CONVEX COMPARISON INEQUALITIES FOR EXPONENTIAL
JUMP-DIFFUSION PROCESSES

JEAN-CHRISTOPHE BRETON AND NICOLAS PRIVAULT

ABSTRACT. Given (M¢)ier, and (M;)icr, respectively a forward and a
backward exponential martingale with jumps and a continuous part, we prove
that E[¢p(M¢M;)] is non-increasing in ¢ when ¢ is a convex function, pro-
vided the local characteristics of the stochastic logarithms of (M¢)icr, and
of (M )ier . satisfy some comparison inequalities. As an application, we de-
duce bounds on option prices in markets with jumps, in which the underlying
processes need not be Markovian. In this setting the classical propagation of
convexity assumption for Markov semigroups [4] is not needed.

1. Introduction

Bounds on option prices with convex payoff functions have been obtained by
several authors. Theorem 6.2 of [4], for example, states that

Bl¢(S7) | So =] < E[p(S7) | S5 =a), @ >0, (1.1)

for any convex function ¢, provided S and S* are price processes of the form

ds,

=t = Ttdt + O'tth

St
and S

S: = rydt + o*(t,S;)dW,
t
where (Wy)ier . is a standard Brownian motion, under the condition
|O't‘ < ‘O'*(t,St)L t€R+.

The proof of (1.1) relies on the backward Kolmogorov equation, provided the
Markov semigroup of (S;)icr, propagates convexity. A first extension of this
type of bound to the jump-diffusion case can be found in [1], and more general
results have been later proved in [2] under refined conditions, still under the prop-
agation of convexity hypothesis. Note however that the propagation of convexity
property is not always satisfied, even in the (Markovian) jump-diffusion case, cf.
e.g. Theorem 4.4 in [3].

In this paper we prove a convex comparison inequality of the form
Elp(MM{)] < E[¢(MM{)],  0<s<t, (1.2)
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where M;, M} are respectively forward and backward exponential martingales
with jumps and continuous parts, satisfying some conditions. More precisely,
(1.2) will hold for convex function ¢ : R — R, provided the local characteristics
of the stochastic logarithms of (M;)icr, and of (M ).er, satisfy the comparison
inequalities assumed in Theorem 3.1 below. Our proof relies on arguments of
[6], with the difference that we consider products instead of sums of forward and
backward martingales. Moreover the results of [6] require a.s. uniform bounds
on the diffusion coefficients which cannot be satisfied for stochastic exponentials.
In some results we assume in addition that ¢’ is convex, a condition that can be
realized in applications when ¢ is e.g. an exponential payoff function.

If further E[M;|FM] =1, t € Ry, where (FM),cr, denotes the filtration gener-
ated by (M;)er, , then Jensen’s inequality yields

Elp(My)] = E[¢(MEM;|IFM)]
E [ (EIMM;|FM])]
< E[B[o(MM;)|FM]]
= E[p(MM])]
< EBlp(MM])],  0<s<t,
and in particular
Elp(M)] < E[¢ (MoMg)],  t=>0. (1.3)

We prove (1.2) using forward-backward stochastic calculus, assuming only the
convexity of ¢, and without propagation of convexity, cf. Theorem 3.1.

We note that (1.3) can be read as a bound on option prices, where ¢ is a convex
payoff function and M; is the price of an underlying asset. More precisely, cf.
Corollaries 4.2, 5.1 and 6.2, it yields bounds of the form
E[¢(S7) | So = 2] < E[6(S7) [ S5 =], = >0, (1.4)
where (S¢)ier, and (Sj)ier, are jump-diffusion price processes of the form
ds
S—t = rdt + oy dW, + J,— (dZ, — Nydt)
-
where (W;)er, is a standard Brownian motion, (Z;)icr, is a point process of
(stochastic) intensity A¢, and (S} ):cr, can be taken as the solution of
sy
Sy

= rydt + o dW; + J7- (AN — \idt)

where (Wt)t€R+ is a standard Brownian motion and (Nt)t€R+ is a Poisson process
of (deterministic) intensity A}, mutually independent and independent of (W})cr,
and of (N¢)iecr, , provided the three conditions

‘O’t‘ < |0'2<|, 0 < Jt < J;, JtAt < Jt*)\:, t e [O,T], (15)

are satisfied. The choice of the standard Poisson process (Nt)teR . to drive the
jump part of (S} ):er, is made here to simplify the formulation of the hypotheses
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in (1.5). More general point processes can be actually considered, cf. Sections 4,
5 and 6.

Here, the coefficients ¢, oy, Ji, of, J, are (random) FM-adapted processes and
need not be diffusion coefficients. The difference between (1.4) and (1.1) is that in
(1.4) the integrator processes (Wt)teRJr and (Nt)t€R+ are independent of (0} )¢cr,
and of (J})ier, -

Denoting by BS(¢,z,t,7*,0*, J*) the conditional Black-Scholes price
BS(¢,x,t,r,0%,J%) = E[¢(S{)| W, Z, S5 = ],

(1.4) reads
E[6(S1) | So = z] < E[BS(¢, x,t,r", 0", J")]

between E[¢(S;) | So = z] and the averaged Black-Scholes price
E[BS(¢,x,t,1*,0%, J%).

In the diffusion case when J* = A* = 0 and o} is deterministic, our result coin-
cides with those of the above mentioned papers, and in particular with (1.1) or
Theorem 6.2 of [4].

In the jump-diffusion case, still taking o}, J;, A} deterministic, we get
E[p(S7) | So = a] < BS(¢,2,T,r",0", J"),

but our hypothesis differ from those of [2] where convex ordering of the jump
caracteristics is required, see Theorem 2.3 therein, whereas here our conditions
are directly formulated in terms of Jy, A, J; and Af. In the general case where
of, Ji, \{ are random, our results can not be compared since our process (57 )iecr,
is no longer a diffusion process as in [2].

We proceed as follows. In Section 2 we recall the framework of [6] on forward-
backward stochastic calculus. In Section 3 we prove our convex concentration
inequalities for exponential martingales following the arguments of [6], in which
sums are replaced by products. Applications to point processes and Poisson ran-
dom measures in view of option pricing are given in Sections 4, 5, 6.

2. Forward-backward stochastic calculus

In this section we recall some definitions and results on forward-backward sto-
chastic calculus, see [6] for details. Let (2, F, P) be a probability space equipped
with an increasing filtration (F;);cr, and a decreasing filtration (F;);er, . Con-
sider (X;)ier, an Fi-forward martingale with Xo = 0, and (X} );er, an F;-
backward martingale with X’ = 0, such that (X;);cr, has right-continuous paths
with left limits and (X )icr, has left-continuous paths with right limits. Denote
respectively by (Xf)ier, and (X;¢)icr, the continuous parts of (X;)iecr, and of
(Xf )iz, . and by

AXt = Xt - Xt_v A*Xt* = Xt* - :+,



4 J-C BRETON AND N. PRIVAULT

their forward and backward jumps. Denote by
p(dt, dz) = 1ax,20y0(s,ax,)(dt, dz),
s>0

and
p(dt, dx) = Z Lia=x:20)0(s,a x 1) (dt, dz),

5>0
the jump measures of (Xy)¢er, and (X[ )ier, , by v(dt, dx) and v*(dt, dz) their re-
spective (F;)ier, and (F;)ier, -dual predictable projections, and by ([X, X])ier, ,
([X*, X*])ter,, resp. (X X, (X*¢, X*), t € Ry, their optional, resp. pre-
dictable quadratic variations, which constitute the local characteristics of (X¢)er, ,
cf. [5] in the forward case.

We will use the following Ito type change of variable formula for forward-backward
martingales which has been proved in [6], Theorem 8.1:

f( X, X[) — f(Xo, X¢)

t t
= O f( Xy, X2)dX, + %/ 01 f( Xy, X)d(X¢, X,
0

o+
+ ) (F(Xu, X3) = F(Xum, X)) = AX01 (X, X))
O<u<t

t 1 t
- [t xarx; - 5 [ B XDl X,
0 0

(f(XuaXZ) - f(Xuasz+) - AX;a2f(XuaX:;+)) )

0<u<t

for all f € C?(R?,R), where d* denotes the backward Ito differential.

Finally, recall the following classical comparison lemma.

Lemma 2.1. Let my, my be two finite non-negative measures on R. The inequality

| @) < [ faman)
holds for all non-decreasing my, mo-integrable function f on R if and only if
ml([xv OO)) < mg([$7 OO)),

for all x € R.

3. Convex comparison for exponential martingales

In the sequel we assume further that the angle brackets of (X;);cr, and (X;)icr,
have the form

d(X° X = |oy[?dt, and d(X*¢, X*), = |o}|?dt, (3.1)
and jump measures of the form

v(dt,dz) = vy (dz)dt and v*(dt,dz) = v; (dx)dt, (3.2)
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where (0¢)er, , (/)ier, and (0] )ier,, (¥ )ier, , are respectively predictable with
respect to (F)ier, and to (F})ier, -

Let now (F7X)ier L+, Tesp. (FX )ier ,» denote the forward, resp. backward, filtra-
tion generated by (X;):er, , resp. by (X;)icr, . Recall that
(Xt)ter,, (X{)ier, are respectively F;-adapted and F;-adapted. (3.3)
Let M = £(X) and M* = £*(X™*) respectively denote the forward and backward
stochastic exponentials of X and of X™, i.e.
1 1
M, = Myexp <Xt — 3k Xh) [T ((+ax, jemaXeriiax i),
0<s<t
in the forward case, cf. [7], and
1 [ x- x-
= oo ;- 5 [ alxe x0n) TT(( A e SIS,
2 t t<s<oo

t € Ry, in the backward case. Equivalently, (M;);er, and (M;);er, are the
respective solutions of

dM, = M,-dX, and  d*M; = M, d*X},

with respective initial and final conditions My and MZ . Note also that (M;)¢>o
and (M;);>0 do not need to be independent. Let now

vy (dz) := zvy(de), vy (dx) := zv] (dz), teRy,
and
Dy(dx) = |2 *ve(de) + |ov[*do(dx), 77 (dx) = |a]*v} (dx) + |0} |*do(da),
t€Ry.
Theorem 3.1. Let ¢ : R — R be a convex function. Assume that (3.1), (3.2),
(3.3) hold, and either:
i) |o¢| < |oF|, dPdt-a.e., v and v; are supported by Ry, My, M% >0, a.s., and
D[z, 00) < 7f ([x, 00)) < 00, x €R, teRy,,
or:

ii) D ([x,00)) < 7f([x,00)) < 00, x € R, t € Ry and ¢’ is conveu.
Then we have:

Elp(M:M])] < E[p(M M), 0<s<t.
If in addition
iii) EIM;|FX] =1, t € Ry,

then
Elp(My)] < E[¢(MsM])],  0<s<t (3.4)
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Proof. By an approximation argument we may assume that ¢ is C?> and convex.
We apply It6's formula for forward-backward martingales to f(x1,22) = ¢(x122):

FOMM) = f(MMY)
t

t
b [ MM O+ [ LALLM X0,
+ > (1 + AX )M, - M) = ¢(M,- M) — My M- AX, ¢ (M, M)
s<u<t

1
2

(G(M M (1+ A X0)) = S(MuM) — MM A" X3 (Mo, M),

t
/ M M;¢' (M M)A X — /(MuM{f)Qqﬁ”(MuM;)d(X*c,X*C>u

s<u<t

0 < s <'t, where d and d* denote the forward and backward Ito differential.

1) Under hypothesis (4), taking expectations on both sides of this formula we get
E[¢(M;M;)] = El¢p(M:M7)]+

37 | [ Onanpe onanae x|

S

t
<MuM:>2¢“<MuM:>d<X*C,X*C>u]

+E / / (M M (1 +2)) — gb(MuM;)M;Mung’(MuM:))yu(dx)du]

B / [ (GOLA -+ 0)) = 6(0LM) ~ MEMLr0' (M, ME)) v (o)

= Blo0nr) + 38| [ (126 10,05 o ~ o )]

— 00

+E Ut M, M} /OO o(M Mz, M M) (7y(dz) — (dx))du] ,

where

p(z,y) = oo ty) - Q;(y) — :vqﬁ’(y)’ zeRy, yeR.

By the comparison Lemma 2.1, the conclusion follows from the hypothesis and the
fact that since ¢ is convex, the function x — ¢(z,y) is nondecreasing in = € R
for all y € R, and ¢"(x) > 0 for all z € R.

i7) Under hypothesis (i7), using the identity

S(y(1+2)) = Bly) + 2y (4) + oy / (1- 1" +72)dr,  zyeR,
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we have:
Elp(M,M{")] = E[¢p(M M)

38| [ 0106 010 ol ~ 037
U (M, M) / |x|2/ @ (M, M (1+Ta:))d7yu(d:c)du]

E U M, M) / |x|2/ ¢" (M, M} (1+Tw))d71/;j(d9c)du]
= Elp(MM])]

v [ [ [onagy [~ o onar o o) o) - v,

and the conclusion follows from the hypothesis, the use of Lemma 2.1 and the use
of the fact that ¢” is non-decreasing when ¢’ is convex.

i4i) Under the additional hypothesis (iii), the proof of (3.4) follows from the
argument leading to (1.3) in the introduction. O

We close this section with the following remarks, which will be useful in parti-
cular to take into account interest rate processes in financial applications.

Remark 3.2. i) The proofs and statements of Theorem 3.1 extend to semimartin-
gales (My)ier, , (M;)ier, solutions of

dM; d* M
= rydt + dX d L= rdt +d* X
M, =rat +aXy an M, reat + t
provided (r;)ier, is both F; and F;-adapted.
ii) If ¢ is non-decreasing, the same bounds hold also for semimartingales (M;)cr, ,
(M} )ier, represented as

dM; d* M}
=rdt +dX; and ¢
M, t t Y
provided (r¢)ier,, (77)icr, . are respectively F; and F;-adapted with r, < r},
dPdt-a.e.

= T:dt+d*Xf,

Note also that all upper bounds presented in this paper can be stated as lower
bounds provided the order of the inequalities on the process characteristics is
reversed in the assumptions.

4. Bounded jumps

Here we assume that v} (dz) has the form
vy (dx) = A\f o (dz)dt, (4.1)

where (A\})icr, is a positive F;-predictable process, i.e. (X;)icr, has jumps of
fixed size k € R. In this setting we have

(oo} (oo}
My =1 +/ oEMIdTWE + k/ M. (d*ZF — Nids),
t t
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or equivalently
o0 1 o0 o0
M} = exp (/ ord*WE — f/ |o¥|2ds — k/ Ajds) H (1+EkA*Z),
¢ 2 /i t t<s<T

t € Ry, where (W;)icr, is a backward Brownian motion and (Z;)cr, is a back-
ward point process with intensity (Af):er, -

Corollary 4.1. Assume that (3.1), (3.2), (3.3) and (4.1) hold, and that one of
the following conditions is satisfied:

i) 0 < AX, <k, dPdt-a.e. and

k
lot| < oy ], / vy (dx) < kAT, dPdt — a.e.
0
i) AX; <k, dPdt-a.e. and
k
4] < |21, / ou(de) < K2\, dPdt— ace.
—o0

1) AXy <0<k, dPdt-a.e. and

los|? + /0 lz|Pv(de) < |of | + k2Af, dPdt — a.e.
i) 0 < AX, <k, dPdt-a.c. [ |x|2v(dx) < k2\; and

o] + /Ok lz]2v(de) < |of | + k2Af, dPdt — a.e.
v) AX; <k <0, dPdt-a.e. |o| < |oF|, dPdt-a.e., and

lo|® + /k |z|?v (dx) < |of > + k2N, dPdt — a.e.
Then we have:

E[¢(My)] < E[p(MM)],  0<s<t, (4.2)

for all convex functions ¢ : R — R, with moreover ¢’ convex in cases ii)—v).

Proof. The condition 0 < AX; <k, resp. AX; <k, is equivalent to ([0, k]¢) =
0, resp. v¢((k,00)) = 0. Using the expressions

i ([, +00) = kA ook (%),
7 ([z,4+00) = KN 1j_oom(@) + o7 [*d0([z, +00]),

and the comparison Lemma 2.1 we show that the hypothesis of Theorem 3.1-(3),
resp. (ii), are satisfied in case (i), resp. in cases (ii)—(v). O

Note that in Corollary 4.1 and in the following corollaries, conditions (iii)-(iv)
make a combined use of the continuous and jump characteristics of the processes.
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Assume now that F~ is generated by a standard Brownian motion (W;);cr, and
a point process (J;)ier, with intensity (A;)ier,. Let (S¢)ier, be a price process
defined by

ds

S—t = rdt + op dWy + Jo— (dZy — Mdt), (4.3)

-

where (7¢)icr,, (0¢)ier,, (Ji)ier, are square-integrable FiX-adapted processes.
Consider (W);er, a (forward) standard Brownian motion and (Ny)icr, a (for-
ward, right-continuous) Poisson process of (deterministic) intensity (A)icr ,» both
independent of FX, and let (S} )ier, be defined by

ds;

o = it + oFdWy + k(dN; — \edt), (4.4)
-

where (0] )ier, is a square-integrable F;*-adapted process.

Corollary 4.2. Assume that one of the following conditions is satisfied:
i) 0 < AX, <k, dPds-a.e. and

k
los| < ok, / avs(dx) < ks, dPds — a.c.
0
i) AX, <k, dPds-a.e. and
k
los| <ok, / lz|?vs (dz) < B2, dPds — a.e.

i1) AXs <0<k, dPds-a.e. and

0
los|? + / |z|?vs (dx) < |of)? 4+ K2, dPds — a.e.

— 00

i) 0 < AX, <k, dPds-a.c., [ |[z|?vy(dz) < kX, dPds-a.c. and
|JS|2+/0k |$|2Vs(d$) < |UZ\2+k25\s, dPds — a.e.
v) AX; <k <0, dPds-a.e., |os| < |ok|, dPds-a.e. and
|‘75|2 + /k |$|2Vs(d$) < |U:\2 + k25\3, dPds — a.e.

Then we have
E[p(S:) | So = a] < Elo(S7) | S5 =], x>0, teRy, (4.5)
with moreover ¢ conver in cases (ii)—(v).

Proof. 'We apply Corollary 4.1 to the processes (1(9.4(5)0s)ser, , (1[0,(5)0%)ser, ,

(1[0,t](5)VS)sER+7 (1[0,t](5)/\s)seR+a (AZ)SERJr = (1[o,t] (S)S\s)seuh, with My = 1,
and use the identity in law

Mg =Sy,
which holds because the forward and backward stochastic integral coincide when
the integrator process is independent of the integrand. [l
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5. Point process diffusions

Consider now (W;)ier,, (Zt)ier, a standard Brownian motion and a point
process generating the filtration

FX=o(W,,Zs : 0<s<t), teR,.

We will assume that (W;).er, is also an F;¥-Brownian motion and that (Z;)cr,
has compensator (A;)icr, Wwith respect to (F;¥)icr, , which does not in general
require the independence of (W;)ier, from (Z;)icr, .

Consider also (W;);ecr, a backward standard Brownian motion, (Z;)¢cr, a back-

ward point process with intensity (A\}):er, , all independent of (F;*);er, , and let
(X¢)ter, and (X )ier, be defined as

t t
X, :/ o dW, +/ Jo—(dZy — Ayds), teR,,
0 0

and - -
t t

where oy is a square-integrable F;*-predictable process and (J;)icr, is an F;*-
predictable process which is either square-integrable or positive and integrable,
and the processes (07 )icr, , (J;)icr, , are taken (forward) F;*-predictable under
the same integrability conditions. The characteristic measures of X and X* are
given by
vi(dr) = Moy, (dr)dt and vf(dr) = \jdx (dx)dt
and we have
t

t
M, = M, +/ o MydW, +/ Jo-M,-(dZ, — \yds), teR,,
0 0

and

M;:1+/ U:Ms*d*Ws*+/ C ML (A2 — Nids), teRy, (5.1
t t

i.e.
t 1 [t t

My =Myexp ([ oo~ 5 [ otas— [aas) ] (40,820, 1€k,
0 0 0 0<s<t

and

* > ENES * 1 > *|2 > * )k * * r7z%
M; :exp( ord* W} —5 los|“ds — Js)\sds> H 1+ JAZ]),
i i : t<s<oo

t € Ry. Applying Theorem 3.1 with
Fi=FXVvoe(W:Z : seRy), teRy,
and
Fr=FXvao(W:Z: : s>t), teRy,
and noting that E[M;|FX] =1 (as follows from the independence of (W} )icr,
and of (Z})ier, with FX), t € Ry, we derive the following corollary:
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Corollary 5.1. Assume that (3.1), (3.2), (3.3) hold. Then we have:
E[¢(Mt)] < E[¢(MSM:)]7 0<s< t,

for all convex functions ¢ : R — R, provided one of the following conditions is
satisfied:
i) 0 < Jp < J¥, \dPdt-a.e. and

loe| < lof],  MNJe < ANJF, dPdt—ae.,
i) Jy < J;, MidPdt-a.e. and
loe| <oy, PAPARE WIS dPdt — a.e.,
iii) J, <0 < J7, \ydPdt-a.e., and
o2+ M| Je)? < |of|? + M\JF)?, dPdt— ace.,
) 0 < Jp < JJf, MedPdt-a.e.,
M| T2 SN, and  |ou]® + M| ) < |of |24 AF| TP dPdt — a.e.,
v) Jy < JF <0, \idPdt-a.e.,
loe| < lof| and |o]* + M| Je? < |of]? + XF TP, dPdt — a.e.

with moreover ¢’ convex in cases ii)-v).

Proof. Similarly to the proof of Corollary 4.1, we use the comparison Lemma 2.1
and show that the hypothesis of Theorem 3.1-(3), resp. (i), are satisfied in case
(1), resp. in cases (i1)—(v), with

U([z, +oo) = MJilj_oo, s (),

Ui ([z,+oc) = AN J Lo,z (2),

e ([, +o00]) = )\t|Jt|21]7oo’Jt](fL‘) + |o¢ 200 ([, +-00]),
7 ([2,+00)) = NP1 ooz (@) + |07 200 ([2, +o0)).

O

In the following corollary, (\¢)icr , is a positive deterministic function and
(St)ter,, (S7)ter, are respectively defined as in (4.3) and (4.4).

Corollary 5.2. Assume that one of the following conditions is satisfied:
1) 0 < Jg < J¥, AsdPds-a.e., and

los| < |oil, Aoy < A J7, dPds — a.e.
it) Jg < J¥, AsdPds-a.e., and
los| < |oxl, Aol |? < Aol JE 2, dPds — a.e.

iii) Js <0< J¥, A\sdPds-a.e. and
|os|? + s | Jo|? < |02+ A| T2, dPds — a.e.
iv) 0 < J, < JF, A\sdPds-a.e. \s|Js|? < S\S\J:P, dPds-a.e. and
los? + X Jo 2 < |02 + M| 212, dPds — ae.
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v) Js < J¥ <0, AsdPds-a.e. |og| < |o¥|, dPds-a.e., and
los|? + N Js 2 < |22 4+ A|JE?, dPds — ae.
Then we have
E[¢(Se) | So = a] < E[¢(SF) | Sg =], >0, teRy, (5.2)
for all convex functions ¢ : R — R, with moreover ¢’ convex in cases ii)-v).
Proof. Similarly to the proof of Corollary 4.2, we apply Corollary 5.1 to the

processes (L1o,1(5)0s)sery s (Ljo.g(8)05)serys (Loa(s)Ts)serys (Lo (s)J5)sery s
(1[0,t](8))\5)5€R+, with (A:)S€R+ = (1[07t](8))\5)S€]R+ and Mt* = 1. O

6. Poisson random measures

We now investigate the consequences of Theorem 3.1 in the setting of Poisson
random measures. Let v be a diffuse Radon measure on R? \ {0} with

[ A Do) <
RA\{0}
and consider a random measure w(dt, dz) of the form
w(dt, dz) =Y O, 0, (dt, dx)
ieN
identified to its (locally finite) support {(t;,z;)}ien. We assume that w(dt, dx)
is Poisson distributed with intensity dty(dz) on Ry x (R?\ {0}), and consider a

standard Brownian motion (W;):er, , independent of w(dt, dzx), under a probability
P on Q. Let

FX=o(W,, w(0,s] x A) : 0<s<t, AeBy(R*\{0})), te Ry,

where B,(R?\ {0}) = {A € B[R?\ {0}) : ~v(A) < oco}. Here, (M;)ser, is the
solution of the forward stochastic differential equation

dMy = oy MydW, Jr/ Ji— o My— (w(dt, dx) — ~(dx)), (6.1)
R4\{0}

where o is a square-integrable F;X-predictable process and (Jt,2) (t,2) €4 x (R4\ {0})

is an F;X-predictable process satisfying the hypotheses of Corollary 6.1 below, and

(M} )ier, is defined as in (5.1). On the other hand, (M} );cr, solves the backward

stochastic differential equation

d"M] = of MFd"W; + J5 M5 (d*ZF — A\ dt),
where (W;)ier, is a backward standard Brownian motion and (Z;)icr, a back-

ward point process with intensity (A\})ier, , independent of (F;¥);cr, -

Corollary 6.1. Assume that (3.1), (3.2), (3.3) hold, and that one of the following
conditions is satisfied:
i) 0 < Jpp < Jf, dPvy(dx)dt-a.e.,

loy] < loy|, and Jeyv(dy) < A TS dPdt — a.e.,
R4\{0}
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it) Jip < J;, dPy(dx)dt-a.e.,

oo < |o7],  and / eyP(dy) < NiJF2, dPdt - ace.,

RI\{0}

iii) Jip <0< JF, dPy(dz)dt-a.e.,
o] + / | T o ?y(dz) < |of|? + Xf| 712, dPdt —ae.,
RI\{0}
w) i <0< Jf, dPy(dz)dt-a.e.,
/ oy P76 NI, and o / e Py(de) < lof PN T2 2,
R 0

R\ {0}
dPdt-a.e., v) Ji o, <0< J}, dPv(dz)dt-a.e.,

o4 < [oF],  and o2 +/ oaPry(de) < [of 2+ NI, dPdt— ace.,
RI\{0}
with
(Jr.) (t,0)er, xR\ {o}) € L' (2 x Ry x (RY\ {0}),dP x dt x d)
in case (i) and with
(Jeo) (t2)ery x R\ {0}) € L2 (Q x Ry x (RT\ {0}),dP x dt x dv)

in cases (ii) — (v).

Then we have:
E[p(My)] < Elp(M:M])],  0<s<t, (6.2)

for all convex functions ¢ : R — R, with moreover ¢’ convex in cases (ii)—(v).
Proof. We directly apply Theorem 3.1 instead of Corollary 5.1, with (F;):er, and
(F{)ter, defined again as

Fi=FfveW: Z: . seRy), teRy,
and

Fr=FXvao(W:Z: : s>t), tcRy.
Here, v;(dz) denotes the image measure of y(dz) by the mapping x +— J; ,, t > 0,
p(dt, dz) is the image measure of w(dt, dz) by (s,y) — (s, Js ), 1.€.

pldt,de) = > 8., (dt, dx),
w({(sm)})=1

and v* (ta z, dy) =\ (ta 1:)6J*(t,w)(dy)
Note that our hypotheses imply v4((J;, 00)) = 0. For p = 1,2, using the compari-
son Lemma 2.1, the hypotheses of Theorem 3.1 are satisfied since

/ Ly Lia<r, y7(dy) < AZ‘/ yPé 5+ (dy), x>0, teRy,
R4\ {0} P

which follows from
Jin < Jf, dPy(dz)dt — a.e.,
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and
/ JE(dy) < NP, dPdt —ae.
E\{0}

For p = 1, resp. p = 2, this proves (6.2) under (7), resp. (i7). Finally, we note that
conditions (4i7)—(v) imply

Loy oLy 7060) + o, 00)

< / 6 (dy) + |07 1280, +00]),

z € R, which allows us to conclude again via Theorem 3.1 and the comparison
Lemma 2.1. Note that here also we have E[M;|FX] =1,t € R,. O

Finally, as in Corollaries 4.2 and 5.2 we get, defining respectively (S;);er, and
(S )ter, as in (4.3) and (4.4):

Corollary 6.2. Assume that one of the following conditions is satisfied:
i) 0< Jsp < J¥, dPds-a.e.,

los| < |ok], and / Joyy(dy) < A, dPds — a.e.,
R4\ {0}
i) Jgp < J¥, dPy(dzx)ds-a.e.,
o] < Jo%], and / oy Py(dy) < AJTT2, dPds —ace.,
R4\ {0}
iii) Jsp <0< J¥, dPvy(dz)ds-a.e., and
it [ WeaPadn) < P4 NP, dPdsae.
R4\ {0}
i) Jso <0< J¥, dPy(dz)ds-a.e.,
[ WeaPrtde) < XL and o4 [ aPa(de) < ol
R4\ {0} R4\ {0}
dPds-a.e., v) Js o <0< J¥, dPy(dz)ds-a.e.,
los| <ok and |os|? —l—/ |J57w|27(daj) <o+ \ETE? dPds — a.e.,
R4\ {0}
with

(Js.a)(s,)€f0,]x &\ {o}) € L (2 x [0,8] x (R*\ {0}),dP x ds x dy)

in case (i) and with

(Js,w)(s,x)e[o,t}><(]Rd\{0}) S LQ(Q X [O,t] X (Rd \ {0}), dP x ds % d’y)

in cases (i1)-(v).

Then we have
E[¢(St) | So = z] < E[¢(S]) | S§ = «], x>0, teRy, (6.3)

with moreover ¢' convex in cases ii)—v).
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