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Abstract

Concentration inequalities are obtained on Poisson space, for random func-
tionals with finite or infinite variance. In particular, dimension free tail esti-
mates and exponential integrability results are given for the Euclidean norm
of vectors of independent functionals. In the finite variance case these results
are applied to infinitely divisible random variables such as quadratic Wiener
functionals, including Lévy’s stochastic area and the square norm of Brownian
paths. In the infinite variance case, various tail estimates such as stable ones
are also presented.
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1 Introduction and notation

Let QX denote the set of Radon measures
N
Q¥ = {w = e, ()ENCX, ti#t;, Vi£j Ne NU{OO}},
i=1

where X is a o-compact metric space with distance dx, and ¢; denotes the Dirac
measure at t € X. Let v be a diffuse Radon measure on X, and let P be the Poisson

measure with intensity v on Q. Let the linear, closable, finite difference operator

D:L*(Q% P)— L*(Q* x X,P®V)



be defined via
D,F(w) = F(wU{z}) — F(w), dP X v(dw,dx)-a.e.,

where as a convention we identify w € QX with its support, cf. e.g. [20], [22], [23].
In [1], [27], [8], Poisson tail estimates are obtained under the hypothesis

DF <K, P®uv-ae., and |DF|pe@x 2(x) < &< 00,

for some K > 0. While (modified) logarithmic Sobolev inequalities and the Herbst
method are used in [1] and [27], the methods of [8] rely on covariance representations
([4], [6]). Recently the results of [6] have further led in [7] to estimates for Lipschitz
functions of stable random vectors. Even more recently, dimension free concentration
is obtained in [9] for the Euclidean norm as well as for various classes of functions of
independent infinitely divisible vectors having finite exponential moments.

In the present paper we first obtain new deviation inequalities on Poisson space via
the covariance method. Then, by replacing the bounds on DF and on || DF || e (ox 2(x,1))
by growth conditions, deviation results for Poisson functionals with infinite variance
are given.

Let us briefly describe the content of the paper. In Section 2 we deal with Lévy
measures with finite variance, using the covariance representation method involving
the Ornstein-Uhlenbeck semi-group. This leads to general deviation results for Poisson
functionals having finite exponential moments. In Section 3 we obtain dimension free
deviation estimates and exponential integrability properties for random vectors of such
Poisson functionals. Since an infinitely divisible random vector can be represented as a
vector of Poisson stochastic integrals, these results are then applied to derive deviation
inequalities for Lipschitz functions of infinitely divisible vectors. In Section 4, we
study the particular case of quadratic Wiener functionals, including the square norm
of Brownian path, the sample variance of Brownian motion and Lévy’s stochastic area.
For such i.i.d. vectors, this also gives dimension free inequalities in Euclidean norm,
and large deviation estimates in ¢P-norm, p € [1, 0o|, recovering tail estimates of [2]
for non-decoupled Gaussian chaos of degree 2. In Section 5 we adapt the method of [7]

to prove other tail estimates under weaker hypothesis on the gradient. For example,



if v is the Lévy measure of an a-stable vector, the bounds on D can be replaced by

the growth conditions

sup |D.F|<C'R and  ||DF||wiox 128y 0.0y < CRZ®, R> R, (1.1)
z€Bx (0,R)

where Bx(0,R) = {x € X : dx(0,z) < R} is the ball of radius R in X. Here, 0
denotes a fixed arbitrary center in X, whose choice has no influence on the growth
conditions (1.1). This leads to an estimate of stable type for the deviation of F' from
one of its medians.

Let us now introduce some notation which will be used throughout the paper. The

multiple Poisson stochastic integral I,,(f,,) is defined for n > 1 as
L) = [ ) tdn) = i) (oldn) = vid),

for every square-integrable symmetric function f, € L?(X, )", where
An:{(xl,...,xn)eX” : $i§£Ij, VZ%.]}
For n = 0 we let Iy(fo) = fo for any real constant fy. Recall the isometry formula

E[[n(fn)lm (gm)] = n']-{n:m} <fna gm>L2(X,V)°”a

see [21], and recall also that every square-integrable random variable F' € L*(Q%, P)

admits the Wiener-Poisson decomposition

F=> L(f).
n=0
The operator D defined above is such that
D, IL,(fu)(w) =nl, 1(fu(*,2))(w), P(dw)® v(dr)-a.e., n €N,
and in particular,
D.L(f)(w) = f(z), v(dr)-a.e.
We denote by Dom (D) the domain of D, i.e. the space of functionals F' € L*(Q%, P)

such that DF € L*(Q* x X, P ® v). Recall also that the Ornstein-Uhlenbeck semi-
group (F;)ier, is defined via

PI(f2) = e I,(f), fao€ L2(X, )", neN.
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In the sequel we also use the integral representation of the Ornstein-Uhlenbeck semi-

group (P,)ier, in terms of a probability kernel p;(w, d@,dw), cf. e.g. [26]:
P F(w) = / FoUw)p(w,dw,dw). (1.2)
QX xOX
When X =R", |- |, denotes the fP-norm on R"”, p > 1. Assuming that

/ 1A Jyuldy) < oo,

any n-dimensional infinitely divisible (ID) random vector F' = (Fi, ..., F,) without
Gaussian component and with Lévy measure v can be represented as the vector of

single Poisson stochastic integrals

F = ( /{ ) )+ /{ ) bk) o

for some b € R™. Indeed, the characteristic function of F'is given by

or(u) = B[] = exp (z'<b, w+ [

u € R™.

(ei(yw —1 -y, u)l{y|2g1})7/(dy)) )

n

2 Deviation results from the Ornstein-Uhlenbeck
semi-group

As in [8], we need the following covariance identity on Poisson space, which is obtained

from the Ornstein-Uhlenbeck semi-group.

Lemma 2.1 Let F,G € Dom (D), then

Cov(F.G) = E l / e / DyFPsDyGu(dy)ds] | (2.1)

0 X
Proof. By orthogonality of multiple integrals of different orders and continuity of P,
s € Ry, on L*(QX, P), it suffices to prove the identity for F' = I,,(f,) and G = I,,(g,.):

E[In(fn)[n(gn)] = n!<fn>gn>L2(X,V)°" =n/ fngn dv®"

X
= n! T T V®(n—1) 2) v
— '/X/xwl) fu(@,y)gn(, ) (dz) v(dy)
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= 0 [ Bl s o)) vid)
= 2| [ DDyt )]
- 8| [T [ DD L]

= F {/OOO e_S/XDy[n(fn)PSDyIn(gn)u(dy)ds} .

O

Using the covariance identity (2.1) and the representation (1.2) we first state a general

deviation result which slightly improves the one presented in [8]. In particular it will

be applied, in Section 3, to obtain deviation inequalities on product spaces for vectors

of random functionals. In this proposition and the following ones, the supremum on

QX can be taken as an essential supremum with respect to P.

Proposition 2.2 Let F' € Dom (D) be such that ¢! € Dom (D), 0 < s < ty, for

some tg > 0. Then

P(F — E[F] > z) §exp<min /Oth(s)ds—tx), x>0,

0<t<tg

where

h(s) = sup

(w,w)eQX xQX

If moreover h is nondecreasing and finite on [0, 1) then

P(F —E[F] >z) <exp (—/ h_l(s)d8>, 0 <z <h(ty),
0
where h™! is the left-continuous inverse of h:

R (z) =inf{t >0 : h(t) > 2}, 0 <z <h(ty).

/X(eSDyF(w) —1) DyF(w')l/(dy)) , S €[0,t).

(2.2)

(2.3)

Proof. We start by deriving the following inequality for a centered random variable

F:
E[Fesf] < h(s)E[e’f], 0<s<t.

(2.4)



This follows from (2.1). Indeed, using the integral representation (1.2) of the Ornstein-
Uhlenbeck semi-group (FP); for P,D,F(w), we have

E[Fe’"]=E { / / Dye*" P, D, Fy(dy)dv ]
_ / /’ /’smnw_ smw/’ DyF(@U&)p,(w, dd, dio)(dy)dv P (dw)
X QX xOX

< / / e—vesF(w)/ /(esDyF(w 1)D F( )I/(dy)
QX Jo QXxQX |JX

/X(esDy @ _1)D,F(u)v (dy)'E [esp/oooe_”dv}

[ -,

< sup
(w,w")EQX xQX

= sup
(w,w")eNX xOQX

which yields (2.4). In the general case, we let L(s) = E [¢*"~PIFD] and obtain:

L'(s)
L(s)
which using Chebychev’s inequality gives:

< h(s), 0<s<ty,

P(F — E[F] > z) < exp (-m + /0 t h(s)ds) . (2.5)

hence P Bl 1) < e <_ /Om h—l(s)ds) . 0<x<h(ty).
0

If hy is a non-decreasing function defined by (2.2) and hy is another non-decreasing

functions such that hy(t) < ho(t), t € [0, 1], then clearly we have
P(F—E[F]>z) < exp (—/ hl_l(s)ds)
0
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< exp(—/ h;l(s)ds), 0<x<hi(ty).
0

In the sequel we derive several corollaries of Proposition 2.2 and discuss possible
choices for the function h, in particular for vectors of random functionals. For sim-
plicity of notation we will drop the indices in hq, hy in general, and h(t) will denote

any function satisfying (2.3).

Note that since

h(t) < /X 1Dy Fllso [[e824F! = 1 v(dy),

Proposition 2.2 recovers Proposition 3.3 in [8], which is obtained via a covariance
identity relying on the Clark formula. In the next proposition and following [9], we

obtain a better result by applying Proposition 2.2 with more careful bounds.

Proposition 2.3 Let ' € L*(QX, P) and let K : X — R, be a non-negative function
such that

D,F(w) < K(y), ye X ,we Q¥ (2.7)
Then .
P(F — E[F] > z) <exp (Itn>151/ h(s)ds—t:c), x>0,
0
where
= sup / |D F(w)Pv(dy), t>0 (2.8)
weQX K
with
et — 1 _,
— =

if K =0. If moreover h is finite on [0,ty) then

P(F — E[F] > ) < exp (- /: h—l(s)ds) , 0 <z <h(ty). (2.9)

If K(y) =0, y € X, we have:

2
P(F — E[F] > z) < exp (—;2) , >0,
[0

with

a@* = sup / | D, F(w)|*v(dy).

weQX JX



Proof. Letting F,, = max(—n, min(F,n)) we have e*/» € Dom (D), hence we may
apply Proposition 2.2 to F,, n > 1. Note moreover that since K is R -valued, the

condition D, F,(w) < K(y), w € QF, y € X is satisfied. We have
tDy Fp(w) _ 1

€ /
ho(t) = (ww,)selsllgmx XWDyFn(W)DyFn(w)V(dy)
< Y L b, F()] Dy ()] v(d
< | DR D )] v
1 eth W) — 1
< 5 sup —~— (I DyFu(w)|* + | Dy Fro (') *) v(dy)
2(w,w’)€QX><QX X (y)
< Y L B ()P v
< s R | Dy o (w)|” v(dy)
etKy) _ 1
< sup [ ———|D,F(w)|*v(dy),

weax Jx  K(y)
which allows us to conclude first for F,, — E[F,]. As n goes to infinity, F,, converges
to F' a.s. and E[F,] tends to E[F| by dominated convergence, which proves the result
for FF — E[F]. O
Note that if K : X — R in (2.7) is not necessarily positive and F,e*" € Dom (D),
0 < s < ty, for some tq > 0, then applying Proposition 2.2 and the above argument
directly to F yields:

P(F—E[F]Z:c)ﬁexp(min /Oth(s)ds—t:c), x>0,

0<t<to

and (2.9) also holds provided h is finite on [0, ).

Part of the next corollary recovers a result of [27] (see also [8]). This result is used in

Corollary 2.6 below as well as in the infinite variance case in Section 5.

Corollary 2.4 Let ' € L*(Q%,P) be such that DF < K, P ® v-a.e., for some
K € R, and || DF || poox 12(x,0)) < & We have for K > 0:

2

T &

K T K K2
P(F — E[F] > z) < e"/% (1 + 5”—2) Y e (2.10)
«
and for K =0:
2
P(F — E[F] > ) < exp (—2‘;2), x> 0. (2.11)



Proof. 1f K > 0, let us first assume that F' is a bounded random variable. The
function A in (2.8) is such that

tK_l tK_l

o€
IDF (7000 12(x0)) < &7 7

hit) < ——

Applying (2.5) with a?(e'™ — 1)/K gives

t > 0.

P(F —E[F] >z) <exp (—tx—l— f{—i(e”{ —tK — 1)) :

Optimizing in ¢ with t = K~ 'log(1+ Kxz/a?) (or using directly (2.3) with the inverse
K~ 'log (1 + Kt/&*)) we have

P(F — E[F] > 2) < exp (%— <%+;—Z) log <1+9;—[§))

which yields (2.12), (2.11) and (2.10), depending on the value of K. For unbounded
F, apply the above to F,, = max(—n, min(F,n)) with |DF,| < |DF|, n > 1. Then
(2.10) follows since, as n goes to infinity, F,, converges to F in L*(QX), DF,, converges
to DF in L*(Q%,L*(X,v)), and DF, < K, n > 1. The same argument applies if
K =0. U

In case K < 0 and e € Dom (D) for all ¢ > 0, Proposition 2.3 yields in a similar

way:

z &2
K\ K k2 ~2
P(F — E[F] > ) <e”/K (1+gj~—2) ) : 0<z< —%. (2.12)
«

If F' is an infinitely divisible random variable in R", without Gaussian component
and with Lévy measure v, the representation (1.3) shows that for any Lipschitz(c)

function f : R"™ — R,

Do f(F)(w)] = [f(FlwU{z})) = f(F(w))]
< ([F(wU{z}) = Fw)]
= |z, (2.13)

where || - || is any norm in R". Hence when X = R™ and v has bounded support,

Corollary 2.4 also recovers Corollary 1 of [6] with
K=inf{r >0 : v({zr e X : ||z|| >r}) =0},
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and &% = [p. lyll*v(dy), i.e.

P(f(F) - E[f(F)] > z) < e (1 + K)__ )

co?

On a product X = {1,...,n} x Y, where Y is a | - |y-normed linear space, we have

the identification
QX QY x .o x QY w=(w,...,w,) €O,
and

Dy F(w) = L=y (Flwr, .. wim, wi Uy}, wist, o wn) = Flwr, . wn)),
j=1

i=1,...,n,y €Y. Proposition 2.2 can be directly applied with dv(i,y) = dv;(y),
t1=1,....,n,y €Y, and

)= |32 [ 1D Fllele! e = sty (2.14)
=1 Y 0o
orif vy =--- =wv,, with
) =5 [ (e = s (ay),
Y
where
~ "Dy F D F
/6 _ SU.p ‘ ( ,y) (CL))|’ and /8 — Sup ‘ ( 7y) (CL))| ]
wy#0 ] |y|Y 1,w,y#0 |y|Y

In fact, a stronger result can be obtained as a corollary of Proposition 2.3.

Corollary 2.5 Let X ={1,...,n} xY, where Y is a |- |y-normed linear space and
dv(i,y) =dv(y), i=1,....n,y €Y. Let F: Q¥ =R andlet 3; >0,i=1,...,n,
be such that

D(z,y)F(w> Sﬁl‘y‘Y7 Zzlavna erWUeQX

Then .
P(F — E[F] > z) <exp <min/ h(s)ds—t:c), x>0,
0

t>0
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where
n

h(t) = sup
weQX T JY /62|y|y

etBiluly —q )
— Dy F (W) vildy), t>0. (2.15)

If moreover h is finite on [0,ty) then

P(F — E[F] > xz) <exp (—/ h_l(s)ds) , 0<x<h(ty).
0
If 6; =0,i=1,...,n, i.e. for decreasing functionals, we have:

P(F — E[F] > ) < exp (-I—2) . x>0,

2a2
with .
a* = sup Z/(D(@y)F(w))%i(dy).
weQX T JY
Proof. Apply Proposition 2.3 with K(i,y) = Bilyly, 1 <i<n,y €Y. O
As a consequence of (2.15), and if vy = = v,, one can take:
/ [yl (€@ — D (dy), ¢ € [0,4), (216)
with
Dy, Dy F
Q= P Z| , and G = sup DinF)]
weQX, w0 |Yly
Taking
= Zﬁz/ lyly (W — Dwi(dy), € [0,1), (2.17)
i=1 Y

allows us to recover the bound implied by (2.14) in this case.

For example, if n = 1 and

Fi) = [ a)eldy) = nald), . ) = [ anlo)otdy) - ()
are m (not necessarily independent) single Poisson stochastic integrals and F' =
g(F1,..., F,), we have

91 4w (W)t () — glers s 2]
1,y Tm,y7#0 |y|Y

The following statement is obtained from Corollary 2.4 on a product space, in the

same way as Corollary 2.5 is obtained from Proposition 2.3.
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Corollary 2.6 Let X = {1,...,n} x Y with dv(i,y) = dv;(y), i1 =1,....,n, y € Y.
Let F be such that D ) F(w) < K, P®uv;-a.e., i =1,...,n, for some K € R and

Z ||D(Z7)F||%2(Y,VL) < a’,
i=1 L= (QX P)
We have for K > 0:
T a2
K\ * &2
P(F — E[F] > x) < ¢¥/E (1+I~2) " : x>0, (2.18)
and for K =0:
22
P(F — E[F] > x) <exp (—2~2), x > 0. (2.19)
&
Moreover if K < 0 and e'f € Dom (D) for all t > 0, then
T a2 9
K\ * &2 5
P(F — E[F] > x) < ¢%/E (1+x~2) ) , 0<z< —%. (2.20)
&

3 Application to random vectors

We start by applying Corollary 2.5 and Corollary 2.6 to random vectors (Fy, ..., F},)
on the product space Q% ~ QY x ... x QY where X = {1,...,n} x Y and YV is a

| - [y-normed linear space. Corollary 2.5 yields

P(g(Fy,...,F,) — E[g(Fy,...,F,)] >z) < exp <— /Oz h=t(s) ds) :

0 <z < h(ty), where g : R — R, provided the function

2 etBilyly _ 1

0 = 3 [ (PenglBe o o) =L i

, te€ [O, t()],
L>(QX,P)

is finite on [0,ty), with ; as in Corollary 2.5. Several particular cases are now pre-

sented.
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Random vectors with independent components

If Fy,..., F, are n independent random variables defined on Q¥ = QY x ... x QY

with F; = Fy(w;),i=1,...,n, and g : R® — R, an ¢!-Lipschitz(c) function, we have

[ Diyg(F1, - - -, Fo) (W)
= |g(Fi(w1), ..., Fi(wi U{y}),. .., Falwn)) — g(Fi(w1), - - ., Falwn))|
< ofFi(wi U{y}) — Fi(w)]
< c|DyFi(w)l.

Now we can take in Corollary 2.5:

n

etBilyly _
h(t) < ¢ sup Z/Y!(Dyﬂ(w))%i(dy), t €10, to]

weQX 1] Bilyly
with
D. Fiw:
3= sup [DyFilwi)|
yeY, w,eQY lyly
Moreover when vy = -+ - = v,,, we can take in (2.16):
n
D,Fi(w)|? D.F.
&2 :C2 sup | Yy Z(2w)| ’ and ﬂ:C sup | Yy Z(w)|
w,y#0 i=1 |y|Y 1,w,y7#0 ‘y‘Y

Independent vectors of Poisson stochastic integrals

Assume that Y is a normed linear space and that [, LA|y[3vi(dy) < oo,i=1,...,n.
If G = g(Fy,...,F,) where g : Y" — R and F},..., F, are independent Poisson
stochastic integrals of the form (1.3):

Fi(ws) = /{y|y§1}y<wi<dy>—m<dy>>+ / yorldy)+ b, 1<i<n,

{lyly>13
we have
Diyg(Fr, ... Fy) =g(Fy, .., Fidy,... Fy) —g(Fy, .. Fy). (3.1)
From Corollary 2.5 we have, denoting by (eq, ..., e,) the canonical basis on R":
o etBilyly _ 1
h(t) = sup / _
( ) wEQX; Y ﬁl|y|Y
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(g(Fi( wl Fi(w) +y,...,E(w)) — g(Fi(wi), ..., Fj(wi), ..., Fnwn))*vi(dy)

tﬁz\yly _
up Z / g+ yes) — () ol (32)

zeR™ ﬂz‘y‘Y
which recovers Theorem 1 of [9] and (3) therein as a particular case. We may also
take

& = sup lg(7 +ye;) — g(x)| Cand B= sup lg(x + ye;) — g(z)]

z,y#0 i=1 |y|§/ 4,2,y7#0 |y|Y

n (2.16). If g : Y™ — R is ¢*-Lipschitz(c), then 8 = ¢, and so (2.17) gives:

: ,(3.3)

w:czjzjmﬂa%v—1wmw% t e [0,4). (3.4)

For g(x) = sup(zy,...,z,), with Y =R, f =1 and

|0, y <sup(Fy,..., F,) —
D(Z,y)g(Fla...,Fn)_{ Fi+y_sup(F17---7Fn)7 y>Sup(F1,...,Fn)—

i=1,...,n,y € R. Hence (2.15) leads to
etlyl — 1
h(t) = sup /7
wEQXZ-Z:; R |y|
(g(Fr(wr), - Fi(wi) +ys - Fo(wi) — g(Fi(wn), - Fy(wi), - Fulwn))?v(dy)

LENYEES etlyl — 1 )
= sup / (E+y_sup(F177Fn)) Vl(dy)u
weQX Z sup(Fi,...,Fn)—F; |y|

< Z/ Dyi(dy). (3.6)

Note that in (3.3) the constants & and 3 can be computed in terms of the Lipschitz

constant of g with respect to the ¢!-norm. This however does not lead to dimension
free estimates. Next, we show, using (3.2), that dimension free estimates can be
obtained when g is the Euclidean norm on R”. The other results of [9] can similarly

be generalized to the present framework.

Dimension free inequalities for random vectors

Dimension free inequalities for ¢2-Lipschitz functions of independent infinitely divisible
random vectors with finite exponential moments have been obtained in Corollary 4 of

[9]. In the next proposition we extend this result to Poisson random functionals.
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Proposition 3.1 Let f : R" — R be (?-Lipschitz(c), and let F = (Fy,..., F,) be a

vector of independent random functionals. Let

D, F;
/87;: sup M Zzl,...,n,
yeyY, weNX |y|Y
and assume that
ht) = 8 max i | lylv( (el — 1), (dy) (3.7)
2n

+ max 5| Jyl( (e — 1), (dy)

E[|F — E[F]|3] i=1...,

is finite in t € [0,t0). Then

P f(Fl,,Fn)ZE[f(Fl,,Fn)]+C

0 <z <h(ty).
Proof. Define ¢ : R" — R by
o(x) =/ Ellz - GI3],

where ||y is the Euclidean norm of x € R™ and G is an independent copy of F. As

in the proof of Corollary 4 in [9], we have

8uE[(x; — G;)? 2u*
) — 2 < . R" R.
[O(z + ue;) — o(2)]” < Elo—cg ST v, CER uE
Hence for ¢(F), Corollary 2.5 applies with
i etbilyly _ 1 )
he(t) = sup —— (D) 0(F(w))) vi(dy)
weQX T JY ﬁl|y|Y
i etbilyly _ 1
< sup —QaT
weQX T JY ﬁl‘y‘y
(O(Frs- -, Fit DyFyy o Fy)(w) = ¢( By, B (W) vildy)
~ [ ey —1 < EG[( i(w) —Gi)?’] | 2Dy Fi(w)|*
<  sup — | 8| D, F; 2 + )I/ dy
o2 ) A PR R —er T S Vargy ) YY)
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etBilyly — q

< 8 sup max D, Fi(w)[2vi (dy
veqx i=hen Jy - Bilyly | Dy Fi(w)["vi(dy)
2 - 6t5i|y\y_1
Sup ———— | Dy Fy(w)|'vi(d
Zk 1VMGM€9XZI v Bilyly | Dy Fy(w)|"vi(dy)
< 8 max [ ‘y‘y(etﬁily\y — Dui(dy)
77777 n Y
1 n 3/ .
+ n i esz_lyid 7 t€07t
Ty varGy 2 J, Wi wi(dy) 0.4
< h(t).

Finally, Corollary 2.5 with the bounds

and |f(z) — E[f(F)]| < co(x), yields (3.8). O

Note that since for any Fi,... F,,

n min (B[|F)? < BIFJ < n max B|F?,

1<k<n

the function A in (3.7) is bounded independently of the dimension n when Fy, ..., F,
are i.i.d.

For the Euclidean norm of independent infinitely divisible random vectors with
finite exponential moments, better results have been obtained in Corollary 3 of [9].

In the next proposition we extend this result to Poisson random functionals.

Proposition 3.2 Let F = (Fi,..., F,) be a vector of independent random function-
als, and let
D, F; .
G; = sup M, i=1,...,n, (3.9)
Y€y, weQX lyly

and assume that

h(t) = 8.ngaxnﬁz- |y|y( Bl — 1)v;(dy)

.....

W X B \y\ wl‘yh/ — Di(dy)
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is finite int € [0,t9). Then

P(|(Fy,...,F,)|2 > 2E]|(F1,..., F.)]2] + ) <exp (— /Ow h_l(s)ds) , (3.10)
0<x<h(ty).

Proof. Let f(x) = (|z|]a — E[|F|2])", x € R™. From [9] we have the inequality

zil? o 2fult
+ =

=[5 E[F[]

Hence for f(F), repeating the bounds in the proof of Proposition 3.1 we get

e+ ues) — f(@)]? < 8luf” rER", weR.

h(t) < 8i5111axnﬁi MG C)

=1,...

|F| Zﬁ?’ [ e~ te ot

Finally, using |zl — E[|F|2] < (Jx]a — E[[Fl2])" and E[([Fls — E[[Fl2])"] < E[[F[4]

gives (3.10) for g(F') = | F|s. O
Similarly to Proposition 3.1, the deviation result of (3.10) is dimension free if F}, ..., F,
are i.i.d.

Next, we obtain a dimension free deviation for the Euclidean norm of a vector of n
i.i.d. random functionals with bounded support. The non-identically distributed case

is done similarly, while for single integrals it is in [9].

Corollary 3.3 Letvy = --- = v, have bounded support in By (0, R), let F = (F},. .., F,)
be an i.i.d. vector and let § = (3, = --- = (3, with the notations in (3.9). Then, for
all x > 0,

~2
P(|F|s >z + 2E[|F|5]) < exp <ﬁR (5% + /62‘22) log ( If;)) . (3.11)

where Lo
- 20°R
ap = 8523/ |?/|YV1 d?/ fF| / |y|YV1 dy

Proof. Apply Proposition 3.2 with

2n63R et
h(t < 8 d d tﬁR —_1N< 2
and compute explicitly the right hand side of (3.10). O

17



The following result yields an exponential integrability property, independent of n for
the ¢2-norm of infinitely divisible random vector whose Lévy measures have bounded
supports. The non identically distributed case is similar. For independent infinitely

divisible random variables an analog result is obtained in [9].

Corollary 3.4 Let F' = (Fy,...,F,) be as in Corollary 3.3 then for all A, with 0 <
A\ < 2R?/(ed%), we have:

E [exp (% log, )\/ggz)} < 00, (3.12)

with log, x = max(logz,0), z > 0.

Since &% given in Corollary 3.3 does not depend on the dimension, the condition on

A in the above corollary is also dimension free.
Proof. This is a direct application of Lemma 3.5 below to (3.11), with

Lol o, PR

= ) C= —5,
BR 32R? a%

A = 2E[|F3].

The next lemma is classical.

Lemma 3.5 Let X be a random variable such that for some a,b,c >0 and A < oo :
P(X >x+4+ A) <exp(axr — (ax + b)log(l + cx)), x>0 (3.13)
then for all A < b/e we have

Elexp(aX log, (AX))] < +o0.
Proof. Let A\ < ¢/e. We have, using (3.13)
E [exp (aX log, (AX))] = / P (exp (aX log (AX)) >t)dt
0
— / P (aXlog, (AX) > y) e’dy

— 00

< 1+/ P (aXlog (AX) > y) e’dy
0

18



< 1+ / P (aXlog, (AX) > azxlog, (Az)) a(l + log(Ax))e®® 18 dy;
1/

< 1+a/‘FKY2kaMWW1+bQXﬂMx
1/

< C+ a/ exp(a(r — A) — (a(x — A) + b) log(1 + c(z — A)))
max(1/X,A)

x exp (axlog(Azx)) (1 + log(Az))dx

< C+ a/ exp (au + a(u + A)log(A(u + A)))

max(1/A—A,0)

x exp (—(au + b) log(1 + cu)) (1 + log(A(u + A)))du.

It then suffices to study the dominant term in the above integral:

/ exp <au —aulog(1 + cu))) exp (aulog(Au+ A))) du
max(1/A—A,0)

/m ) ( bg(1+ai))d
= Xp | au — au i~ u.
max(1/A—A,0) )\(U + A)

1
Since uh—>rgo log (ﬁ) = log% > 1, for A\ < ¢/e, the convergence of the integral

follows from

/ exp (au — aulog(c/N)) du < oo.
max(1/A—A,0)

Random vectors with non-independent components

First, we obtain the following from Corollary 2.6:

Corollary 3.6 Let f: R" — R be 62—Lipschitz( ) and let F = (Fy,..., F,) such that
> i1 Dy Fi(w)]? < K2, P@vi(dw, dy)-a.ce.,i=1,...,n, for some K >0 and

Z ||D(2 ||L2 (Yivs) <&’
=1 L (QX,P)
Then s
o K\ KK
P(f(F)—E[f(F)] >x) < e~ <1+T2) ., x>0. (3.14)
c
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Proof. Note that since f is ¢£?-Lipschitz(c) we have for G = f(F):

(DiyGW))* = (f(FwU{En)}), - Flwu{@n}),. .. FalwU{iy)})
—f(E1 (W), Fy(w), ... Fy(w)))?

c? Z |[Fi(wU{(i,9)}) — Fiw)l*

= (2 Z | Dy Fj ()2
j=1

So that |D(;,)G(w)] < ¢K and )., HD(L.)G w HL2(Y,V_) < 2a?, P(dw)-a.s., and
Corollary 2.6 applies to G. O

IA

From Corollary 3.6 we can derive an exponential integrability result for the Euclidean
norm of a vector of arbitrary functionalson X = {1,...,n}xY providedv; = --- =,
has support in By (0, R). This completes the sharper result stated in Corollary 3.4
in the case of independent components. However, in the infinitely divisible case, it is

slightly less sharp as Corollary 3 of [24].

Corollary 3.7 Let vy = --- = v, have bounded support in By (0, R), and let F =
(F1,...,F,) be a vector of n (non-necessarily independent) random functionals. As-
sume that
2
Z (@) <a*<oo, P®vldwdy)—ae., i=1,...,n,
=1 |y|Y
and
Z 1D i) F ||L2(Y i) < &* < 0.
=1 Lo (QX,P)
Then (3.12) holds for 0 < X\ < &*R?/a2:
[Flz,  AlFl
E —1 . 3.15
[exp(dR 0g, AR < 00 ( )

Proof.  First, note that | D, F}| < alyly < &R, since Dy, F} is zero for |y|y > R,
v1 being supported on By (0, R). We can thus apply Corollary 3.6 and get

P(f(F) — E[f(F)] > z) < e&r (1 + x?‘R)_ﬁ_W . x>0, (3.16)



which is (3.14) with K = @R and ¢ = 1. Finally (3.15) follows from (3.16) as (3.12)
follows from (3.11) in Corollary 3.4. O

In the previous corollary, & is dimension dependent, unlike Corollary 3.4, so that
the exponential integrability is not dimension free in the dependent case. As an
application of Corollary 3.6 we obtain an upper large deviation bound in the dependent

case, for random functionals with bounded support.

Corollary 3.8 Let vy = -+ = v, have bounded support in By (0, R) and let F =
(F1,...,F,) be a vector of n (non-necessarily independent) random functionals. As-

sume that

"\ | Dy (W)
ZMS&2<OO, P®l/,-(dw,dy)—a-€-, 2217777'
) yl5

and

> ID6 Fi (@) 22y

1,j=1

< OQ.

Lo (QX,P)
Then for any (*-Lipschitz(c) function f:R™ — R, we have

imswp B <
When restricted to single Poisson integrals, the previous result recovers the upper
estimate of Corollary 4 in [24] in which a deviation result is obtained for the norm of
infinitely divisible vector with Lévy measure having a bounded support. See also [12]

for related results in the framework of large deviations for Poisson stochastic integrals.

4 Quadratic Wiener functionals

The results of the previous section apply in particular to quadratic Wiener functionals
since they have infinitely divisible laws, cf. [17], and can be represented as Poisson
stochastic integrals with finite variance. Note that exact estimates for the tail proba-
bilities of (quadratic) Wiener functionals have been obtained in [11], see also [5], [13],
[18], [19]. Here we present dimension free results for norms of vectors of independent

quadratic functionals. In this section we take X = R.
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Second order Wiener integrals

It is well-known (see e.g. [17]) that every centered quadratic Wiener functional can
be determined by a symmetric Hilbert-Schmidt operator A : L*(R,) — L*(R,)
with eigenvalues (ax)reny and a complete orthonormal basis of eigenvectors (h)ren
in L?(R,). In particular it can be expressed as a second order Wiener integral J,(f5)

with respect to a standard Brownian motion (B;)er, , with

- %gak ((/OOO hk(t)dBt)2 _ 1) |

where the series converges in L?(Q%), and f, has the decomposition

1 o0
fo = 5 ;akhk ® hg,

converging in L*(R3 ). Note that J5(f2) is distinct from the double Poisson stochastic
integral I5(f2). The variance of Jy(f2) is

1 o
Var[Jy(f2)] = ||f2||2L2(R2+) =5 Zai.
k=0

In the sequel we consider a vector (J3(fs), ..., J2(f3)) of mutually independent sec-
ond order Wiener integrals of f,..., fy € L*(R%) with respect to possibly differ-
ent Brownian motions. Denote also by (af)ren the eigenvalues associated to J&(fi),
i =1,...,n. For each i = 1,...,n, Ji(f) is infinitely divisible, integrable, and

centered with Lévy measure

vi(dy) = 1iyso} Z —6 Vkdy + 1g,<0) Z ‘ 21yl Vikdy, (4.1)

k;a ;>0 k;ai <0

cf. Theorem 2 of [17]. Hence from (1.3), Ji(fi) has the representation

[e.e]
B = [ yled) = i) (12)
—0o0
as a single Poisson stochastic integral. Denote by
a, = max max a,, a_ = max max (—a}), a= max max|a|,
1<i<n i ,at >0 1<i<n k,at <0 1<i<n keN
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the maxima of the spectral radii associated to J3(f3), ..., Jo(f3).

In the next proposition we apply Corollary 2.5 to obtain a deviation result for ¢!-
Lipschitz functions of quadratic Wiener functionals. Note that Corollary 4 of [9] (or
Proposition 3.1 applied to Poisson stochastic integrals) would yield dimension free

deviation results when ¢ is £2-Lipschitz, however with an additional range condition.

Proposition 4.1 Let (J3(f3), ..., J2(f3)) be a vector of independent second order
Wiener integrals. For any ('-Lipschitz(c) function g:

PG (D T3 — Elg(L(FD o 2D = ) < exp (— / ' h—1<s>ds) ,

x > 0, where h™=! is the inverse of the function

ZZ - ct|a i t€[0,(ca)™).

=1 k=

Moreover,

P(g(Jy(f2), - J3(f3) = Elg( L2 (f2), -, 3 (f3))] = x)

23 iR,
xr i=1 21, ]R

< exp|——+ log 1+ 4.3
( ac 2 25T 1||f2||L2R2 43)

1 log 3 x x?
< exp|—- (1 — —) min | —, , x>0, (4.4)
( C 2 (a’ 4622 1 ||f2||L2(R2 ))

Proof.  From Corollary 2.5 and (4.2), (4.1), (3.4), we have
n0 < D [l
_ _Z Z/ tcy 6 y/akdy+ Z Z/ ety _ —y/a};dy

i=1 k=0 i=1 k=0
ak>0 ak<0
1 o= o= tc2(al)?
- ZZl_cm I
i=1 k=0 i=1 k=0 k
a}c 0
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For the second part of the Proposition, since

I = Xt (al)? QCt a _
h(t) < 522 = ckta Z 1f51172 ®2) tE€ [0, (ca)™),
i=1 k=0
one can take
B ) = t

cat +2c23 " 1Hf2||L2(R2 7

from which (4.3) follows with explicit computations. Finally (4.4) comes from the

following elementary inequality:

log 3 A?x Ax
— < — -
(1 2 ) min (A:c 1B ) Ax — Blog (1 + B )

for all A, B > 0. O

Alternatively, and since limy_,o, h™*(t) = 1/(ca), we have for any ¢ > 0

Pg(Jy(f2), - 3 (f3)) = Elg(Jy(f2), -, T3 (f3))] = @)
< Ci(a,c,n,e)exp (—z((ca) ™ =€), (4.5)

x > 0, for some constant C(a,c,n,e) depending on ¢, n and . It follows that there

is a constant Cs(a, c,n, \) such that
E[e)‘lg(‘]%(f%) 7777 Jél( él))l] < C2(a’c’n’ )\) < OO, (4'6)
for all A\ < 1/(ac), and every ¢!-Lipschitz(c) function g : R"™ — R. In fact, (4.3)

implies that for all A < =1 — -3 3>"" | ||f2]|L2(R2

B [exp (9B, P+ MogL +lg( D, (D) |
< Cs(a,c,n, ),

for some C3(a,c,n,\) < oo. For the supremum of J3(f}),..., J3(f3), which is a
Lipschitz function with respect to the ¢*-norm, hence with respect to the ¢!-norm,

the previous corollary can be strengthened by making use of (3.5).

Proposition 4.2 Let (J3(f3), ..., J2(f3)) be a vector of independent second order

Wiener integrals. Then,
P(SUp( (L), . T3 ()~ Elsup(JE (L), . J2(3)] > ) < exp (— /Oxh*(s)ds),
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x > 0, where h™! is the inverse of the function

€10,1/ay).

i=1 k=0
ak>0

Moreover,

P(sup(Jy(fy),- - J3(f3)) = Elsup(Jy (f2), - J3 (f3))] = @)

231 13l 7 e

x i=1 121l 2 (2 ) aLx

< exp|—+ log | 1+ (4.7)
( o (@) £ S 1

log 3 x 22
< exp —(1— )min x > 0.
< 2 <a'+ 422 1 ||‘f2||L2(]R2 ))

Proof. Follow the lines of the proof of Proposition 4.1 starting from (3.6) instead of
(3.4). O

Note that in dimension one and for second order Wiener integrals, (4.7) above implies

the upper deviation bound of [18] (Example 5.1), since
ay =2  sup  (f2,h @ h)ragz).

||h||L2(R+):1

Counterparts of (4.5), (4.6) for sup(J3(fs), ..., J2(f3)) can be derived in the same

way. Our next result is a first lower bound.

Proposition 4.3 Let (J3(f3), ..., J2(fa)) be a vector of (centered) mutually inde-
pendent quadratic Wiener functionals. For any b € (0,1), there exists x, > 0 such

that
1—b~ ;i
PGB B 2 2) = = '™, o>,
i=1

with a® = maxyey |ak], 1 <i < n.

Proof. Let Fy,..., F, ben independent random variables with respective distribution
ID(my,0,v4), ..., ID(m,,0,v,). We may and do assume that {k : ai # 0} is finite
for all © = 1,...,n, since the general conclusion can be obtained by convergence in

distribution. We have for z > 0:
P(|(F1,...,F)|w>2) > P(Fie{l,...,n} : |Fj|>x)
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= 1-P(F| <z 1<i<n)

= 1-[[P(F| <)

i=1
Writing
F,=F'+F —m

with

FiT (wy) Z/Oooywi(dy), Ff(%)z/O ywi(dy), mz:/oo yvi(dy),

we have
P(F<z) = /OOPF+<x+mZ+y)dP(F =—y)
0
< /OOP (wi(l[t + m; +y,00)) = 0)dP(F; = —y)
0
— /OOO exp(—v;([x + mi + y,00)))dP(F, = —y).
Here,
(o= [ e g e N [ e L

where f(2) ~;—o0 g(v) means that lim, o f(2)/g(2) = 1, and @} = maxy, i 5o |aj],

Nt = #{k, a} = a'.}. Hence for all ¥’ € (0,1) there exists ;y > 0 such that
P i € /
P(F; < x) <exp —a+N+7(1—b) , T > Ty

Similarly we have

] ) e—x/ai
—00, —1) E —e Y% dy ~y oo al N ,
- 2z
> ka k<0
with a' = maxy, .i o |aj,| and N” = #{k, aj, = —a_}. Hence 2;) can be chosen such

that

—m/ai

P(F; > —x) < exp (—ai_Nie (1-— b’)) : T > Ty,

T
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thus

o—x/al
P(|F;| < x) < exp <—a’€2 (1—b')> : > Ty
T
For z > max{x1y,..., 2z, }. It follows that

n

.e—x/ai
I Fi,...F > >1— E { /
(|( 15 > n)|oo_x)_1 eXp( a or (1—6)),

i=1

and so for any b € (0, 1), there exists x;, > 0 such that

n

1-0 , ;
i, —x/a"
P(/(Fy, o Bl > 2) > =~ ;ae . T >,
U
Note that without the independence assumption on (J3(f3),..., J2(f3)), a similar

argument leads to the estimate

P(|(J2(f2), -, 5 (f3 )]s = 2) = a(1 — )

for any b € (0,1) and x large enough. A version of Proposition 4.3 can also be stated
for sup(J3(f3), ..., J2(f)). For n = 1, and for second order Wiener integrals, this

also implies the lower deviation bound obtained in Example 5.1 in [18].

Proposition 4.4 Let (J3(f3),- ., J5(f3)) be a vector of independent quadratic Wiener
functionals. For any b € (0,1), there exists x, > 0 such that

P(sup(A(f),... J2(f3)) > 2) >

b n
_ -
5 E a' e B/ >,
x
i=1

with @l = maxyey qi >0 aj, 1 <1 <.

Proof. We follow the lines of proof of Proposition 4.3. Let F},..., F, be n indepen-
dent random variables with respective distribution I D(my,0,11), ..., ID(m,,0,v,).

We have for z > 0:

P(Sup(Fla7Fn)2x)21_HP(F’Z<x)a
i=1
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which leads to

n

:c/a
P(sup(Fi,..., F,) > x) >1—e'xp< a’. +(1—6’)),

=1

for x sufficiently large. Hence, for any b € (0, 1), there exists x; > 0 such that

b n
P(sup(Fi,...,F,) > x) > Z e~ T > Typ.

- 2z —
U
Without the independence assumption on (Ji(f}), ..., Jr(f¥)) we get
e—:c/a+
P(sup(Jy(f2), .-, 5 (f3)) = ©) = a (1 = D) (4.8)

2r
for any b € (0,1) and z large enough. In the next corollary we derive an exact
tail estimate for the £,-norm of vectors of independent quadratic Wiener functionals,
recovering, in the special case of second order integrals, the result obtained in [2] for

non-decoupled Gaussian chaos, see also [14, Cor. 3.9].

Corollary 4.5 Letp € [1,00], and let (J3(f3),- -, J5(f3)) be a vector of independent

quadratic Wiener functionals. Then

o log PACA), - S > o) 1 (4.9)

r—400 X a

Proof.  For any b € (0,1), from Proposition 4.3 and Proposition 4.1, there exists
xp > 0 such that

—m/a n

Za < PR, T2 e > @)
< (|(J2(.f2)> Jz(fg))|p ZL’)

< :L’—M 23 1||f2||L2R2 1 - a(z — M)
S exXp| — og
a CL2 22@ 1||f2||L2 R2

2 > max(zy, M), with M = E[|(JA(fD), ... 2 (). O

(1-1b)

Note that for n = 1 and for second order Wiener integrals, the above result coincides
with Theorem 2.2 of [5] (see also [13] and [19]), since a/2 is also the strong operator

norm of the linear map canonically associated to f, i.e.

a=2 sup [(fo, h @ h)r2rz)l.
||h||L2(R+):1
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A result of [5] states that

log P T (fL)] = 1

z—+o00 T 2 SUPteRr, £, ||L2(RT)

provided (J,,(f},))ter, is a process of m-th order integrals with a.s. continuous sample
paths (see also Remark 4.3 in [18]). It is clear that for n = 1, m = 2 and p = +o0,
(4.9) and (4.10) coincide. However, (4.10) does not imply (4.9), since as is well
known the process (J,,,(f%,))ier, cannot be jointly measurable and have independent

components. For the supremum of J3(f3), ..., Jo(f5) we similarly have:

Corollary 4.6 Let (J3(f3),..., I3 (f3)) be a vector of independent quadratic Wiener

functionals, then

i 08 PEWUIUD, - J(f) 2 ) _ 1

z—+00 xr a4 ‘

Proof. Apply Proposition 4.2 and Proposition 4.4. O

A left deviation estimate for sup(J;(f2),...,J2(f2)) can be independently obtained

from
n

P(sup(J3(fo), ... J3(f2)) < x) = [[ P(J5(f2) < ),

k=1

which can then be estimated from Proposition 4.4 or Proposition 9.17 of [11]. Coun-
terparts of (4.7) in Proposition 4.2, as well as Proposition 4.4, Corollary 4.6 and (4.8)
can also be stated for the left deviation of inf(J3(fs), ..., J2(f2)), replacing a’, by a”,
t=1,...,n,and a, by a_. Since

-=-2 inf  (fo,h®h)r2g2),

||h||L2(R+):1

this will imply the one-dimensional left tails of [18] (Example 5.1). For an arbitrary

norm || - || on R", we have
i=n
]| = leiei <zl %%ﬁ“elH
1=
Hence,
ey B PUCBUD. U2 1
pee T amaxi<;<n ||€|
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Similarly, since [|z|| > C}|z|« for some constant C|| > 0 depending on the norm || - ||,

i 1B PUAGD, - DI =) 1

x——+00 x - aC” )

For the Euclidean norm, we also have the following dimension free deviation inequality
obtained from Proposition 3.2 for an i.i.d. vector. The independent but non identically

distributed case is similar with more notation.

Proposition 4.7 Let (J3(f2), ..., J3(f2)) be an i.i.d. vector of second order Wiener
integrals, and let b € (0,1). Then,

P(|(J3(f2)s -, I3 (f2))lo = 2E(|(J5(fa), - 5 (fo) o] 2 @) < e”UPatfo g >0,

(4.11)
and
P(|(J, Jy —2E]|(J, Jy > ) < e 070G >@K
(2 (f2), s T3 (f2)) 2 =2E((Jy (f2), -, J3(f2)) o] = ) < e o2 Ky,
(4.12)
where
16||f2||%2(R2) 2 1
Ky, = ————logh—38 2 R? <—+—> 1—-5b
; 7 losb=SlILlien (2 + FrmmmE) ¢ Y
+ .
(B[l (L)) 02
Proof. Applying Proposition 3.2 with g = 1 gives
P(|(Jy(fa), - T3 (fo))lo = 2E([(Jo (fa), - - T3 (f2))|o] = @) (4.13)
T t
< — -1 = —
< exp( /Oh (s)ds) 0<I£1<1111/aexp< tx+/0h(s)ds), x>0,
where
ht) = 4 /OO — 1)e ¥/ dy + / Je ¥/
() Z( ookl 4 QZ y
ai>0 ak>0
0 40
_|_4 / W _1 —y/akd S — / _y/akd
ai<0 ak<0
_ 4§: tai + Z‘a’fﬁ( 1)
k:ol_t|ak| E[|Ja( f2 (1 — t|ag|)?
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16||f2HL2(R2 ta n 8a||f2HL2 R2 1

= a 1—ta (Hk%M)(G—wP_Q'

Letting

60y SR
G ) B[RRI
we have
/t h(s)ds < —A(log(l—ta)+ta)+ B <¥ —ta — 1)
; = 201 — ta)? >
ta B (ta)?

_ ﬂm%a—m%%A+®m+Batgﬁ_§ﬁfﬁﬁ

Taking ¢ = (1 — b)/a, the min in (4.13) is bounded by

min exp < —tx + /Ot h(s)ds) < exp ( (1-— b) + Kb>

0<t<l/a

where

1=t . A
Kb:/ (s)ds = ~Alogh — (A + B)(1 —b) + B b B(l%f) ,
0

and (4.11) follows. Taking t = (1 — b/2)/a in (4.13) yields

0<t<l/a
x> 22Ky, and (4.12) follows.

Note that the growth of Kj is in 1/b%, as b — 0.

Square norm of Brownian paths on [0, 7]

min exp(—tx+/0th(s)ds> gexp( (1—-5/2)— +Kb/2> gexp(—(l—b)§>,

An example of quadratic Wiener functional for which the coefficients (ax)ren can

be explicitly computed is given by the (compensated) integrated squared Brownian

motion . -
_ 294
o = [ (Bt -

on the interval [0, 7. In this case, from [10] or §3.1.1 of [17], we have a; =
k > 0, and the above results apply with a = 47%2 and

ai = —.
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Letting (hk,...,Hh%) be a vector of i.i.d. copies of hp, Proposition 4.1 states in this

case that for any ¢!-Lipschitz(c) function g : R — R:

P(g(by,....b%) — Elg(by, ..., b1)] > )
< e —sz + n log [ 1+ sz
= P\ T T 8 enm? ) )
log3\ . [ 7%z 2?
S exXp (— (1— 5 )mln(@,m)), ZIJ'>0,

and for all € > 0:

P(g(by. ... b7) = Elg(br, ... bp)] = @) < Ci(e,n, T, e) exp (—a(x?/(4cT*) = €)) |

x > 0. It follows that

for all A\ < 72/(4¢T?) and some constant Cy(c,n,T,\) < co. For any b € (0,1) we

also get the lower bound

P /]2 ) )
[)1 [l — —x7? /(4T%)
(|( Ts: > l)|oo>x>>2n(1 b>l'—71'2€ ’

for x sufficiently large, and from Corollary 4.5:

L log P((bh ) >0)

T—-+00 X 477 ’

p € [1,00].

For the Euclidean norm and from Proposition 4.7, we again obtain dimension free
deviation inequalities: for any b € (0, 1),

(1 —b)

AT?2 $+Kb)7 172(),

P16, Bl — 2] (b ... B3)]a] = @) < exp (—

and

2 _ 2
PO DDE-2E]0h 0D 20 e (-TH2P0) oz o

where

71.4

K, = ——logb—T"?
b 572 1080 <

d 1

st <E[|bT|]>2) =0 S E e 2
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Sample variance of Brownian motion on [0, 7]

A second example is given by the (compensated) sample variance of Brownian motion

UT:/OT <B(t)—%/OTB(s)ds) dt—Tg

on the interval [0,7]. From [10], or §3.3.1 of [17], ay = o, k > 1, a9 = 0, a = L5

and - ,
o T
> ai= G
k=1
Letting (v, ..., 0%) be a vector of i.i.d. copies of vy, we have from Proposition 4.1

that for every ¢!-Lipschitz(c) function g : R" — R:

P(g(u%v'-wu%)_E[g(UTw’ .CL’

= oxp <——+@10g< cn7r2))
log 3
ool () () o

and for all € > 0:

P(g(vF,...,0%) — Elg(o}, ..., 0%)] > 2) < Ci(e,n, T, e) exp (—LL’(ﬂ'z/(CTz) — 5)) ,

x > 0. It follows that

for all A < 72/(cT?) and some Cy(c,n, T, \) < co. For any b € (0,1) we also get the

lower bound

n T2 —SC7T2 2
P((h, - 0]l 2 ) 2 n(1 = b5 —e /1",

for z sufficiently large, and from Corollary 4.5:
log P(|(0},. o), > 2) 7

ml—1>r-£loo - :—ﬁ, pE [1,00]

From Proposition 4.7, for any b € (0,1):

1 n 1 n 7T2(1_b)
P(|(vg, ..., 07)|2 = 2E|(bg, ..., 07)|2] = z) < exp _T$+Kb , >0,
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and

72 (1—b 272
POk 0l = 26]0h - o] 2 ) S exp (< 2] o> 2k

where

2 w4 T2 (274 1 T2 1—02
(F * <EnnTu>2) =0+ 5 & »

Lévy’s stochastic area

Let (B'(t), B%(t))ser, , be a two-dimensional Brownian motion. Lévy’s stochastic area
St oon [0,77] is

1 T
5= / (B'(1)dB>(t) — BX(t)dB\(t)),
0
cf. [15]. From Section 3.2.1 in [17], we have a; = ﬁ, k € Z, a = T/m and
S ai = T?/2. Proposition 4.1 applies and gives
nﬂ'z

2x 2 T
P(g(St,..., S8 — E[g(St,...,SH)] > z) < (1 + ncTﬂ) exp (—C—T) . (414)

x > 0. But since the Lévy measure of St has the analytic expression

-y, (4.15)

(cf. page 175 of [15], §3.2.1 of [17] or Example 15.15 of [25]), direct computations can

be done and we have

Proposition 4.8 Let g: R™ — R be (*-Lipschitz(c), and let (S, ..., S%) be an i.i.d.

vector of Lévy’s stochastic areas on [0,T]. Then,

T \4n T

The bounds in (4.14) and in (4.16) are not comparable, but they both converge to 1

as n goes to infinity.

Proof. Using the representation of St as the compensated Poisson stochastic integral

/_ " y((dy) — m(dy) (4.16)

[e.e]
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and (3.4) derived from Corollary 2.5, we have

W) = ne / Tl (@~ Dy (dy)

o0 . 1
= e [l =)y
. ;

00 6tcy -1

= 2nc/0 T e_ﬂy/Tdy
ety 1

< 2nc /0 T

2 [e’¢)
S 272,0 tT / 6_%(%_Ct)dy
0

T
Anc*tT
< 720 , 0<t<n/(cT),
W(T — Ct)
using the inequality
< —eMTrE x >0, (4.17)
evr — 1 v

for 0 < u < v. Hence

r I s T T
o h Y eyds < = [ 5 ge— T ianl (1 )
/0 (s)ds < T/O Anc®T + cms' cT:E_I— mlog {1+ AncT

O

The above result can also be obtained from Theorem 1 in [6] in place of (3.4).
Alternatively, we have limy o h™'(t) = 7(¢T") ™" since limy_ (-1 h(t) = +00. Hence

for all € > 0, we also derive as in (4.5)
P(Q(SII“u SR Sgl") - E[Q(Sﬂl"u SR Sg“)] > LE‘) < Cl(cv n, T7 6) exXp (—.CL’(T{'(CT)_I - 8)) ’

x > 0, for some constant C(c,n, T, e) depending on T', ¢, n and . This last inequality

is not dimension free. Nevertheless it yields
E [e’“g(silf """ S%)‘] < Cy(e,n, Ty \) < o0, (4.18)
for all A\ < w/(cT'), and every ¢*-Lipschitz(c) function g : R® — R. For any b € (0, 1),

we also get the lower bound from Proposition 4.3:

nTe—n:c/T

2rx

P(|(Sg,. - Sl 2 @) = (1 =)

Y
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for = sufficiently large. And from Corollary 4.5, for p € [1, 0o|, we have
log P((Sh, ... SDly 2 0) =

lim =
T—+00 x T
where we replaced T' by max;<x<, 7} for non identical variables S}Fl, oSy Tt re-

covers a univariate result of [3] and extends it to ¢P-norms of i.i.d. random vectors,
independently of their dimension.
For the Euclidean norm and from Proposition 4.7, we again obtain dimension free

deviation inequalities: for any b € (0, 1), we have

P((Sh... 512 — 2E[(Sh ... 5Pl 2 ) < exp (~ S0y 1)) w0,
(4.19)
and
PA(SH - 5P~ 28((Sh 5L 2 1) <exp (~ T20T0) 0> B,
(4.20)
where
1672 (1—b)?

K, = —32logb—32(1—0)+

3 (E[|St[])? 12
5 The infinite variance case

In [7], deviation results have been derived for Lipschitz functions of stable random
vectors. In this section, we extend these results to general Poisson functionals under
arbitrary intensity measures. Deviations are now given with respect to a median rather
than to the mean (which may not exist). For A in B(X) (the Borel o-field of X), let
vr(A) = v(AN Bx(0, R)), where 0 denotes an arbitrary fixed point in X. The proofs
of the forthcoming results are inspired by that of Theorem 1 in [7]: configurations are
truncated and we will use the following notation on the configuration space. For a

fixed R > 0 and any w € Q¥ let
wr=wNBx(0,R), wh=wNBx(0,R)*={recw : dx(0,z) > R}.
Given a stochastic functional I’ on the configuration space, we also set
Fr(w) = F(wg) = F(wN Bx(0, R)),
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and denote by v a non-negative and non-increasing function such that
P{we QY : wn Bx(0,R)" # 0}) < v(R),

for all R large enough. The next Lemma will be used in the sequel. It allows us to

control m(Fr) —m(F) as in [7].

Lemma 5.1 Let F' be a stochastic functional on the configuration space such that
there exists a non-negative and non-decreasing function (3 (resp. mon-increasing func-

tion ) defined on R, such that for all R greater than a given Ry:
P(Fr — m(Fr) = B(R)) < 7(R). (5.1)

Then we have
m(Fr) —m(F) < 5(R), (5.2)

for all R such that

1
> i -1 2 = ) )
R > max (Ro,oésrifl/z max (7 (6),% (2 5))) (5.3)

Proof. The case m(F') > m(Fg) being trivial, we consider henceforth m(Fr) > m(F).
Let 0 < § < 1/2 and assume

R >~71(5)
We have
O<%—6 < %—W(R)
< P(F<m(F))—P{weQ* : % #0))
= E[l{rpuwg<mr) — Lwg20]
< Elper)<m@y]
= P(Fr <m(F))
= P(Fgp—m(Fg) <m(F)—m(Fg))
= P(=Fg—m(=Fg) > m(Fg) — m(F)),

where we used the fact that —m(Fg) is a median of —F%. Consider the decreasing

function

HR(x):P(—FR—m(—FR)Zx), r eR,
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and let Ir(y) = sup{z > 0, Hg(z) > y} denote its inverse. We have

m(Fr) —m(F) < In(P(F < m(F)) — P({w € Q¥ + wf £0})) < IRG - 5). (5.4)
Assume further that
R>51 (% - 5).
From (5.1) applied to —Fg, we have
Ha(B(R)) = P(~Fp—m(~Fg) > H(R) < 5(R) < 5 4

that is finally I (3 —0) < B(R), and from (5.4):

m(FR) —m(F) < IRG ~5) < B(R).

O

The next result provides a general deviation property for stochastic functionals with

infinite variance on Poisson space.

Theorem 5.2 Let F' be a stochastic functional on the configuration space such that
there exists a non-negative and non-decreasing function (3, defined on Ry, and a con-

stant C' > 0 such that for all R greater than a given Ry:
(i) SUPye By (0,R) |DyF(w)| < B(R), P(dw)-a.s.,

(ii) ||DF||%°O(QX,L2( y = CBH(R)v(R).

Then
P(F —m(F) > z) < (1+ Ce)yo 8- (z/4),

ous( )

Proof.  Configurations are truncated to deal on the one hand with the functional

for all

restricted to the truncated configuration and on the other hand with the rest of the

configuration which is controlled using the function . We have
P(F—m(F)>z) = P(F—-m(F)>x, wh=0)+P(F—m(F) >z o #0)
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< P(Fp—m(F)>2z)+P({we Q" : wf#0}). (5.5)

For the first term, in order to apply (2.10) in Corollary 2.4 (which provides a deviation

result from the mean rather than from a median), let
g(x) = (x —m(Fgr))" Ar, x€eR.

Then E[g(Fr)] < rP(Fr > m(Fgr)) < r/2. Moreover if Fr > m(Fg) + r then
9(Fr) = g(m(Fgr) +r) = r, hence

{Fr = m(Fr) +r} C{9(Fr) = 1},
and
P(Fr —m(Fg) 2 r) < P(g(Fr) > 1) < P(g(Fr) — Elg(Fr)] 2 r/2). (5.6)
On the other hand, g(Fg) satisfies

Dyg(Fr)(w) < [9(Fr(w U{y})) — 9(Fr(w))| < [Fr(w U{y}) = Fr(w)| = |DyF(wr)|,

since g : R — R is Lipschitz(1). Thus

sup  Dyg(Fr) < B(R) and || Dg(Fr)ll7w(@x r2p) < CYR)B(R),

yeBX (OvR)

and from (5.6) and Corollary 2.4 we get

. ) ~2/(26(R))

P(Fr —m(Fg) > z) < "/F(R) (1 * 2C7(R)B(R)

)

and taking x = 26(R) we have:

P(FR—m<FR>zw<R>>s6(1+ ) < eC+(R), (5.7)

Cv(R)

and from Lemma 5.1 with G(R) = 26(R), 7(R) = Cey(R) and condition (5.1) given
by (5.7), we get:
m(Fr) — m(F) < 26(R),

i.e. using (5.7):
P(Fg —m(F) > 4B(R)) < P(Fr —m(Fg) > 26(R)) < Cey(R),
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i.e. for x > 43(R), we have

PU%—%MF)Zm)SCk7064<%>, (5.8)

under condition (5.3) which can be rewritten in terms of = as

x> max (25(7_1(5))726 (7_1 (é (% - 5)))) ’

o <min (5. & (1-4))

l.e

1
The optimal bound with 6 € (0,1/2), being obtained for §y = 511 Ce) € (0,1/2),
i.e. the condition on x becomes
1
> 2 . .

w2200 (%1+0@) (59)
The estimate (5.8), together with

X c -1 (%

Plwe Q™ : wh #0}) <~v(R)<~vof (Z)’
gives
(T
P(F =m(F) 2 2) < (Ce +1)70 57 (7))

using (5.5), under the condition (5.9). O

Note that in the hypotheses of Theorem 5.2 it is sufficient to assume

sup | D,F(w)| < B(R), P(dw)-as.

yEBx (OvR)

and
||DFRH%°°(QX,L2(VR)) < Cﬁ2(R) V(R),

instead of (i) and (#i). The next corollary presents a particular and more tractable

case of Theorem 5.2.
Corollary 5.3 Let F: QX — R, and let
Y(R)=1-— e—vHyeX : clx(07y)>R})7 R >0,
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and assume that

sup |D,F|<C'R and HDF||2LO<>(QX7L2
yeBX(OvR)

y < CR*y(R),

(vr

for all R > Ry > 0. Then

PE—m(F) 2 2) < <1 * (g:;) (i) w220 (2(1 +eé’/(0’)2)) ‘

On R" equipped with the Euclidean norm | - |5, consider an ¢*-Lipschitz(c) function
f :R" — R and a n-dimensional infinitely divisible random vector F' = (F},..., F},)
without Gaussian component and with Lévy measure v. Let us apply Corollary 5.3

to the random functional G = f(F'), where F' is given as in (1.3) by:

Fe ( /{ ) = ) + /{ )+ bk) L

For the gradient, we have if y ¢ w:

|D,G(w)| = [GwU{y}) - G(w)|
= (/{ulzq}u(w(du)—u(du))+/{u|2>l} w(du)+y+b) —f(F)‘
<yl

since f is ¢*-Lipschitz(c), and we obtain |D,G(w)| < ¢R, for |yl < R. In this case,
for G = f(F) the conclusion of Corollary 5.3 reads

P(G —m(G) > z) < (1+ Ce) (1 —exp <—y ({u eR™ : July > %}))) . (5.10)

When f(z) = |z|2 is the Euclidean norm on R”, Lemma 5.4 below also yields a lower

bound on P(|F — ml|y > x) which has the same order as the upper bound (5.10).

Lemma 5.4 Let F be an infinitely divisible random vector 1D(b,0,v) in R™. Then

for all m € R we have

P(|F—m| >z)> - (1 —exp(—v({u € R" : ||ju|| > 2z}))), x>0, (5.11)

RS

where || - || denotes any norm on R™.

41



Proof. We start by assuming that F'is symmetric. Then, since F' can be taken to
be the value F(1) at time 1 of a Lévy process (F'(t))o<t<1 starting from F(0) = 0, we

have from Lévy’s inequality:

P(|F| =) = P<

vV
|
s
A/~
=
ke

Hence

1
P(|F|| > z) > 1iminf§P (lmax

v

%P (hm inf max

n—oo 1<j5<n

> 37 (max I1F() - PO > 0)

s€[0,1]
1

> gl —exp(—r{ueR" ¢ [lul| 2 z})), (5.12)

where (5.12) is a n-dimensional extension of Ex. 22.1 in [25], which relies on the fact
that if w on R, x R™ has a jump of || - [|-norm greater than x, then max¢jo 1 [|F'(s) —
F(s7)|| > . In the general case where F' is not necessarily symmetric we apply the

above to ' — G, where G denotes an independent copy of F', and use the inequality
1 1 1
P(|F =m| z ) = gP(|F —m| 2 2) + S P(|G = m|| 2 x) 2 ZP(|F — G| = 22),

for all m € R. O

We now present several examples of Lévy measures v for which the function v can be
explicitly computed, and where F* has infinite variance, i.e. [g, |yl[*v(dy) = oo, but
where f(F) satisfies the above hypothesis for f an ¢?-Lipschitz(c) function.

1. Let R™\ {0} be equipped with the measure given for B € B(R™ \ {0}) by

| log 7|

W(B) = /S o) /0 1) 5 ar, (5.13)

where o is again a spherical finite measure. Since

/’ y2(dy) = o(5™) < oo
{lyl2<1}
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and
> |logr|

el = 1) = [ atag) [ 5 ar <o,

v is a Lévy measure. Moreover [, - [y[3v(dy) = oo, hence I has infinite

variance. As before:

2

= 1l—exp (—U(S”‘l)/ log2r dr)
R T

< a(s“*)%, R>1.

Thus, choose v(R) = 20(S" 1)L On the other hand,

IDEE o < [l )
{lyl2<R}

1 R
= - / o(dg) / logr dr + ¢ / o(dg) / log 7 dr
Sn—1 0 Sn—1 1

= o(S" ) (RlogR — R+ 2)
< AR*y(R)/2.

. Let X = R"™, with the finite (Lévy) measure v given for B € B(R™) by

00 6—1/(27"2)
V(B) = /S o) /0 1(r6) S (5.14)

The infinitely divisible random variable given by the Poisson stochastic integral

in (1.3) is thus another example of a random variable without finite variance

[ vty = o
{lyl2>1}

since

Once more:

e—1/(2r?)
Pwh #0) = 1—exp —/ Udf/ dr
sl ( sn-t () {Irel.>R} T2V 2T
< o) [ o
o - r

. /R —u?/2
= o(S™" du.
s [
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o(s")

Choose v(R) = . Moreover,

IDFF)ior sy < € / ol vela)

) —1/(27"
= ¢ o(d€)
/Sn 1 (48) / 7”2\/271'

R —1/ (2r?)
= Fo(S")

0 vV 2

o emu?/2 dy
= o S"_l/ ¢ —
5 [

R —1/(2R?) oo —u?/2
= o) [ e~ [ S du
V2T 1/R V2

dr

< AR*y(R).

3. The above deviation results for f(F') with F as in (1.3) a stable or an infinitely
divisible random variable, and with Lévy measure either given by (6.1) or (5.13)
or (5.14), continue to hold after minor changes for Holder continuous functions

of order 0 < h < 1. Indeed, for such a function f we have
IDyf(F)l2 < clyls <R, Jyla < R.

For instance in the case of the Lévy measure (5.13) we have

R
DS o sy < [ olde) [ @ untar)
R
= 020(5"_1)/ r?=2| log r|dr
0

1 R
= —2o(S" / r?"2logr dr + o (S") / 22 logr dr
0 1

R*»'log R R2h—1 1 1
< 2 n—1 _ )
s cols )< oh — 1 (2h—1)2+(2h—1)2+2h+1>

We can thus apply Theorem 5.2 to G = f(F') with (up to multiplicative con-

stants) the functions:




A similar computation yields in the case of the Lévy measure (5.14):

HDF||2LO<>(QX,L2(VR)) < / Al vr(dr)
{lzl2<R}

c? f 2h—2_—1/(2r?)
o(d ret e ) dr
= ot |
R2h—1 —1/(2R?)
< 020.(5«71—1) €

(2h — 1)V21

Once more, Theorem 5.2 applies here, in the Holder continuous case, with up
to multiplicative constants,

o—1/(2R?)

RV2r

Before turning to the case of stable intensity measures in the next section, we prove

B(R)=R", and ~(R)=

the following lemma for a general intensity measure v, which is a generalization of
Lemma 2 in [7].
Lemma 5.5 Let F : QX — R and as, as, oy, K > 0, such that

(i) sup,ex | Dy F(w)| < K < 0o, P(dw)-a.s.

(ZZ) ||DF||IZ<><>(QX’LI¢(V)) < ay < 00, k= 2, 3,4

Assume moreover az < 204/ K and K ag/ay > 2. Let so be the (unique) positive

solution of
s (ag - %> a (e’ —1). (5.15)

Let xg = 3so(cs — ay/K?). Then for all v < x,

P(F — E[F] > z) < exp <_6<a2 —Ioz4/K2)) | (5.16)

while for x > xg,

K3
P(F — E[F] > z) < Kyexp (% - (% + %) log (1 + ﬁ)) , (5.17)

with
To i) 30&4 Kgl’o I(z)
Ky = —— —+—1 1 - ) 5.18
0 eXp( K+(K+K4) Og( + 3a4) 6(cs — aa/K2) (5.18)
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Proof. From Proposition 2.2 we have
P(F — E[F] > xz) <exp (—/ h_l(s)ds) , 0<az <hl(ty) (5.19)
0

with h given in (2.2). Using the bounds |D,F| < K and

2 sK 272
u s, et —1—-sK—sK*/2 ,
e —1§su+§u+ 3 u”,

0<u<K, s>0, (5.20)
we have

hs) < sup /X (51D F@)IID,F )] + SID,F (@) I, ()]

w,w'€Qx

el —1—sK —s*K?/2
_I_

D, Fw)[|D, F(w'>|)u<dy>

K3
< s sup / D, F(w)|| D, F ()| <dy>+— sup / D, F ()| D, F(w)|v(dy)
wWw'ENx JX ww' €Qx
esK 1 - sK — s2K?2/9
i : 2 g / D, F ()| D, F () v(dy). (5.21)
K wWw'eEQx JX

From Holder’s inequality, we have for p = ¢ = 2:

sup /|D F(w)||DyF () v(dy)

w,w' eNx
/2 1/2
up {( JAEEEY dy)) < ([ i puan) }gaQ,
w,w' €N x X
forp=3/2,q=3:

sup /X 1D, F(@)2|Dy (&) v(dy)

ww €Qx

< 2 o {([imreorian) ([ preoriian) <o

and similarly for p =4/3,q =4

sup / D, F ()P Dy F() |(dy)

w,w'eNx
/4
sup {(/|DF ) u( dy) (/\DF N*u( dy)) }§a4.
w,w' EQx
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From (5.21) we get

8 2
h(s) < sas+ 5 %3 + 703 oy
2
B Qy S Quy S
= S (Ozg — ﬁ) + E (Oég — ?) + ﬁ(e — 1). (5.22)

Since we assume a3 < 2ay4/ K, the second summand in the right-hand side of (5.22)
is bounded by the third one for all s > 0. We may now end the proof as in Lemma 2
of [7]:

h(s) < 3max (s <a2 — %) : i <a3 — %) ,%(eSK - 1))

2
« (6%
= 3max (s (02— 5 ) g ("~ 1)
35(0&2—%), 0 <s < s,
< ay K?
3@( T —1), s> s,

where s is the unique positive solution of (5.15) which is well defined since K2ay /g >

2. Hence, letting 79 = 3s¢ (ay — ay/K?) we may take

t
for 0 <t <
—1 3(0&2 - Oé4/K2) orv =t
=) =9 1 K*
% log <1 + Et) for t > xy,
which yields (5.16) and (5.17) from (5.19). O

Lemma 5.5 will be used in the proof of Theorem 6.1 below to obtain a deviation result
under a-stable Lévy measures for all value of @ € (0,2). The following lemma applies
only for a > 1, but will yield a slightly better range condition in Theorem 6.2, and is

stated without boundedness assumption on 4th the order moment.

Lemma 5.6 Let F': QX — R and as, a3, K > 0, such that Kay > 2as and
() I DF I i 1y < 2 < 00,
(i6) 1| DF e ox s < 03 < 50,

(i4) sup,ecx | Dy F(w)| < K < o0, P(dw)-a.s.
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Denote by sqg the unique solution of

GSK—l [6%)
=K——1.
sK 3
Let also xq = 2so(ay — a3/ K). Then
22
P(F — EIF] > 1) < S 0<z< 5.23
(FoBlF) 20 <on (- tm). 0<e<m 62
and
x x « K%x
P(F—E[F]zx)gKoeXp(?—<?+2F‘z>log(1+ﬁ)), x> T,
(5.24)
with
Ky=exp | —zo/K + @—l-% lo 1+@ _x—g (5.25)
0 P 0 K K3 & 2043 4(&2-@3/K) . .

Proof.  As in the proof of Lemma 5.5, apply Proposition 2.2 with h given in (2.2)

and bounded by
e —1—-sK

h(s) < sag + 702

Qas.
using

e —1-sK
—u

e’ —1<su+ e )

u € [0, K],

instead of (5.20). We get

sK
_% e —1 28(0(2_a3/K)7 SSSO
h(s) < 2max (5 <O‘2 K> T2 a3) < { 2(e*K — 1)az/K?, D)

which allows us to conclude as in the proof of Lemma 5.5. O

6 The case of stable Lévy measures

In this section X = R" and |- |x stands for the usual Euclidean norm. Let 0 < a < 2

and the stable Lévy measure given by

v(B) = /swl o(dg) /000 15(ré)r="dr, B € B(R"), (6.1)
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where o is a finite positive measure on S™"~!, the unit sphere of R", called the spherical

component of v. We have

PlweQ® 1 w4 #0}) = 1-P({

n—1
= 1—exp —U(S )R_a)
«Q
o(S™ 1)
< 6.2
- aR® (6:2)
Thus we can take ( 1)
o(S"
R) = R > 0.
7( ) OZRQ ? >

in Theorem 5.2. Let f : R® — R be £?-Lipschitz(c). In case F is a stable random
variable represented by a single Poisson stochastic integral of the form (1.3), we have

from (2.13):

IDF(F) 2 2oy < / Plyl v(dy)
{lyl2<R}

= 02/ U(dﬁ)/ ri=odr
st {Irél2>R}
C2O'(Sn_1)

2—«

2c?
5 R(R),

< R2—a

<

hence Theorem 1 of [7] is recovered taking 5(r) = ¢r and C' = 2/(2 — a) in Theorem
5.2, i.e.

PUE) () 20 < (14 2 ) (D) ey

2—« o 4_0
for all z such that

-1 -1 !
T =2y (2-a) =2y (2(1 +2¢e/(2 - a))) ’

where F' is a stable random variable with parameter «. The constant in front of x=¢

in (6.3) explodes as « goes to 0 or to 2. In fact, as noted in [7], the dependency in o~
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of the constant is sharp as « goes to 0 (take for example a symmetric a-stable random
variable). This explosion does not occur however when « goes to 2, and the aim of
the next result is to provide a deviation bound with such a non-exploding constant,
for general random variables on Poisson space under a-stable intensity measures. The
proof relies on Lemma 5.5, and in the particular case of stable random variables, this

result also improves Theorem 2 of [7] by allowing « to be arbitrary.
Theorem 6.1 Let a € (0,2) and F : Q% — R such that
D,F()| < clylx, P(dw) ® v(dy)-a.c.

with ¢ > 0 and v given in (6.1). Then we have

P(F —m(F) > z) < o(S") (262 + é) %, (6.4)
for all
x> deo(SmHYe ((g (1 + 3 f - log 5 E a) log (1 + 3 f - log 5 E a)) vV g vV (662))
(6.5)

Proof. Using the notation of the proof of Theorem 5.2 we have
Dyg(Fr)(w) < [DyF(wr)| < clylx, P(dw) @ v(dy) a.e.,
where g(z) = (x — m(Fg))" Ar. Thus

sup D,g(Fr) <cR, P —a.s.,

yEBX(OvR)
C2O'(Sn_1) e
| Dg(FER)E x 12y < —5 =B,
C3O.(Sn—l) e
| Dg(Fr)llwox sy < —5 B
and 4 1
Ao(S™ Y .
I Dg(ER)E@x 1y < —f =R
We now apply Lemma 5.5 to v and Fr with
20(8n—1 3o(Sn—1 Ao(Sn1
K=cR, o= covw ) o >R2_a, Qg = e ) o >R3_a, oy = MRLL_Q-
22—« 3—a i-a
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Using (5.6), equation (5.15) reads

2scR

1=0.
2—«

o(scR) = et

For all a € (0, 2), an elementary computation shows that ¢(log 52-) < 0 and ¢(2log 52-) > 0,

hence
lo 2 < spcR < 2lo 2
g 9 _ > So = g 9 _ Oé’
6 2 Sn—l R2—a
so that for zg = 3sg (ag — %) = (c2a_(a)(4)_ ) Sg, we have
3 2 6 2
n—1 11—« 1 < < n—1 11—« 1 )
co(S" R 2—a) 0go—— S < co(S" R 5085 —— (6.6)
For
12c%0(S" Y R*@
> 2xy =
e T T T d—a)
we get from Lemma 5.5:
P(Fp — m(Fr) > 1) < P(g(Fr) — Elg(Fp)) > 1/2) (6.7)

< Koexp (223 - (2;% " 3(2 (—S:);%a) o8 (1 " 60—((;”—_&)1;‘0))

with from (5.18) and (6.6):

oo (o (oo o i) -

30(Sm1) 4 2 8 2
< .
_exp( 5o <1+2_a10g2_a)log<1+2_alog2_a))

Hence under the condition

IA

o(S" YR (6.8)

we get Ky < e and

220 < 12co(S™ YR



IA
‘l\’)

4cR

log 5=
log 1—|—2ilgﬁ)

\/Q
|

2
(1+ 52 log 5=
< c¢R,

i.e. r > 2xy with r = 2cR. Then from (6.7) and Ky < e we get

P(Fgr —m(Fg) > 2cR) < exp (2— (1+M) log (1+w))

(4 — a)R> 3o(Sm1)
9 (4 — )R\ !
< @ (1+ )
- 3e2o(S™ 1)
- d—-a)Re
< % (6.9)
= gezav(R), (6.10)

as long as (6.8) holds. In order to control P(Fgr — m(F) > x) from (6.9), we need
to control m(Fg) — m(F). For this we apply Lemma 5.1 with S(R) = 2¢R, 5(R) =
selay(R),

(3 o 4 2 8 2 Ve
R0—<§U(S )<1+2—a10g2—a)10g<1+2—a10g2—a))

and (6.10). This yields, with = 4cR:

m(Fg) —m(F) < /2,
and

P(Fr—m(F) > z) < P(Fp—m(Fg) > 2/2) <

R > max (Ro,v_l(é),v_l (3562 (% — 5))) , (6.11)

for any given § € (0,1/2). When x = 4cR, this estimate together with

Pllwe 0F ¢ wh£0)) < ~(r) = Z8 A

(67

DO W
—
N
S
VR
85
~~
Q

provided

gives, using (5.5):
P(F—m(F)>z) = P(F—-m(F)>x, wh=0)+P(F—m(F) >z o #0)
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< o(s"Y) (1 + ge2) (i)_a, (6.12)

(67

as long as (6.8) and (6.11) hold. Now, conditions (6.8) and (6.11) can be rewritten in

terms of z as

3 4 2 8 2 te
> _ n—1
x_4c<20(5 )<1+2_alog2_a)log<1+2_alog2_a)>

o (52)” (57)").

When e.g. 6 = 1/4, the range of (6.12) can be written

3 4 2 8 2 4 He
> deo(SPHY (S (1 1 log ( 1 1 — 2 :
x >4co(S") (<2< +2—a0g2—a) og( +2_a0g2_a)>\/a\/(6e))

O

and

Using Lemma 5.6 in place of Lemma 5.5, we can state a similar deviation result

under a slightly better range condition on x in case a € [1,2).

Theorem 6.2 Assume that o > 1 and let F : QX — R such that
|DyF(w)| < C|y|X> P(dw) ® V(dy)_a'e'>

with ¢ > 0 and v given in (6.1). Then we have

P(F —m(F) > z) <o(S") (1 + %2) (i?a, (6.13)

for all
x> deo(SmhHYe (((1 +3 E - log 5 i a) log (1 +3 il - log 5 i a)) v (462))1/a .
(6.14)

Proof. We sketch the modifications of the proof, following the argument of Theorem
6.1 and applying Lemma 5.6 instead of Lemma 5.5 to vg and Fg, with

2 n—1 3 n—1
K=cR ap="00"Dpa 4 0 ) po
2 -« 3—«
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Under the condition

1

SR < 6.15
7 S S T Tog sV log (1 & = Tog 1) (6.15)
and since
2003 1 | 1 dag 1 | 1
0 T 0
2R?22 — « g2—a == 2R29 g2—0z’
we have Ky < e and also zg < c¢R. Using (5.6) with r = 2cR > 2x(, we get applying
Lemma 5.6:
P(Fr—m(Fg) > 2cR) < ex 2—<1+2 0z3>10 1—|—203R3
R R) Z > 1% BR3 g s
33\ —1
< @ (1 N 23R )
a3
< 62043
- 2¢3R3
620.(Sn—1)
< ) 6.16
- 2R ( )
e2a
= T’Y(R)a (6-17)

as long as (6.15) holds. Finally, applying Lemma 5.1 with 3(R) = 2¢R, #(R)
e?ay(R)/2 and condition (5.1) given by (6.17), with z = 4¢cR, derive m(Fg) —m(F) <
x/2, and

P(Fg—m(F) > ) < P(Fg —m(Fg) > 2/2) < w (%)a’

provided moreover for any, 0 < § < 1/2,

fzzlnax(y—%5;7—1<8%5(%-5))). (6.18)

With o = 4c¢R, this estimate together with (6.2) gives, using o« > 1 and (5.5):

P(F—m(F)>z) = P(F—-m(F)>x, wh=0)+P(F—m(F) >z of#0)

2 —«
< n—1 N (E ]
< oS )(1+2>(4C> , (6.19)
as long as (6.15) and (6.18) hold. Now, conditions (6.15) and (6.18) can be rewritten
in terms of x as (6.14) with e.g. § = 1/4. O
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Theorem 6.1 and Theorem 6.2 roughly tells us that the natural upper bound for
the deviation of stable Poisson functionals is C'/z* for some constant 0 < C' < +o0
and for 2 of order o(S" )51 (log ﬁ)z As in the finite dimensional case (see [16]),
we present in the following theorem another bound of order e=**" (0 < ¢ < +00) when

z% lies in an interval of order

o(S™ ) o(S™ ) log 1
2—-«

Y

2— 2—«

as o becomes close to 2. This generalizes [16, Th. 2] to Poisson functionals under a

stable intensity measure, and is reminiscent of Gaussian deviation.

Theorem 6.3 Let F : QX — R such that for some ¢ > 0,
|DyF(w)| < clylx, P(dw)® v(dy)-a.e.

with v given in (6.1).
1) Let € > 0, then if « is sufficiently close to 2,

P(F —m(F) > z) < (¢ + ve) exp <—2(ﬁ);go(‘gil)) : (6.20)

provided

20(S" 1) (4e)°
92—

o(5"")(4e)* log(55)

log(4(1++e)) < a* < @ —a) Boa

(6.21)

2) Let b > 3, ¢ > 0, and z such that (z/4c)* = bo(S" ')z log s==. For a close

enough to 2 we have

P(F—m(F)>z) < (e)?o(5") (l (24 2) exp ((2 +&)(4c)*o (S )g(2 — a) )

M o M
(6.22)
1 1 1 1
where g(x) = (; log ;) log (; log ;)

Note that 2) in the Theorem 6.3 improves Theorem 6.2 when 2 is of order o/(S" ™) 51~ log 5.

Proof.  We follow [16] as in the proofs of Theorem 5.2 and Proposition 6.2 above.

First, using the same notation as before, we have:
P(Fr—m(Fr) 27r) < P(9(Fg) — E[g(Fg)] 2 1/2) (6.23)
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r/2
< exp (—/ h;;(s)ds> , 0<x<hgty), (6.24)
0
with

hr(s) < (ag — %) s + % (e —1)

C2U(Sn—1)R2—a CO’(Sn_l)Rl_a

_ scR __ 1
G-aB_a) T ===
since again
2 Sn—l 3 Sn—l
ay = c U( )};{2—047 as = c U( )R3—a K = CR,
2 -« 33—«

where (6.23) above comes as in (5.6) in the proof of Theorem 5.2 and (6.24) comes
from the proofs of Lemma 5.6 and Proposition 2.2. Following [16], for J, s, R satisfying

esft 1 )
2
csR 72—« (6:25)
we have 2o(571) R?
cco(S"TH R
<
hr(s) < (149) (2—04)(3—04)8
" (3 a)(2—a)?
Y 3—a)(2—a)y
P > 2
/0 hp (1)t = 2(140)co (S 1) R*« (6.26)
for all y such that
B-o)2-ay _
(14 0)cRo(S1R?—> — 7
n—1
where s satisfies (6.25). Taking for some A > 0, R* = Ao(S"7) and y = R,
2—a)(3—a)

since scR = A/(1 4 §), (6.25) can be rewritten as

A
et —1 0
)

144 <
(1+ A T 2—-«
which is satisfied whenever
(1+ 6)f < 0
A7 2-«
Choosing § = ) which is positive for 0 < a < A < —log(2 — ) when «
0T A A2 q) P &
is close enough to 2, we derive from (6.26) for a < A < —log(2 — )
cRk A 2 —
exp (—/ h}_%l(t)dt) <e Zexp (M) . (6.27)
0
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lim sup
a—=27 g A<—log(2—

But since A
6_% exp (M) 6% — \/E’
(2-a) 2

for any € € (0,1) and « close to 2, from (6.24) with r = 2¢R,

(Fr) > 2cR) < exp (— /OCR h}gl(t)dt) < (\/E+ %) ¢ 2

P(Fr—m
2—-a) _,
= <\[+ )eXp< WR) (6.28)
for
aU(S"—l) . U(Sn_l)logﬁ
(2—0a)(3—a) << 22— a)(3—a) (6.29)

Next, control m(F) — m(Fg) using Lemma 5.1 with (R) = 2¢R,

30 = (14 Vo) exp (o)

and condition (5.1) given by (6.28) (with ¢ < 2). This yields

m(Fr) —m(F) < 2cR, (6.30)
provided (5.3), rewritten as
o(S™Y  20(S"Y) . 1/2-6
(6% > _ .
R _max( 5 9 4 log 1+\/_ (6.31)

and (6.29) above still hold. Equations (6.28) and (6.30) yield

(F) > 4cR)) < P(Fr—m(Fg) > 2cR)
(2-a) ..
)R ) (6.32)

P(FR -m
< (verg)ew <‘W

provided (6.29) and (6.31) hold. Next, when (6.29) holds, (6.2) gives for a close

Xp (-%) . (6.33)

yields with z = 4cR,

enough to 2:
o(Sn1 €
Pl £ < T < S
3)

Finally, (5.5) together with (6.32) and (6.3

PF ~ ElF] > 2) < (Ve + €)oo
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as long as

o(S" 1) (40) log(1/(2 — @))

a(2 — )3 a) <z < (4e)%a (S )2(2 G a) (6.34)
and
% > (4¢)* max (U(id ),—202(§ " ) log 11/i ?/2) : (6.35)

for any 0 < 0 < 1/2. Taking 6 = 1/4, conditions (6.34) and (6.35) can be rewritten

* 20(S" 1) (4e)”

22—«
which yields (6.22).

o(S" ) (4c)* log(1/(2 — o))

log(4(1 + V@) < a* < Top SRR,

We now deal with the second part of Theorem 6.3, still following [16]. Take for

b n—1 1 1/(2 —
o(5"7)log(1/(2 — o)) and let A > 0. For « close to 2 and

some b > 0, R* =

2—«
scR >log(1/(2 — a)) +loglog(1/(2 — a)) + A we have
escR -1 1
> )
scR — (2—a)le A +¢)
hence ( )
1 3—a)u
“Ty) > —1 1 )
()2 Cp Og( e —|—£)ca(S”—1)R1—a) (6:36)
whenever

(1+ e +e)eco(S"Hetlog(1/(2 — ))
(2—a)(3—a)R! '
For A > 0 small enough and b > 2, we have cR > wy, and integrating (6.36) over

u>u =

[u1, cR], we obtain

/T:R hA0dt > <<1 N #) log(1 + OcR) — 1) —<<:—é + #) log(1 + Ouy) — ;%)
(6.37)

. (3 —a)R>!

th 6 =

s (14 e 4 +¢e)eo(Sm1)
(6.23), (6.24), (6.37), we derive

. For a close to 2 and A, e > 0 small enough, using

P(FR — m(FR) > QCR)

< exp (— /0 “ h,;l(t)dt) < exp (— /u jR hy! (t)dt)

_ @24e)a(smh exp ((2 +2)ea(S™Y) (52 log(1/(2 — @))) log (52 log(1/(2 — a))))

- R« R«
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e+ 5;;(571— ) exp ((2 + 5)0’(5}’; )9(2 — a)) _ (6.38)

with g(z) = (Llog1)log (Llogl) and € some (new) positive constant. It is easy now
to control m(F) — m(Fg) using once more Lemma 5.1 with G(R) = 2¢R, A(z) =
alo(S" Yz~ and condition (5.1) given by (6.38). This yields

m(Fr) —m(F) < 2cR (6.39)
as long as
o(S™ 1) 3o(S" 1) 30(S" Hg(2 — a)
o <1/2-4. :
R* > R and e &P o <1/2-96 (6.40)

Then with x = 4¢R, (6.38), (6.39) yield
n—1 n—1 _
2+¢e)o(S™H) exp ((2 +e)a(S"Hg(2 a))

(
P(Fr—m(F) > z) < 7o 7o

as long as (6.40) holds. Together with (5.5) and (6.2), this gives

P(F—m(F) > z) < U(f;_l) <$ +(2+¢)exp <(2 + 6)0(51’;1)9(2 - a)))

for + = 4cR, that is (6.22) as long as (6.40) holds. This latter condition can be
rewritten for 6 € (0,1/2) and b > 3:

L lo 1 > ma L 5 "
2—a 2o =" o \b(1/2 —9)

b
which is obviously true for a close enough to 2 since «, b are bounded below and b3

is bounded above. O
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