochastic integrals. This allows to
construct a chaotic calculus based on gradient and divergence operators and structure
equations, and to establish a Clark representation formula. As an application we
obtain simple infinite dimensional proofs of covariance identities on the discrete cube.
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1 Introduction

In the classical deterministic integration theory the polynomials {p,(z) = 2",n > 0},
and the exponential function exp(z) = >~ p,(x)/n! play a special role because they
satisfy f(fpn(x)dx = —iPnt1(t) and fg exp(z)dr = exp(t) — exp(0). In some stochastic
cases, it turns out that the role of p,, is taken up by orthogonal polynomials related to the
distribution of the integrator. The most studied stochastic case is integration with respect
to Brownian motion {W;,¢ > 0}, where W; has a normal distribution N(0,t), i.e. with
mean zero and variance ¢t > 0. The notion of multiple stochastic integration for this process
was first introduced by Wiener. As is well known, in stochastic It integration theory with
respect to standard Brownian motion, the Hermite polynomials play the role of the p,:

Hn+1(Wt; t)

t
Hn Wsa dWs -
/0 (Wes) -

?

where H,(z;t) is the monic (with leading coefficient equal to one) Hermite polynomial

with parameter ¢. The monic Hermite polynomials H,(z,t) are orthogonal with respect
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to the normal distribution N(0,t) of W; and (H,(W3;t))ier, } is a martingale. Using the
generating function Y oo H,(z;t)z"/n! = exp(—tz?/2 + zx), one can easily see that the
role of the exponential function is now taken by the function exp(—t/2 + W;) because we
have fot exp(—s/24+Ws)dWy = exp(—t/24+W;) —1. The transformation exp(W; —t/2) of the
Brownian motion is sometimes called geometric Brownian motion or the stochastic exponent
of the Brownian motion. There is a similar result for the compensated Poisson process
M, = N;—t: the monic orthogonal polynomials with respect to the Poisson distribution P(¢)
are the monic Charlier polynomials, C,,(z;t), defined by the generating function (Koekoek
and Swarttow, [13], 1998): W (x,t,2) = > 2, Cp(z;t)z"/n! = exp(—tz)(1 + z)*. We have:

Cn+1(Nt; t)

t
Ny_;s)dM, =
/Ocn( S)S) s n+1

(1)
In terms of the generating function, this is equivalent with

W(Nt, t, UJ) —1

w

t
/ W (N,_, s, w)dM, =
0

This result goes back to Ogura [17] (1972) and Engel [6] (1982), it implies that the monic
Charlier polynomials {C),(N;t)} are martingales, see also Schoutens and Teugels [21]
(1998), and Schoutens [20] (2000). Chaos expansions for Markov chains have been con-
structed in Kroeker [14] (1980) via orthogonal functionals that are the analogs of multiple
stochastic integrals with respect to martingales. A natural question for investigation is
the determination of martingales whose multiple stochastic integrals can be expressed as
polynomials. In continuous time, Privault, Solé and Vives [19] (1997) proved that the only
normal martingales solutions of structure equations which have an associated family of
polynomials are the Poisson process and the Brownian motion. In the i.i.d. case it is shown
in Feinsilver [8] (1986) that such polynomials have to be Meixner polynomials. In this paper
we will show that the Markov chain approach to multiple stochastic integrals coincides with
the i.i.d. approach of [8] only for the binomial process, and that the binomial process is
the only i.i.d. discrete time process for which the multiple stochastic integrals of [8] can be
expressed with polynomials, namely the Krawtchouk polynomials. Moreover, in this case
these functionals can be also expressed as discrete iterated integrals with respect to the
compensated binomial process. From this we deduce a chaotic calculus and Clark formula
which are applied to the statement and proof of covariance identities in infinite dimensions,
extending results obtained by Houdré and Pérez-Abreu [11] (1995) in the continuous time
case, and by Bobkov, Gétze and Houdré [3] (2000) on the finite discrete cube.

This paper is organized as follows. In Section 3.1 we reformulate the construction of [14] in



the language of tensor products. We give a particular attention to this construction because
it is valid for processes with non-independent increments, and the non-independence of in-
crements is always a non-trivial problem in chaotic representation, cf. Emery [4] (1990) and
Biane [2] (1989) in continuous time. Section 3.2 deals with the i.i.d. case. Section 3.3 is de-
voted to the representation of orthogonal functionals of the binomial process as Krawtchouk
polynomials, and Section 4 presents the iterated stochastic integrals and the relation be-
tween the Krawtchouk polynomials and the binomial process. In Section 5 we obtain a
Clark representation formula for functionals of the binomial process, using gradient and
divergence operators. Section 6 is devoted to the statement and proof of covariance identi-
ties.

Other approaches to discrete time stochastic analysis can be found in Holden et al. [9]
(1992), [10] (1993), Leitz-Martini [15] (2000), and also in Attal [1] (2000) in the framework
of quantum stochastic calculus. In this paper our focus is on multiple stochastic integration

and associated polynomials.

2 Notation

We denote by I2(N*) with N* = N\{0} = {1,2,...}, the set of all square-summable functions
on the strictly positive integers and by (ex)ren+ = (1{x})ren+ the canonical basis of [2(N*).
The tensor product of functions in [?(N*) will be denoted as “®”. On the space [*(N*)®"
of square summable functions in n strictly positive integer variables, the canonical inner

product is defined by

®n1 Rnp _Q@mq ®mg _
(e, @ - ®e 76" @ ®e; " pmryen = Lip=q} L {i=ji,1<k<p} L {np=ms,1<k<p}

1<iy <ig < <ip 1 <j; <jo<-+<j, Thesymmetric tensor product I2(N*)°" is by
definition the set of all square-summable symmetric functions in n strictly positive integer

variables. Given f, € [*(N*)®" the symmetrization in n variables of f, is the function

fn € 2(N*)°" defined as

~ 1
fn(klw--akn):m Z fn(ka(l)u-"vkﬁ(n))7 kl,...,kn21, (2)
O’EEn
where 3, is the set of all permutations of {1,...,n}. The symmetric tensor product of
functions in I?(N*) will be denoted by “o”, ie. e o---0e;" is the symmetrization in

ni+ -+ ng =n variables of €™ ® -+ ® egnd. We have

nyl- - ng!

oniy ong oni
<€z‘1 © °€, HE,

(3)

.. On{i p—
00 ) p(ryen = o



Given fy,..., f, € [*(N*), we denote by f; ®--- ® f, the symmetrization in n variables of

(k1y ooy kn) = L a<icjeny f1(Rr) - - fulkn),

with
1
ol

@np

©ni ®m1
<6i1 @"'@6% ) €41 ®©-- @6 >12(N*)® ]-{p g, ni=-=np=mi=--=mq=1, ix=J,1<k<p}; (4)

1<idp < <ip, 1 < gy <0 < Jy. We call 2(N*)®" C [2(N*)®" the completed linear
span generated by {1 ® fo® - ® f, : fi,..., fn € *(N*). The space [*(N*)®" consists
in fact of all the symmetric functions in [*(N*)°" that vanish on every diagonal in (N*)",
in fact [?(N*)®" is also the n-th chaos of the toy Fock space, cf. Meyer [16] (1993), p. 14.
The monic Krawtchouk polynomials are determined by the generating function Koekoek

and Swarttouw [13] (1998):

< —z
Y(w,N,2) =) Kn(w; N,p)— = (1+¢2)"(1 = p2)"™,

where N € N, 0 < p < 1and p+¢q =1, with K,(z; N,p) = 0 for all zx € N, n > N.
Explicitly, this implies

i=n . . 1 i
Ko(z; N, p) nz nil—e)i (/p) (5)
=0

7!

and in particular Ki(x; N,p) = x — Np, where (a), = a(a+1)...(a + k — 1) denotes the
Pochhammer symbol, with (a)o = 1 for all @ € R. As mentioned above, the Krawtchouk

polynomials are orthogonal with respect to the binomial distribution Bin(N, p):

=N
N
2 (Jpng_mKn(f“; N K@ Nop) = (=1)"0(=N)a(pa)" L)
=0
N
N <7’L> (pq)nl{n:m}’ 0 S n,m S N,
see [13].

The binomial process with parameter 0 < p < 1, denoted by (By,)nen, is a stochastic
process such that, By = 0 and (X;);>1 = (B; — Bi—1);>1 is a family of i.i.d. Bernoulli
random variables with parameter 0 < p = P(X; = 1) < 1; By has the binomial distribution
Bin(XV, p), given by the probabilities ( )pqu i i=0,1,...,N.

3 Orthogonal Expansions

In this section we formulate, in the language of tensor products, the construction of or-

thogonal functionals of Markov chains due to [14]. This construction does not seem to be
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related to the chaos expansions defined in [2] for finite Markov chains in continuous time.
The notion of tensor product makes the exposition significantly different, but leads to the
same objects. First we consider a general Markov chain. Next, we turn to the i.i.d. case

and finally we consider the special case of a binomial process.

3.1 Orthogonal expansions for Markov chains

Let (Sp)nen be a Markov chain with state space N and transition matrix (P(z,y))syen,
starting from 0, on a probability space Q. Let u(k) € NU {oco}, denote the dimension of
I*(N; P(k,-)), and let (¢™(- | k))o<n<puxy be a complete orthogonal set of polynomials in
*(N; P(k,-)), with ¢"(- | k) of degree n, [|¢"(- | k)| p =n!, 0 <n < puk), and
(x| k) =0,n > u(k) for all z,k € N.

(%))

Remark 1 In the construction of [1]], the functional ¢"(x | y) is not constrained to be a

polynomial in x € N, in this case and the choice of the family (¢" (- | y))nen is not unique.

In [14], the data of the initial distribution 7 of (S, )nen is also considered. In our notation
this can be easily taken into account by letting P(0,-) = 7(-). Next, we define the map .J,
which will be the analog of the multiple stochastic integral in the case of continuous time

martingales and maps a symmetric function to a random variable in L?(2).

Definition 1 We densely define the linear map J, : >(N*)°" — L*(Q) as:

k=d
Ta(eg oo ety =[] 6™ (Si, | Sip-1),
k=1

with 1 < i1 < -+ <y, andny+---+ng=n> 1.

We let Jo(fo) = 1, fo € R, i.e. [*(N)* is identified to R. (By induction on d € N, the

representation of J,(e;" o---oe;

) as [I1=9 ¢™(S;, | Si,_1) is unique). For all symmetric

function f,, € I2(N*)°" of n variables and finite support, written as

d=n
o N1,...,ng _ony ong
fo = Z Z @iy rsiq Cin © 796, (6)

d=1 1<ij<<ig
ni+--+nqg=n

we let

Tuf) = ) apiag (et o o€l

d=1 1<ij<-<ig
ni+---+nqg=n



Proposition 1 The functional J,(f,) is orthogonal to J,,(gm) in L*(Q) if n # m, and

n - "— extends as a linear continuous operator wit
J, o 12(N*)° L*(Q d [ h
E[J.(f2)’) < nlll falfoeyen,  fo € BN, neN. (7)

The equality E[J,(f2)?] = 0!l fullbggeyans for fu € P(N*)°" and n € N, holds if (k) = oo
for all k € N.

Proof. By construction we have

Elo™ (Si, | Siy—1)0™*(Sj | Sj=1) | Sigs -+ Sip—1] = mu L=y Lingmmi Lne<u(si, 1)}
and for n; > 1:
E[¢™ (Siy | Sip—1) | Sigs -+, Sim1] =0,

hence by induction on k£ =1,...,d,

ElJ. (e o - 0e") (e o--0el™)] =0

i1 iq J1 Ji

if {i1,... 04} #{J1,...,Ja} or n # m, and

0< E[J (e o---0e™)?] <yl -nygl.

i1 iq —

With f, € *(N*)°" and g, € [*(N*)°™ as in (6) we have E[J,(fn)Jm(gm)] = 0 if n # m,

and

-----
d=1 1<ij<-<ig
ni+--+nqg=n

from (3). O

Remark 2 The isometry formula E[J,(fn)Jm(9m)] = Lin=myn!{fn, gm)i2@=)en (see Rela-

tion (13) in [14]) does not hold in general, e.g. for the binomial process we have
on 2 1\2 N 1[1°m 2
ElJ.(1N)7] = (n)) n < |11 2 gyeyen s
cf. Section 3.3.

From the expression

d=n |
fon _ Z Z n—f”l(zl) - fnd<z'd)€;’1nl 0---0 e;’:d7 f e ZQ(N*). (8)

ny!---ng!
d=1 1<ij<--<ig 1 d
ni+---+ng=n



We have

d=n k=d
n! "

) =2 > —m;...nd!HW(SikVSz‘H)’
k=1

d=1 1<iyj < <ig<N
ni+--+ng=n

and a stochastic exponential £3(2) can be constructed as

n=N n=N d=n n! k=d
CIEED SEAITED SED SIS DI LTS | CUCNE NSRS
n=0 n=0 d=1 1<ij<<ig<N L A

ni+--+ng=n
(9)

A Wick type product ¢ of random variables may also be defined as

(f[w(i i_1>>o<ﬁ¢mi<i i_1>>=ﬁ¢”i+mi<i ).

i=1 =1 =1

(By induction on d € N, the representation of J,,(e;" o ---0¢e;") as 1= ¢ (S,

ld

i*l)

is unique). By linearity we have

In(fn) © Jn(gm) = Jnsm(fr © Gim)-

In the i.i.d. case (see below) this product coincides with the one studied in [9] and [10].

3.2 Orthogonal expansions for i.i.d. processes

From now on we consider processes with i.i.d. increments, i.e. (S, — Sp—1)n>1 = (Xn)n>1
is a family of i.i.d. random variables. In this case the function ¢"(z | y) depends only on
the difference z — y, so that we write ¢"(x | y) = ¢"(x — y). We have
n!
en (X ) (X
1 Z Z TL1! . nd'¢ (le) (b (de)'

d=1 1<i; <---<ig<N
ni+-+ng=n

For all symmetric function f, € I*(N*)®" we have
In(f) = D falin i)t (Xa) - 01X,
1<iy < <in
with

fo = Z falit, ... in)e; 0 06y .

1<i1 <+ <ip

Proposition 2 The functional J,(f,) is orthogonal to J,,(gm) in L*(Q) if n # m, and

ot P(NF)O" — [2(Q) extends as a linear continuous operator with

E[Ju(fa)’] = 0l fallpeyen,  fo € B(N)®", neN. (10)
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Proof.  The orthogonality property follows from Prop. 1. By independence we have if

{ilu soee 7271} 7£ {j17 s Jn}7
E[Jn(6i1®"'®ein)‘]n(ej1®"'®€jn)] :07 nZO,
and
El(Julei, @+ ®ei))?] = Liigsiy, 1<k<i<n}-
With f,, € I*(N*)®" we have
1 . .
<fn>fn>l2(N*)®” = M Z fn(zla-"azn)Qa
n 1<iy <<y

hence

E[‘]n(fn)z] = Z fn(ih'"ain)Q = nl(fnyfn)ﬂ(N*)@m-

1<y <<
O
The corresponding exponential martingale £5(2) is constructed as
n=N i=N i=N
ER2) =) " (170) = [J(1+ 20" (X)) = [[(1 + 2(a+ 8X3), zeR. (11)
n=0 i=1 i=1

We now complete the result of [8] by showing that the integral Jn(lﬁ?m) is a polynomial in

Sy if and only if (S,,)nen is a binomial process (B, )nen. We have

i=N i=N
Ji(Tpny) = Z Ji(e:) = Z¢1(Xi) = aN + BSy.
i=1 i=1

Proposition 3 Fach of the following statements holds if and only if the law of X, is
supported by two points, n > 1:

i) The exponentials E(z) and E3(2) coincide, i.e.

n=N n=N
Ex(z) =D " I(Iiln) = ) " Ia(177y) = €R(2), 2 €R.
n=0 n=0

i) The integrals J,(f°") and J,(f°") coincide for all f € I*(N*) and n € N.

iii) The integral Jg(lﬁ?N]) can be expressed as a second degree polynomial in Sy for all

N > 1.



Proof. We note that (i) is equivalent to (i¢). Taking n = N = 2, (i7) implies ¢* = 0,

hence the distribution of X} is supported by two points only. If (iii) is satisfied we have

02 _ . .
1[1,N] = Zlgi;ﬁjgN e; o ej, and

LAP) = Y @' (X))o (X)) = (aN +BSy)* = Y ¢'(X)™

1<i#j<N 1<i<N

If Jo(192 ) is a second degree polynomial in Sy, then Z:zN Y (X;)? = enS% +dnSn +en
[1,N] i=1 N

is polynomial of degree at most two in Sy, hence
¢'(Xn)* = cnSx + dnSy + en — en—1Sx_1 — dn-1Sn-1 — en—1
Hence, i.e. with Sy = Xy + Sy_1, we have for N > 1:
(a+ BXN)* =cn(Xn + Sv_1)? + dy(Xy + Syv_1) +ex —en—1Sx_1 — dy-1Sn-1 — en—1
or

X35(B* —en) + Xn(2a8 — 2cnSy—1 — dy)

_CNSJQV_l —dnSn-1 —en + CN—1512V_1 +dy_1Sy_1+eny_1+a*=0.

If Xy is allowed to take at least three distinct values, then cy = 3% and 2a8 — 2cnySy_1 —
dy = 0, N > 1, which is impossible. Hence Xy can only attain 2 values. The fact that
Jn(lf{fN]) is a polynomial in Sy if the law of X, is supported by two points, n > 1, will be
proved in Section 3.3. O

If the conditions of Prop. 3 hold then the Wick product satisfies

In(fn) @ I (9m) = Jnsm(fn © Gm) = Tnsm(fr © gm),
and the isometry formula can be written as
ELTn(fn) m(gm)] = 1!l n=my (1a, fr, Gm) 2 oveyen,
for all f,, € [*(N*)°" and g, € [*(N*)°™ n,m € N*, where
Ay ={(k1,..., k) € (N ¢ ki #k;, 1<i<j<n}

Remark: We know from page 67 of [4] or Prop. 4 of [5] that in the i.i.d. case, the above
conditions are equivalent to the chaotic representation property for (S,),en. The chaotic

representation property will be explicitly studied in Section 3.3.



3.3 Orthogonal expansions for the binomial process

From now on we assume that (X,,),>1 is an i.i.d. sequence of random variables whose laws
are supported by two points a and b, a < b. Then (B,)neny = ((Sn — na)/(b — a))nen is
the binomial process and ¢! is of the form ¢'(z | y) = a(x — y) + 5. Up to a rescaling we
can assume that a = 0 and b = 1, i.e. (Sy)nen is itself the binomial process (B, )nen. In
this case we have P(z,y) = qlgy—s) + plyy—st1y for all z,y € N, which leads to ¢'(z | y) =
(pq) V2K (x —y; 1,p) = (pg)~*(x —y — p) and ¢"(x | y) = 0 for all z,y € R and n > 1.

Proposition 4 With (B,)nen the binomial process we have

k=d
To(pnanv © 0 pdng) = (pg) ™" H Ko (Bw, = Bas; Nie = M, p),
k=1

ny+---+ng=mn, 0§M1'<Ni§Mi+1,izl,...,d—l, and My < Ny.

Proof. From (8) we have

d

n

on - TL' eonl 0---0 eond
[M+1,N] — E n1! . nd! i1 iq

d=1 M<iy<--<ig<N
ni+--+ng=n

hence

k=n
In( WIH,N]) = ljocn<n-ayn! Z Hgbl(Xik)

M<ig<-<in<N k=1
k=n
= Ljo<nen-ary(pg) "*nl Z H(X'Lk - D)
M<iy<--<in<N k=1
This also shows that J,,(1(y;,; y;) is a (polynomial) functional of By — By since it depends
only on the number of jumps of (B,,),>1 on {M +1,..., N}, and not on jump times. More-
over, Jn(lm 1 N]) satisfies the same orthogonality property as the Krawtchouk polynomials.

Since
N-M

B = @2 M) =1 - ),
and from the orthogonality relation (6): E[(K,(By — Ba; N — M, p))?] = nl(—1)"(M —

N).(pq)"™, we obtain
Jn(Lir41,87) = (pg)"? K, (By — Bar; N — M, p).

Finally, since ¢'(X;,) is independent of B;, 1 and from the definition of .J,, we have :

l=d k=ny

Jn(Lyp v @0 @ 1([DJ\TZ+1,Nd}) = H”l! Z H ¢'(Xi,)

=1 M<ii<-<in, <N; k=1

10



l=d

= H Jnl(lfj\njl—&-l,Nl])

=1
l=d

= (pq)"? [ K/ (Bw, — Bar; Ni — My, p).

=1

OJ

Note that as N goes to infinity, N""E [Jn(lflnm)z] converges to n!, which is the usual value of
the square norm of the multiple stochastic integral over [0, 1] with respect to a continuous

time normal martingale. We also obtained the relation

k=n k=n
(p0)"?Jn(13'y) = Ku(ByiNop) =nl > J[Xu-p= > []X —p),
1<y < <in <N k=1 i1yevin k=1
1<ip#i <N

see §V-9-3 of [7] for the symmetric case p = g = 1/2.

The Wick product can be expressed in terms of Krawtchouk polynomials as

Kn(BN — BM) OKm(BN — BM) = Kn+m(BN — BM)

4 Iterated stochastic summation with respect to the
binomial process

In the usual continuous time stochastic integration with respect to a normal martingale
(M;)ier. , the multiple stochastic integral I,,(f,) of a symmetric function of n real variables

is n! times the iterated integral of f,, over the simplex {0 <t; <--- <t,}:

1 o] tn ty
n. o Jo 0

Given f, € L*(R") one lets I,,(fn) = In( fn), where f, denotes the symmetrization (2) of
fn in n variables. Given f,,; € L*(R,)°" ® L*(R,) this implies

| 1t 0L O, )M = Lot ls,00)
0
where fr11(-, )17 (-)1a,(-) is the function of n variables defined as
(trs oo tn) = fapi (b, oot )10 (t) - - Lo (En) 1A, (Trs - - tn), (12)

and I,(f,) = n!L,(f.la,) for all f, € L*(R,)°". We will show that analogously, the
functional %Jn( fn) is an iterated multiple stochastic integral in discrete time with respect

to the compensated binomial process (B, — np)nen. We set Jo(fn) = Ju(fn) if f,, € 2(N")

11



is not symmetric, and let A, = {0 < k; < --- < k,} denote the simplex in N" and let
Y = (Xx — p)//Pq, k > 1, denote the normalized (centered with variance one) increment
Of (Bn>nEN*-

Theorem 1 We have for f,1 € *(N*)°" @ [*(N*):

o

=00

Yidn(far1 (5 k)1 k12 ()1, (1) = Jns1 (far11lan,.), (13)

k=1
where fri1(-, k) g g-1n(-)1a,(-), K > n+1, is defined as in (12).

Proof. First we note that J,(fo41(-, k)1 r—1n(-)) = 0 if n > k — 1, so that the summation
(13) actually starts at k = n + 1. We start by proving that

k=N
(X —p)Kn(By—1 — By k—1— M, p) =

k=M+1

KnJrl(BN _BMaN_M7p>
n+1

with K, (z; N,p) the monic Krawtchouk polynomial of degree n. Using the generating

function
. z _ T - N—x
Y(z,N,z) E K, ( E K, (z; N,p)—n! =(14¢2)°(1 —pz)" 7%,

it is sufficient to prove

>~
2

Y(By — By, N — M, z) — 1
(Xp —p)Y(Br_1 — By, k—1—M,2) = (By — Bu, ,Z) |

zZ
k=M+1

This follows immediately from the fact that

Y(Bk—BM,]{Z—M,Z) —Y(Bk_l—BM,k—l—M,Z)
z
Y(Bk_l—BM7k3—1—M,Z) (1+qz)Xk 1
z (1 —pz)Xe—t

= Y(Bg-1— Bu,k—1—M,2)(Xy —p).

Another way of proving (14) is to directly use the representation formula (5). From the

relation
Tn(Uag 41800 © 7 0 Wadyang) = HJnk Uit +1.8,):

we deduce that (13) holds for

Jnt1 = lfj\rﬁlllJrl,Nl} "o 1[]\n4d +1,N4] ® 1[Ml+1,Nﬂ'

12



For this it suffices to consider [ = d and to note that

k=00

S

Z \k/};qun(an(';k?)lu,k—l]n(‘)lAn('))

S LR b ()

p (o} ong
T (172 o1l )
A \/p—q [M1+41,Nq ] [Mg+1,k—1]
1 k=d—1
= E(pq)_(n—‘rl)/z Knk(BNk - BMkv Nk - Mk’ap)
' k=1
k=N
X Z Knd(kal _BM[pk_ 1_Md7p)<Xk_p)
k=Mg+1
—(n+1)/2 k=d—1
pq
= %TUKWH(BM — Bay; Na — Ma, p) H K, (Bn, — Buy; N, — My, p)
’ k=1
1 onj o(ng+1)
- n!(ng +1) Jn+1(1[M1+1 Ny OO 1[Mdd+1,Nd])'
Now, for 0 < ky < -+ < k11 we have
on (ng+1)
(1[M11+1 N ©© 1[Md+1 Nd]) K1y e ey kngr)
nl(ng+1) /.o, on
(TL 4 1)| (1[M11+1 Nl] "0 1[MC;+1,Nd] ® 1[Md+1,Nd]> (kb ) kn+1>
nl(ng + 1)
————for1(k1, . Ry
(’I’L + 1) f +1( 1 +1)
nl(ng + 1)
mfn+l(kl, e ey kn+1)1An+1(kl’ ceey kn+1).
This shows that 17 ., v 0 olf]ﬁ/zdjllivd] is n!(ng+1) times the symmetrization of f, 1114,

Hence

pop=
n!
k=
Finally from (7), by hnearlty and density, Relation (13) holds for all f,,,; € I*(N*)°"®I?(N*).
0

Jn(frrr (5 R -0 (1) = Jn1 (farila,,)-

The interpretation of this result is that the Krawtchouk polynomials are the stochastic
counterparts of the usual powers (By —Np)™" = (K1(Bn; N,p))™, n > 0 for the compensated
binomial process {B,, — np,n € N}. Also we found that the role of the classical exponential
function, now is taken by Y (B,,n,1) = (1 + ¢)®»¢" =P because of the relation

Z(—) ¢ Xi-p)=(—] ¢ -1

i=1 q q

13



Furthermore there is a striking similarity with integration with respect to Brownian mo-
tion and Hermite polynomials on the one hand and the Poisson process and the Charlier

polynomials on the other hand.

5 Gradient, divergence and Clark formula

In this section we introduce gradient and divergence operators, and obtain a Clark formula
for the functionals of (B,),>1. We use the convention 1jy ) = 0 if M < N. Let P denote
the set of polynomials in X7, X5, X3,..., i.e. P is the linear space spanned by

Ta(anga,m) © 0 Ut vy

0< My <Ny <---<Myg< Ny, ny,...,ng € N. Let U denote the space of discrete-time
processes (u(k))g>1, with finite support in & > 1 and such that u(k) € P, k > 1. The space
P is clearly dense in L%*(Q), P), hence the process (B,),>1 has the chaos representation
property, i.e. any F € L*(, P) can be represented as a series of multiple stochastic

integrals:

F= ZJn(fn)) fk € ZQ(N*>O]€7 ke N*a
n=0

with Jo(fo) = E[F).

Definition 2 We densely define the linear gradient and divergence operators D : L*(Q) —
L*(Q x N*) and § : L*(2 x N*) — L*(Q) as

Didy(fn) = ndp_1(fo(x, k)1a, (%, k),  fo € B(N)", neN,

and
O(Ju(fus1 (%, ) = Jnsr(fas1) = Just(fa1),  frrr € P(NT)" @ IP(N¥),

where foy1 denotes the symmetrization of foi.
Let F, denote the o-algebra generated by X,..., Xx.

Proposition 5 Let (u(k))r>1 be a predictable square-integrable process, i.e. u(k) is Fp_1-
measurable, k > 1, and E[||u||122(N*)] < 00. Then 6(u) coincides with the discrete time

stochastic integral with respect to (By)p>1:
S(u) = Yiu(k),
k=1

with E[6(u)?] = EffJullf )]

14



Proof. Given f,11 € *(N)°" @ [*(N*) and u(k) = J,(fns1(-, %)), & > 1, the predictability
condition means that f,11(-,k) = fur1(-, k)11 e—1p2 (), hence the symmetrization of f, 4 is

n! times the symmetrization of f, 11a Thus from Th. 1 we have

n+1"°

5(Jn<fn+1(*7 ))) - n+1(fn+1) - n'Jn—&-l(fn—i-llAnﬂ)

= n'ZYk (fror1() L=y ()1a, ()

= ZYk (a1 ()1 (- Zqu

A density argument completes the proof. OJ

The truncation by the function 1, in
on o(n—1
Di(1i'ny) = ndaer (10" (#) 18, (. ),

is not present in continuous time. It disappears after taking the predictable projection of

the gradient process:

E[DpJn(fo) | Froal = nE[Jua(fa(x, k)1a, (%, k) | Fri]
= anfl(fn(*, k) 1An(*7 k)l[lykil]n—l (*))
= anfl(fn(*yk)l[l,kfl]"—l(*))y

hence
E[Dydp(fa) | Fe-1] = ndn-a(ful-s k) lpg-1pn-1 (), k€ N™.

In fact, under the conditional expectation, D coincides with the annihilation operator on

Krawtchouk polynomials:

n
E[DyK,(By —By; N =M, p) | Fr—1] = \/ﬁl[M,N](/@E[anl(BN_BM;N_Map) | Fr—1].

The following proposition shows that D : L*(Q2) — L*(Q x N*) and § : L?*(Q x N*) —
L?(Q2) are mutually adjoint.

Proposition 6 We have
E[(DF,u)pn) = E[Fé(u)], wel, FeP,

and D : L*(Q) — L*(Q x N*), 6 : L*(Q2 x N*) — L*(Q) are closable.

15



Proof. Tt suffices to consider F' = J,(f,) and u(k) = J(gm(*, k)), with f,, € [*(N*)°",
gm € P(N*)°" @ [2(N*), and n = m + 1:

E[(DF,u)pps] = 0 ElJaa(fal, k)1a, (%, k) Jn (g (%, F))]

= Y {(fule k) 1a, (5, K), g (e, B))i2gieyom

k=1
= n!(fn,gm>lz(N*)@n = E[F(S(U,)]

The closability of D and § is a consequence of the duality formula and of the density of P
and U in L?(Q) and L?*(Q2 x N*) respectively. O
In fact D), also coincides with the operator (pg)~*/?a; of §11-2-2 in [16], since we have for

ll#lj,l#j

l=n

l=n
1
Dk H(Xzz _p) = _1{le{i1 ..... in}} H (le _p)a
=1 VP4 I=1, iy#k

and the probabilistic interpretation of D,
DkF(S) = \/pQF(S + 1{Xk:0}1{k§~}> — F(S — 1{Xk=1}1{k§~}>'

cf. also [9], [10], and also [15].

The normalized increment Y; of (B,,),en+ satisfies the structure equation

. . q—p
Y?:l—kgpyi, 1 >1, with ¢ = ——,
v Pq

see §II-2-1 of [16], and [4]. This implies in particular the following elementary product

formula for single stochastic integrals:

S()I(g) = Ja(f o 9) + ([, g)ew) + ¢ i(f9), (15)

for f,g € I*(N*) such that fg € I>(N*). We also have

In( fATZ+1,N})J1(1[M+1,N]>

o(n+1 o(n—1 on
= Jurt (17 ) + 0N = M =4 1) 01 (1) + endn (i, m),
from the three term recurrence relation for Krawtchouk polynomials, see e.g. [13]:

Ki(By — By; N — M, p)Ky(By — By N — M, p) = Ky i1 (By — Ba; N — M, p)
+npg(N — M —n+ 1)K, _1(By — By; N — M, p) + n(q — p)K,.(By — By; N — M, p).
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This implies in particular
Fé(u) = 0(Fu) + (DF,u)pw-) + 6(puDF), F € P, ue l*(N¥).

The operator D and § do not satisfy the same product rules as in the continuous time case

(cf. Prop. 1.3 of [18]), since we have if X = 0:
1
Dy(FG) = FDyG + GDyF + \/%DkFDkG,

and if Xk =1:
1
Dy(FG) = FDyG + GD,F — o DiFDiG.

Thus in general:

and
Fo(u) # 6(Fu) + (DF,u)pney + 6(puDF), FeP, ucl, (17)

except if u is deterministic. The latter inequality expresses the fact that there is no explicit
formula for the product K, (z; N,p)K,,(x; N,p), with n,m > 1. The next result is the

predictable representation of the functionals of (B,,),>1.

Proposition 7 We have the Clark formula

F = E[F] + i E[DF | Fio1)lYs, = E[F] + §(E[D.F | F_]), F e L*Q).

Proof. For F = J,(f,) we have
E[DpJn(fo) | Faoa] = ndna(fu( k)l p—rn-—1) = 0l 1 (fu( B) L p—gn—1 () 1a,_, (4))-

We apply Th. 1:

F = Jn(fn) = n'Jn(fnlAn) =n! Z Jnfl(fn('a k)l[l,k—l}"—l(')lAn—l('))Yk

= nZJn—l(fn(ak [1,k—1]n— 1 ZE fn ’Jrk 1]

=1
Next we apply Prop. 5 to the predictable process u = (E[DgF | Fr-1])k>1:

F = BIDuu(f) | FerlVo = S(EID.F | Fi)). FeP.

This identity also shows that F' — E[D.F | F._1] has norm bounded by one as an operator
from L?(Q) into L*(Q x N*):

IEID.F | Fllliz@uney = 1F = E[F)72) < IIF = E[F]I[Z20) + EIF]* < [Fll720)

hence the Clark formula extends to F' € L?(2). O
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A generalization consists in replacing the constant ¢ in the structure equation Y;> = 1+ ¢V}
by a deterministic function ¢ : N* — R and considering the solution of the structure
equation

7?2 =14 ¢ Z;, i¢eN

1.e.

— —1+4 ¢/ /o2 + 4
22:: @%4—4 ()Q'+ +_¢)é @2_+ > y 1 Z 1.

The process (21 + -+ + Zn)n21 will be a martingale under P if and only if

—l+oi/Vei+4
2

Y

ie. ¢ =(q—p)/+/qp. In fact it is a Markov chain with transition matrix

.. 1 @ .. 1 ©s .
P(@al):§+m=% P(%Z+1):§—m=pu 1> 1.

Remark: The results of Sects. 4 and 5 can be generalized by replacing (Y7 + -+ 4+ Y. )n>1
by the process (Z; + -+ + Zn)n21 solution of Z? = 1+ ;Z; for i € N*, except for the fact
that Jn(lffm) is not a (polynomial) functional of By if ¢; is dependent on i since J,, ( 1‘[’ffN})
will not only depend on the number of jumps from 1 to N but also on their respective

positions.

6 Covariance identities

In this section we apply the above construction to the derivation of covariance identities
on the infinite cube {—1, 1}, and recover with simple chaotic proofs some results of [3] on
the finite discrete cube, cf. also [11] in continuous time. These identities have been recently
applied in [12] to the proof of deviation inequalities in discrete settings. Let ID([a, o0]),

a € N*, denote the completion of P under the norm
2 _ 2 2
H}?Hﬂ)q&aﬂ)—‘l;UT] +‘£§:(l)kfn ’

i.e. (DpF)p>q is defined in L9, 1%([a, 0|)) for F € ID([a, 00[). The following Lemma is a

consequence of the Clark formula:

Lemma 1 Let a € N and F € ID([a,]). We have

F=E[F|F,)+ i E[DiF | Fp)Ya, (18)

k=a+1

18



and
oo

E[(E[F | F.))) = E[F?] = E | Y (EIDiF | Fiaa])?| - (19)
k=a+1
Proof. Relation (18) holds because
00 k=a
F— Y E[DiF | FeaYi] = E[F| + Y E[DiF | Fiot]Vi
k=a+1 k=1
is F,-measurable, and
> E[DiF | FuaYi
k=a+1
is orthogonal to L?(Q, F,) in L*(€). Relation (19) is an immediate consequence of (18).

OJ

Next we prove a covariance identity in discrete time, cf. [11] for the Wiener and Poisson

processes. Let ID(A,,) be the completion of P under the norm
IFlps,, = EFI+E| S (Di - DuF)?|.
1<ky < <kn

where

Ay ={(k1,..., k) e N)" ¢ ki #k;, 1<i<j<n}

Theorem 2 Letn € N and F,G € (=, ID(Ay). We have

d=n

Cov(F,G) = Y (-1)"'E > (Di--DiF)(Dy, - Di,G) (20)
d=1 {1<ki < <kq}
+(_1)nE Z E [Dkn+1 e Dle ‘ "T_‘kn+1*1} E [Dkn+1 e Dle ‘ ‘Fkn+1*1}

{1<k1<--<kni1}
Proof. ~We take F' = G. For n = 0, (20) is a consequence of the Clark formula. Let
n > 1. Applying Lemma 1 to Dy, --- Dy, F' with a = k, and b = k,,1;, and summing on
(k1 kn) € A,,, we obtain

E > (EDp - -DnF|Fi))?| = E > (Di, Dy F)
{1<ki<-<kn} {1<k1 < <kn}
—L Z (E [DknJrl Dy, F | ‘Fknﬂ—l})z ’

{1<ki<-<kni1}

which concludes the proof by induction. 0
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The variance inequality

k=2n k=2n—1
D (EDMHIDRFIR 5, < Var(F) < Y (=DM IDRFIR 5,
k=1 k=1

F € L*(Q), is a consequence of Th. 2, see (2.15) in [11] in continuous time. We define an
Ornstein-Uhlenbeck type operator @Q; on L?(Q), for all t € R, as

Qi = Z e_ntJn(fn)a
n=0

if =25 Ju(fn). Next, in Prop. 8 and Prop. 9 we provide a simple proof of Th. 3.1 in

[3] via chaos expansions.

Proposition 8 Let F,G € ID([1,00[). We have
Cov(F,G) = /OO E[(DF, DQ:G)p2(nw))dt.
0
Proof. We consider F' = J,(f,) and G = J,,(g,). We have
/0 E[(DJu(fn); DQtJIn(gn))r2ve)dt = / ZE (D (fo) Dy (fo)]e ™ dt
= —ZEDk (fn) DiJn(f)]

= n'z L, (6, k) fr (6, )5 gn (%, k)2 vy 2 o)

k=1
= n!<1Anfnagn>l2(N*)®”

— BlJ(fa)Jnlgn)] = Cov(F,G).

The extension of the identity to ID([1, co]) is obtained by orthogonality of multiple stochas-
tic integrals of different orders, by closability of the operator D, and by continuity of the
operator @Q; on ID([1, ool). O

We now assume that p = ¢ = 1/2.

Proposition 9 We have for F € L*(Q, Fy):
QF (W) = / F(w)gY (w,w)dP(w), w,w' €,
Q

where ¢ (w,w') is the kernel
=N
H L+ e Y (w)Yi(w)), ww €.
i=1
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Proof. Since L*(Q), Fy) is finite dimensional it suffices to consider the exponential function

n=N o
Y(By,N,z) = Y  Ku(Byn;N p)—, = (1+q2)™ (1 —p2)" 5.
n=0
We have
E 1+§z 1—52 (I+eVYi(W))| = 5 1—|—§z (1+eYi(w")
1 1
“(1-22) (1 -ty
+5 < 2z> (1—e Y (W)
1
= 1+ §e_tYi(w’), W' e,
which allows to conclude by independence of the sequence (X;);en+- OJ
In particular for n = 0, Relation (20) can be written as
Cov(F,G) = E |Y E[DyF | Fiot] E[DyG | ]—'k_l]] = / E[(DF, DQ:G)ppe)dt,
o1 0

for all F,G € ID([1,00[). The following result is then a consequence of Th. 2, Prop. 8 and
Prop. 9.

Corollary 1 Letn € N and F,G € L*(Q, Fy). We have

d=n
Cov(F,G) = > (-1)"'E > (D, -+ Dy, F)(Dy, - - - D, G) (21)
d=1 {1<ki<-<ky<N}
/ / > Di,yr -+ Diy F(w) Dy, -+ - Dy, G(W) gy (w, ') P(dw) P(du’).

{1<k1< - <kn11<N}

In particular, for n = 0 we obtain

Cov(F,G) = / /Q ZDkF WM (w,w')P(dw)P(dw').

k=1
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