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Abstract

We present a framework for the construction of Weitzenbock and Clark-
Ocone formulae for differential forms on the probability space of a normal mar-
tingale. This approach covers existing constructions based on Brownian motion,
and extends them to other normal martingales such as compensated Poisson
processes. It also applies to the path space of Brownian motion on a Lie group
and to other geometries based on the Poisson process. Classical results such
as the de Rham-Hodge-Kodaira decomposition and the vanishing of harmonic
differential forms are extended in this way to finite difference operators by two
distinct approaches based on the Weitzenbock and Clark-Ocone formulae.
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1 Introduction

Vanishing theorems for harmonic forms on Riemannian manifolds can be proved by

the Bochner method, which involves the Weitzenbock formula and relates the Hodge

*Numerous comments and suggestions by Yuxin Yang on this paper are gratefully acknowledged.



Laplacian on differential n-forms A,, = d*~*d®™1* 4 d"*d" to the Bochner Laplacian

L = V*V through a zero order curvature term R,, i.e.
A, =L+ R,. (1.1)

Here, d" is the exterior derivative on n-forms with adjoint d™, V is the covariant
derivative with adjoint V*, and R, is the Weitzenbock curvature which reduces to the
usual Ricci tensor on one-forms. In particular, since both Laplacian operators A,, and
L are non-negative, the identity (1.1) shows that there are no L? harmonic n-forms

on a complete manifold when the curvature term R, is positive.

The Bochner vanishing technique extends to infinite dimension, in particular in the
linear case. On abstract Wiener spaces, the de Rham-Hodge decomposition and a
Weitzenbock formula have been derived in [20] with —L the Ornstein-Uhlenbeck op-
erator and R, = nld, and it has been shown therein that there exist no nontrivial
harmonic n-forms for n > 1. Various other Weitzenbock-type formulae have been
established on infinite-dimensional manifolds with curvature, for example, on sub-
manifolds of the Wiener space in [12], on path spaces over Riemannian manifolds [6],
and on loop spaces over Lie groups [10], with more complicated curvature terms R,,.
On the path spaces over compact Lie groups, the It6 map has been in used in [11]
to construct a diffeomorphism which transfers the Weitzenbock formula of [20], and
thus the vanishing theorem, from the Wiener space to path groups. The vanishing of
harmonic one-forms on loop groups has also been proved in [1] using the Weitzenbock

formula [10].

Vanishing theorems on path spaces can also be proved using martingale representation

and the Clark-Ocone formula
F=EF|+ [ EIDF|FdB,
0

cf. [5], [15], which decomposes a square-integrable function into the sum of a constant
and an [to integral with respect to Brownian motion, where D; denotes the Malliavin

gradient, cf. (2.5) below. The Clark-Ocone formula has been extended to differential
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forms in [22] on the Wiener space and in [7] on the path space over a Riemannian man-
ifold, in order to decompose an n-form into the sum of an exact form and a martingale.
As the martingale component in the decomposition vanishes when the given n-form
is closed, such a formula can be used to show that there exist no non-trivial harmonic
n-forms. On the classical Wiener space, these generalised Clark-Ocone formulae [22]
provide an alternative proof of the vanishing results of [20]; in addition, they give
explicit expression for closed differential forms, while their dual versions apply to the
representation of co-closed forms. The vanishing of harmonic one-forms on the path

spaces over Riemannian manifolds, has been proved by the Clark-Ocone formula in [7].

Until now, those vanishing techniques have only been applied in the Brownian frame-
work, where the underlying gradient operator satisfies the derivation property. The
aim of this paper is to show that they also apply to a large family of stochastic
processes, without requiring the derivation property of the gradient operator nor a
Gaussian setting. In particular, our argument applies to gradient operators defined
by chaos expansion methods with respect to normal martingales. In this way the
Weitzenbock and Clark-Ocone decompositions are shown to apply not only on the
Wiener space, but also to other normal continuous-time martingales such as the com-
pensated Poisson process, for which the gradient operator can be defined by finite
differences. Our approach relies on a direct proof inspired by the arguments of [9] and

[10] for the Weitzenbock formula on path and loop groups.
In Section 3 we construct a Hodge Laplacian A,, = d*»~'d®=D* 4+ d"*d" on differential
n-forms and we derive the de Rham-Hodge decomposition

LA(Q;H") =Imd" ' @ Imd™ @ Ker A, n>1,

cf. (3.7). Section 4 deals with examples to which our general framework applies,
including chaos-based settings and a non-chaos based constructions such as the path

space over a Lie group.



In Theorem 5.2 we prove the Weitzenbock identity
A, = nldgr + V'V, n>1,

and in Proposition 5.1 we show the vanishing of harmonic forms Ker A,, = {0}, from

which the de Rham-Hodge decomposition
L*(Q; H™) = Imd™ ' @ Im d™, n>1,

follows. This result is also derived in Corollary 6.2 from the Clark-Ocone formula of

Theorem 6.1, showing the complementarity of the two approaches.

It can be shown in addition that this method goes beyond chaos expansions and en-
compasses other natural geometries in addition to the path space over a Lie group
described in Section 4, for example on the Poisson space over the half line R, , cf.

[19], in which case the gradient operator has the derivation property.

In [2], [3], n-differential forms on the configuration space over a Riemannian manifold
under a Poisson random measure have been constructed in a different way by a lifting
of the underlying differential structure on the manifold to the configuration space. We
also refer the reader to [4] for a different approach to the construction of the Hodge

decomposition on abstract metric spaces.

This paper is organized as follows. Sections 2 and 3 introduce the general framework
of differential and divergence operators on functions and differential forms, includ-
ing duality and commutation relations. Section 4 describes a number of examples to
which this framework applies, while Sections 5 and 6 present the main results on the
Weitzenbock identity and the generalised Clark-Ocone formulae, respectively, includ-
ing the vanishing of harmonic forms. The examples of Section 4, which range from
normal martingales to Lie-group valued Brownian motion, are revisited one by one in
the frameworks of Sections 5 and 6. The appendix contains the proofs of the main

results.



2 Differential forms and exterior derivative

In this section we introduce an abstract gradient and divergence framework based on
a probability space (2, F,P) and an algebra S C L*(Q) for the pointwise product of

random variables, dense in L?((2).

Deterministic forms

We fix a measure space (X, o) and we consider a linear space H of R%valued func-
tions, dense in L?(X, ]Rd)7 d > 1, and endowed with the inner product induced from
L*(X,R%). Denote by H®" the n-th tensor power of H, and by H°", resp. H", its
subspaces of symmetric, resp. skew-symmetric tensors, completed using the inherited

Hilbert space cross norm. The exterior product A is defined as
haN---ANhy:=A,(hi ®---@hy), hi,...,h, € H, (2.1)
where A,, denotes the antisymmetrization map on n-tensors given by

Al ® -+ @ ha) = 3 sign(0)(hoy @ - © hotuy), (2:2)

and the summation is over n! elements of the symmetric group ¥, consisting of all

permutations of {1,...,n}. We also equip H"" with the inner product
o gd e = / / Falns o 20, gulns - 20)) om0 (dy) - 0 (dzy)
= o <fn7gn>H®" fosgn € H',
so that we have in particular

/\hnakl/\ /\kn>H/\n

/ / ®hn),An(k1®®kn)>(Rd)®na(dx1)a(dxn)
B A
oEY,
Z Sign(n)<kﬁ(1) Q- ® kn( ))>(Rd en0 (dml) (dmn)
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= 3 sign(o) [ [ Gy @ b b @ ) e ()
oEY, X X

= Z sign(o) / . / (ho(), B1)ga - -+ (Po(n), kn)gao (dy) - - - o (dxy,)
0EX, X X

= det(((hi, kj) ir)1<ij<n)-
b hy k. k€ H.

Covariant derivative

In the sequel we will use a covariant derivative operator

V : H—HKH
h+—— Vh = (Vih)eex,

where V,h € R4® H, © € X, is defined from the relation

(Voh, kY = (Vh, k) g(x) € RY, reX, hkedH.
We will extend the definition of V to an operator

V:H"™ — H® H™

on differential forms in H"", by the following steps.

(i) Let
VO A Ah)eHN-- - NHANR*QHYNHAN---NH
I-1 times -1 times
as

VO A Ahy)i=hi Ao ANy ARy Aygr A==+ A by,

1] z\/1 n Aa )
(ii) We define V,(hy A---Ah,) in R?® H™ z € X, as

Va(ly Ao Ahp) = Y VP (b A Ahy)
j=1

o(dz,)

r e X,

(2.3)



= D B A ANy AV Ny A Ay,

j=1
by canonically identifying the space

HA---ANHAR'@HYANHAN---NH
—— ——

I-1 times n-1 times

to RY@ H', for l=1,...,n.

Given g € H we also define Vy(hy A--- A h,) € H™ by
Vol A Ah) = [ (g(0), Vialls A+ A ) pao(da)

X
= ) /X<g(w>, (hy A+ Nhj_y AV A hjpr A+ A hy))gao(da)
j=1

= Y (M A ARy AVGhy Ay Ao Ahy).

=1
Exterior derivative - deterministic forms

We now define the exterior derivative on n-forms u, € H\" by

n+1
(A", AN - - Nhpy1) gamsn) = Z<_1)k71<vhkum RN~ Ahg_y N A- - Ay gq) pran

= (2.4)

1
where hy,...,h, € H, ie. d" = —'.AnHV, and the (n + 1)-form d"(hy A --- A hy)
n!

is given by

dn ((hl FANCIEIRIVAN hn)(l’l, . ,In)) = dn(hl FANCIEIRIVAN hn)(l’l, e ,In+1)

Tn+1
n+1
= Z(—l)yilvxj(hl VANKIEIAN hn)(fﬂl, e ,xj,l, ijrl? . ,.ﬁlj‘n+1>
j=1
n+1 n
= Z(—l)]_l Z ng)(hl VANRRRIVAY hn)(l’l, ey L1, Tjy1y e ,$n+1)
j=1 i=1
n+1 n
= Z(—l)]_l Z(hl JANREIVAN V%hl VANKIERIVAN hn)(ﬁl, TR O B P O BTG IR ,In+1).
j=1 i=1



Random forms

In the sequel we will need a linear gradient operator

D S — L*(; H)
F+— DF = (D, F)ucx (2.5)

acting on random variables in S.

We work on the space S ® H"" of elementary (random) n-forms that can be written

as linear combinations of terms for the form
u,=F®oheS®H", FeS, heH™ (2.6)
The operator D is extended to u, € S ® H"" as in (2.6) by the pointwise equality
D,uy, == (DyF) @ (hy A+ -+ A hy), reX, (2.7)

ie. Du, € S® H® H". We also extend V to random forms u, = F® f, € S® H'\"
by defining Vu, € S® H ® H"" as
Vy(up(z1,. . 2,)) = (DyF) @ fu(z1,...,20) + FQVyfu(z1,...,2,)

= (DyF)® falzr,.. 7)) + F @Y VO fu(a, ... x),

=1

1, .., Tn,y € X. In particular for n = 1, V extends to stochastic processes (or

one-forms) as

Va(ur(y)) = Vo(F © fi(y) = (Do F) @ fily) + F @ Vo fi(y),

Lie bracket and vanishing of torsion

The Lie bracket {f,g} of f,g € H, is defined to be the unique element w of H
satisfying
(DyD, — DyD¢)F = D, F, FeS, (2.8)
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where

D¢F = (f,DF)y, fe€eH, Fe€Dom(D),
and is extended to u,v € S ® H by
{Fu,Gv}(x) = FG{u,v}(z) + v(z)FD,G — u(x)GD,F, r e X,
u,v € H, F,G € §. In the sequel we will make the following assumption.

(A1) Vanishing of torsion. The connection defined by V has a vanishing torsion,
i.e. we have

{u,v} = Vv —Vyu, u,vES®H. (A1)
From (2.8) the vanishing of torsion Assumption (A1) can be written as
| [ (©.D,F = D,D.F) 1) 0 g0 ucpaatin)o(ay (29)
| [ (Vi@ D.F & f)sceotdoiotdy

_ /X /X (Vyf(2), D.F © g(y))iapeo(da)o(dy), F €S, f.geH

Exterior derivative - random forms

From Assumption (A1) we may now define the (n + 1)-form d"u,, as

d"up(z1,. .. Tpg) = d;‘n+1(un($1, cey )

1
= EAnH(V.un)(xl, e 7wn+1)

1
= (DF N fn)(l’l, e ,InJrl) + EF X An+1(v.fn)(l’1, [N 737n+1>7

which is also equal to

n+1

Z(-l)jflvxjurxl'l, ey Tj—1, Ljg1y - - - ’xn+1)

j=1

in H\"*Y for u,, € S ® H" of the form (2.6). In other words, on elementary forms

we have

A2 (FQhi A Ahy(z1,...,2,) =d"(FQ@hi A~ Ahy) (21, ..., 2001)  (2.10)

Tn+1
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= (DE)ANhiA---ANhp)(x1, .. Zpg1) F F@A"(hi Ao Ahy) (21, .-, Tpgr).
In particular, for n = 0 we have
d°F =V,F = D,F, FeS@H"Y =8.
and for n =1,
A" (F@hi)(z1,22) = d), (F®hi(21)) = FQA}, hi(2)+(Dyy F)@h(22) — Dy, F@h(1).

We also note that
d"(S ® H™) C Dom (d™), n € N. (2.11)

Assumption (A1) and the invariant formula for differential forms (see e.g. Prop. 3.11

page 36 of [13]) also show that we have
d"td™ = 0, n €N, (2.12)

which implies

Imd" C Kerd"t' € Dom (d"*'), né€N, (2.13)

3 Divergence of n-forms and duality

In this section we consider a divergence operator
§ :S®H — L*Q),
u = (u(x))rex — d(u)
acting on stochastic processes, and extended to elementary n-forms by letting
d(hy A+ Ahy)

= _Z DI716(h;) @ (hy A~ Ahjy Ahjyr A=+ Ahy) €S @ HMND,

and to snnple elements u € S ® H"™ of the form (2.6) by

O(un) (1, .oy Tpet) = 0(Un (-, 21, . .., Tpo1)) (3.1)
= 5(F®(h1 /\hn))<l’1,...,$n_1)

= —Z ) W(F@h) @ (hy A Ahj_y ANjia A= AN ) (@1, .o Tpq).

10



Divergence of random forms

The divergence operator d™ on (n + 1)-forms 41 = F ® foy1 € S @ HN"HD of the

form (2.6) is defined by
A" ups1 (21, .o 20) = 0(F Q@ frp1(y 21, ..., 2)) — Ftrace (V. fria (-, 21, . ..
where
trace (V. foi1(c, 21, ..., 7)) = /OOO TV fori(z, zq, ..., x,)0(dx)
and Tr denotes the trace on RY ® R?, i.e. we have

d”*unH (513'1, Ce ,.Z'n)

= §(F®fn+1(~,x1,...,:cn))—F/ TeV, fo (T, 21, ..., x,)0(dx),
0

which belongs to S ® H"" from (3.1), n > 1, and
do*u1 :5(U1), Uy ES@H,
when n = 0 since V, fi(x) = 0.

Duality relations

We will make the following assumptions on §, D and V:

(A2) The operators D and § satisfy the duality relation

E[(DF,u)g] = E[Fo(u)], F € Dom (D), wu € Dom(0).

, Tn))

(3.2)

(3.3)

(A2)

The above duality condition (A2) implies that the operators D and § are clos-

able, cf. Proposition 3.1.2 of [18], and the operators D and ¢ are extended to

their respective closed domains Dom (D) and Dom (§).

(A3) The operator V satisfies the condition

/ +1<gn+1(x1, oy Tng1)s Vi fulTa, -0 Tng1)) gy o (day) - - - o (dry41) =
Xn
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- / (Tr Vg1 (@, @1, 20), fa(@1, oo 20)) (gayeno (dor) - - - o (day )0 (d),
Xn+1
(A3)
fn € H(Xm, In+1 € H®(n+1)7 n > 1

The compatibility condition (A3) is weaker than the usual compatibility of V

with the metric (-, )y, which reads

<fon7gn>H®" = _<fnavxgn>H®”a HARS X> (34)

fns gn € H®". Indeed, when applying (3.4) to fhi1(x,-) € H®™ and g, € H®",
reX,n>1, we get

/ <Trvxfn+1(x, L1y .- ,xn), gn(xl, Ce ,xn)>(Rd)®nU<d$1) N O'(d.%'n)0'<dl')
Xntl

= — / (frs1(z, 21, @0), Vagn (21, - .o, 0)) (gayeman o (der) - o(dz,)o(dz),

X7L+1
where féli)l (z,21,...,1,) denotes the k-th component in R? of the first com-
ponent of f,1(z,x1,...,2,) in (R)®C+H) . In this sense, Assumption (A3) is

automatically satisfied in all settings which incorporate the compatibility (3.4)
with (-, -).

Proposition 3.1. (Duality). Under Assumptions (A1)-(A3), for any u, € S @ H""
and vy € S ® HN™D we have
(d”un, 'Un+1>L2(QyH/\(n+1)) = (un, dn*vn+1>L2(QyH/\n). (3.5)

As above we note that the duality (3.5) implies the closability of both d” and d™*v,,1,
which are extended to their closed domains Dom (d™) and Dom (d™*), n € N, by the
same argument as in Proposition 3.1.2 of [18]. When n = 0, the statement of Propo-

sition 3.1 reduces to (A2).
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The proof of Proposition 3.1 is postponed to the appendix. In the case of one-forms

it reads
(di, (F f1(t1)), Gga(ts, ta)) 120,102

F F
Vi (ﬁﬁ(m)) ,GgQ(tl,t2)> - <Vt2 (gfl(t1)> »GQZ(tlvt2)>
L2(Q,H®2) L2(Q,H®2)

SheGnltne)) (DL, Gl o))

L2(Q,H®2) L2(Q,H®2)

Vi) Gty = (LVufiln) Gt

L2(Q,H®2)

_ <§f1(t1), 5(Ggal(ts, -))>

L2(Q,H®?)

ﬁw»&Gmmw»>
L2(Q,H) L2(Q,H)

16 [T mVmta) < (SA0.G [ TV

L2(Q,H)

fi(

<+~
[\

L2(Q,H)

=
—
~
no
Q
Ne)
[\)

V3G t) A0 6Ga )

L2(Q,H)

Il
TN o~ o~ T~

Y Y I T R B S Y B>

fi(ta), G/OO" TthgQ(t,tQ)dt> + <§f1(t1)’ G/OOO Trvth(t,tl)dt>

L2(Q,H)

= (Ffi(t1),0(Gga(-, 1)) L2(,m) — <Ff1(t1),G/oo TrthZ(tatl)dt>

0 L2(Q,H)
= (F fu(t1), d"(Gg2) (1)) 20, 10) F,GeS, fieH, gyeH"

L2(Q,H)

As in (A2) above, the duality (3.5) shows that d” extends to a closed operator
d™ : Dom (d") — L*(Q; H"*+D)

with domain Dom (d") € L*(Q; H"), and d™*, n € N, extends to a closed operator
d™ : Dom (d™) — L*(Q; H™)

with domain Dom (d™) < L?*(Q; H"™*Y), by the same argument as in Proposi-
tion 3.1.2 of [18].

In addition, by the coboundary condition (2.12) and the duality (3.5) we find
dn*d(nJrl)* _ O, n e N.
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Based on (2.13) we define the Hodge Laplacian on differential n-forms as
An — dnfld(nfl)* + dn*dn, (36)

and call harmonic n-forms the elements of the kernel Ker A, of A,,. By (2.12)-(2.13)

and Proposition 3.1 we have the de Rham-Hodge decomposition
L*(Q; H™) = Imd" ' @ Im d™ @ Ker A,,, n>1. (3.7)

Indeed, the spaces of exact and co-exact forms Imd”! and Imd™ are mutually
orthogonal by (2.12) and the duality of Proposition 3.1. Moreover, the orthogonal
complement (Ker d®~Y*) N (Kerd®) of Imd"! @ Imd™ in L?(Q; H"") is made of
n-forms wu,, that are both closed (d"u, = 0) and co-closed (d"~V*u,, = 0), hence it is

contained in (and equal to) Ker A, by (3.6).

Intertwinning relations

The statements and proofs of both the Weitzenbock identity and Clark-Ocone formula

in the sequel will also require the following conditions. We assume that

(A4) the operator V satisfies
Vaof(y)-Vyf(x) =0, o(dz)o(dy) — a.e., f€eH, (A4)
i.e. o(dr)o(dy) — a.e. we have V,f(y) =0 or V,f(x) = 0.
(A5) Intertwinning relation. For all u € S ® H of the form u = F ® f we have
{9, Do(u))ir = (g, w)u +6(Vgu) + (DF,Vyg)u, g€ H. (A5)
We make the following remarks.
Remark 3.1. (i) When V =0 on H, Assumption (A5) reads
D, é(u) = u(z) + 0(D,u), reX,

foralu=F® feS®H.

14



(ii) Under the torsion free Assumption (A1), Relation (2.9) shows that (A5) reads
D,8(u) = u(x) + (Vo) + {DD,F. f) — (D.DF. f) i+ {D.F,Vof (). (3.9)
u=FfeS®H, reX.
(11i) As a consequence of (3.8), Assumption (A5) simplifies to
D,6(h) = h(z) 4+ 0(V.h), reX, heH. (A5%)
when D satisfies the Leibniz rule of derivation
D.(FG) = FD,G +GD,F, F,GeS, z€X. (3.9)
This will be the case in examples where V does not vanish on H.

(iv) When D has the derivation property (3.9), Relation (3.2) rewrites as the diver-

gence formula
A" ups1 (21, ..., 2)
= Fo(for1(,xe,. 0 2p)) — /000 Te Vo (F fria(x, 21, ... x,))o(dz),
Ups1 = F @ frpg € S®@ HNHD,
Proof. We only prove (iii) and (iv).
(iii) First, we note that the duality condition (A2) and the Leibniz rule (3.9) imply
d(Fh) = F§(h) — (DF,h)g, FeS, heH. (3.10)
Hence by (A5’) and (3.9) we have
D,6(Fh) = D,(FS(h) — (DF, hy)
— 6(h)D,F + FD,3(h) — D.(DF, h)yr
= 0(h)D,F + Fh(x) + F§(V.h) — D,(DF,h)y
= Fh(z)+d(hD,F)+ (DD, F,h)yg + §(FV,h)+ (D.F,V.h(:))g — (D.DF,h)y
= wi(x) + 6(Vour) + (DD F )y — (Do DF, h)yy + (D.F, Voh(-)) .

The converse statement is immediate.

(iv) This is a consequence of (3.2) and the divergence formula (3.10). O
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4 Examples
In this section we consider examples of frameworks satisfying Assumptions (A1)-(A5).

Commutative examples - chaos expansions

We start by considering a family of examples based on chaos expansions, in which we
take Vh = 0 for all h € H. Here (X, 0) is a measure space, we take H = L*(X, o) and
d > 1 and we assume that the chaos decomposition holds, i.e. every F € L*(2, F, P)

can be decomposed into a series

F=> I(f), f.€H™,

of multiple stochastic integrals, where Iy(fy) = E[F] and for all n > 1, the multiple

stochastic integral I,, : H" — L?(() satisfies the isometry condition

(Ln(fn) Im(9m)) 22) = M L fn=m) (frs Gm) mom, n,m > 1.

In this case the space S is made of the finite chaos expansions

S—{C+ka<fk), kaLQ(X)Ok, k=1,...,n, nZl,C’ER},
k=1

the operator
D : Dom(D) — L*(Q x X,dP x o(dx))
is defined by

D, IL,(fn) :=nl, 1(fu(x,2)), dP x o(dx) —a.e., n € N. (4.1)

On the other hand,
§ : Dom (§) — L*(9),

is defined on processes of the form (I,,(f+1(%,%)))ier, as

S(In(fasr(%,))) == Inpa (fasr), n €N, (4.2)

where an denotes the symmetrization of f,.; € H** ® H in (n + 1) variables. In

this chaos expansion framework we have V. = D and Vf = 0 for all f € H, hence
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Assumptions (A1) and (A3)-(A4) are obviously satisfied and the exterior derivative d
is defined by the skew-symmetrisation of D, i.e. (2.10) becomes

A" (F@h A Ay, 20)) = (D) Ay Ao A (@, ), (4.3)

T1,. .., Ty € X. As for Assumptions (A2) and (A5) we have the following:

(A2) the duality relation holds in the general framework of chaos expansions; see,

e.g., Proposition 4.1.3 of [18];

(A5) given that V = D, the commutation relation (A5) holds for u € S ® H, see,
e.g., Proposition 4.1.4 of [18].

Note that here, Relations (2.12)-(2.13) hold by the definition (4.3) of the exterior

derivative d and the symmetry of second derivative.

Next, we consider some specific examples based on chaos expansions.

Example 1.1 - Poisson random measures

On the probability space of a Poisson random measure w(dz) with o-finite intensity

measure o(dz) on X, I,(f) is the multiple compensated Poisson stochastic integral
L.(f,) = /A fo(z1, .. xp)(w(dey) — o(dzy)) - - - (w(dzy) — o(dxy,))
of the symmetric function f,, € H°" with respect to w(dx), where
A, ={(x1,....2,) € X"z Fw;, 1<i<j<n}

Here the operator D, defined in (4.1) acts by finite differences and addition of a

configuration point at x € X, i.e.
D,F(w) = FlwU{z}) — F(w), zr € X,

where w U {x} represents the addition of the point x to the point configuration w, see

e.g., Proposition 6.4.7 of [18]. Being a finite difference operator, D does not have the
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derivation property. We refer the reader to § 6.5 of [18] and references therein for the

expression of § defined in (4.2) in this setting.
Example 1.2 - Normal martingales

When X = R,, chaos-based examples satisfying the above conditions (A1)-(A5)
include normal martingales having the chaos representation property (CRP). An
(Ft)ier, -martingale (M;)cr, on a filtered probability space (€, (F;)ier,, P) is called

a normal martingale under P if
E[(M; — M,)* | Fi]=t—s, 0<s<t,

see, e.g., [18] and references therein. Here we also assume that (M;);cr, has the
chaos representation property (CRP), and the multiple stochastic integral I,(f,) of
fn € L*(R4)°" with respect to (My)ier, is given by

In(fn) :n'/ / / fn tl)"'atn)thl "'thn, n 2 1
0 0

Examples of normal martingales satisfying the CRP include the Brownian motion and
the compensated Poisson process, both of which we discuss in more details below, as
well as certain processes with non-independent increments such as the Azéma mar-
tingales, for which the explicit expression of the gradient D is generally unknown; see

[8] and § 2.10 of [18].

Example 1.2-a) - Brownian motion

When X = Ry and (M;)scr, is the standard Brownian motion with respect to its own
filtration (F;)¢cr,, it is usual to take S as the space of smooth cylindrical functionals

of the form
F = f(li(h),...,I1(hy)), hi,...,h, € H f e C(R"),

on which the gradient D is defined by

DF =3 hduf((h)...... Ti(ha)). (4.4

i=1
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e.g., see Definition 1.2.1 in [14]. Here, D is a derivation, whose adjoint ¢ is also called
the Skorohod integral, the multiple integrals I,, are the well-known multiple It6 inte-

grals, and (F;)er, is the standard Brownian filtration.

Example 1.2-b) - Standard Poisson process

In the special case X = R, we can define a standard compensated Poisson process
(My)ier, as (My)er, := (Nt — t)ier,, which is a martingale with respect to its own
filtration (F;)ier., and D, becomes a finite difference operator whose action is given

by addition of a Poisson jump at time ¢t € R, i.e.
DF(N.) = F(N. + 1p00)(+)) — F'(IV.), te Ry, (4.5)

which does not have the derivation property. The construction in [19] also applies to
the standard Poisson process, via a different construction using differential operators

on the Poisson space.

Example 1.2-¢) - Discrete-time chaos expansions

Let Q = {—1,1}N with X = N, and consider the family (Y});>; of independent
{—1, 1}-valued Bernoulli random variables constructed from the canonical projections
on Q under P. That is, with F_; = {0,Q} and F,, = o(Yy,...,Y,) for n € N, the
conditional probabilities p, := P(Y,, = 1| F,_1) and ¢, := P(Y,, = =1 | F,,_1) are
given by

pn=PY,=1) and ¢,=PY,=-1),

respectively. We take X = N and H = (?(N, o), where o is the counting measure on
N, and

S = {F = f(Yo,...,Y,), f:N""' — R bounded, n € N},
As in the continuous-time case, every F € L*(, F,P) can be decomposed into a

series of discrete-time multiple stochastic integrals, which here take the form

Lif) = Y. falki.o k) Zk - 2, (4.6)

k17 #kn>0
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where the sequence Zj, := 1y, —1y L 1y -1y @, k € N, defines a normalized
Pk dk
i.i.d. sequence of centered random variables with unit variance; see, e.g., Chapter 1

of [18]. The gradient D is given by

Dkln(fn) - nIn—l(fn(*a k)]-{ké*})7 ke N7

and more explicitly it satisfies, for F' € § and k € N,

D F(w) = v/Prede(F((wilfizry + L=y )ien) — F((wilfizey — Lg=iy)ien)).  (4.7)

The divergence ¢ is defined as in (4.2), and again we have V = D, hence Assump-
tions (Al) and (A3)-(A4) are automatically satisfied. Similarly, the duality relation
(A2) is known to hold in the discrete-time case by e.g. Proposition 1.8.2 of [18].

Note however that here the operators D and d do not satisfy the commutation relation
(A5) in this discrete-time setting, due to the exclusion of diagonals in the construction
(4.6) of multiple stochastic integrals. For this reason, the framework of Section 3 and

the subsequent sections do not cover this discrete-time setting.

Noncommutative example

Here we consider an example which is not based on chaos (or multiple stochastic in-
tegral) expansions, and for which V does not vanish on H"", n > 1, with X = R,.
In this case we need to show that Assumptions (A1)-(A5) are satisfied. A different

noncommutative example, based on the standard Poisson process, is given in [19].

Example 1.3-) - The Lie-Wiener path space

Take X = R, and let G be a compact connected m-dimensional Lie group, with iden-
tity e and whose Lie algebra G, with orthonormal basis (es, ..., e, ) and Lie bracket

[-,], is identified to R™ and equipped with an Ad-invariant, left invariant metric (-, -).
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Brownian motion (y(t))¢cr, on G is constructed from a standard m-dimensional Brow-

nian motion (By)cr, via the Stratonovich differential equation

dy(t) =~(t) o dBy
(4.8)
7(0) = e,

with the image measure of the Wiener measure by the mapping I : (Bi)ier, —
(7())ter, . Here we take H = L*(R.;G) with the inner product induced by G, and
let

S={F=f(v(tr),...,7(tn)) = f€G(G")}

Next is the definition of the right derivative operator D, cf. [9].

Definition 4.1. For F' of the form
F=f0t),....qat)) €S,  [elP(GY) (4.9)
we let DF € L*(Q x Ry;G) be defined as
(DF, )y := if (y(tl)eefotl hods n(ty)es " WS) he L* (R, Q).
Y dg Y ) |€:0 Y Y

Given F of the form (4.9) we also have
DF =) 0if(y(t1), - y(ta)lpoag(t), >0 (4.10)
i=1

The covariant derivative operator V: S ® H — L*(Q; H ® H) is defined as
Vsu(t) = Dsu(t) + 1py(s)adu(t) € G G, s,t € Ry, (4.11)

where ad(u)v = [u,v], u,v € G, (adu)(t) := ad(u(t)), t € Ry, for u € S ® H, and

adwu is the linear operator defined on G by
(e; @ ej, adu)geg = (e;, ad(e;)u)g = (ej, [es,ul)g, 4,7=1,....,m, wueQG.
We now check that all required assumptions are satisfied in the present setting.

(A1) The vanishing of torsion is satisfied from Theorem 2.3-(7) of [9].

21



(A2) The operator D admits an adjoint 0 that satisfies the duality relation
E[F§(v)] = E[(DF,v)y], F €S8, veLl*(Ry;G), (4.12)
cf. e.g. [9], which shows that (A2) is satisfied.

(A3) We note that adu is skew-adjoint as the inner product in G is chosen Ad-

invariant, hence the connection from V is torsion free and (3.4) is satisfied.
(A4) Assumption (A4) clearly holds by the definition (4.11) which shows that
V.f(s) =0, 0<s<t, feH.
This also applies in the setting of loop groups [10].

(A5) By Theorem 2.4-(ii) of [9] it is known that D and V satisfy the commutation
relation (A5) for f € H, hence by Remark 3.1, Assumption (Ab) is satisfied for
u € H® S since by (4.10) the operator D satisfies the chain rule of derivation
(3.9). Here, (2.12)-(2.13) also hold from Corollary 2 of [11] which is proved us-
ing a mapping of V on the path group to D on the Wiener space by the [t6 map.

5 Weitzenbock identities for n-forms

In this section we will need the following additional assumption:
(B1) For all n > 1 the covariant derivative operator satisfies
AV fo(@, e tr) = Vodl (@, 2y, Ta), (B1)
T,...,0, € X, ve X, f, e H™.

Assumption (B1) is straightforwardly satisfied in all examples of Section 4, except for
the discrete-time Example 1.2-c), however it requires a specific proof in the Poisson
derivation case of [19]. Note that Assumption (B1) differs from the usual vanishing

of curvature condition, which reads
V.V, =V, V, = v{u,v}
where {u, v} is the Lie bracket of two vector fields u, v, cf. Theorem 2.3-(i7) of [9].

22



Lemma 5.1. (Intertwinning relation) Under Assumptions (A1)-(A5) and (B1), for
any u, € S @ H™ of the form u, = F ® f,,, with F € S and f,, g, € H"", we have

(d"_ld("_l)*un(éﬁ, s @)y gn(T1, ) e = nE(fu(@y, o an), gn(@y, - @)

+Z Ve, (F @ ful@r, oo @ity Tty ooy @) a1y o ) pran
= <d”’1(F ® trace V. fu (-, 1, ..., Tno1)), gn(x1, . .. ,:Un)>HM
—I—Z/ (D F @ fo(xy,...,2,), (])gn(xl,...,xj_l,x,xj+1,...,l‘n)>H/\nO-(dl').
(5.1)

The proof of Lemma 5.1 is deferred to the appendix. Here we verify that for n = 1,
Lemma 5.1 coincides with Assumption (A5) since V., fi(z) = 0 and

42 d™uy = D, 0(F fy)
= 0(fiDu F) + Ffi(21) + 6(FVy, f1)
+(DD,, F, fiyy — (D, DF, fi)u + (D.F,NV o, f1(- )
= Uy +0(Vyur) + (DD, F, fiym — (Day DF, fr)g + (D.F,Vy, f1(:)) 1,

for any uy,v; € S ® H of the form uy = FF® f; with F € §, and f,,91 € H. By the
vanishing of torsion Assumption (A1), this yields

(d9,d%uy (21), g1(21))er = F(f(21), 91(21)) 11 + (6 (Va, (F f1)), 91(21))
+(<DD$1F f1>H (Do, DF, fr)u, gr(z1)) i + ((D-F, Vo, f1() 5 91(21)) 1

D+ (Vo (F L)) gr(an))i
/ / ygl< \DoF ® fu(y))paameo (dz)o (dy)

- /X /X (Y, Fo(@), DaF © gu(y)) maamac (dr)o(dy)
+<<D~F7 vwlfl('»Hagl(Il))H
= F(f(a2). (@) i+ 0(Var (F © 1)), u ()i + (DF. Vnga (Vs falan)ar

which coincides with Lemma 5.1 since V, fi(z) = 0 when n = 1.
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Weitzenbock identity

Recall that the de Rham-Hodge Laplacian (3.7) is given on n-forms by
An _ dn—ld(n—l)* + dn*dn’ n Z 1.

Theorem 5.2. Under the Assumptions (A1)-(A5) and (B1) we have the Weitzenbick
identity
An = nIdH/\n + V*V, Uy € S X H/\n, n 2 1. (52)

By duality (5.2) shows that

n!Hd(nil)*unHi%Q,HA(nfl)) + n!”dnunHi2(Q7H/\(n+1)) (5.3)
= ””!HUn”%?(Q,HAn) + ||VUnHi2(Q,H®("+1))7

u, € S® H", n > 1. We first check that the Weitzenbock identity (5.3) holds for

one-forms, i.e.
. 1
|d° U1H%2(Q) + §Hd1u1||i2(n,ﬂ®2) = HUIH%Q(Q,H) + HVU“l”%?(Q,H@?)ﬂ (5.4)

and we refer to the appendix for the proof in the case of n-forms. By Assumption (A5)
and the commutation relation (2.9) we have, taking u; = F' ® f; and following the

argument of [9],

(d3,d™ur, 1 (21)) 2,1y = (Day0(F @ f1), Ffi(21)) L2,
= (Ffilz1) +0(Ve, (F ® f1)) + (DDy, F, fi)u — (Do, DF, fi1)
HD.E Vo, [1()) i, F fi(z1)) p20,m)
= (ur(@1), ua(@1)) 2o,m) + (Va,ua (), D (21)) 120, m92)
HF(DD,, F, fi)g — F(Dy, DF, fi)u + F(D.F,Va, f1(-)), f1(21)) 1200.1)
= (ua(zr), ur(@1)) 20, + (Vo ua (), D (21)) 12 (0, me2)
+((Do, F, FV f1(21)) 1y [1(5)) 20,1

= (ur(z1), ur(z1)) r2,m) + (Ve w1 (22), Vayur (1)) 1200, 1e2) (5.5)
1
= (U1(371),U1($1)>L2(Q,H) - §<dlul,d1U1>L2(Q,H®2)
+(ngu1(l’1), Vmu1(ﬂf1)>L2(Q,H®2), (5-6)
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where we used Assumption (A4) to reach (5.5). This implies (5.4) and
2 Lo e 2 2
[0(u) 1720, + 5”d || z2e,m02) = willzz,m + IVurllzzq,pezy, w €S® H.

Theorem 5.2 shows that the Bochner Laplacian . = —V*V and the Hodge Laplacian
A,, have same closed domain Dom (4,,) on the random n-forms and that all eigenvalues
A, of the Bochner Laplacian L satisfy A\, > n. Indeed, if w, is an eigenvector of A,

with eigenvalue \,, by rewriting (5.2) as
L= nIdH/\n — An,
we find that L and A,, share the same eigenvectors and that A, > n > 1 since

0

IN

— <Lwn, wn>L2(Q’H/\n)
= <(An - 'n/:[d]-[/\n)u)n7 wn>L2(QjH/\n)
= <Anwn7 wn>L2(Q,H/\") - n<wn7 wn>L2(Q,H/\”)

= (A0 — n){Wy, W) r2(0,HAn), n > 1. (5.7)

Proposition 5.1. Under Assumptions (A1)-(A5) and (B1), the de Rham-Hodge-

Kodaira decomposition (3.7) rewrites as
L*(Q; H™) = Imd™ ! @ Im d™, n>1. (5.8)

Proof. By (5.7) the operator A,, = nldge. — L becomes invertible for all n > 1, and
the space Ker A,, of harmonic forms for the de Rham Laplacian A,, is equal to {0}.

i.e. any harmonic form for the de Rham Laplacian A,, has to vanish, and we conclude

by (3.7). O

Next we consider a number of examples to which the framework and results of this

section can be applied.

Commutative examples - chaos expansions

All commutative examples of Section 3 satisfy Assumption (B1) since in this case, V

vanishes on H"", n > 1, as in all chaos-based examples.
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Example 2.1 - Poisson random measures

In the Poisson case the semi-group (F;);cr, associated to the Bochner Laplacian
L :=—-V*V, cf. [21], admits an integral representation, cf. e.g. Lemma 6.8.1 of [18].
Proposition 5.1 shows here that any harmonic form for the de Rham Laplacian has

to vanish.

Example 2.2 - Normal martingales

Example 2.2-a) - Brownian and Poisson cases

In the Brownian case, Theorem 5.2 covers Proposition 3.1 of [20] on the Weitzenbock

decomposition, and Proposition 5.1 is known to hold also from [20].

Example 2.2-b) - Discrete-time case

Proposition 5.1 holds in this discrete-time setting as the semi-group (P,).er, is con-
tractive, cf. Proposition 1.9.3 and Lemma 1.9.4 of [18]. However, Theorem 5.2 does

not hold here as (A5) is not satisfied.

Noncommutative example

Example 2.3) - Lie-Wiener path space

We need to check the following condition, which immediately holds because the op-

eration ad in (4.11) commutes with itself.

(B1) In other words, we can write adu as

adu = Z(u, erygadeg

m
k=

—

= > (uer)gle; @ ej){e; © ¢, ader)gag
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(u,ex)gle; ® ej)Ai,j,ka
1

I
Nk

where the matrix A = (A; jx)1<ijk<m 1S the 3-tensor given by
Aijr = (e ® €, ader)gag = (e;, ad(e;)er)g = (e;, [ei, ex])g,
1<i,j,k<m.
Note that Assumption (B1) differs from the vanishing of curvature in e.g. Theo-

rem 2.3-(¢i) of [9] in the path group case.

6 Clark-Ocone representation formula

In this section we take d = 1 and X = R, and we consider a normal martingale
(My)ier, generating a filtration (F;).cr, on the probability space (2, F,P). We
assume that D satisfies the following Assumptions (C1) and (C2), in addition to
(A1)-(A5) .

(C1) The operator D satisfies the Clark-Ocone formula
F—E[F|F]+ /OO E[D,F| FJdM,, tcR., (C1)
t
for F' € Dom (D).
(C2) The operator D satisfies the commutation relation
DE[F | Fi] = Lo4(s)E[DsF | F, s,t € Ry, (C2)
for F' € Dom (D),
(A4’) The operator V satisfies the condition

Vsf(t) =0, 0<t<s, feH, (A4’)

We note that (A4’) is stronger than (A4), and that (C2) implies
V.Elu(t) | F] = Log(9)EV,ult) | Bl steRe,
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for v € Dom (V). In addition, under the duality assumption (A2), Assumption (C1)
is equivalent to stating that (M;)cr, has the predictable representation property
and ¢ coincides with the stochastic integral with respect to (M;);cr, on the square-
integrable predictable processes, cf. Corollary 3.2.8 and Propositions 3.3.1 and 3.3.2
of [18]. Also it is sufficient to assume that (C1) holds for ¢t = 0, cf. Proposition 3.2.3
of [18].

Clark-Ocone formula for n-forms

In this section extend the Clark-Ocone formula for differential forms of [22] to the

general framework of this paper.

Theorem 6.1. Under the Assumptions (A1)-(A5) and (C1)-(C2), foru, € Dom (d"),

we have, for a.e. t,...,t, € Ry,

[e.9]

Un(ty, .. tn) = dfn_l/ Elup(r,ty, ... th_1) | Fr]dM, (6.1)

t1V--Vitn,—1

+/ Bl wn(r,tr, .. tu_s) | FJAM,.
t

1V---Vipn

In particular, Theorem 6.1 shows that any closed form u,, € Dom (d") can be written

as
oo
Up(ty, .. b)) = dp! / Elun(ryty, ... th_1) | Fr|dM,,
t1V--Vip_1
t1,...,t, € Ry. As a consequence of Theorem 6.1 the range of the exterior derivative

d™ is closed, and similarly for its adjoint d™, for all n > 1. In this way we recover
the fact that the Hodge Laplacian A, has a closed range as well, so it has a spec-
tral gap, cf. Theorem 6.6 and Corollary 6.7 of [7]. However this does not yield an
explicit Poincaré inequality and lower bound for the spectral gap, unlike for the clas-
sical Clark-Ocone formula cf. e.g. Proposition 3.2.7 of [18]. Note that the Weitzebock
formula (5.7) also shows that all eigenvalues A, of the Bochner Laplacian L = —V*V

on n-forms satisfy A, > n, n > 1.

A quick proof of the identity (6.1) for one-forms is instructive while we delay the proof
for general n-forms to the appendix. When n = 1, for u € S ® H, we have, by (A4’)
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and the Clark-Ocone formula (C1) for t € R,
W) = Elut) | F]+ /t " EDw(t) | FldM,
= FElu(t) | F] + /too E[V,u(t) | F.|dM,
and by (A5) and (C2) we find

D[ Blu(r) | FAAM, = Blu) | R+ [ VB FlaM, (62)

hence
ut) = D, /OO u(r) | FoldM, +/tOOE[Vru(t)—Vtu(r)|]-}]dM
- / Elu(r) | F.]dM, +/OOE[d}u(r)|]-}]dM

Note that in (6.2) above we applied Assumption (A5) to an adapted process v, in

which case the condition simply reads
Dio(v) = v(t) + 0(Vyv), te Ry, (A5”)

since when v(-) = 1y o0)(-)F ® a is a simple adapted process, where a € R? and F is

Fi-measurable, we have 1 o) (r) D, F = 0, r € R, as follows from (C2), i.e
D,F = D,E[F | )| = 194(r)E[D,F | Fi],=0, r>t.

The Clark-Ocone formula Theorem 6.1 allows us in particular to recover the de Rham-

Hodge-Kodaira decomposition (5.8).

Corollary 6.2. We have Imd" = Kerd"™', n € N, and the de Rham-Hodge-Kodaira

decomposition (3.7) reads
L*(Q; H) = Imd"* @ Im d™, n>1.

Proof. By Theorem 6.1 we have Im d" D Ker d"™!, which shows by (2.13) that Im d" =
Kerd"*', n € N. O
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As a consequence of Corollary 6.2, we also get the exactness of the sequence
Dom (d") %% Im (d") = Ker (") ©5 Im (d™*Y),  neN, (6.3)
as in Theorem 3.2 of [20]. By duality of (6.3) we also find by Corollary 6.2 that
Im d+D* = Ker d™, neN,
and the following sequence is also exact:
Im (d™) &7 Ker (d™) = Im (™) ¢ Dom (d™V%),  neN.

Next, we consider some examples to which the above framework applies.

Commutative examples - chaos expansions

As written at the beginning of this section, we take X = R, in all cases due to the

need of a time scale in order to state the Clark-Ocone formula.

Example 3.1-a) - Normal martingales

As in Section 5 we have X = Ry and V =0on H, i.e. V = D and Assumption (A4’)
is automatically satisfied. Let us check that Assumptions (C1) and (C2) are satisfied

in the framework of normal martingales that have the chaos representation property

(CRP).

(C1) Since the normal martingale (M;);cr, has the chaos representation property,

the Clark-Ocone formula holds for any F' € Dom(D) C L*(Q, F, P) as
0
cf. Proposition 4.2.3 of [18] for a proof via the chaos expansion of F.

(C2) This condition is satisfied from the definition (4.1) of D and e.g. Lemma 2.7.2
page 88 of [18] or Proposition 1.2.8 page 34 of [14] in the Wiener case.
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Example 3.1-b) - Discrete-time chaos expansions

The Clark-Ocone formula (C1) holds in the discrete-time case as

F=E[F)+ S EIDF | FoilZ (65

k=0
cf. Proposition 1.7.1 of [18] and references therein, hence Assumption (C2) is also
satisfied here, as it is satisfied for normal martingales. However, Theorem 6.1 does

not hold here because (A5) is not satisfied.

Noncommutative example

Example 3.2) - Lie-Wiener path space (Example 1.3 continued)

(C1) On the classical Wiener space, when (u(t)):er, is square-integrable and adapted
to the Brownian filtration (Fi)icr,, 0(u) coincides with the Ito6 integral of

u € L*(; H) with respect to the underlying Brownian motion (B)ier, , i-e.

o(u) = /000 u(t)dBy, (6.6)

and this shows that Assumption (C1) is satisfied, cf. e.g. Proposition 3.3.2 of
[18].

(C2) Assumption (C2) is satisfied here as in the case of normal martingales as in
e.g. Lemma 2.7.2 page 88 of [18], or for Brownian motion as in Proposition 1.2.8

page 34 of [14].

On the Lie-Wiener path space we note that we have the relation
(DF,h)yyg = (DF,h) gy + 6 (/ ad(h(s))dsDF) ., Fes, (6.7)
0
where D and & denote here the gradient and divergence appearing in (4.4) on
the underlying standard Wiener space with Brownian motion (By)icr, in (4.8),
cf. e.g. Lemma 4.1 of [17] and references therein, or Corollary 5.2.1 of [16] for

the more general setting of Riemannian manifolds. Relation (6.7) shows that
E[D,F | F|=E[D,F|F], 0<r<s, (6.8)
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cf. also Relation (5.7.5) page 191 of [18] on Riemannian manifolds, hence (C1)

is satisfied for D because it holds for D as noted above.

Consequently, (C2) holds on the Lie-Wiener path space since we have

(DE[F | F)),hYy = (DE[F | F),h)u + 0 (/ ad (h(s))dsD.E[F | ]—"t])

0

— (WoaOED.F | 7 b+ 8 ([ adibo)aston (EIDF| )

= <1[O,t]<')E[ﬁ~F | Fil,h)y + E [5 </0 1[07t](8)ad(h(s))dsf).F) ‘]—}}
= (log()E[D.F | F],h)m, te Ry

Assumption (A4’) is also clearly satisfied by the definition (4.11) of V.

Hence Theorems 6.1 covers Theorems 3.1 of [22] on the Wiener space as well as its

extension to the path space using the diffeomorphism approach of [11].

Appendix

In this section we state the proofs of Proposition 3.1, Theorems 5.2 and 6.1, by

extension of the original arguments of [20], [10], [11], and [22] to our framework.

Proof of Proposition 3.1 (Duality relation). Assuming that u, € S ® H" and v, €
S ® H "D have the form (2.6) and using the definition (2.4) of d” and the duality

assumption (A2) we have, using the antisymmetry of g, 1,

< ?n_‘_l (an(tla s 7tn))’ ng+1(t17 s 7tn+1)>L2(Q,HA("+1))
n+1

(=1y !
E (n—l—)l) (Vi (Ffalt s tinstins o tng1))s Ganga (trs - -+ tngn)) 2 e
}:“) Ffa(tn,. .t 1t ), Gania(t1, s tnin))
(n+1 tj (PR 7 B TS 7R PR A | In4+1\l1s - -y bnt1)) L2(Q, HO(+1)
=1
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+ Z m<thjfn(t17 costin i tng1), Gnra (B tng)) 2, He )
i=1 '

n+1
pr— n+1'z ] 1an tl?‘"7tj—17tj+17"'7tn+1)7

0(Ggny1(te, - tj—r, s tjprs -y tng1))) L2 HE)

n+1
- n+1'z ] 1antl)'"7tj717tj+1>"'7tn+1)7

[e's)
G/ TthgnH(tl, Ce ,tj_l, t, tj+1, . ,tn+1)dt>L2(Q,H®”)
0

1 n+1
= n+1|Zantl, ] 17t]+1a"'7tn+1),
S(Ggni1 (s 1y oo tjotytjty - s tns1))) 2(prom)
n+1
1
— n+1'Zant1, j 17tj+17"'>tn+1),

[e's)
G/ Tthgn+1(t, tl, Ce 7tj—17 tj+1, . ,tn+1)dt>L2(Q,H®”)
0

= <an(t1, .o ,tn), dn*(ng+1>(t17 .o 7tn)>L2(Q,H/\”)7

where we applied the antisymmetry condition (A3) and the definition (3.2) of d™*.
O

Proof of Lemma 5.1 (Intertwinning relation). When n = 1, by (A5) or (3.8) we have
dgldo*ul = Dxl(S(Ul)
= ul(x1> + 5(v11u1) + <DD:B1F7 f1>H - <Dm1DF7 fl)H + <DF> V:Jclfl(»H

forus = F® f1 € S ® H. Next, by the definition (2.4) of d™ and (A5) or (3.8) we

have

d?nilfs(F ® fn(a L1y 71‘“*1))

n

= Z(_l)j_lvxjé(F@)fn('axla-'->$j—17$j+17"'7xn))
j=1

= Z<_1)jilp®fn(l‘j>xla"'7$j717xj+17"'7xn)
j=1
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+Z ] 15 Va, (F® fuls1, . @51, g1, - - T)))
+Z ] 1 DD F D%DF fn( IL‘l,...,I’j_1,$j+17...,$n)>H

+Z ] ! DFV fn( x27"'>$j—17$j+17"'7:17n)>H
= nF®fn(x1,... Tp)

‘I’Z(S T F®fn(l‘1, $j_1,',$j+1,...,$n)))

+ Z/ (D F @ fo(xy,. .. ,2p), ;J)gn(:vl, e X1, Xy gy e Tp)) pAnO (dT).
where we applied (2.9). We conclude by the definition (3.2) of d™* which states that

d(n_l)*(F®fn)<l’1,...7l'n_1) == (5(F®fn('7171,--.,$n_1))
—F/ TeV,folx, 21, ..., 2p1)o(dz).
X

Proof of Theorem 5.2 (Weitzenbick identity). We will show that
||d(TL—l)*Un”%Q(Q’H@(n—l)) + n——H||dnun||%2(Q’H®(n+1))

= nHunH%Q(Q,H®") + Hvun”%2(Q7H®(n+l))7

for u, € S ® H"". By the intertwining relation of Lemma 5.1 combined with the use

of Assumption (B1) to reach (6.9) below, we have

<dn_1d(n_1)*un(xla cee >xn)> gn(‘rlv s 7xn)>HA” = nF<fn(x17 s ,Z‘n), gn(ZL’1, Tt 7I”)>H/\"

+ Z D%F & fn<l’1, e 75L’j_1, ',ZL‘j+1, e ,[En)),gn(l‘h e ,l’n»HAn

+ Z(d(F ® V.Z‘jfn(x].? NP7 B PR o T P ,l'n),gn(QH, cee axn)>HA”

-3y (69
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n

<(D$jF) ® / Trvg)fn(x,xl, ey L1, Ty e Tn)O(dT), g (T, . ,xn)>HAn
X

=2

—F</ TeV o™ fo (e, s 1)a(d:c),gn(x1,...,:vn)> (6.10)

HAn

—i—Z/ (D,F)® folxy,...,2p), (J)gn(xl,...,xj_l,x,xj+1,...,xn))HAna(da:).

Hence, applying Assumption (A4) from (6.9)-(6.10) to (6.11)-(6.12), and Assump-
tion (A4) from (6.12) to (6.13), we find

<d2;1d(n71)*un(~, L1y ,l’n,1)7 Un(l'l, Ce ;xn»LQ(Q,H/\")

= n(un(xl, e T), U (T4, - X)) L2, A

+ Z DIJF & fn<5(]1, e 7[Ej_1, ',l‘j+1, Ce ,ZEn)),G X gn(ZEl, Ce ,xn>>L2(Q7H/\n)

+ Z((S(F & szfn(l'l, Ce ,l‘j_l, '7$j+1a Ce ,l’n)),G X gn(l'l, e 7In)>L2(QVHAn)

j=1

n n—1
1 .
+ = —1)n32/ /((DyF)@)fn(xl,...,:cj1,x,xj+1,...,xn), (6.11)
i 1=1 /X /X
G & V(l)gn(xl, e I‘jfl, .’L‘j+1, R y)>L2(QyH/\(n71))O-(dx)0-<dy>
1 n n
—1—5 > Z// F®V fn Tlyeo oy Tp1, Ty Lpg 1y e ooy Ty, (6.12)
=1 =
GRVOg,(x1, ... 21,9, Tj1, - .- s Tn)) 120, HA0-0)0 (dT)o (dy)
+ (_1)n]/ <(DyF)®fn(xlaa ) G®Vn)gn(xla-~'7xlflaxl+17'"7xnay)>L2(Q7HAn)O.(dy)
=1 X
= n(Up(T1, .- Tn), Vn (T, - -5 Tn)) L2(00, AR
e
+ = <(DwF)®fn<x177x—lay7$ 17"'7xn)7

(DyG) @ gn(T1, . Tj1, T, Tjy1, -, T )>L2(QHA<n o o(dz)o(dy)
2N
+ - (FRVufulTr, o @y 1,Y, Tjrty -y Tp),
nE; . i1 Y5 Ty

(DyG> X gn(xh oy Lj—1, Ly L1y v - ,I’n)>L2(Q7HA(n71))O'(dI')O'(dy)
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1 & "
+ — Z/ /<(DyF)®fn(l’l,...,l’j_17$,l‘j+1,...,xn)7
n xJx
3:1 =1
GV (w1, w1, T, T, Y)) 12 (0, i -0 (dx)o (dy)
1 n n
+EZ / / F®V fn LTiyee ey Tp—1, Xy Li41y -+, T )7 (613)
=1 I=1
G (9 v(xl gn(l’h ey i1, Y, Tyt - - 7xn)>L2(Q7H/\(n—1))0'(d$)0'(dy)
n(un L1y Tn) VU (T1, -5 Tn)) L2(0, AR

// (D F)® fo(xy, ooy 1, Yy Tig1y - -+ Ty
(DyG) @ gn(1, -, Tj-1, 0, i1, Tn)) p2(0, a0 (dz)o (dy)
298
+ - FoVufulxy, ..., 1,9,Tjs1, -, Tn),
PINK (1, g By
(DyG) @ gn(1, -, Tj1, 0, g1, 5 Tn)) p2(0, a0 (d2)o (dy)
1 n
+—Z(—1 // (DyF) ® folwy, ..., i1, 2, Tjq1,. .., Tn),
j=1

G X Vc(c gn(ﬂfl, ey L1, Tjgly - - -y Ty y)>L2(Q7H/\(n71))0_(d$)0_(dy)

3

1 & " A
+ - Z/ /(F®V1(f)fn(x1,...,xl_l,x,le,...,xn),
i =1 /X JX
j
G & Vgcl)gn(xl, e ,.Tj_l, Zl?j+1, ey Ip, y)>L2(97HA(n71))0(dx)a(dy)
= nUp(T1, - Tn), Vn(T1, - -5 Tn)) L2000, 1A

1
 —((Da F) ® fulwr, o 00) + F @ Vi fulwr, ),

(—1)n—j(ijG) X gn(l’l, e X1, Tjq1y - - Ty ZL‘n+1)

-

+ Z(—l)n_j Z G® fo)gn(:vl, ey T, Ty - - T -Tn+1)>
L2(Q H®(n+1))

j=1 =1

= <Un(£lf1, Ce ,CEn), ’Un(l'l, c. 7$n)>L2(Q7H/\n)

(= (Dar  F) @ ful@r, - 0) + F @ Vo ful, - 20),

Z(_l)jil(DszYv ® gn(xla R B PR B PR 7xn+1)

Jj=1
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n+1

i—1
+ E (1) E G®V(x?9n(l‘17--~a$j—1,$j+1,~-,$n+1)>
=1 =
J =1 L2(Q,H®(n+1))

1
+ m<<D$n+1F) & fn(xla s 7«Tn> +FQ® an+1fn($1, ces ,.%‘n),

(Dl'nJrlG) ® gn($17 e 7xn) + G & ng3+lgn<l'1, e ,:L’n)>
=1

= L2(Q,H®(+1))

= n(Up(T1, ..., T0), V(215 - o Tn)) L2(00, A
(=1)"
- <(Dxn+1F) ® fal@1,.. xn) F F OV,  fulz1,. .., 20),
n+1
S (—1P D, G) © galn, -1y 1, Tg41s - Tnsa)
j=1

n+1
i—1
+3 (177G @ Vi galn, -y Ty, T ,:cn+1>>
=1
J L2(Q,H®(n+1))

1
+ E <(D$n+1F) ® fn(xb s 71:71) +F® vmn+1fn<$1, e 7$n)7
D, .G
(Day &) @ (@1, 00) + GO Va1 g1, - 7xn)>L2(Q,H®(n+l>)

= n(Up(T1, ..., T0), Vn(T1, .. Tn)) L2(0, AR

1 n+1

—_— '71

R <Z(—1)] (D, ) ® ful@1, o @1, Tty oo+, Tt
n+1

i—1
+ Z(—l)] FRVy folzy, 05 1, 2501, ., Tny1),
j=1

j=1

n+1
_1y-1
Z( 1) (D:ch)®gn('xl7'"7xj—17xj+17"'axn+l)

j=1

n+1
j—1
+D (TGO Vaygn(ar, -z ,xnﬂ>>
j=1
J L2(Q,H®(n+1))

1
+ {(Dap s F) @ fol@r, ... 20) + F @V, fulrr, ... 20),
D,, .G (T,
( n+1 )®g (1317 .’xn)+G®Vxn+1gn(x1"..7xn>>L2(Q,H®("+1))

= {Un (21, -, Tn), Un(T1, - -, @0)) L2(@umAn) — (A", d"V0) 1200, Aty
1 b
+ m(V%Hun(azl, s @)y Vi Un(21, .. ,xn)>Lz(Q’HA<n+1>),
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where we used (A4). Hence we have
<d(n—1)*um d(n_l)*vn>L2(Q7HAn) + (d"un, dnvn>L2(Q,H/\("+1))
= n(Un, Un>L2(Q,HAn) + H<Vum VUn>L2(Q,H®(n+1>),
le.

1
<d(n D d(n 1) >L2(97H®n) + n——|—1<dnu"’ d”vn>L2(Q7H®(n+1))

= n(un, Un>L2(Q,H®”) + <Vun, V'Un>L2(Q7H®(”+1));
and applying the duality
<Vunu vvn>L2(Q H®(n+1)) <v Vun, Un)LQ(Q HA™Y, Unp, Uy, € S X HAn7

we get

dnfld(nfl)* + 4" = nIH/\n + V*V.

0
Proof of Theorem 6.1 (Clark-Ocone formula).
By the Clark-Ocone formula (C1) and Assumption (A4’) we have
Un(ti, ... tn) = Elug(t1, ... tn) | Fopveove,] + / E[Dyuy(ty, ..., t,) | FrldM,
t1V---Vity
= Elun(t1,...,t0) | Fryveve,] —i—/ EV,u,(ty, ..., t,) | FrldM,, (6.14)
t1V--Vin

t1,...,tn € Ry. Next, by the definition (2.4) of d” and (3.8) applied to adapted

processes we have

d?n_l / E[un(r7 tla s 7tn—1) | fr]dM
t

1Vt 1

oo

n
— Z(—l)j—lvtj/ Elug(roty, ..o tj—1, b1,y tn) | Fp]dM,
J=1 t1Ve-Vtj_1VEjp1V--Vin

= Z(_l)j_ll[tl\/---\/tn,oo)(tj)E[un(tja tryeotion by, o ta) | Pl

+Z / Vi, Eltn (bt ooy tyoaytygns oo t) | Fo JdM,,
BV V1 V1V
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= Lvevtnoo) () Eltin(tr, - 1) | Fi]
j=1

n 00

+ Z(—l)j—l/ Vi, Eltn(tng1, b, ottty -y tn) | FrnsdJdM,,

j=1 t1V--Vtj_1Vtj41--Vin

- E[un(t17 . 7t’n) | ]:tl\/“'\/tn]

+ (—1)j—1/ BNVt (tairs trs o ty1y bt o) | FrnaJdM,,,, (6.15)
t

1V---Vi,

where on the last line we used the fact that by (A4), Vi u,(tng1,tr, - o1ty - oo tn)
vanishes when ¢,V ---Vt,_1 Vit - Vi, <t,p1 <tj, hence by taking the difference
of (6.14) and (6.15) we find

wn(tr, 1) = d?nlf Elun(r,tr, . ta1) | FLldM.
t1V---Vtn—1
- Z(_l)jil / E[thun<t1, st i, - 7tn+1) ’ En+1]th7L+1
]_1 t1V---Vin

+/ E[Vrun(tl,. .. ,tn) | ]:r]er
t

1V--Vin

= d?n_l / E[Un<7", tl) c. ,tnfl) ‘ fr]er
t

1VeVin—1
+/ E[d?nﬂun(tl?”"t”) | 'Ftn+1]thn+l7
t1V---Vitpn
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