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Abstract

The gradient on a Riemannian manifold X is lifted to the configuration
space YX on X via a pointwise identity. This entails a norm equivalence
that either holds under any probability measure or characterizes the Poisson
measures, depending on the tangent space chosen on Y. More generally, this
approach links carré du champ operators on X to their counterparts on T,
and also includes structures that do not admit a gradient.
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1 Introduction

Stochastic analysis under Poisson measures, cf. [5], [6], has been developed in several
different directions. This is mainly due to the fact that, unlike on the Wiener space,
the gradient on Fock space and the infinitesimal Poisson gradient do not coincide

under the identification of the Fock space to the L? space of the Poisson process.

- The gradient on Fock space is interpreted as a difference operator and has been

used in e.g. [13], [15], [18].

- On the other hand, infinitesimal perturbations of configurations, cf. [6], [8], [10],
[19] lead to a gradient that defines a local Dirichlet form. The generator of its

diffusion process is constructed by second quantization, cf. [3], [5], [21], [25].

In this paper we work in the framework of analysis on configuration spaces of [1], [2],
3], [4], [11], [20], which unifies and links the two main approaches described above.
We lift the gradient on a Riemannian manifold X to the configuration space T of

X, independently of the measure chosen on YT*. The key result of [3] is retrieved
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via a simple argument, by taking expectations under a Poisson measure on T*. We
also obtain an integration by parts characterization of the Poisson measures on T,
stating that the creation and annihilation operators on T¥ are mutually adjoint only
under such measures. More generally, we compute the carré du champ operator I'T
of the second quantization of structures on X that are not necessarily associated to
a gradient.

We proceed as follows. In Sect. 2 we work on the configuration space TX and state
a unitary equivalence of gradients on T that holds pointwise. Sect. 3 is a simplified
exposition of basic results on configuration spaces, cf. [3], [16], [17]. We show that
these results can be proved without using a measure on Y*. In Sect. 4 we obtain an
integration by parts characterization of Poisson measures on configuration spaces.
In Sect. 5 we compute the carré du champ of second quantized operators in a more
general setting, for structures that do not necessarily admit a gradient. In Sect. 6
we study the consequences of this relation on the stochastic integration of adapted
processes with respect to a Poisson random measure. We work for processes indexed
by X without referring to a particular notion of time. Sect. 7 is devoted to the
gaussian case, in which both notions of gradient (finite difference and infinitesimal)

coincide.

2 Differential calculus on configuration space

Let X be a metric space with Borel o-algebra B and a diffuse Radon measure o.
Let €, denote the Dirac measure at x € X. The results of this section hold without

referring to a particular probability measure.

Definition 1 Let T denote the configuration space on X, that is the set of Radon
measures on (X,B) of the form Y=V e, with (x;)i=% C X, x; # x; Vi # j, n €
N U {o0}.

The configuration space Y¥ is endowed with the vague topology and its associated
o-algebra, cf. [3]. The assumption that X is a metric space is needed in the above
definition in order to restrict T¥ to configurations that are finite on bounded sets.
By a convenient abuse of notation we will identify v € T to its support {z € X :
v({z}) = 1} and denote v\{z} by y\z, resp. yU{z} by yUz, z € X. A process
u: X x T¥ — R will be denoted by {u,(vy) : (z,7) € X x YX}. The following

operators have been introduced in [17].



Definition 2 For any x € X and any mapping F : YX — R let ef F : T*¥ — R
and e, F : TX — R be defined by

[ Fl(v) = F(\2), and [efF](y)=F(yuz), ~yeT¥
If u: X xT¥ — R is a given mapping we let

e u(7) = (5 ua(7))zex = (Ua(1\2))aex and e7u(y) = (7ua(7))rex = (ua(YUT))0ex-

Remark 1 We have e et =¢ct and ete™ =¢~.
Proof. Let x € X. We have

g6 () =F((\\2)Uz) = F(yUz) =, F(y),

T T

and
efe, F(7) = F(yUa)\z) = F(Y\z) =, F(y), yeT¥. O

Consequently, e, X F(y) = F(v) on {(z,7) : « € v}, efe, F(y) = F(y) on {(z,7) :

P gt

x ¢ 7}, however €/ is not inverse of .

We now further assume that X is a Riemannian manifold. Let 7,X denote the
tangent space at x € X, let TX = UpexT, X, let L2(TX) = L*(X,TX,v) denote
the “tangent space” to TX at v € TX, cf. [3], and let L2(TX) = L*(X,TX, o).

Definition 3 Let
sz?":{f(/Xsmd%---,/Xsondv), P15 o0 € CZ(X), [ eGERY), nG]N},

fP:{f(/Xsold%-..,/Xsondv), ©1,---, 00 € CO(X), f e PR, nGIN},

and

ucwz{zFluz : ul,...,unGCCOO(X), Fla"ane‘FCI?o? 7121},

i=1
UP:{ZFiui DUy, .., u, € CO(X), By, F, € FP, nZl}.
i=1

Let VX denote the gradient on X. The following gradient has been defined in [3],

5).



Definition 4 For F' € FC.,° UFP of the form

F=f</ sold%m7/ sonch), Q1,5 n € C(X),
X X
let A,

=1

Each vector field v with compact support on X defines a curve (¢y())icr, in X
starting at « € X, and a curve (¢} (7))ier, in T starting at v € T, with ¢}(y) =
{¢?(x) : x € v}. With this notation, VT on T¥ can also be defined by

v(y) — F
< VTF< ) v >L2(TX = l% (QZ)E(V)(; (7), F e ]:C;,’O,

cf. Sect. 2.3 of [3]. The following result shows a unitary equivalence between V¥

and the gradient VX on X via ¢t and ™.
Proposition 1 Let F' € FC;° UFP and v € X. We have
ViF(y) =e,VYe[F(7) on {yeT* : zen}, (1)
and
IVIF() = VY F(y) o {re X : aga) )

Proof. Let F = f([x1dy,..., [x endy), * € X, v € TX, and assume that z € 7.
We have

ViF(y) = &f (/ sold%---,/xsondv> V¥ei(x)

= Yo (w@+ [ edo\e). o on@) + [ pud\e)) T¥i(a)

=1

= P (a@+ [ odNa), . onla) + [ o)
= Vielf (/ prd(Y\z), . /vﬁn 7\%)
= (V¥&EF) (\a).
If © ¢ ~, then
efVLF(y) = Z@f (sol(x)+/X901d%---,<pn(fc)+/x<pndv) V¥pi(x)
= V¥f <901(x)+/X901d77---790n(37)+/x¢nd7)
= V¥f (/X o1dry, . .. ,/}((pnd’y) = V¥t F(y). O

Let us mention the consequences of this identity.



Remark 2 For F,G € FC;° U FP we have the isometries
<VYENV'G>pex) = <e VTR e Ve G >pex), 7T (3)
and
<e'WVIFe™VIG >0rx) = < VY P, VYTG >y - (4)

Proof. This follows from the fact that for fixed v € T, (1) and (2) hold respectively

v(dx)-a.e. and o(dz)-a.e.
(]

This extends the relation
< VT/ Ud’)/,VT/ 'Ud’}/ >2(rx)=< VXU,VX’U >12(TX)
X X Y vy

for deterministic u,v € C2°(X), which is interpreted in [3], Sect. 3.4, Relation (3.30),
as a lifting to Y of the geometry on X. In the next sections we will show that

taking expectations in (3) under a Poisson measure with intensity o yields Th. 5-2
of [3], cf. Cor. 2 below.

3 Multiple integrals

This section is a self-contained and simplified exposition of basic results in analysis
on Poisson space, cf. [16], [17]. The difference is that they are stated on configuration

spaces and that here their proofs do not make use of a (Poisson) measure on T,

Definition 5 For x € X we define the difference operator D, on F : ¥ — R as

D,F(y) =¢fF(y) = F(y)=F(yUz) - F(y), ze€X, yeTx,

xT

and the operator 6 on u: X x TX — R with u(-,7) € L'(X,0), v € T¥, as
() = [ eru()(2(de) —odr) = [ u(3\x)(3(dr) = o(da))

provided the series converges.

The operator D satisfies the finite difference identity

D,(FG)=FD,G+GD,F+D,FD,G, z¢€X, F;G:T* — R. (5)



One has

5(u):/Xudfy—/xuda:z:u(x)—/Xuda, u € Co(X).

xey
Since o is diffuse, for u : X x TX — R we have u,(7\z) = u.(y), o(dr)-a.e.,

v € TX, hence
J w\e)(dn) = [ wdo, 5 €T, (6
X b
and
o(w) = [ eru(y)rde) = [ w()o(dr), v e T,
For the same reason the action of D coincides in L*(X, o) with that of the symmetric

difference operator defined in [17], i.e.

D,F(y)=F(yUz) — F(y\z), o(dr)—a.e., v€ Tx.
Remark 3 With this notation the isometry (3) of Remark 2 becomes
<V'EV'G>pax) = (< V¥DF VDG >1x)+ < V¥DF,V¥DG >p3rx),
veTX, F,G e FC;*UFP.

Relation (4), however, can not be formulated using the operator §. The following
proposition is a classical result in Poissonian analysis. Its proof is usually stated
under a Poisson measure, via the Fock space or the Kabanov multiplication formula.

Here we use a simple trajectorial argument.

Proposition 2 Letu: X xT* — R and F : T* — R such that u(-,v), D.F(v),
u(-,7)D.F(y) € LY(X,0), Vy € TX. We have

Fo(u) = 6(uF) + (u, DF) 12(x.¢) + 6(uDF),
provided the series converge.
Proof. 1f = € ~ we have
e DoF(3) = 765 F() = &, F(3) = F(9) = £, F(9) = F(y) = F(1\a),
hence
S(uDF)(7) = [ w(\e)D.F(\a)y(da) = [ u(\o) DoF (1 \@)or(d)

— [ e\ P (dr) = [ w\e) PO\ (de) = (DF (), u(1)) 2
= FO)3@)() = 5uF)() = (DF(), u(N)z2(ca)



since from (6),
F) [ w\a)oldn) = F() [ (o) = [ FO\)u(\a)o(da). O
For f, € C.(X™), the multiple integral
L(B) = [ folon o m)(dn) = o(de)) - (1(de,) = o(dz,)
can be defined without probability, with
Ay ={(x1,. .. 2,) € X" ¢ x; # a5, Vi j),

cf. [15]. We denote by f, ® g, the tensor product of two functions f, € L*(X, o))"
gm € L*(X,0)®™, defined as

fn ®gm('r17 e Ty Yty - - aym) = fn(xh s 7wn)gm(y17 s 7ym)7

(T1y oy Ty Y1y - -+ Ym) € X™T™. The action of D and 6 on multiple integrals is given

by the following proposition.

Proposition 3 We have for f, € C.(X™):

L) = Laty 32 T (ful o)) @€ X,
i=1 i—1 n—i
and for g, € Co.(X"*1):
O(Ln(gn(*,-))) = Ins1(gn)- (7)

Proof. Let 7 = v —o. We have, using the relation 1a, (21, . . ., 2, )es(dz;) e, (dz;) = 0:
L) = Da [ fulor,.w)i(de) - 5(dr,)
= [ o) TG ) + (1= 2 (G
= [ F@) - f)Adn) - A(d)

i=n

= Y [ o)

=1

(dy) - (dxs) - - Y(dw,)

\Qz

= 7({z}) ZIM w(mes), TeX,
1=1

i—1 n—i



where 2; and 7(dx;) respectively denote the omission of z;, and 7(dx;). On the other

hand,

0(In(ga(x ) = [ lgn(an,... 2, 2))(\2)3(d)

= /An-H gn(l‘l, R .’L’)’?(dl‘)’?(d(pl) e ”)‘/(dl’n) — n+1(gn)~ 0

In (7), the integral I,, operates on any (n — 1)-subset of the n variables (x1, ..., z,).

If f,, is symmetric then

Dm]n(fn) = 1{x¢7}n[n_1(fn(*,l’)), r e X.

Moreover, since o is diffuse we have

D.L.(fn) =nl, 1(fn(x,2)), o(dx)—a.e.

Prop. 2 implies the Kabanov multiplication formula, i.e. taking f,u € C.(X) and
F = L,(f®") we have

L)L (") = Lyt (u® ) +n(u, f) 2o In-1 (fE" ) 40l (uf)@ 2 70). (8)
We use the convention Iy(fo) = fo, fo € R.

Remark 4 Relation (8) implies that FP coincides with the vector space generated
by
{L(i®-®f) @ fi,. . . fn€eC(X), ne N}

This remark shows in particular that a linear relation on /P needs only be proved
on elements of the form I,,(fi ® -~ ® f), fi,..., fn € C°(X), n € N. We end this
section with a definition that usually requires the notion of Fock space, but can also

be stated on configuration spaces.

Definition 6 The differential second quantization of an operator H : C°(X) —
C°(X) is the operator dI'(H) defined as

dU(H)F = §(HDF), F € FC®UFP.



4 Integration by parts characterization

Let 7, denote the Poisson measure with intensity o on T¥, such that v +— ~(A4) is

Poisson distributed with mean o(A), A € B, and such that

{/ Spld’)/a"'a/ Spndf)/}
X X

are independent random variables if o1, ..., ¢, € C.(X) have disjoint supports. For
fn € LA(X,0)®" and g, € L*(X,0)®™, let f,®g, denote the symmetrization of
fa ® gm in m 4+ m variables. The multiple integral I,(f,) satisfies under m, the

well-known isometry property

(In<fn); [m(gm))LQ(TX,frg) = 1{n:m}n!<fnagm)L2(X,o)®”

for f,, gm in the symmetric tensor products L*(X,0)®", L*(X, 0)®™, which allows to
extend the mapping I,, to a continuous operator from L?(X,0)®" into L2(Y¥, m,).

A linear isometric isomorphism is constructed between the symmetric Fock space
[(L*(X,0)) = é LA(X, o)
n=0
and L?(YX, 7,), associating f, € L*(X,0)®" to I,(f,). The operators
D :T(L*(X,0)) — I'(L*(X,0)) ® L*(X,0)
and
§:T(L*(X,0)) ® L*(X,0) — T(L*(X,0))

are identified from Prop. 3 to the gradient and divergence operators on I'(L?(X, o)),
i.e.

Dfo" = pfP-D g £ § (f®” ® g) = f"0g, f,g¢€ L*X,0). 9)

The following well-known result follows from the identification of L2(Y¥,r,) with

D(L*(X,0)).

Proposition 4 Under 7, the operators D : L*(YX, 1,) — L*(Y¥,71,) @ L*(X,0)
and § : L*(YX,7,) @ L*(X,0) — L*(YX,7,) are closable and mutually adjoint,
with

E: [(DF,u)p2(x,0)] = E[Fd(u)], FeFCr, ueclCy.

We now show D and ¢ are mutually adjoint only under {7, ® o, 7,}. This converse

to Prop. 4 completes the analog result of [3] concerning V¥ and its adjoint div;f.



Proposition 5 Let © be a probability measure on Y~ such that Vh € C*(X),
Ii(h)(= 6(h)) has finite moments of all orders under w. Assume that

E;[6(u)] =0, YuelP, (10)
or equivalently
En [(DF, h)12(x0)| = Ex [FO(h)], VF € FP, heCX(X). (11)
Then 7 is the Poisson measure m, with intensity o.

Proof. First, we note that from Remark 4, if I;(h) has finite moments of all orders
under 7, Vh € C°(X), then d(u) is integrable under m, Yu € UP. Relation (10)
implies (11) from Prop. 2. Conversely, if

Er [5(9Lu(f*")] =0, f.g € CX(X),
then E; [6(gl,.1(f®"))] = 0, since
E [8(9) L1 (F) = (g, DLusa (FEU D)) 12| = 0,
and from the Kabanov multiplication formula (Prop. 2):

5(9]n+1(f®(n+1)))
= 5() L r (FZ" ) = (g, DLusa (F" ™)) p2(x.0) — (0 + 1D)S((9) 1 (F57)).-

Hence by induction, (11) implies (10), given Remark 4. Let us now show that 7 = 7.

We have for h € C°(X) and n > 1, using (11):

e ()= o (o)™ () [ )

~ E -<h,D</th7>nl>L2(Xp) +</tha> E, l(/}{m)nl]

h(z) (h(:c) + [ hd(y\@)"‘lg(dx)]
: [oha) (h)+ [ nn) U(dx)]
) k}gl(n; ) (J prrdo) B [(/th'y)k].

This induction relation defines the moments of v +— [ hdy under 7. Moreover it

= F,
X

- b

holds under 7, from Prop. 4, hence the moments of v — [y hdy under 7 are that

10



of a Poisson random variable with intensity [y hdo. By dominated convergence this

implies
B, [exp (zz/ hdv)] = exp/ (e*" —1)do, ze€R, heCX(X),
X X

hence m = 7.

This proposition can be modified as follows.

Proposition 6 Let 7 be a probability measure on YX such that §(u) is integrable,

Yu € UCy°. Assume that
E,[6(u)] =0, uelUC, (12)
or equivalently
Ex [(DF,u)r2(x.o)| = Ex [Fé(u)], F € FCF, u € UCY. (13)
Then m is the Poisson measure mw, with intensity o.

Proof. Clearly, (12) implies (13) as in the proof of Prop. 5. The implication (13) =
(12) follows in this case by taking F' = 1. Denoting the characteristic function of
v+ [ hdy by ¥(2) = Ex[exp (iz [y hdy)], z € R, we have:

jzw(z) = B, /X hd~y exp (iz/}(hdv)]
= iF, :5(h) exp (zz/X hdv)] +iE, [/X hdo exp (zz/X hdv)]
:(h,DeXp (ZZ/X hd’y))m(x’g)] +iw(z)/tha

= i(h, e — 1)L2(X,(,)E7r {exp <zz/ hdv)} + Z@Z)(z)/ hdo
X X
= ip(z)(h, e"Zh)Lz(ng), z € R.

= b,

We used the relation

D, exp (zz/ hdfy) = (M@ — 1) exp (zz/ hd’y) , reX,
X X

which holds from the definition of D, as a finite difference operator, cf. Def. 5. With
the initial condition ¢ (0) = 1 we obtain

¥(z) = exp /X(e”h —1l)do, z€R. O

11



Corollary 1 Let 7 be a probability measure on YX such that I,(f*") is integrable
under w, Vf € C(X). The relation

En [L(f*")] =0, VfeCX(X), n>1, (14)
holds if and only if m is the Poisson measure m, with intensity o.

Proof. 1f (14) holds then by polarisation,
Eﬂ [6(Q®In(fl - ®fn))] = 07 g?fla“'?fn € CSO(X>7 n > 07

and from Remark 4, E [d(u)] = 0, w € UP, hence m = 7, from Prop. 5.

In the sequel we make the following hypothesis.
Definition 7 We now assume that
(1) X is a Riemannian manifold with volume element m,
(ii) o(dx) = p(x)m(dx) with p € L (X, m),
(ii) divX is defined on every VXf, f € C2(X), with

/X g(2)divXVX f(2)o(dz) = /X < V¥g(2), VX f(2) >px o(de), f.g € CHX).

Let also HX denote the Laplace-Beltrami operator on X, defined as HX = divX V~.
As a corollary of our pointwise lifting of gradients we obtain Th. 5-2 of [3], page 489,

by taking expectations in Remark 3, and a characterization of the Poisson measure.

Corollary 2 (i) The isometry relation

En [< V'F, V"G >parx)| = Ex [< VXDF,V¥*DG >p20x)|, F,G € FCY,
(15)

holds if m is the Poisson measure m, with intensity o.
(ii) Under the hypothesis {HX f : f € C(X)} = C=(X), Relation (15) implies

that m = 7.

Proof. (i) Remark 3, Prop. 4 and Prop. 5 show that (15) holds if 7 = =,. (i)
if (15) is satisfied, then taking F = I,(u®") and G = I;(h), h,u € C°(X), gives
En [6 (< VXDE,VXh >rx)| = 0, ie. By [6((HXB)ul, 1 (u®@ V)] =0, n > 1,

hence m = 7, from Cor. 1.

12
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Remark 5 Instead of 0, the proof of Relation (15) in [3] consists in using (2) and

the relation
E.. [ /X e < VIE, VTG > x a(dw)] _ B, [ /X < VIE VG >px v(dx)] ,
F,G € FCy°, cf. e.g. [14].
Let div}a denote the adjoint of VY under 7,, defined as
Er, |[Fdiv) G| = E., |[<VF,VYG >0,

on G € FC;° such that FC,° 5 F — E,, [< VIF VG >L%(TX)} extends to a
bounded operator on L?(Y¥, 7,). By density of FC;° in L*(TX,7,) it follows from
Cor. 2 that under =, div;raVT coincides with d'(HY). The following remark is
connected to Th. 1 of [23].

Remark 6 Assume that there exists a unique probability measure o on (X, B) such
that
/ FAVIVE pdo =< VX £, V50 > 00y, 0, f € CX(X). (16)
X

(1) Let p be a probability measure on (X, B). The relation
E, [/X ux(v\x)divaxap(x)v(da:)} =FE; {< V¥, V¥ >L3(TX)] , (17)
u € UCK,p € CX(X), holds if p=0 and ™ = 7,.
(1) If (u) is integrable under 7, Yu € UC°, then under the hypothesis
(HXf + feCr(X)}=Cx(X), (18)
Relation (17) implies p = o and ™ = 7.

Proof. (i) From the above discussion, (17) is satisfied if 7 = 7,. (ii) Taking u = f €
C*(X) in (17) implies p = ¢ from (16). Moreover from (17), Relation (16) becomes

E, [/X ux('y\x)Hfgo(x)'y(dx)} =FE, [< V¥, V¥ >L3(TX)} =E; [< u, HX ¢ >L2(X70)} )
i.e.
Er 6 (uH p)] =0, uwelCy, ¢ eCx(X),

hence 7 is the Poisson measure 7, with intensity ¢ from Prop. 5, under the hypothesis

(18).

13
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In particular one can choose X to be the Wiener space as in [23]. In this case, o is
the Wiener measure from the integration by parts characterizations (Th. 1.2) of [22].
Finally we mention a result also known as the Skorohod isometry, which can be

proved from Prop. 2 and will be used in the sequel.

Proposition 7 For v € UP UUC;° we have
Er, [0w)] = E[Julfc] + E| [ [ Dauty) Dyut@)otdniotdy)] . (19
Proof. We have, applying Prop. 2 and the relation D,0(u) = u(x) + §(D,u):

Er, [6(u)?] =

q:‘tq

6(ud(u)) + (1, DS(w)) r2(x.0) + O (uDd(u))]
. :(u,D(S(u))m(X,J)]
ity + [ ul@)o(Don)otda)

[ullaxy+ [ Dyu(@) Do (dnio(dy)|. O

[
S

I
5@1

5 Second quantization and carré du champ oper-
ators

In this section we compute the carré du champ operator associated to second quan-
tized operators. The difference with the previous sections is that we are not restricted
to the structure given by V*. The following definition is adapted from [24], cf. also
9].

Definition 8 Let M be a metric space with Borel measure v. The carré du champ
associated to an operator H defined on a domain D C L*(M,v) stable by pointwise

multiplication and by H is the bilinear operator T™ : D x D — D defined as

™M (p, ) = (HM(W) eHYy —ypH9), ¢, 0 €D.

- The operator T'M is local if it satisfies the property
Mo, 0) = 9T (9, 0) + T (¢, 0), ¢, ¢ € D.

- The operator H™ is said to be conservative on D under v if

/ (HMu)dv =0, Yue D.
M

14



Only the conservativity assumption makes use of the measure v. If I'™ is local, then

HMf((plvvgpn> = Xn: alajf(gphvgon)FM((p“(pJ)

ij=1
+> 0 f (1, o) HM @iy 91,00 €D,
=1

feP@R"), and HM is called a diffusion operator. The following lemma shows how

to compute the carré du champ of a second quantized (or “lifted”) operator.
Lemma 1 Let H* be an operator on C3°(X) with carré du champ TX.
(i) The carré du champ of dU'(HX) is

1
I(F,G) =4 (T*(DF, DG))—5 ((DF, HXDG)12(x.0) + (HXDF, DG)12(x.)) ,

(20)
F,G e FC.

(ii) If HX is conservative on C°(X) under o, then
I"(F,G) = § (I"(DF, DG)) + / IY(DF,DG)do, F,G e FC®.  (21)
X

Proof. We have from Prop. 3 and (5):

;dr(HX)(FQ) — ;6(HXD(F2)) =6 (FHYDF + HX(DFDF))

= F§(HXDF) — (DF,H*DF)2(xq) — 0 (DFH* DF)
+3 (DFHYDF +TI'X(DF, DF))
= FdU(HX)F — (DF, H*DF)12(x ) + 0 (TX(DF, DF)),

hence (20) holds. If H¥ is conservative on C>°(X) under o,
1
—5 ((DF.HYDG) 2.y + (HYDF, DG)pox.)) = /X IX(DF, DG)do,

hence (21).

If H* is conservative on C°(X), then we can also write
DY (F,G)(y) = /X IX(D,F, D,G)(Y\e)y(dzx), F,G e FC.

Proposition 8 Let HX be a conservative diffusion operator on C(X) under o with

local carré du champ T'X. Then
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(i) dU(H™) is a diffusion operator with carré du champ

I"(F,G) = 6 (TX(DF, DG)) + / IX(DF,DG)do, F,G e FCX.  (22)
X
(ii) dT(HX) is conservative on FCy° under m,,

(iii) the Dirichlet form (F,G) w E(F,G) associated to dI'(H*) and defined as
E(F,G)=E,, [FT(F, G)} satisfies

E(F.G) = E,. [/ IX(DF,DQ)do|, F.G e FCr.
X

Proof. (i) Given Lemma 1 it suffices to prove that the locality property is satisfied.
We have D(F?) = 2FDF + DFDF and

5 (T¥(D(F?), DG)) + /XFX(D(F2),DG)da
= 20 (FT*X(DF, DG)) + ¢ (T*(DFDF, DG))
2R /X X (DF, DG)do + /X X (DFDF, DG)do
= 20 (FT*X(DF, DG)) + 26 (DFTX(DF, DG)) + 2(DF,T*(DF, DG))) 12(x.0)
YOF /X X (DF, DG)do
= 2F¢ (FX(DF, DG)) +2F /X I'*(DF,DG)do = 2FTX(DF, DG).
The statements (ii) and (iii) are a consequence of Cor. 2, Prop. 5 and (22): the

conservativity of dI'(HX) states that E, [0(HXDF)] = 0, F € FP, and (iii) holds

because E, [§(T'*(DF, DG))] =0, F,G € FC;°. .

In particular if H¥ is the generator of a local Dirichlet form £ on X with carré du
champ 'Y, then dI'(H¥) is the generator of a local Dirichlet form on T with carré

du champ
I''(F,G) = 6(T"(DF, DG)) + EX(F,G), F,G € FC.

As a particular case, for HX = divy VX we retrieve Remark 3 which holds inde-
pendently of the measure 7 chosen on Y¥. In the following corollary we use the

assumptions of Def. 7.

Corollary 3 The differential second quantization dU(HZX) of the Laplace-Beltrami

operator HX = divaX on X 1s a diffusion operator with local carré du champ

I(F,G)(v) =<V 'F,VYG >121x), F,G e FP. (23)
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Proof. From Prop. 8 it suffices to prove (23). Given Prop. 8, the mapping
(F,G) »<V'F,V'G >p20x), F,GeFP,

satisfies the locality property since VY is a derivation. Since I'T is also local from
Prop. 8, it suffices to prove that (23) holds for G(v) = [y udy and F(vy) = [y vd,

u,v € C*(X). Since u and v are deterministic, we have from Prop. 1 and (22):
(VYEV'G)rzrx) = / < V*u, V¥ >1,x y(dz) = / I (u, v)dy
X X
= 5 (M) + [ T¥(w,0)do =T(F,G),
X

I'* being defined as T (u, v) =< V¥u, VX0 >12(rx), u,v € C°(X).
O

Relation (23) shows that I'C is the carré du champ associated to the Dirichlet form
of Th. 4-1 of [3]. If F = I(u) and G = I,(v), u,v € C*(X), are first chaos random

variables we retrieve as a particular case the identity

IY(E.G) ) = [ 1w v)dy,

which is apparent in e.g. Relation (4.7) of [3], page 476. This also shows that the

expression of d['(H2X) for first chaos random variables:
dU(Hz ) f </ s01d%---,/ sond7>
X b
= >.0f (/ sold%---,/ sond'y> / HZ pidy
= X b X

+ Z 0,0, f (/X p1dry, . .. ,/Xgpnch) /X < VXSDZ‘,VX@J‘ >rx d,

ij=1
cf. (4.3) and (4.7), pp. 474 and 476 of [3], can be extended to Fi,..., F, € FC:
dF(Hg)f(Fh)Fn) = iazf<F1a7Fn)dP(Hf)E
i=1
+ 3 0:0,f (F1,...,F) TY(E, F).
ij=1

Th. 9-18 of [5] also follows from the application of (23) to the special case of adapted

functionals.
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6 Stochastic integration

In this section we work with the triple (HX,EX T'X) of conservative generator,
Dirichlet form and carré du champ given by VX. If X = R, then it is well-known
that div}o and ¢ o divy both coincide with the compensated Poisson stochastic in-
tegral on adapted processes, cf. [10], [15], [19]. We show that this property is a
consequence of Prop. 8 and can be extended to a Riemannian manifold X using
a definition of adaptedness that does not require an ordering on X, extending the

Wiener space construction of [26].

Definition 9 Let V = {V*h : h € UC;®}. Let u: X x YX — TX be a mapping

n YV written as

w=3 FNV*h, Fi,...,F,€FC® hi,... h, €C(X).

i=1
(i) v € V is said to be a VY-adapted vector if < VXhi(z), VIF(y) >7,x= 0
Vee X, yeYX, i=1,...,n.

(1) v € V is said to be a D-adapted vector if for all i,j € {1,...,n}, x € X, and
v e TX:

< V*hi(2), VXD, Fj(y) >r,x=0 or < V*h;(z),V*D,Fi(7y) >r,x=0,
(24)

for at least one such representation of v.

(iii) Let L2,(TX x X, TX) denote the completion under the norm

/X (diva) ’ dcr} v

of the subset of V made of vectors that are both V' -adapted and D-adapted.

v = vl L2 (rx xx 7 x3m0) + Ero

If X = R,, then processes which are adapted in the usual sense with respect to
the canonical Poisson filtration are identified to VY-adapted vectors. We define the

bilinear form trace, on T, X ® T, X by
trace,u @ v =< u,v >1,x, u®vel,XT, X, veX.
The following proposition shows that the operators div;ra and J o divf coincide on

L2,(Y¥ x X, TX) with the Poisson stochastic integral.
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Proposition 9 (i) Let m be a probability under which div,V*h is defined, h €
C>*(X), and such that FC;° is dense in L*(YT*, 7). We have

diviv = i Gidiviv¥h, — / trace, VYv(z)y(dz), (25)
X

=1

where v € V is written as v(x,v) = Y'=F VX (2)Gi(v), x € X, v € TX.
(i) If  is the Poisson measure 7, with intensity o, then

divzav:/Xdivadv—/Xtracexv;rv(x)v(dx), ve. (26)

(i4i) For all simple VY -adapted vector v € V we have

div;fa (v) = §odivy (v) = /X divXvdy. (27)

(iv) The Poisson integral extends to L2;(YX x X, TX) as a continuous operator

with the relation
divY (v) = 6 o div¥ (v) = /X diviudy, wve L0 x X,TX),  (28)

and the equality
E. [(5 o div¥ (v)ﬂ = B, [ldiviol2ax ] v € LY x X, TX). (29)

Proof. (i) We assume that v is of the form v = GVXh with h € C°(X) and G € FC;°.
We have GVYF = VY (FG) — FVTG, hence

E. [G <VYF VXh >L?Y(TX)}
= Ex [< V(FG),V*h >pz0x) —F < V'G,V¥h >p0x)]

i.e.
Eq [Fdiviv] = B, [F (GdivV¥h— < VG, V¥h >121x))| . F € FCY,

hence (25).

(ii) Cor. 2 shows that under 7,
Er, [(VTF,V ) 2x)] = EBn, [< VXDE,.V¥h >0, heCE(X),
i.e. since [y divy VXhdo = 0:

E,, |Fdiv} (v)] = B,

o

[F5 (div) V¥h)| = Ex, [F /X divy Vthv} , FeFcy,
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hence
divY (v) = /X div¥ V¥ hdy,
which implies (26) from (25).
(iii) If v € V is VT-adapted then < V¥h(z),VIG >r x= 0, x € X, hence
trace, VYv, = 0, which proves (27) from (25) by linearity.
(iv) For all D-adapted vector v € V we have

/X /X DmdiVi(U(y)DydiV§U($)U(dx)g(dy>

= Z < divaxhi, DGj >2(X,0) < dinVth, DG, >12(X,0)

ij=1

= Z < VXhi,VXDGj >L§(TX)< thj,VXDGi >L§(TX): 0,

ij=1

hence the Skorohod isometry (19) shows that (29) holds, and 6 o div extends to a

continuous operator on L2,(T¥ x X, TX), which proves (28) by density.
O

If X =R, o being the Lebesgue measure, we find the classical result

divy (v) = dodiv) (v) = —=8(V*v) = — VX¥u(t)dNy,
Ry

for VXv € V, v = 0 on R_, adapted to the canonical filtration of the standard
Poisson process (Ny)ier, on Ry, cf. [10], [15], [19].

Remark 7 By duality, (28) shows the projection identity
E[<VTF7 U)L?/(TX)] = E[(VXDFv U)IP(X,U)]? F e fc?? (30)
for all VY -adapted vector v € V.

In case X = Ry, (30) can be interpreted as an equality between the adapted pro-
jections of VY F and VX DF with the respect to the canonical Poisson filtration, cf.
[19].

7 The Gaussian case

The aim of this section is to examine the Gaussian counterpart of the above con-

struction. We consider a centered random Gaussian measure W with variance o on
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the Riemannian manifold X, on a probability space (Q,u). For h € L*(X,0), the
first order stochastic integral of h is denoted by

L(h) = / h(z)W (dx).
X
If {hy,...,hq} is orthonormal in L?(X, o) and ny + -+ - +ng = n, let
Li(hY™ @ -+ ©hg"™) = Hy, (1(h)) - Ha,(Ii(ha)),

where (H,)nen denotes the family of Hermite polynomials. The isometry property

(In(fn)a Im(gm))LQ(Q,u) = 1{n:m}n'(fm gm)LQ(X,o)Q”

allows to define I,,(f,,) for any f, in the symmetric tensor product L?(X,c)®", and
to identify L2(2, 1) to the Fock space I'(L*(X,c)). Under this identification the
annihilation operator D becomes a derivation operator. Let § denote the adjoint
of D, also called the Skorohod integral, and defined as in (9). The construction
presented here does not rely on Brownian motion as in [7], [12]. It is in fact the
direct analogue of the construction presented above on configuration spaces. Let

VW be the gradient defined on
S={fLi(l),... Li(h,)) : f€CR"), hi,... h, € CZ(X)}

by A
VVF =30, f(Ii(m),...,[1(h,))V*hi(z), 2 € X,

i=1

for F' € S of the form F = f(I,(hy),...,[1(hy)), i.e. for u=V¥h, h € C*(X):
(VVF uwzaxy = >0 f(Li(h), ..., 1i(ha)) (V¥ hiyu) 2 )
i=1

= Y 0if(Li(h), .o, Ii(ha)) (hiy divyw) 2 x.0)s
=1

or more formally:

F vy - F
(VY Fu)rzexy = lim (dWMWJSdU) (W)

Given the relation

Dof(Li(h), ..., Ii(hy)) = foaif(ll(hl), L) hi(2),, € X,
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in the Gaussian case the relation between V'V, VX and D becomes simply
VWF=V*D,F, ze€X, FeS,

in other terms, according to the terminology of Sect. 3.1 of [3], on the Wiener space
D coincides with the flat gradient, which is not the case on the Poisson space.

The following result applies in particular to the Laplace-Beltrami operator HX =

divy vX.

Theorem 1 If HX is an operator on C*(X) with carré du champ T'X, then dU(HX)

1s a diffusion operator with carré du champ

'(F,G) = —((DF, H*DG) + (DG, H*DF)), F,G€S.

1

2
If HX is conservative on C°(X) under o, then T (F,G) = T*(DF, DG), F,G € S.
Proof. We have

dl(HX)(FG) = 6 (H*D(FG)) = 6 (FH*DG + GH*DF)
= F6(H*DG) + G3 (H*DF) — (DF, HXDG) 2(x0) — (DG, HXDF) 12(x.)
= FdU(HY)G+ GdTU(HY)F — (DF, H*DG)2(x,0) — (DG, H* DF ) 12(x 1),

hence

I(F,G) = ; (dr(HX)(FG) — FAT(H*)G — GdT'(H*)F)

1
= — (DF.HYDG)12(x ) + (HDF.DG)12(x,)) -

The locality property is satisfied since D is a derivation operator:
I'(F?,G) = (D(F?), H*DG)12(x.0) + (HXD(F?), DG) 12(x o)
= 2F ((DF, H*DG)p2(x0) + (HXDF, DG)12(x0)) = 2FT" (F, G).

If HX is conservative, then (DF, H*DG) + (H*DF, DG) = TX(DF, DG), i.e.

I'W(F,G) =TX(DF,DG), F,G € S. _

We note that dT'(HY) is a derivation (i.e. T = 0) if HY is antisymmetric.

The relationship between dinV and the stochastic integral can be described as fol-
lows. The space L2,;(2 x X, TX) of adapted vectors is defined as in the Poisson case,
by completion of simple adapted vectors v : X x  — T'X in V of the form

w=S FEV¥h, F... F,€8, h,... h,eCX),

=1
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with Ve € X, we Q, and i,j € {1,...,n}:
< V¥hi(2), VIV Fj(w) >1,x=0 or < V*h;(z), V¥ Fi(w) >1,x= 0.

Note that in the Gaussian case, the VW-adapted vectors are D-adapted since V' =
VXD. As in the Poisson case we have the following result.

Proposition 10 (i) We have forv € V:

divzvv:/XdivadW—/Xtracexvzvv(m)a(dx). (31)

(ii) For v € L?,(Q2 x X, TX) we have the isometry
E, [(5 0 divf(v))Q] = B, [laivEolaem] . v € L2(0X x X,TX),
and the relation
div;/ v = dodiv)v = / (divXv)dW. (32)
X
Proof. This proof is close to that of Prop. 9.
(1) We choose v of the form v = GVX f with f € C>°(X) and G € S. We have
E, {G <VVE VY >L§(TX)]
= EN {< VW(FG),VXf >L2(TX) —F < VWG, va >L3(TX)} ,

ie.
E, [Fdivy)v]| = B, [FGdiv)) V¥ f| - B, [F <VVG,V¥f >0y, FeES,
hence (25). By duality we have
divl! (V) = 8(diviVYf) = L(divi V¥ f) = / divE¥vX faw,
X

hence (31).

(ii) If v € V is adapted then trace, V!V v, = 0, hence (32) holds for simple adapted
processes. Its extension by density to L2,(€2 x X, TX) follows as in the Poisson case
from the Skorohod isometry (19) which is well-known to hold also on the Wiener

space.
P O

If X = R, this corresponds to the relation

divzv(v) = §(diviv) = —6(V¥0) = — VXu(t)dW,,
R

where (W;);er, denotes the standard Wiener process on R, and V*v € L*(Q, 1) ®
L*(R,0) is adapted.
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