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Abstract

Torsion free connections and a notion of curvature are introduced on the
infinite dimensional nonlinear configuration space I' of a Riemannian manifold
M under a Poisson measure. This allows to state identities of Weitzenbock
type and energy identities for anticipating stochastic integral operators. The
one-dimensional Poisson case itself gives rise to a non-trivial geometry, a de
Rham-Hodge-Kodaira operator, and a notion of Ricci tensor under the Poisson
measure. The methods used in this paper have been thus far applied to d-
dimensional Brownian path groups, and rely on the introduction of a particular
tangent bundle and associated damped gradient.

Key words: Configuration spaces, Poisson spaces, covariant derivatives, curvature,
connections.

Mathematics Subject Classification (1991). Primary: 60H07, 58G32, 53B21.
Secondary: 53B05, 58A10, 58C35, 60H25.

1 Introduction

The path space of Riemannian Brownian motion can be treated as an infinite-dimensional
manifold via the stochastic calculus of variations. Notions of connection and curvature
have been introduced in this context in [8], [9], [10], and path spaces on Lie groups
have been equipped with flat connections, cf. [1], [12]. The Poisson process being an-
other important example of stochastic process, it is natural to study Poisson spaces as
examples of infinite-dimensional manifolds. The Poisson space (or configuration space)
based on a Riemannian manifold is an example of infinite-dimensional nonlinear space
whose geometry has been studied in [4], [25], via an integration by parts formula. In
this paper we construct connections on configuration spaces using methods generally
applied to Lie group valued Brownian motion. Here, the bracket of vector fields maps
couples of functions on M to functions on M, and in this sense it is similar to the

Poisson bracket in differential geometry. The connection constructed in this paper



has curvature if dim M > 1 but no torsion in general, it is not Riemannian but al-
lows to state energy and Weitzenbock type identities. The following table gathers the

basic elements of this geometry and presents an analogy between finite and infinite

dimensions.
’ Notation \ finite dimension \ infinite dimension ‘
~ point measure on M element of I"
C*(M) test functions on M tangent vectors to I'
o volume element of M Riemannian metric on I’
UX (M) | stochastic processes indexed by M vector fields on I’
d"u process indexed by M x M exterior derivative of u € UX (M)
{,} bracket on U (M) x U (M) bracket of vector fields on T’
ob trilinear mapping on U>°(M)? curvature tensor on I
D damped stochastic gradient gradient on I’

We make use of the three basic differential structures (Fock, intrinsic and damped) on
configuration spaces, and proceed as follows. In Sect. 2 we recall that the Shigekawa-
Weitzenbock identity can be stated in terms Fock space and thus also applies to Poisson
space. However, on Poisson space such an identity does not involve intrinsic differential
geometric tools, hence the need for other constructions (the same occurs on the space
of Riemannian Brownian motion compared to the flat Wiener space). In Sect. 3 we
present a summary of the construction of connection and Weitzenbock type identity in
the one-dimensional case (M = R, ), which has particular properties. Some results in
this section appear later as consequences of the more general framework of the following
sections. Sect. 4 recalls the construction of a differential structure on configuration
space according to [2], [3], [4], [5], and the proof of integration by parts formula via
pointwise identities as in [20]. In Sect. 5 we state the definition of the damped gradient
which will be essential here (for M = R, this gradient coincides with the gradient of
[6]). Functions on M are viewed as tangent vectors and a connection with vanishing
torsion but non-zero curvature in general is introduced in Sect. 6. This connection is
not Riemannian but it has suitable commutation properties with stochastic integrals,
for this reason it will be called the Markovian connection (a Riemannian and torsion
free Levi-Civita connection is also introduced). The Lie-Poisson bracket {-,-} acts on
functions on M and we use a notion of differential geometry in continuous indices as
in [8], the indices being elements of M itself. The exterior derivative of differential
one-forms (functions on M) is defined in Sect. 8. The Markovian connection is used
to state energy identities and bounds for the damped anticipating integral operator o

in Sect. 9. The one-dimensional case is given again particular attention in Sect. 10,



where a de Rham-Hodge-Kodaira operator and a notion of Ricci curvature are defined.
Sect. 11 is devoted to a linear numerical model of Poisson space in which the Ricci

tensor vanishes.

2 Shigekawa identity in Fock space

Let ®(L?(M)) denote the Fock space with inner product (-, )¢, on a L? space L*(M, do).
Let D : ®(L2(M)) —s ®(L2(M)) ® L2(M) and & : ®(L2(M)) ® L2(M) —s ®(L2(M))
denote the unbounded gradient and Skorokhod integral operator on ®(L?(M)), which

are mutually adjoint. An energy identity for § can be stated as

18 ()13 = ulleraan + /M /M (D, u(y), Dyula))so(dz)o (dy),

see e.g. Th. 4.1. of [18]. Its proof being dependent only on the Fock structure, this
identity makes sense on flat Wiener space via the Wiener-1t6 isomorphism and can be

rewritten as a Weitzenbock identity, cf. [26]:

15l +5 [ [ IDaut) = Dyt fao(da)otdn) = lalfuorsqun + 1Dulforzqones
(2.1)

Using the Wiener-1t6 isomorphism, this identity applies on Poisson space as well as on

the flat Wiener space of R%valued Brownian motion, but in the latter case it is not

directly relevant to Riemannian Brownian motion for which a special geometry has to

be developed via intrinsic differential operators, cf. [9]. The situation in the Poisson

case is similar. Let I denote the configuration space on a metric space M, that is the

set of Radon measures on M of the form

F:{fy:Zexi D (m)Zh C M, x # xy Vi # nENU{oo}
i=1

where €, denotes the Dirac measure at x € M, with the vague topology and associated

o-algebra, cf. [4]. Let o be a diffuse Radon measure on M, and let P denote the

Poisson measure with intensity o on I'. Under the Wiener-Ito6 identification of Poisson

space and Fock space, D is a finite difference operator, cf. e.g. [15]:
D, F(y)=F(y+ (1 —1({z})e) — F(v), zeM, yel,

for measurable F' : I' — R, and ¢ acts as a compensated Poisson stochastic integral,

in particular if h € C2°(M) is deterministic,

/hdv /hda— > h(:z:)—/Mh(x)a(dx), heC®(M).

{zeM : y({z})=1}
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Definition 2.1 Let S denote the space of cylindrical functionals of the form

Fv)=f (/Muldfy,...,/Mundfy) ;o Uty ..Uy €CO(M), feCFR™). (2.2

Definition 2.2 Let U°(M), resp. U(M), denote the space of smooth vector fields
of the form

v(y.1) = 3 R(h(), (1) €T x M, FeS, (23)

7

h; € C*(M), resp. h; € C°(M),i=1,...,n.
In general for h € U (M) we have

MMFAﬂﬂWMMM—AMm

cf. e.g. [19]. As in the Brownian case, we are interested in isometry formulas that di-
rectly involve intrinsic differential operators on I'. For this we will need a differentiable

structure on M.

3 The one-dimensional case

In this section we introduce the construction of connection, covariant derivative and
Weitzenbock type identities for a Poisson random measure on M = R, and we make
a complete use of the particularities of the one-dimensional case, where the curvature
of I" vanishes. Some results of this section will be consequences of the more general
framework developed in the next sections for Riemannian manifolds. Here, every con-
figuration v € I' can be viewed as the ordered sequence v = (7,),>1 of jump times
of a standard Poisson process (N;)icr, on Ry. Let S denote the space of cylindrical

functionals of the form
F=f(T,....,T,), feC R"). (3.1)

Let D be the intrinsic gradient operator defined as

i=n

D F =Y gy f(Ty,...,T,), dN,—ae.,
=1
i.e.
DyF = (DF,u) 2, an) = / u(t)DiFAN, =Y () 0:f(Th, ..., Ty)
0 i=1

d
= d_gf(Tl -+ 8U(T1>, Ce 7Tn -+ SU(Tn>)‘€:0,
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u € C°(R;). We have if t = Ty:

A 0 0
DtF = ﬁkf(Tl, ce ,Tn) = %f(Tl, ce ;Tk—la S, Tk+1, ce 7Tn)|s:Tk = %DSF(’V\{S})B:TM

hence for v € C*(R;) == {f € C*(R;) : f(0) =0}:

A

(DF,0) 12s,.an) = §(vdDF) + / D Fu(t)dt = 5(vdDF) — / o(t)DuFdt, (3.2)
0 0
which implies the integration by parts formula by taking expectations:
E <DF, U)LQ(R+,dN):| - —E |:/ U(t)Dtht:| = —E[F(S('U)], v E C?(R.ﬁ.),
0

F € 8. The damped gradient D is defined as

=n

DtF = — Z 1[07Ti] (t)alf<T1, . 7Tn)7 dt — a.e., (33)

i=1
le.
D,F = (u,DF) 2, = (it, DF) 12w, an,) = DaF,
with 4(t) = — f(f u(s)ds, t € Ry. We denote by 0 : L*(I' x R;) — L*(T") the closable
adjoint of D, which satisfies

E[Fo(uw)] = E(DF,u) 2w, an), F €S, uelU>(Ry).

If w € C°(R4) then

E[Fg(u)] = E[<DF, U) 12k, dr)] = EKﬁFv U)r2(r,an)) = —E[F0(9u)] = E[Fé(u)].
In particular, 5 coincides with the compensated Poisson stochastic integral on the

adapted square-integrable processes. Given u € U°(R, ) we define the covariant deriva-

tive VLv € Up°(R) of the vector field v = Y .= F;h; € U (Ry) as

i=n t
Vio(t) = Z hi(t) D, F; — Flhg(t)/ u(s)ds, teR,. (3.4)
i=1 0
In particular,
Vio(t) = o(t)a(t), teRy, u,veCX(Ry),

and

Vv, (vG) = FvD,G 4+ FGVtv, wu,veC®(R,), F,GeS.



Letting

Viv(t) =Y hi(t)D.F; — Fhi(t)lpg(s), st €Ry,
=1

we have

<
!
<
—
~
~—
I

/ u(s)Viv(t)ds, te€R,, wu,v€U (R,).
0
Lemma 3.1 We have

DuDv - DUDU = DVEU—V5u7 u,v € UCOO<R+)

Proof. Since D is a derivation it suffices to consider F = T,.

i) We have for u,v € C2°(Ry):
o . 5 Tn 5 Tn
(D.D, — D,D,)T,, = —Du/ v(s)ds + Dv/ u(s)ds
’ Tn " Tn
= U(Tn)/ u(s)ds — u(Tn)/ v(s)ds
0 0

_ /OT" <v’(t) /Otu(s)ds—u'(t) /Otv(s)d3> dt

- DVEvaguTn'
ii) If u,v € C°(R;) and F,G € S,

(DurDos — Do Dur) Ty = FDuGDy Ty — GDyF DT, + FG(DyDy — DyD)T,

= Dan7

with
w = FvD,G — GuD,F + FG(vi — ud) = V% .(vG) — V5, (uF).

OJ

Definition 3.1 The Lie bracket {u,v} of u,v € C°(R.), is defined to be the unique
element of C=°(R) satisfying (DD, — D,D,)F = D,F, F € S.

The bracket {u, v} is defined for u,v € U°(R,) with
{Fu, Gv}(z) = FG{u,v}(z) + v(z)FD,G — u(x)GD,F, z € M,

u,v € C*(M), F,G € §. The next proposition is a consequence of Lemma 3.1 and
Def. 3.1.



Proposition 3.1 The Lie bracket {u,v} of u,v € UX(Ry) satisfies
{u,v} = Vio — Vi,
i.e. the connection defined by V' has a vanishing torsion.

Proposition 3.2 The curvature tensor QU : U (R 1) xUX (R ) xUX(Ry) — UX(R,),

of the connection V' vanishes on UX(R,), i.e.
Q' (u,v)h = [V, VE]h — Vgu,v}h =0, wu,v,helRy),

and UX(R,) is a Lie algebra under the bracket {-,-}.

Proof. We have
O (uF,vG)(hH) = FGh(|Dy, D,] — Dpyoy) H + FGHQ" (u,v)h = FGHQ (u, v)h,

h,u,v,€ C*(R,), F,G,H € S. Hence it suffices to show that Q' (u,v)h =0, h,u,v €
C*(R4). We have

[V Vi h =aVih—oVih =4 oh —0 @h = —awh+adh+tuh —9ih, = —Gwh+duh,

and
Vi h = Vi _gih = (a0 — d0)h = (ub — vii)h.
The Lie algebra property follows from the vanishing of Q. 0

The exterior derivative d'u of a smooth vector field u € UX(R ) is defined from
(d"u, hy A ho) 2R AL2(R,) = <V£1U, ho) 2w, ) — <V£2U, hi)r2ry),
hi, he € UP(R). We have
s, t) = %(Vgu(t) ~Vlu(s), steR,,
and the relation
I ulsimn = 5[ [ (VRO - Viueyiasd, 69

u € UX(RL). We now state a Weitzenbock type identity on configuration space. For

this we will use the commutation relation satisfied by the damped gradient D:
Dyd(v) = 6(VEv) + (u,v) 2m,y,  u,v € C°(Ry), (3.6)
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which can be proved as follows:

D(v) = Dqu Zv Tk/ u(s)ds

k(l )— /0 T /0 u(s)dsdi
(v ) +/OOO u(t)v(t)dt

= 0(Viv) + < V) L2(R,)-

Il
0«.2

@

I
041

Proposition 3.3 We have for u € UX(R):

(] + B [l ez = Ellulag) + B |1V 0l omw.)] - (37)

Proof. 'We have

E[5(uiF3)b (u;Fy)] = E[FDy,6(u; Fy)]
= B[EDy(Fd(u;) — Dy, Fy)]
= E[FF;D,,(u;) + Fd(u;) D, F; — F;D,, D, F}]
= E[FF{ui,uj) 2w,y + FiFy0(Vh uy) + Fio(uj) Dy, F; — FiD,, D, Fj]
= E[FF(ui, w) 2,y + Dy o, (FiFy) + Doy (FiDy Fy) = FDy, Dy, F)
= E[FFy(ui, w) 2,y + Dy o, (FiFy) + Doy Fy Dy Fy + Fi(Dyy Dy Fy = Dy, Doy F)]
= BlEFj{wi,uj)12@,) + Dyt o, (FiF)) + Dy -F'DuiE+FiDv5jui—v5iqu]
= E[FFj{ui,w)r2e,) + FgDvF i+ FDVF w Fj + Du, FiDy, F]
= E {E@<ui,uj>L2(R+)+Fj/O DSF;/O Vi u,(s)u(t)dtds
+ Fi/oo D,F; Oovgui(t)uj(s)dsdth/oo u;(t) D, F; /00 uj(s)ﬁsﬂdsdt} :
0 0 0 0

which implies

B = Bl + 8| [ [T VhuoTTusas).

and (3.7) for u = > " w;F; € UX(Ry). O

4

Intrinsic differential structure on configuration
space

In this section we work in the general case where M is a Riemannian manifold. We

start by recalling the definition of the intrinsic gradient of [4], Sect. 3, see also [5], p.
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152, and state a short proof of the integration by parts formula. If K is a compact set

such that us,...,u, € C°(K) and card(y N K) = n, then F() can be represented as
F(y) = falzr, ... xn), ify={z1,...;2,} €T, n>1,

where f, € C°(M™) is symmetric. Let VM and div" denote the gradient and diver-
gence on M, let T,,M denote the tangent space at x € M, and assume that o is the

volume element of M, under which div" and V¥ are adjoint:
<VMU, U)L?(M,da;TM,) = <u7diVMU>L2(M,U)> Ue CSO(M;TM), u € CEO(M),

where C°(M; T M) is a space of C* vector fields satisfying suitable boundary conditions
for integration by parts (see examples below). Given U € T, M and f € C°*(M), we
adopt the notation U f(x) = (U, f(z))r,m, © € M. Let C>°(M;TM) be the Lie algebra
of C* vector fields on M, let Diff (M) denote the group of diffeomorphisms of M, let
(¢Y )ter, denote the flow generated by the vector field U € C*(M;TM), let ¢ (v)
denote the image measure of v by ¢V, U € C®(M;TM) and let D be the gradient

operator defined in [4] as

(DF(),U)2avran) = lim F(qbg(y)g) —-F(v)

= Z/ Uuidv@f(/ uld%---,/ undv),
i=1 v M M M

U e C=(M;TM), ie.

D,F(y) = ZVMui(x) oif (/Muldy,...,/Mundv) , x€eM.
i=1

We can also formulate this definition as
D,F(y) = Z L () VY fo(2e, . o2),  Y(dz) — ae.,
i=1

with F(7) = fo(z1, ..., 20), v = {z1,..., 2.} € T, n > 1, and VM is the gradient of
f with respect to its i-th variable. We recall the following explicit expression of D in
terms of the flat gradient D and flat divergence 0, cf. Remark 3 of [24] and Th. 8.2.1
of [20].

Proposition 4.1 We have for V€ C*(M;TM) and F € S:

A

(DF(Y), V) 2anavrany = (VY DF(9), V) 2 doiran + S(VY DF, Vyrag) (7). (4.1)

9



Proof. This identity follows from the relations D, F(v) = (VM D,F)(v\ z) and

() = [ uley\apy(dn) = [ uleoldo)

M

O

Taking expectations on both sides in (4.1), we obtain the integration by parts formula
for D, cf. [4]:

E(DF®),V)2(nayran) = E{(NYDE, V) 1201 doerany) = E[FS(AvVMV)],  (4.2)

V eC*(M;TM), F € D. However the gradient D is not satisfactory here, due to the
presence of d7y in Relation (4.1), see Sect. 6 and Prop. 9.1 below. For this reason we

need to define a damped gradient.

5 Damped gradient and tangent bundle

This section recalls the definition and properties of the damped gradient D on config-
uration space, cf. [20], and introduces the corresponding tangent bundle. We assume
that the Laplacian £ = div" VM is invertible on C>°(M), and that its inverse £7! is
given by a Green kernel g : M x M — R:

£tu(z) = /M o(e, v)uly)o(dy), =€ M, ueC>(M).

In general, g(-, y) belongs to the Sobolev space WL (M; T M), and if M is of dimension
one then g(-,y) € W'?(M;TM) for all p > 1, y € M. We define 9,(y) € T, M as

Ou(y) = V¥g(x,y), o®@o(dz,dy) — a.e.
We have 0,(-) € L'(M; TM) and define u € C*(M;TM) as
u(z) = VML”lu(x) = / w(y)Ox(y)o(dy) € T, M, xe€ M, uecCr(M).

M

Moreover @ € Cg°(M) and satisfies
P-i) divMi = u, wu € C®(M), and
P—ll) <U, u)Lz(M,do') = <U, diVM/&>L2(M,dU) = <VM'U, /&‘>L2(M,d0';TM)7 u,v € C::)O(M),

Examples:
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If M =Ry we set C°(Ry;R) = {u € C“(R+;R) . u(0) = 0}, g(z,y) = —x Vuy,
O (y) = =114 (y), 2,y € Ry, and a(z) = — [; u(y)dy (cf. Sects. 3 and 10).

If M = R? we let CP(R4GRY) = {u € C‘X’(Rd'Rd) o limy oo u(z) = 0}, with

g(z,y) = £ log |z —y| if d =2, and g(z,y) = |z — y[1=if d > 3, where ¢4

d 2 Cd

is the volume of the unit ball, i.e.

1 )

81(9) = 2_|$ - Z/|_2(331 — Y1, T2 —yo) ifd=2,

T

and
1 )
Du(y) = m@ —y Nz — Y1, xa—ya) i d >3

Definition 5.1 The damped gradient of F € S in the direction h € C>*(M) is D, F €
L*(T, P), defined as

DuF() = DiF() =Y [ oy oif ( [war [ undw), (5.1)
= I M M
with F as in (2.2).

This description of the gradient would be incomplete without a description of the
tangent bundle of T'. The space L*(M,d~), which explicitly depends on the random
element v € T, is a natural candidate as a tangent space to I' at v, cf. [4]. However
this choice is compatible with the gradient D which is not damped in the sense of [14]
and is not appropriate to our context, in particular it can not be used to state the
commutation relation of Prop. 9.1 below, and does not seem to lead to Weitzenbock
type identities. Instead of L?(M, dvy) we will choose C2°(M) as tangent space to I'. We
choose the trivial tangent bundle to I' with group Diff (M) and fiber C2°(M) which is
defined as TT' = I' x C°(M ), with group action

TT x Diff(M) —s TT
(7, u),0) = (v,u09).

Each stochastic process u € U°(M) is identified to a smooth vector field v +— (v, u(7,-)) €
TT'. Let
D : L, P) — L*(T; LY(M, o), P)

be defined on S as
DyF(V) = / <aw(y)7bxF>TzM7(d‘r) = <a<y)7 vb"F>L2(M,'y;TM)7 ) € M7
M

11



or

DyF(fy):iZn/M@m(y)ui(:c)’y(dx) o.f (/Muldfy,...,/Mund’y>, ye M. (52)

We have
DUF:/ u(y)D,Fo(dy), ue€C®(M), FE¢cS,
M
and more generally we will let D,,F = (DF, u) 12(sr.40), © € UX(M). We may also write

DyF() =3 0y falwr, - an), y €M, y={a,.. o} €T,

i=1
with F(y) = fu(z1,...,x,), where the notation 0, (y) f.(x1, ..., z,) denotes the appli-
cation of the derivation 9., (y) to the i-th variable of f,.

Definition 5.2 We define the anticipating integral of u € Uy (M) as
o(u) = ZFz‘fS(hi) — (DF;, hi) r2(vra0),
i=1

if u € U (M) is of the form (2.3).

In particular we have
0)() = 6(0)(2) = [ iy~ [ hdo, e ex(an)
M M

Proposition 5.1 The operators D : L>°(I') —s L*(I'; L' (M)) and 6 : L*(T'; L®(M)) —
LY(T) are mutually adjoint:

E[Fé(uw)] = E(DF,u)r2(0a0)), F €S, ue€UX(M). (5.3)

Proof. For u € C*(M) we apply (4.1) to V =4 € C°(M;TM) and property P-ii) to
obtain the identity

D,F = (DF,u)2(sa0) + 0(ADF), F€S. (5.4)

see Prop. 8 of [23] when M = R,. Taking the expectation and using the duality
between D and 0 provides (5.3) for u € C°(M). If u € UX(M) is of the form (2.3)
then 0(u) also satisfies (5.3) due to the derivation property of D. The closability of
6 follows from the integration by parts formula and the density of S and UX (M) in
L3, P) and L*(I' x M, P ® o). OJ
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As a consequence, D is closable in the sense that if (F,)n,eny C S is bounded in L=(T)
and converges a.s. to 0 and (DF},),en converges to U in L*(T'; L'(M)), then U = 0. If
U = V[ is a gradient field, f € C°(M), then we have

DyuyF =DyF, Fe8, (5.5)

since

e~ e~

AvMU = divMVf=Lf = VML ILF =V f = U.

In general for U € C3°(M; TM), Relation (5.5) does not hold but we have
E[Dy oy F)=E[DyF], FeS, UeCP(M;TM), (5.6)
since from (4.1), and (5.4),

E[DyF] = E{VYDF,U) 2 (at.aorany)) = EUDF, divMU) 2 (ar doiran))] = E[D gy F):

6 Covariant derivative
We define the covariant derivative VL u € C®(M), as
V(@) = (ia(@), VYo(@) g = dv(z), =€ M, veCr(M),

hence VEv € Cy(M). Since Vv depends only on u and VM, and given its commu-
tation properties with stochastic integrals, cf. Prop. 9.1, this connection will be called

the Markovian connection in reference to [9]. Its definition extends to vector fields.

Definition 6.1 Given u € U (M) we define the covariant derivative Viv € U (M)
of the vector field v € UX (M) as

Viv(z) =Y hi(z)D,F, + FVyhi(x) = Dyo(x) + Gw(z),  x € M, (6.1)

=1

with v as in (2.3).

This definition has an interpretation in a decomposition of the tangent space to TT'
at w € TT in horizontal and vertical subspaces is Q @ C§°(M;TM), where Q) =
{(u,—a) : wel>X(M)}, ie. (v,V) = (v,—=0) ® (0,V +0), v € C*(M), V €
C°(M; TM). The horizontal lift starting from (v,v) € TT of the curve t — ¢%(7)
is t = (¢f(7),v 0 ¢%,), the parallel transport 7;'v : Tya(,)T' — T, T along t > ¢f(7) is

13



given by 7#v = v o ¢%. Given a vector field u € U>(M) the covariant derivative V%v
of v e UX(M) is
TuU((;ﬁg(’)/L ZE) — U(fy? I)

Viv(y, z) = lim = , x €M, verl.
e—0 g

Relation (6.1) is similar to (2.2) of [12] which uses the Lie bracket of deterministic
vector fields on the space of Brownian paths in a Lie group instead of uv. We have the

relation
VY (Fv)(z) = v(x)D F + FViv(z), z €M, u,v eU®(M), FES.

Definition 6.2 We extend naturally 0,(y) from a derivation on C2°(M) to a derivation

on UX (M), with 0,(y)(Fh) = FO,(y)h, F € S, h € C°(M), and let

i=n

Vyu(z) =Y hi(@)DyF; + Fi(0:(y), V¥ hix))z,n = Dyv(e) + 8:(y)v(e), .y € M,

i=1

FeS, foruelUX(M) of the form (2.3), i.e.

Viu(z) = /Mv(y)vgu(a:)a(dy), re M, uveldX(M).

7 Torsion, curvature and Lie-Poisson bracket

The Lie bracket {u, v} of vector fields is normally defined from the commutator [D.,, D,).
We have wv € C°(M), u,v € C(M), and from (4.2) and (5.3),

(D,D, — D,D,) / hdy = D, / ohdy — D, / ihdy
M M M
= ﬂ@hdfy—/ fnlhdfy:/ [@, O]hdry
M M M
= {[@, ], VMh) 2 (ar.a) Zﬁ[a,ﬁ}/ hdxy.
M

If dim M > 1, [@, 0] may not be a gradient field, in particular it can not be written as

(@, D] = W, hence in general there may not exist w € C°(M) such that
D.D, — D,D, = D,,. (7.2)

A definition of the Lie bracket {u,v} is nevertheless possible via an equality between

expectations, due to the following Lemma.
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Lemma 7.1 Let u,v,w € C*(M). The relation

E|D,D,F — D,D,F| = E[D,F], Fe€S, (7.3)
holds if and only if w = Viv — Viu.
Proof. We have (D D,—D DU)F = D[ﬁﬂF, and
E [(Dubv — D,D,)F } [D[a,ﬂF,] = B [Fo(divM[u, o)) = E [DdiVMWDF} , FeS.
Since the connection on M has no torsion we have:

div ([a, 7)) = divM (VYo — V¥a).

Let (Xi,...,Xy4) denote a set of normal coordinates at z € M with @ = Z;j w X,
o = Y19 X;. We have at = € M: VX =0, [Xi, X;] = [V, VY] =0,4,j =
1,...,d, and from [16], p. 282,

l=d
divM(Vio) = Y (VEVYS, X)7um ZVX ZUJVM Dy X7
=1 3,j=1
d l=d d
= ) (X)X + >0 @ (X)X, X)) rm
il=1 =1 ij=1
d d
= ) (X)X + > WX X
il=1 ij=1
d d
= ) (X (Xd') + > W XX
il=1 ij=1
d d
= Y (X ) (X' + > WX (VD Xiyrou,
il=1 ij=1
d j=d
= (X)X + > i Xdiv(D)
il=1 j=1
d

= Y (xa)(Xiv!) + adiv(D).

Q=1

Hence
div ([@, 7)) = divM(V¥o — VX)) = adiv(d) — odiv(a) = av — tu = Viv — Viu,

and
E [([Du[)v _ Dv[)u)F] _E [Dvgv_vguF] .
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On the other hand, given wy,w, € C°(M), we note that E[D,, F] = E[D,,F], F € S,
implies in particular for F = [ a2 hdy:

/M(wl(x),VMh(a:)ﬁzMU(dx)—/ (W (x), VM h(z)) 7, p0(d),

M
hence
/ h(z)divMib, (z)o(dx) = / h(z)divM by (x)o (d),
M M
i.e. (h,wi)r2any = (h,wa) 2y for all h € C°(M) and v € M, and w; = wy. O

This allows to state the following definition.

Definition 7.3 The Lie bracket {u,v} of u,v € C*(M) is defined to be the unique
element of C>°(M) satisfying E[D,D,F — D,D,F| = E[D,F], F € S. The bracket
{u,v} is extended to u,v € U*(M) by

{Fu,Gv}(z) = FG{u,v}(z) + v(z)FD,G — u(x)GD,F, z € M, (7.4)
u,v € CX(M), F,G € S.
The following is an immediate consequence of Lemma 7.1 and Def. 7.3.
Proposition 7.1 The connection defined by V' has a vanishing torsion:

{u,0}y =Vio —=Viu, w0l (M).

Proof. We have

{Fu,Gv}(z) = FG{u,v}(z) — Gu(z)D,F + Fv(z)D,G
= FG(Viv(z) — Viu(z)) — Gu(z)D,F + Fu(z)D,G
= VL (Gv)(x) = Vg, (Fu)(z), x€ M, u,veC*(M), F,GeS.

OJ

The curvature is defined as a trilinear mapping on smooth processes.

Definition 7.4 Let QU : U (M) x UX (M) x U* (M) — UX(M), defined as
O (u,v)h = [V, Vy]h = Vi, gh, w0, h € U (M),

denote the curvature tensor of the connection V'.

We let [, -] denotes the commutator of operators.
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Proposition 7.2 Let u,v € UX(M). We have
i) [Dur, Doc] = Diurwey = FG([Dy, Dy] = Dyuy), F.G € S,
i) Q' (uF,vG)(hH) = hFG([Dy, D] = Dy H+HFGQE (u,v)h, h € C*(M), u,v €
Ur (M), F,G,H € S,
ii) [, O (u,v)h(z)o(dz) =0 if h € C(M), or if h € UX(M) and [,, hdo = 0.
Proof. i) We have

DuF(GDv) - DUG(FDU) = GDUFDU + (-DuFG)DfU - (FDUGDu + (D’UGF)‘DU)7

and

Diurwcy = FGDyyuy + F(D,G)D, — G(D,F)D,.
i1) We have
VI.Vi.(Hh) = VI.(GHVYh+ GhD,H)
= hFD,(GD,H)+ FGD,HV h + FV WD, (HG) + FGHV.V
— hFGD,D,H + hFD,GD,H + FGD,HV h + FHV'hD,G
+FGVYhD H + FGHVEV A,
hence
ViurVia(Hh) = VioV,p(Hh)

— hFG[D,,D,H + hFD,GD,H + FGD,HV-h + FHV'hD,G + FGV hD, H
+FGHVIVY L — hGD,FD,H — FGD,HV h — GHV hD,F — FGV'hD,H
—~FGHV VYR

— hFG[D,,D,)H + hFD,GD,H + FGD,HV-h + FHV'hD,G + FGV hD,H
+FGH|VE, Vih — hGD,FD,H — FGD,HV h — GHV-hD,F — FGV hD, H

— hFG|D,,D,H +hFD,GD,H + FHV'hD,G + FGH|V",VY|h — hGD,F D, H
—~GHVYhD,F,

and
Viwrwey(Hh) = FGVY,  (Hh) + FD,GV}(Hh) — GD,FV}(hH)
= FGHVY{,  h+ FHD,GV,h— GHD,FV}h
+FGhDy,H + hFD,GD,H — hGD,FD,H
= FGHVY,  zh+ FHD,GV,h— GHD,FV}h
+FGhDy, H + hFD,GD,H — hGD,FD,H.
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Hence

[Vumvlzjc](Hh) V{quG}(Hh) = hFG([DmD ] - D{uv})H
+FGH ([V,,,V,]h = Vi, ,h),

which implies 7).

iii) We have [VL VIh(z) = [a, 0]h(x) x € M, u,v,h € C*(M), and
/ V., Vihdo = / [@, D)hdo = / hdivM (@, 0]do
M M M
= / h{u,v}do = / hdiv™ {u, v}do

_ /{u vhdo = | Vi, hdo, v, he CX(M),

hence from 1), [,, Q" (u,v)hdo =0, h € C°(M), u,v € UX(M), and

/ QF (u, v)(hH)do = / hdo([Dy, D,) — Dy H, heCX(M), HEeES,
M M
hence (ii1). O

It follows in particular that for h € C°(M) we have QU (uF, vG)h = FGQ' (u,v)h. The
relation
/ VL Vilhdo = / Vi hdo, heCX(M),
M
holds if and only if w = {u, v}.
Lemma 7.2 Let u,v € UX(M).
i) If Q' (u,v) = 0 on C*(M) then QY (u,v) =0 on UX(M) and
(ﬁuﬁv — DUDU)F = D{%U}F, Fes.
i) If M = RT then QF(u,v) = 0 on UP(R,), D,D, — D,D, = D{u,v} on S, and
UX(R,) is a Lie algebra under the bracket {-,-}.

i) If u,v € C°(M) and F is o(G)-measurable, then

E[F(D,D, - D,D,)G] = E[FDy,,G], F,G€S.
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(DHDU—DUDQ /M hdy = /M [, 5]hdry
= /M{u,v}hdv—l—/M[ﬂ,f)]hdv—/M{u,v}hch
_ /M T o} hdy + /M OF (u, v)hdy

= D{u,v}/Mhdv—i—/MQF(u,v)hd% u,v € U (M),

3o < / hady, ..., / hldv) / O (u, 0) iy,
pry M M M

u,v € UX(M), F € S. Consequently, Q" (u,v) = 0 on C°(M) implies [D,, D,] = D{uﬂ,}
on S, which from Prop. 7.2-ii) implies QF (u,v) = 0 on U>(M).

—_—

i) If M = R, the relation divMU = U, U € C°(M; TM), implies

Q' (uF,vG)h = FGQ'(u,v)h = FG([V,,V,] = Vi, )b
— FG ([a, 7] — vgivMW) h=0, heU=M),

hence QF (u,v) vanishes on C2°(M) and it remains to apply ). We also have

u, vl wy = Vi, w— Vi {uv
{uv}
= ng}w — VL (Vv — Vi)
(VuVo = Vi Vw = Vo (Vo = Viu), w,0,w € UF(Ry),

which implies the Jacobi identity: {{u,v}, w} + {{v,w}, u} + {{w,u},v} = 0.
i1i) If F is o(G)-measurable then there is a Borel measurable function f such that
F = f(G), hence

E[F(D,D, — D,D, — Dg,.y)G] = E[f(G)(D,D, — D,D,, — Dy,.1)G]
from (7.3), since fOG ft)dt € S. O
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Proposition 7.3 We have for u,v,h € UX(M):

D (u, v) r2(0mdoy = (U Vi0) r2(0rdo) + (VU U) 12 (01 do) + (Us V) £2(0 hdo) s (7.5)

i.e. the connection V¥ is not Riemannian.

Proof. Integrating by parts on M and using property P-ii), we have

/uvhda = /uvdivMﬁdaz/ h(uv)do
M M M

= (u, iLU>L2(M,do) + (v, ilU)L?(M,da)

= (u, V£U>L2(M,do) + (v, vlf:U>L2(M,do)u
hence for u,v € C*(M), F,G € S and h € U>® (M),
Di(Fu,Gv)12(vaoy = (UDRF, GV 20040y + (WF, vDRG) 12 (00

= (VL (uF),vG) r2(sdo0) + (WF, V3 (0G)) 12(a1.40)
—|—FG/ uvhdo.
M

The identity that links V! to the metric o is

2V U, V) 12 (0doy = Dy {u, V) 12(M,do) + Dy (h, V) L2(M,do) — D, (h, W) [2(M,do)
+({h, ut, ) L2 (doy + ({05 R}, W) L2 (0,d0y — ({1, v}, B) £2(01,do)
+/ wohdo, w,v,h € UZ(M),
M

and the connection can be expressed in terms of the trilinear form

Gluv,h) = ({u, 0}, B 12010y + / wohdo, v, h € UF(M),
M

as
1
(Vgu,v)Lz(Mda) = é(G(h,u,v)—G(u,v,h)—G(v,h,u)), u,v,h € UX(M).

The bracket {-,-} maps couples of C2° functions on M to C° functions on M, in this
sense it is similar to the Poisson bracket, to the exception that the Leibniz rule is not
satisfied. Also, this bracket is not local and it is non-vanishing even if dim M = 1.

One may prefer to write
H(u,v,h) = ({u, v}, ) r2(m40), K (u,v,h) = / wvhdo, wu,v,h € CF(M),
M
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and
1
(Vit, V) 2 (0doy = §(H(h, u,v) — H(u,v,h) — H(v, h,u) + K(u,v,h)),

u,v, h € U*(M). The Markovian connection V' is not Riemannian, for this reason we

may define a Levi-Civita connection V' as

Viv(z) = Vie(z) - %u(m)v(m), r € M, uyv € UF(M).

Proposition 7.4 The connection V' has QY for curvature tensor, its torsion vanishes,

and it 1s Riemannian:

Dh(u, V) 12(M.do) = (U @Z@Lz(M,dJ) + (ﬁl,:u,vﬁz(M,dJ), u,v,h € U (M), (7.6)

Proof.  The vanishing of torsion and (7.6) are obvious from Prop. 7.1 and (7.5).

Concerning the curvature we have for u,v, h € UX(M):

VIVIh(x) = VH(VEh() ~ Shia)e(a))

— VIV h(z) — %h(x)vgv(x) - %v(x)vgh(a:)
1 - 1
—zul@)V,h(z) = Jh(@)u(z)o(w),
and
VEVLR(z) = VEVLA(z) - %h(x)vgu(x) — —u(z)VEh(z)
1 - 1
—§v(x)Vuh(:c) — Zh(:c)u(x)v(:z:),
hence

ViVih(z) = V,Vih(z) = (Q(u,0)h)(2) + Vi, yh(z) = Sh(@)(Vyu(z) = Vyu(z)

u v

= (7 (w,0)h)() + Viyh(z) = Sh(x){u, v}()
= (Q"(u,v)h)(z) + Vi, yh(z), z€M

N~ DN~

We have

2(Vhu, V) L2(Mdo) = Dy {u, V) 12(M,do) + Dy (h, V) 12(M,do) — Dv<h7U>L2(M,do)
+({h, ut, V) 2040y + ({0, Y, W) r2(0r,d0) — ({5 v}, B) £2(0,d0)»
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u,v,h € UX(M), and

1
—(H(h,u,v) — H(u,v,h) — H(v,h,u)), u,v,h€UX(M).

<@£Ua U>L2(M,do) = 5

However, unlike the Markovian connection V¥, the Levi-Civita connection V¥ will not
be used in the sequel because it does not possess suitable commutation properties with

the stochastic integral, cf. Prop. 9.1.

8 Exterior derivative
The exterior derivative d' F of F' € S is the 1-differential form defined as
(d"F, h)12(ardoy = DuF, b € C°(M).
We identify L?*(M) to its dual L?(M)* via the scalar product, let
hi Ahy = (hy @ hg — hy @ hy), hy, hy € L*(M,do),

and let L*(M) A L*(M) denote the space of continuous antisymmetric bilinear forms

on L*(M) ® L*(M). The above Lemma allows to set the following definition.
Definition 8.1 Let u € UX(M) be a smooth vector field.
i) The exterior product d"F ANu, F € S, is defined from
(d"F Au,hy A ha) t2(ayarz(m) = (Dth)<U ha) r2(a) — (Dth) (u, h1) 220y,
hy, hy € UX(M).
ii) The exterior derivative d"u of u € UX (M) is defined as
(d"u, hy A ha) L2(vyar2(vy = <Vhlu ha) L2 (v (VEQU, ha) 2 (ar
hy, hy € UX(M).
If w, hy, hy € C°(M) do not depend on the random element +, then
(d"u, by A ha) 2vyarz oy = — (s {1, ha k) 2 ().
We also have the relations
<dF(FU);h1/\h2>L2(M)/\L2(M F{d"u, hiAhg) t2ayarz(m +(d" F Au, hiAha) 2 (ayar2 (),
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F eS8, hy,hy,u e U*(M), and
(d"u, (Fhy) A ha) L2(mynL2 () = F(d"u, Fhy A ha) L2(MyaL2 (M)

F € S, hi,ho,u € UX(M). The following relation relies on the symmetry of the
trilinear form (u,v,h) — K(u,v,h) = [,, uvhdo, u,v,h € UX(M).

Proposition 8.1 We have for hy, ho,u € UX(M):

<dFU, hi A h2>L2(M)/\L2(M) = Dhl <U, h2>L2(M) - Dh2<U> h1>L2(M) - (U, {hh h2}>L2(M)-
Proof. We apply Relation (7.5):
Dy (u, ha) r2any = (Vi 1, h2>L2(M)+<u,Vglhg)Lz(M)—i-/M hihoudo, hy, ho,u € U (M),
and the fact that V' has no torsion. OJ

The exterior derivative d'u can be written in terms of the kernel V¥u(y) of Def. 7.3 as

(@ b A ) s = / / (Vouly) — VEu(@)) (b A ho) (e, y)o (dz)o(dy).
= [ [ (9huts) = Vhuta)m @) ha(y)(de)a(ay).

u, hy,hg € UX(M). The following Lemma is valid only in dimension one due to the

integrability property of the gradient of the Green kernel.
Lemma 8.1 We have
I ulsanon = 3 ) [ (Ful) - Viu)Potiatin. 1
u € UX (M), the right hand side being finite if dim M = 1.
Proof. Using the relation
|1 A hollL2anyaczany = Pl 2o 2|l 2oan = %th A ha||z2(ar2y,

we have

Hdru“%Q(M)/\LQ(M) = sup |<dFU, hy A h2>L2(M)/\L2(M)‘
”hl/\h?||L2(M)/\L2(M)Sl

= sup |<dFU, hy A h2>L2(M)AL2(M)’
h1AR2|l L2 (02 <V2

= 5/ | (Viute) = Viu)o(dn)atay)

As a consequence of this Lemma we obtain for u € U (M):

iz = [ [ (Thute) ooty - [ [ Thu@viuweano(a.
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9 Commutation relation and energy identity

In this section we obtain energy identities on configuration space and in particular
a bound for the damped anticipating stochastic integral operator 4. The following
result follows from Relation (5.4) applied to the first chaos random variable F' = §(h),

h € C*(M). A direct proof is available in this particular case.

Proposition 9.1 We have the commutation relation

D,o(v) = 6(VEv) + (u, V) r2(Mdo), U,V € CO(M). (9.1)

Proof. We have

D) = D, /0 " o)y (dx) = /M iwvdy = §(iw) + /M ()0 (dz)

= o(w) + Mv(x)divMﬁ(x)a(dx)

= ) + /M w(@)o(@)o(dr) = 5(VE0) + (u, v) 2 arae).

Given two vector fields U,V € C§°(M; T M), the usual bracket [U, V] satisfies
Dw,v) = DuDyv = Dy Dy,

however this bracket can not be used to state a commutation relation such as (9.1),
since here, Poisson integrals are naturally defined as integrals of real-valued functions

on M, not of vector fields on M, cf. also Prop. 9.1 above.

Proposition 9.2 Let u be a process of the form u = ZZ Y Fy and assume that for

alli,j=1,...,n, either i) F; is o(F;)-measurable, or ii) Q' (u;,u;) = 0. Then

E[S(u)ﬂ—i—E[ / / Dyu(x)f)xu(y)a(dy)a(dx)}

Bllulii] +28 | [ [ St Datpotinot).  ©02)
Proof.  We will show that as in the proof of Th. 4.3 of [7] or Th. 3.3. of [12],

an D,,F,D,,F;

ij=1

E[3(w)’] = Elllullizran) + 2E | Y FiDvr o Fi| +E

ij=1

The proof of this identity relies on the use of the damped gradient D and on the relation

E[Fz(DujDuz - Duz-DUj)Fj] = E[ED{Ujvui}‘F}L (9'3)
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if 0(F;) = o(F}), or Dy, Dy, — DyDy; = Diy, iy, if Q5 (u,u;) = 0, cf. Prop. 7.2. We

Us

have

E[5(uwiF3)d(u; Fy)] = E[FDy,6(u;F})]

= E[FDy,(F6(u;) = Dy, Fy)]

= E[FF;Dy6(u;) + F,d(u;) Dy, Fj = F,Dy, Dy, F}]

= E[FFj(ui, uj) 2 (i,do) + F'F‘S(VZZ-UJ') + F6(u;) D

On the other hand we have

>° (Do FiDuFs + F Dy o, Fi + FDey o F)

ij=1

= Y Dy FD,F;+2F / D, F;V), ui(z)o(dz)
M

ij—1

_ 1/ / D, Fyus() Dy Fyu (y)o (dy)o(dx)

+2ZZI/ / FyDy Fiui(y)0x(y)us (x)o (dz)o (dy)
. /M /M VP u(w) Dyuly)o(dy)o / / Dyu(e) Dyu(y)o(dy)o(de).

The following proposition is valid in particular if dim M = 1.

Proposition 9.3 Under the assumptions of Prop. 9.2 we have

5?1+ 2| [ [ oo, @ttt

Bllulisssanl + | [ [ Thuumotanotan),
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and

Bl +E[ [ [ emutaioynmotinotdn) + [l ulnzon)
Ellulaqan) + B IV ul2norzan] v € UR(M).

Proof. We use the relation

Q/M/Mvgu(x)bzw Jo(dy)o //Du )D,uly)o(dy)o(dz) =
/M/MVZU(LE)Vgu(Z/)a(dy)a(dx)—/M/M896(y)u(x)ay(x)u(y)a(dy)a(dx), (9.4)

and apply Lemma 8.1 and Prop. 9.2. 0

If dim M > 1 however, (9.4) becomes an equality between finite terms that are can-
cellations of infinite terms since we only have g(z,-) € WHY(M;TM), and Prop. 9.3

should be interpreted accordingly. Similarly we have
5(u | +E [/ / (Vgu(a:) — [?yu(x))(vgu(y) — Dmu(y))a(dy)o(dx)]
MJIMm
Blllisssinl + | [ | Thuvumotinatin).

If dim M = 1 we obtain a bound on the anticipating stochastic integral operator é:

E3(u)?] < ElllulZn+3E [IV"ul3nem20n| +2B |IDulBaunsrzan] - « € US(M).

There is a possible formal axiomatization of this construction in order to include simul-
taneously the path group and configuration space cases. For this one needs a damped

gradient written as

D,F = D,F + 6(q(u)DF),

where ¢(u) is a deterministic differential operator. In the configuration space case,
q(u) f will be the application of the vector field u to the function f on M. In the path
or loop group case, ¢(u)v will be the bracket [u, v] of two vector fields u,v € L*(R,,G),
see [1], [12], [13], where G denotes the Lie algebra of the Lie group G. In both cases
the determinism of g(u) is linked to the triviality of the tangent bundle. On the path
space on a Riemannian manifold, ¢(u) involves a stochastic integral of the curvature

tensor on M, cf. [9], [20], hence a different and more complex framework is needed.

26



10 De Rham-Hodge-Kodaira operator and Weitzenbock
type identity
In this section we give again a particular attention to the one-dimensional case which

appears to be more closely related to the setting of Lie group valued Brownian paths of

[12]. We consider M = R+ with o the Lebesgue measure and the integration by parts

I u(t)o =— [ u s)ds, u,v € C*(Ry). The Green function associated to
the problem —Wu = f, ( ) =0, is g(t,s) = =tV s. We have 0,(s) = —1jp4(s), and
@ is the function defined as u(t) = — fo s)ds, t € Ry, u € C°(Ry). From (5.2) we
have

1=n o0

D,F = — ZZUZTkl[OTk af(/ Uld%~~7/ Und7)> te Ry,
0

i=1 k=1

where Ty, k > 1, is the position of the k-th particle in the Poisson sample v. In other
terms, on cylindrical functionals of the form f(T3,...,7,), f € C;°(R"), n € N, we

have

Etf(Tla s 7Tn) = - Z 1[O,TZ](t>aZf(T17 s aTn)a le R-{-)

In the one-dimensional case, D is a modification of the gradient of [6], see also [11], and
Sobolev spaces ID,; of real-valued functionals are defined by completion of S under

the norm
|FIB, = IDF s,y + |2y = B [FGD + 1)F|, Fes.

The Sobolev spaces Do (I*(N)) of I*(N)-valued functionals of [21] rely on a discrete
parameter. In order to define Sobolev spaces of L*(R,)-valued functionals, we need

the notion of covariant derivative. We have
t R t
Zh YD, F; — Fih(t )/ u(s)ds = Dyv(t) — D(t)/ u(s)ds, teR,,
0 0

and
Zh t)DF; — Fihi(t)1j,4(s) = Dyv(t) — o(t)1oq(s), s,t € Ry,

where v € U°(R,) is a smooth vector field as in (2.3): in one dimension, the Poisson
case and the Brownian path group case are formally very close, see [12], although their

geometrical aspects are quite different.
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Corollary 10.1 We have the enerqgy identity

B3] = Ellulie )+ B| [ [T Vi, o ez,

and the Weitzenbock type identity

B [3w?] + B [ld"uls @ nizen| = B IV 0l orm] + B [l -
Proof. These formulas follow from Props. 9.2, 9.3 and Lemma 7.2, since the relation

0i(s) = —1jo,4(s) implies 0y(5)0s(t) = 0, 0 ® o(ds, dt)-a.e. O
Consider the quadratic form
aw) = B [3@)?] + B [ ld"ulfagoniom) | v € UP(RY).

We have
a(w) = B IV 0l 00w | = B [lulace,)]
The interpretation of this relation is that the Ricci tensor RY : UP(R,) — UX(R,)

of T under the Poisson measure is identity. We define the Sobolev space Dy 1(L*(R))

of Hilbert-valued functionals to be the completion of ¢°(R ) under the norm
g = a(w) = B [lul3eqe | + B IV g ommn] € USRY),
and deduce the following bound for the anticipating stochastic integral operator o
E5?] < uldy, weU(Ry).

Proposition 10.1 The de Rham-Hodge-Kodaira operator O = dd*+d*d is self-adjoint
on UX(Ry), it can be written as O = V*V + I, with

(Ou)(t) = ihi(t)gﬁFi+hi(t) / t D,Fids — hi(t)d(Filjo.q)

i=1
—Fithi(t) — Fihi(t) + hi(t) Do Fy + Fihy(t),  t € Ry,
if u e UP(RY) is of the form (2.83). The eigenvalues of O are greater than one.

Proof. 'We have

E[(V(Fh

) r22))

), V(G
= b { OOO /Ooo<h<t>bsF — Fh(t)1j4(3))(v(t) DsG — Go(t)119.4(s))dsdt
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= E {GSDF /O N h(t)v(t)dt — G / N h(t)i(t) / t D,Fdsdt
—F/Ooov /DGdsdt+FG/ tht )dt]

- B [GSDF /0 T he(t)dt + G /0 b)) DyFdt
+G/°O ()t ()/t DSFdsdt—G/Ooo o)) (Lo F)dt
—FG/ tdt—FG/ it )dt], F.GeS, hueCe(R,).
The relation
E(Ou,u) 2wy = q(u) > El{u,u)2@my],  w € UZ(Ry),

shows that the eigenvalues of O are greater than one. O

We also have

lull2.y = q(u) = E[(u, (Id + V*V)) 2], u € U (Ry).

11 Vanishing of the Ricci tensor in Poisson numer-
ical models

A configuration on Ry x [—1,1]¢ under the Lebesgue intensity measure can be con-
structed as a collection (7§, 7F,...,7%), k € N, of R, x [—1, 1]%-valued random variables
with (78)gen being a family of i.i.d. exponentially distributed random variables rep-
resenting distances between first coordinates of configuration points, and 7, ... 7%
k € N, denoting i.i.d. uniformly distributed random variables (the marks, or heights
of configuration points). In this manner, the Poisson space can be constructed as
the linear space of sequences RY with o-field @)~ , B(R) and infinite product measure

®20:0 L with either

1
pu(dt) = Lpeof(the™"dt or  pu(dt) = 21 (t)dt,

depending on the values of k € N. The k-th coordinate functional e; on RY is either
exponentially distributed on R or uniformly distributed on [—1, 1], depending whether
e; represents an interjump time or a “mark”. This space is a (non-Gaussian) numerical
model in the sense of [17], Ch. 1, Sects. 3 and 4. Let V a space of finite random sequences

(ug)gen satisfying suitable boundary conditions for integration by parts, i.e. ug(z) =0
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for 1, = 0 or 7, € {—1,1}, z € RY, according to whether y, is exponential or uniform.

We let 9 denote the gradient on RY.

Proposition 11.1 We have the Weitzenbock type identity
E[(d*u)2] + FE {(du, du>l2(N)/\12(N)} =F [(8u, 8U>12(N)®12(N)] s u € V,

1.e. the Ricci tensor vanishes under the Poisson measure.

Proof. We are in the setting of Ch. 1 of [17], integrating with respect to densities
of the form ettt = T[=! 91 with o;(t) = —t or @;(t) = 0,7 = 1,...,1. Let
dy denote the exterior derivative on R! and let dy, = e ?(dp)*e?, Oy = djdy + dodg,
and O, = did, + dydy,. Then, both in the exponential and uniform cases we have
Hess(¢) = 0 and

O, = Og + Hess(p) = Og = A.

Hence from Lemma 6.7.7 of [17],

<d2 (u), d; (u)) 2 (R,dp) T <d§0ua dgo”)LQ (R!,dyu;REARY)

= <D0U, U>L2(Rl,du) = <AU, ,U“>L2(Rl,d/1,) = <au, 8U>L2(Rl,du;Rl®Rl)-

We deduce the bound
Bl(du)?] < El|0ulfamerm), u € V. (11.1)

Remark. The vanishing of the Ricci tensor in Prop. 11.1 is due to the vanishing of
the second derivative of ¢, and can also be linked to the linearity of R* as a space of
sequences. On the other hand, the existence of curvature on I' is due to the nonlinearity
of .

These identities can be rewritten as

1 S) 0o
E[(d*U)Q] + éE ;ﬂ(@kul — @uk)z =F klzzoakulakul] ,

and

Bl(d*u)?] = E [(9u, (0u) ) emeew)] = E

Z (=@ — Opuy) (—@jug — 31%)] :

k,1=0
u € U(R;). The bound (11.1) has been used in the anticipating Girsanov theorem
on Poisson space, cf. Prop. 3 of [22].
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A different construction of differential forms on configuration spaces has been recently intro-
duced in S. Albeverio, A. Daletskii and E. Lytvynov, “Laplace operators on differential forms
over configuration spaces”, J. Geom. Phys. 37 (2001), no. 1-2, 15-46.
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